ILLINOIS JOURNAL OF MATHEMATICS
Volume 35, Number 4, Winter 1991

INVERSE REAL CLOSED SPACES

BY

NIELS SCHWARTZ

Introduction

Building up semi-algebraic geometry, H. Delfs and M. Knebusch relied
almost entirely on geometric arguments (cf. [5]). To develop algebraic meth-
ods appropriate for the purposes of semi-algebraic geometry the rings of
sections of the structure sheaves of semi-algebraic spaces must be studied.
First steps in this direction were taken in [13], [14], [15], [16], [17] (see also
[2D. An attempt to develop an algebraic version of semi-algebraic geometry
with a sufficient degree of generality and at the same time keeping the
connections with geometry leads to a category of locally ringed spaces, called
real closed spaces [13], [15], [16]. This class of spaces generalizes locally
semi-algebraic spaces much in the same way as schemes generalize classical
algebraic varieties.

Using weakly semi-algebraic spaces [10], M. Knebusch has been particu-
larly successful developing algebraic topology for semi-algebraic spaces. These
spaces are obtained from affine semi-algebraic spaces by glueing them
together on closed semi-algebraic subspaces. From a purely algebraic point of
view these spaces are nothing new since their rings of sections are also real
closed rings [16, Chapter I, §4]. However, to keep close connections between
algebra and geometry the development of an algebraic version of the weakly
semi-algebraic spaces requires the construction of a new class of spaces:
affine real closed spaces have to be glued together on closed constructible
subspaces.

Recall that an affine real closed space is a pro-constructible subspace of
the real spectrum of a ring together with a sheaf of real closed rings [15], [16].
To glue two such spaces together on closed constructible subspaces and still
be able to use the usual sheaf theoretic techniques, the notion of openness is
redefined: The inverse topology on the pro-constructible subset K of the real
spectrum Sper(A4) of the ring A has the closed (in the usual topology)
constructible subsets of K as its basis. If K with the inverse topology is
denoted by K*, then K* can be equipped with a structure sheaf of real
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closed rings to become a ringed space, an affine inverse real closed space.
These spaces form a category which is equivalent to the category of affine
real closed spaces. So, affine phenomena can be studied equally well in both
categories. In [15] and [16], affine real closed spaces are glued together along
open subspaces to yield real closed spaces. Similarly, if one glues affine
inverse real closed spaces together along open subspaces then one obtains
inverse real closed spaces. According to the different meaning of openness
both procedures lead to different spaces.

The general theory of inverse real closed spaces is developed only so far as
is necessary to establish the precise relationship with M. Knebusch’s weakly
semi-algebraic spaces. Subspaces (Section 2) can be defined exactly as for
real closed spaces [15, Chapter V, §2], [16, Chapter II, §2]. Also, for the
notions of quasi-compactness and quasi-separatedness of morphisms (Section
3) the most basic formal properties are exactly those familiar from schemes
[7, I, §6.1] or real closed spaces [15, Chapter V, §3], [16, Chapter II, §4].
However the geometric meaning of these notions may be different. A case in
point is the affineness result of Theorem 3.7: A quasi-compact and quasi-sep-
arated space is affine (cf. [15, Theorem V 4.8], [16, Theorem II 5.8)]). In
Section 4 the equivalence between the categories of affine real closed spaces
and affine inverse real closed spaces is extended to a much larger category,
containing for example all paracompact spaces. In Sections 5 and 6 the
notions of completely quasi-separated spaces and of finitely presented mor-
phisms are discussed. These are exactly the notions required for the charac-
terization of those inverse real closed spaces which correspond to weakly
semi-algebraic spaces under a natural functor (Theorem 7.1). In fact, the
weakly semi-algebraic spaces over a real closed field R may be considered as
a full subcategory of the category of inverse real closed space over Sper(R).

1. The category of inverse real closed spaces

Let A be a real closed ring with real spectrum Sper(A) [1], [3], [11], [15],
[16], K < Sper(A) a pro-constructible subset [7, I 7.2.2], [15, Chapter II, §1],
[16, Chapter I, §1]. If C c K is a (relatively) constructible subset then C (C)
denotes the real closure of A on C [15, Definition III 2.6], [16, Definition I
2.8]. In [15] and [16] the locally ringed spaces (K, C 4 k) With C 4 ,(U) =
C,U) (U c K open constructible) are used as affine building blocks of real
closed spaces.

If C c Sper(A) is pro-constructible and C =C; U -+ UC, is a closed
constructible cover and if a; € C,(C)), i = 1,...,r, are such that 4,|C; N C;
=a,;|C; N C; for all i,j, then there is a unique a € C(C) such that
a|C; = a; for every i. For, a is a constructible section [16, p. 8] since every q;
is a constructible section on the constructible subset C; € C. Moreover, a is a
compatible section [16, Definition I 2.1] since every C; is closed in C and a;
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is a compatible section on C;. Theorem I in [16, 2.7] now proves that a is a
semi-algebraic function. This can be reformulated by saying that the abstract
semi-algebraic functions have a sheaf property which, however, does not
refer to the usual weak topology of the real spectrum. First of all we give a
name to the appropriate topology:

DeFiNTION 1.1, Let K C Sper(A) be pro-constructible, let €(K) be the
lattice of closed constructible subsets of K. #(K) is the basis of a topology of
K which is called the inverse topology.

If T denotes the weak topology on K then T* denotes the inverse
topology. Instead of (K, £*) we will often write K*. If it is not clear from the
context which topology some topological term is referring to we will say, for
example, weakly open or inversely open. If X € K* is a subset then the
inverse topology on X is the restriction of the inverse topology on K. In case
X is pro-constructible in K it is clear that the inverse topology on X (as
defined in Definition 1.1) and the restriction of the inverse topology of K
both coincide. If K = Sper(4) we will write Sper*(A) instead of K*.

According to [9], Proposition 8, K* is a spectral space. So, in K* there is
the notion of constructible subsets. These are exactly the same as the
constructible subsets of K. Therefore the pro-constructible subsets of K and
K* are also the same.

If we set C¥, «(C) = C,(C) for C € €(K) then the above mentioned
sheaf property says that C(*A, ) is a sheaf of rings on K*, given on a basis of
open subsets [7, 0 3.2.1]. Thus, (K*, C¥, x,) is a ringed space. In the theory of
schemes mostly locally ringed spaces are considered. In our situation we must
deal with another special class of ringed spaces:

DeriNiTioN 1.2, A ringed space (X, Oy) is integrally ringed if all the
stalks Oy , are integral domains. If (X, Oy), (Y, Oy) are integrally ringed
spaces and

(f:f*): (X,0x) = (Y,0y)

is a morphism of ringed spaces, then (f, f*) is a morphism of the integrally
ringed spaces if every homomorphism f¥: O fay > Ox, . of stalks is a
monomorphism.

In a sense locally ringed spaces and integrally ringed spaces are dual to
each other. If x is a point in a locally ringed space X then the stalk Oy , has
a unique maximal ideal. On the other hand, if y is a point in an integrally
ringed space Y then the stalk Oy , has a unique minimal ideal. With x we
associate a canonical homomorphism from the stalk into a field, namely from
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Oy, to its residue field. Similarly, with y we associate a canonical homomor-
phism from the stalk at y into a field, namely the injection of Oy, , into its
quotient field. So, the quotient field of Oy, , plays the same role for Y as
does the residue field of Oy , for X. Accordingly the following notation will
be used: If a € O4(U) (for U C X open) and x € U then the image of a
under the canonical homomorphism

OX(U) — OX,x — OX,x/MX,x

is denoted by a(x). If a € O,(V) (for V CY open) and x € V then the
canonical image of a under

Oy(V) — Oy,, — af(Oy,,)

will be denoted by a(x).
It is immediately clear that the integrally ringed spaces form a category.
First we show that the spaces (K*, C k) belong to this category.

ProposiTION 1.3.  With the notation above, (K*, Cly ) is integrally ringed.
Proof. By definition,

C(*A,K),x = li_I)nC(*A,K)(C) = liLnC(A,K)(C)

where C runs over the weakly closed constructible subsets of K containing x.
The evaluation maps C 4 x,(C) — p(x) form a direct system. (Here, and also
throughout the paper, p(x) denotes the real closed residue field of the ring
A at the point x € Sper(A4).) Hence there is a natural homomorphism
Cé4, k), » > P(x). Suppose that a € C(, g, , is mapped to 0. Let b €
Cl4, x(C) be a representative of a. The set D = {a € C|b(a) = 0} is in-
versely open constructible and contains x. Thus, the restriction b|D of b is 0
in C, x\(D), and so is the canonical image a € C{; g ,- o

The proof of Proposition 1.3 also shows that, if x € K and Y c K is the
closure of x, then C¥; ) , = Ci4 k\(Y). Moreover, p(x) is the quotient field
of C¥ k), x-

By [15, Theorem 111, 3.2, Theorem III 3.5] or [16, Theorem I 4.5, Theorem
I 4.8] the stalks of the space (K*, C, ) are real closed integral domains. As
such they are also local rings (observe that the specializations of a point in
the real spectrum form a chain [1, 7.1.23) and apply [15, Proposition II 4.10]
or [16, Theorem I 3.10]. So, (K*,C{, ) is a locally ringed space and an
integrally ringed space. We must consider it as an integrally ringed space to
obtain the same kind of correspondence between morphisms of these spaces
and homomorphisms of their global rings of sections as we have in the theory
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of schemes [7, I 1.6.3] or in the theory of real closed spaces [15, Proposition V
2.20, Definition V 2.24], [16, Proposition II 2.17).

DerFiniTION 1.4.  An integrally ringed space which is isomorphic to a space
(K*,Cy ) is called an affine inverse real closed space. An integrally ringed
space (X, Oy) is an inverse real closed space if there is an open cover
X = U, X; such that every (X,,0,|X,) is an affine inverse real closed
space. The inverse real closed spaces are considered as a full subcategory of
the category of integrally ringed spaces.

We return again to the spaces K = (K, C 4 x)), K* = (C¥, ,) considered
above. By [15, Theorem II 4.17] or [16, Theorem I 3.25] we may assume that
A = T'(K). By definition of K*, the rings of global sections of K and K*
agree. It was mentioned above that the constructible topologies on K defined
by the weak topology and by the inverse topology both coincide. Let ¢ be
the constructible topology and set K = (K, T°). Setting C¢, x,(C) = C(C)
we define a presheaf of rings on K¢ If I: K¢ —» K, J: K¢ - K* denote the
identity maps then the direct images 1,(C¢4 k) and J,(C¢, ,) are exactly
the sheaves C 4 gy on K and C 4 g, on K*.

We see that each one of the three spaces K¢, K and K* determines the
other two. This gives us a very easy way to pass back and forth between K
and K*. The same kind of connection exists between morphisms: First note
that the stalk of C¢, , at x € K is the real closed field p(x). Now let

(K, C,x) = (L, Ca, 1)

be a morphism of affine real closed spaces. Then f is continuous in the
constructible topology. Using the functor defined in [16, p. 10/11] we see
that, for C c L constructible, there is a canonical homomorphism

Ce,y(C) — C(A,K)(f_l(c))'
Altogether this gives us a morphism
fe (K, Cia k) = (L5, Clp, 1)

of pre-ringed spaces. Applying the direct image functors I, and J, we get
the morphisms

f=1L.(f°): (K’C(A,K))
=1, (K*,Ca,x9) — (L, Cia, 1)) = Ix (L, Cp, 1))
f*=T1:(f): (K*, Cly k)
=T (K% Cia,xy) — (L*C, 1)) = T (L7, Cl, 1)



INVERSE REAL CLOSED SPACES 541

Conversely, we can start from a morphism g: (K*,Cfy x)) = (L*,C3 1))
and repeat the same arguments. This gives us a morphism

8% (K%, Ciu, k) = (L5, Cls, 1))
of the pre-ringed spaces and morphisms

g=7J.(g°): (K*ac(*A,K)) E— (L*’CERB,L))’
8" =1,(8°): (K,Ci,x9) — (L,Ciz,1y)-

It is also clear that f¢ = (f*)° and g€ = (g")°. This almost proves:

THEOREM 1.5. The category of affine real closed spaces is equivalent to the
category of affine inverse real closed spaces.

Proof. Let (X,0y4) be an affine real closed space, ¢y: (X,0x) —
(K,C_4 k) an isomorphism. We set F(X) = (K*,C¥ k). Let (Y,0y) be
another affine real closed space, ¢y: (Y,0y) = (L,Cp ;) an isomorphism,
f: X » Y a morphism. Then there is a unique morphism f;: K — L such
that fiex = ¢y f. We set F(f) = f{. Clearly, F is a functor from the
category of affine real closed spaces to the category of affine inverse real
closed spaces. Now we define a functor G in the opposite direction: Let
(X, Oy) be an affine inverse real closed space,

Ux: (X, 0x) = (K*,Cly k)
an isomorphism. We define G(X) = (K, C 4 ). If (Y, Oy) is another space,
¥y: (Y,0y) = (L*,Cf, 1))

an isomorphism, g: X — Y a morphism, there is a unique morphism g;:
K* — L* with g,y = ¢,8. We set G(g) = g}. Again this is a functor, and it
is clear that F and G are quasi-inverse to each other. O

In Section 4 the equivalence of Theorem 1.5 is extended to larger cate-
gories of real closed spaces and inverse real closed spaces.

If we are only interested in affine spaces, Theorem 1.5 tells us that, from
the categorical point of view, it does not make any difference if we work with
real closed spaces or with inverse real closed spaces. However, if X is an
affine real closed space then there are big differences between X and F(X)
on the topological level. So, glueing spaces together on open subspaces
means completely different things in the two categories. The effect of this is
that in the non-affine theory completely different spaces can be constructed.
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On the categorical level, Theorem 1.5 in connection with results from [15]
or [16] gives us the following information about inverse real closed spaces:

Cororrary 1.6 (cf. [15, p. 135], [16, p. 40]). Let R, be the field of real
algebraic numbers. Then Sper(R,) = Sper*(R,) is the final object in the
category of inverse real closed spaces.

CoroLLARY 1.7. Fiber products exist in the category of inverse real closed
spaces.

Proof. For affine spaces this is a consequence of Theorem 1.5 and [16,
Theorem 11, 3.1] or [15, Theorem V 2.26]. By a standard argument this can be
extended to the non-affine case (cf. [8, Proof of Theorem II 3.3]. O

2. Subspaces

As with real closed spaces (cf. [15, Chapter V, §2], [16, Chapter 11, §2)), for
inverse real closed spaces there is a very general notion of subspaces. The
definition is practically identical to [15, Definition V 2.5] or [16, Definition II
2.2]. However it should be noted that, even in the affine case, the subspaces
of (K, C 4 k,) are not the same as those of (K*,C x,) (see Example 2.25).
This is due to the fact that the topology is used in defining the notion of a
subspace.

First we define open subspaces:

DerFiniTION 2.1.  Let (X, Oy) be an inverse real closed space, X' C X an
open subset. Then (X', Ox|X") is called an open subspace of X.

Of course we want to prove that an open subspace is an inverse real closed
space. For this we need:

Lemma 2.2, If (X, Oy) is an affine inverse real closed space and X' C X is
an open constructible subset then (X', Ox|X") is an affine inverse real closed

space.

Proof. 'We may assume that (X, Ox) = (K*,C¥ ) and X = L* c K* is
open constructible. By definition of the space K* it is clear that

Céa, )IL* = C¢4, 1)- o

ProrosiTiON 2.3.  An open subspace X' C X in an inverse real closed space
is an inverse real closed space.
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Proof. This is an immediate consequence of Lemma 2.2 and the defini-
tion of inverse real closed spaces. O

DEeFINITION 2.4.  An open subspace X' C X is an open affine subspace if it
is an affine inverse real closed space. By Definition 1.4 every inverse real
closed space can be covered by open affine subspaces. We call this an open
affine cover.

In an affine space we can recognize easily if an open subspace is itself
affine. This result is extended to the non-affine situation in Theorem 3.7.
(The obvious proof is omitted.)

ProrosITION 2.5. Let X be an affine inverse real closed space, X' C X an
open subspace. X' is affine if and only if X' is quasi-compact.

Now we define the notion of a subspace:

DEerINITION 2.6. (a) Let X be an affine inverse real closed space, X' c X
a subset. X' is a subspace if there is an open cover X' = U, ;X] with each
X/ pro-constructible in X.

(b) Let X be an inverse real closed space, X' C X a subset. X' is a
subspace if for every open affine subspace X; ¢ X, X' N X, is a subspace of
the affine inverse real closed space X;.

Observe that an open subspace (Definition 2.1) is a subspace in the sense
of this definition.
First we record the following fact about subspaces:

ProrosiTiON 2.7. The set of subspaces of an inverse real closed space is
closed under finite intersections.

Proof. Same proof as [15, Proposition V 2.18] or [16, Proposition II 2.8].
O

The corresponding statement about unions is false. (Also, the correspond-
ing part of [15, Proposition V 2.18] and [16, Proposition II 2.8] is false.) See
however Proposition 2.16.

There is a natural way to endow subspaces with a structure sheaf so that
they become inverse real closed spaces. First we do this for a subspace X' of
an affine space X: Let X' = U,;.;X] be a cover as in Definition 2.6(a).
Since every X] is pro-constructible in X, X] has a natural structure sheaf
which makes it an affine inverse real closed space. Now consider X; N X].
This is pro-constructible in X, hence also in X; and X]. By [16, Theorem I
3.25], the structure sheaves induced on X; N X; by X, X}, X; all coincide. So



544 NIELS SCHWARTZ

these sheaves can be glued together to give a sheaf on X'. X' is an inverse
real closed space with U ;. ;X an open affine cover. It is an easy matter to
show that this construction is independent of the cover used.

To extend this construction to the non-affine case we need:

LemMmA 2.8. Let X be an inverse real closed space, X, X, C X open affine
subspaces, Y C X a subspace such that Y C X; N X,. Then Y is a subspace of
X, and X,. The structure sheaves induced by X, and X, agree.

Proof. 1t is clear from Definition 2.6 that Y is a subspace of both X, and
X,. Pick an open cover Y = U ;; Y, such that Y; C X, is pro-constructible
for every j. We choose an open affine cover X; N X, = U, cx X;. ForjelJ
there is a finite subset K; C K such that ¥; € U, c ¢, X, = X; (by quasi-com-
pactness of IC.). By Proposition 2.5, X; is an open aﬁine subspace of X; and
X, which contains Y;. [16, Theorem I 3.25] shows that X, and X induce the
same structure sheaf on Y}, and also X, and X; induce the same structure
sheafon Y. O

LemMma 2.9. If X is an inverse real closed space and X' C X is a subspace
and X, X, C X are open affine subspaces, then X' N X; N X, is a subspace of
X, and X,.

Proof. This is a trivial consequence of Definition 2.6 and Proposition 2.7.
O

Now we can prove:

TueoreMm 2.10. If X is an inverse real closed space and X' C X is a
subspace then X' carries a natural structure sheaf which makes it an inverse real
closed space.

Proof. If X, cX is open and affine then we have already defined a
structure sheaf on X' N X,;. We must see that these sheaves can be glued
together. So, let X, C X be another open affine subspace. Again, X' N X,
already has a structure sheaf. By Lemma 2.9, X' N X; N X, is a subspace of
X, and X,. Lemma 2.8 shows that the structure sheaves induced by X; and
X, on X' N X, NX, both agree. Now it is clear that these sheaves glue
together, giving the desired structure sheaf for X'. O

Before discussing general properties of subspaces we record a few exam-
ples.

Example 2.11. We noted already that open subspaces are subspaces.
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Example 2.12. Let Y C X be a subset in an inverse real closed space such
that, for all open affine subspaces X' € X, Y N X' € X' is a pro-constructible
subset. Y is a subspace, called a locally pro-constructible subspace. As special
cases of this we note the following:

(a) If Y c X is closed then Y is a closed subspace.

(b) If Y C X is finite then Y is a finite subspace. In particular, if B C R is
a convex subring of a real closed field and if x € Sper*(B) is the generic
point, y € Sper*(B) the closed point, then {x, y} is a finite subspace of
Sper*(B). {x, y} is called a valuative inverse real closed space.

(c) If Y X is locally pro-constructible and quasi-compact then Y is
called pro-constructible. In particular, if f: Z — X is a morphism of affine
inverse real closed spaces then f(Z) c X is pro-constructible. f(Z) is called
the image of f.

Example 2.13. let YCX be a subset such that, for all open affine
X' c X, the subspace X' N Y C X' is constructible. Then Y is a locally
constructible subspace. Y is constructible if it is, in addition, quasi-compact.

Both the notion of locally pro-constructible subspaces and the notion of
locally constructible subspaces are defined by referring to all open affine
covers of a space. However, an easy argument shows that Y Cc X is locally
(pro-)constructible if and only if there is an open affine cover X = U, X;
such that Y N X; C X; is (pro-)constructible for all i € I. Note that similarly
in [16, Corollary 4.17] the hypothesis ‘“quasi-separated” is unnecessary.

Now we mention a few general facts about subspaces.

PrOPOSITION 2.14.  For a subset X' C X of an inverse real closed space the
following statements are equivalent:

(a) X' is a subspace.

(b) There is an open affine cover X = U ;< X, such that X' N X; is a
subspace of X; for all i.

ProrosiTiON 2.15. Let X' C X be a subspace, X" C X' a subset. Then X" is
a subspace of X' if and only if it is a subspace of X.

It was mentioned above that finite unions of subspaces need not be
subspaces. However we have:

ProrosITION 2.16. In an inverse real closed space X the locally pro-con-
structible (locally constructible) subspaces form a lattice (Boolean lattice).

Proof. This follows immediately from the fact that in an affine space the
pro-constructible (constructible) subspaces form a lattice (Boolean lattice). O
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For the further discussion of subspaces it is useful to have the following
characterization of monomorphisms:

ProrosiTioN 2.17. Let f: X = Y be morphism of inverse real closed
spaces. Then f is a monomorphism if and only if f is injective on the underlying
spaces and if, for every x € X, the homomorphism p(f(x)) — p(x) of real
closed fields is an isomorphism.

The proof is identical to the proof of [15, Proposition V 2.17] or [16,
Proposition II 2.13]. The same kind of arguments shows:

ProrosiTioN 2.18. A morphism f: X — Y is an epimorphism if it is
surjective on the underlying spaces.

Example 2.19. If X' ¢ X is a subspace we have the morphism inclusion.
This is a monomorphism.

ProrosiTioN 2.20. Let f: X = Y be a morphism of inverse real closed
spaces, Z C 'Y a subspace with f(X) C Z. Then there is a unique morphism g:
X > Z with f = ig (i: Z - Y the inclusion).

Proof. Uniqueness is clear since i is a monomorphism. To show existence
we may assume that X,Y, Z are all affine. Then the functors F and G of §1
can be used to transfer the corresponding property ([16, Proposition II 2.15]
or [15, Proposition V 2.28]) from affine real closed spaces to affine inverse
real closed spaces. O

For the rest of this section more examples are discussed.

Example 2.21. Let x € X be a point in an inverse real closed space and
let Gen(x) be the set of generalizations of x. Pick some open affine subspace
X, € X with x € X,,. Then Gen(x) C X, is a pro-constructible subspace. By
Proposition 2.15, Gen(x) is a subspace of X, called the local subspace of
x € X.

Example 2.22. If f: X - Y is a morphism of inverse real closed spaces
and Y’ C Y is a subspace, then so is f~1(Y’) c X. This subspace is called the
inverse image of Y'. In particular, the inverse image of the subspace {y} c Y
is denoted by f~!(y) and is called the fibre of f at y. Inverse images can also
be described in terms of fibre products: If i: Y’ — Y is the inclusion we
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consider the cartesian square

X ny, '—-f—_) Y,

o

X—Y

Using Proposition 2.20 we can show that there is a canonical isomorphism
f U Y") - X X,Y". In particular, we have f~!(y) = X X{y).

Example 2.23. For any morphism f: X — Y of inverse real closed spaces
we have the diagonal morphism A: X — X X, X (by the existence of fibre
products—see Corollary 1.7). We will see now that A is an isomorphism onto
a subspace. We start with an open affine cover Y = U,.,Y; and set X, =
fX(Y)). Then

iel

is an open cover. For each i let X; = U, X;; be an open affine cover.
Then

XXYX= U U X” XYin'k
iel j,keJ;

is an open affine cover. We must show that A(X) N (X; Xy X;,) is a
subspace of X;; Xy X, for all i, j, k (Proposition 2.14). We have

A(X) N (X, Xy, X ) = A(X;; N Xy).
If X;;NnXy=U,c L,;Xijxs 18 an open affine cover then
A(X; N X)) = LIJ A( X jxr)
is a cover with the following properties:

A(Xj) = AX;; N X,) N pr (X is open in ACX;; N X,).
A(X;j) € X;; Xy, Xy is pro-constructible, being the image of a morphism
of affine spaces (Example 2.12(c)).

This proves that A(X) € X XX is a subspace. We must now show that the
restriction A: X — A(X) (cf. Proposition 2.19) is an isomorphism. Let i:
A(X) - X XX be the inclusion. Since idy = p,iA’ it follows that A’ is a
monomorphism. Since A’ is surjective it is an epimorphism (Proposition 2.18).
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We have

To show that A’ is an isomorphism we must prove A'(p;i) = id,x). Now A is

an epimorphism and we have (p;i)A’ = p;A = p,A = (p,i)A, thus, p,i = p,i

holds. This shows that i = (p,i, p,i): A(X) = X XX factors through A"
pii

it A(X) 25 X 55 A(X) =5 X %, X.

Since i is a monomorphism and i =i © id,x, we conclude that A'(p,i) =
idp(x)-

Example 2.24. Let X,Y be inverse real closed spaces over an inverse real
closed space Z, let f: X Y be a morphism over Z. Then the graph
morphism I': X — X X,Y is an isomorphism onto a subspace. For, I' is
obtained by base extension from A: Y = Y X,Y [7, 0 1.4.9].

The final example shows that in the real spectrum Sper(A4) of a ring there
can be subsets X and Y such that X is a subspace of the real closed space
Sper(A), but not of the inverse real closed space Sper*(A4) and Y is a
subspace of Sper*(A4), but not of Sper(A4).

Example 2.25. Let M be a totally ordered set with a nontrivial cut
M =M, UM, M, <M, such that M; has no largest element and M, has
no smallest element. We order G = Q™ lexicographically. If v: G\ {0} » M
maps g to the largest element in the support of g, then we have g > 0 if and
only if g(v(g)) > 0. There is an injective order-preserving map from M into
the set of convex subgroups of G: x € M is mapped to

C,={0} u{geGluv(g) <x}.
Let C be the convex subgroup

UC={00u{geGlv(g) eM}= N C,.

XEM, xeM,

Now let H be the formal power series field R((G)). Let w: H » G U {x} be
the natural valuation, W c H the corresponding valuation ring. Thus, H is a
real closed field, W a convex subring [12, Chapter II, §5; Chapter III, §4],
hence a real closed valuation ring [6], [7]. So, we may identify Sper(W) =
Spec(W) [15, Proposition II 4.10], [16, Theorem I 3.1.0]. The convex sub-
groups of G correspond with the (convex) prime ideals of W. So, for every
convex subgroup C, there is a prime ideal P, ¢ W. Let P be the prime ideal
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corresponding to C. We set
X = {a € Sper(W )Isupp(a) g P},Y = {a € Sper(W )|supp(a) 2 P}.

Then X is a union of open constructible subspaces of Sper(W), Y is a union
of closed constructible subspaces of Sper(W). By construction Y does not
have a generic point. Therefore Y is not a subspace of Sper(W). On other
hand, in Sper*(W), Y is a union of open constructible subspaces and X is a
union of closed constructible subspaces. Again by construction, X does not
have a generic point with respect to the inverse topology, hence is not a
subspace of Sper*(W). On the other hand, X c Sper(W) and Y < Sper*(W)
are clearly subspaces.

3. Quasi-compactness and quasi-separatedness

We say that a morphism f: X — Y of inverse real closed spaces is
quasi-compact if f~1(Y’) is quasi-compact for every open affine subspace
Y' cY [7,16.1.1], [15, Definition V 3.2], [16, Definition II 4.1]. It is easy to
see that this is equivalent to: There is an open affine cover Y = U ; Y, such
that f~(Y;) is quasi-compact for every i [7, p. 290], [15, Proposition V 3.5,
[16, Proposition II 4.4]. f is quasi-separated if the diagonal morphism A 7 is
quasi-compact [7, I 6.1.3], [15, Definition V 3.2}, [16, Definition V 4.1]. As in
[15, Proposition V 3.9] or [16, Proposition II 4.12] one sees that each of the
following two statements is equivalent to f being quasi-separated.

For every open affine subspace Y’ C Y the restriction f': f~1(Y") - Y’ of f
is quasi-separated.
There is an open affine cover Y = U, ,Y; such that every restriction

fii fFU(Y) -y,
of f is quasi-separated.

We will now collect a few basic properties of quasi-compact and quasi-sep-
arated morphisms (cf. [7, I §6.1], [15, Chapter V, §3], [16, Chapter 11, §4].
This will be done without proof since the proofs are virtually identical to
those in the references.

The following terminology will be used: let € be a class of morphisms of
inverse real closed space. We say that the class € has property

(A) if it is stable under composition,
(B) if it is stable under base extension,
(O) if it is stable under products.
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ProrosiTioN 3.1. (a) Morphisms of affine spaces are quasi-compact.

(b) If X CY is a locally pro-constructible subspace then the inclusion is
quasi-compact.

(c) Quasi-compact morphisms have properties (A), (B), (C).

@ Iff: X—>Y, g: Y > Z are morphisms, gf is quasi-compact and g is
quasi-separated, then f is quasi-compact.

) If f: X—>Y, g: Y— Z are morphisms, gf is quasi-compact and f is
surjective, then g is quasi-compact.

ProrosiTioN 3.2. (a) Morphisms of affine spaces are quasi-separated.
(b) Monomorphisms are quasi-separated.
(¢) Quasi-separated morphisms have properties (A), (B), (O).
d Iff: X > Y, g: Y — Z are morphisms such that gf is quasi-separated,
then f is quasi-separated.
) If f: X-Y, g: Y > Z are morphisms, gf is quasi-separated and f is
quasi-compact and surjective, then g is quasi-separated.

In Example 2.12(c) we saw that morphisms of affine spaces have images.
This is not true for arbitrary morphisms. But we have:

ProrosiTion 3.3 (cf. [16, Proposition II 4.2], [15, Proposition V 3.4]. If
f: X > Y is quasi-compact then f(X) C Y is a locally pro-constructible sub-
space.

Proof. This follows directly from Example 2.12(c) and Proposition 2.16.
O

If X is an affine inverse real closed space and C C X is pro-constructible
then the closure of C is the set of all specializations of elements C (cf. [15, p.

27), [16, p. 4]). Just as in [15, Proposition V 3.3 or [16, Corollary II 4.3], this
can be used to prove:

ProrositioN 3.4.  For a quasi-compact morphism f: X = Y the following
conditions are equivalent:
(a) fis closed.

(b) For every x € X and every y' € {f(x)} there is some x' € {x} with
f(x’) = y:.

We call a space X quasi-separated if the unique morphism X — Sper*(R,)
is quasi-separated. By Proposition 3.2, a morphism f: X — Y into an affine
space is quasi-separated if and only if the space X is quasi-separated. So (by
the remarks at the beginning of this section) quasi-separatedness of mor-
phisms can be reduced to quasi-separatedness of spaces. Similar to [7, I
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6.1.12] and [16, Theorem II 4.16] or [15, Proposition V 3.16] this can be
characterized in the following way.

ProrosiTioN 3.5. Let X = U, ;X; be an open affine cover. The following
statements are equivalent:

(a) X is quasi-separated.

(b) Foralli,jelI, X;N X; is quasi-compact.

(c) For all quasi-compact open subspaces U,V c X, U NV is quasi-com-
pact.

As a consequence, quasi-separated spaces can be characterized by the
property that every open affine subspace is constructible. Another immediate
consequence of the definitions and Proposition 3.2 is that arbitrary subspaces
of quasi-separated spaces are quasi-separated. We also see that the quasi-
separated spaces with the quasi-separated morphisms form a full subcategory
of the category of inverse real closed spaces.

All the properties of quasi-compact and quasi-separated morphisms that
have been mentioned so far can be summarized by saying that the formal
properties of these notions are the same as in the case of schemes or real
closed spaces. But when we look at the geometric meaning of these notions
then things are different: '

TueoreM 3.6. A quasi-separated and quasi-compact inverse real closed
space X is affine.

For the proof of Theorem 3.6 we need the following generalization of [16,
Theorem 1 4.5].

Lemma 3.7. If A is a ring, K C Sper(A) is pro-constructible and C C K is
closed then the canonical restriction map C (K) — C (C) is surjective.

Proof. We may assume that A = C,(K) [16, Theorem I 3.25]. If the
statement is true for all closed irreducible subsets C c K then the proof of
the general statement is identical to the proof of [16, Theorem I 4.5]. So, it
remains to prove the claim if C is closed and irreducible. This corresponds to
[16, Lemma I 4.4]. Although the proof is similar to the one in the reference
we repeat it here since a few changes have to be made.

Suppose that C ={x}, a€ C(C), 0 <a. For every y € C there
is a neighborhood U, € K of y and there is some a, € C(U,) with a (y) =
a(y). Then

F, = {z e CnUla,z) = a(z)}
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is closed and constructible in C N U, and contains y. This shows that
C = U,ccF, is a constructible cover. By compactness of the constructible
topology there is a finite subcover C = U[_F;, where we set F, = F, and
a;=a,.

Altoyg'ether this shows that there is a finite cover C ¢ U ;_,G; with G; = U]
N H;, U, c K open constructible, H; € K closed constructible, and elements
a; € CU) such that a;,|G;, N C = a|G; N C. Suppose that such a cover has
been chosen with minimal r.

Suppose that r = 1. There is some 0 < u; € 4 such that
U, = {a € Klu,(a) > 0}.

Let z € C be the closed point. Then A4 = C(K) — p(z) is surjective.
Pick b € p(z), c € A with c(z) =b and b > 1 + a(z)u;(z). Then d =
sup(c, 1) € A*, hence

U, = {a € Kl(du,)(a) > 0}
and
(duy)(y) > uy(y) +ay(y) >a(y) forall yecC.

The set D = {a € U,la¥(a) = (du,)*(a)} is closed in U; and has empty
intersection with C. [16, Corollary I 3.28] or [15, Corollary II, 4.16] shows the
existence of some 0 <v <1, v € C(U,) such that v|D =0, v|C = 1. For
va, € C(U,) this implies va,|C = a,|C = a, (va,Xa) < (du,Xa) if a € U,.
If we define e(a) = (va,Xa) for a € U,, e(a) = 0 for a € K\ U,, then [15,
p. 31] or [16, p. 14], shows that e € A4, and it is clear that 4 — C,(C) maps
e —>a.

Now suppose that r > 1. We will show that this leads to a contradiction.
First note that every C; = G; N C is a constructible interval in C. Between
these sets there is no inclusion possible (since r is minimal). We enumerate
the C, such that C; c C,c C,C --+ c C,= C. Now we define V = U, N U,,
by = a,lV, b, = a,|V, ¢ = b, — b,. Then C N V = C N U,. By constructibil-
ity of V,C NV has a closed point y,C\V has generic point z. Since
¢|C N V can be extended to a compatible family ¢ € I, . cp(a) with c(a) =
0 for a € C\V, [15, p. 31] or [16, p. 14] shows that ¢ € C(C). Let
P c C(C) be the convex prime ideal generated by ¢. Then

supp(y) € P c supp(z).

If m: A - C(C) is canonical then

supp(y) = 7~ *(supp(y)) <=~ '(P) <7~ !(supp(z)) = supp(z)
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are convex prime ideals of 4. Hence supp(z) contains some 0 < v € A with

le(y)l = le(¥)l <v(y).

If 7 =v|lK\VeCK\V), then S = {a € K\ V|t(a) = 0} is closed con-
structible in K\ V and contains {z]= C\V. The sets G(K\V U S) and
G(C\ V) of generalizations of K\ ¥V U S and C\V in K are both pro-con-
structible and have empty intersection. Therefore there is some open con-
structible W < K with

W>G(C\V), WNG(K\VUS)=2.

Now K\ W is closed constructible and C N (K\ W) = &. By [15, Corollary
II 4.16] or [16, Corollary I 3.28] there is some w e A4, 0 <w <1 with
w|C =1, w|K\ W = 0. Then we also have vw € A, vw|C = v|C and, for
a¢&V,(owXa) =0.

So far we have shown that there exists some 0 < v € A with

V ={a € Klv(a) > 0}
and with
v(y) > [e(y)l = le(y)l.
(Replace v by the vw in the above computation.) The set
F={aeVlv(a) < lc(a)l}

is closed constructible in ¥ and F N (V' N C) = &. Again there is some
weC(V)with0<w<1 wlF=0,wlFnC =1 [15, Corollary II 4.16],
[16, Corollary I 3.28]. We have cw|V N C = ¢|V N C and (ewXa) < v(a) for
all @ € V. By [15, p. 31] or [16, p. 14], there is some d € A such that d|V = ¢
and d|K\V = 0. We let

e=d|U € Cy(U)), f=e+ay.
If « € C\ U, then
f(a) =e(a) +aa) =a,(a) = a(a).
If «a € G, N C then
f(a) = e(a) +ay(a) =c(a) + by(a) =by(a) = a(a).
Now we set U, = U, H, = H,, G, = U, N H; and a, = f € C4U,). Then
CN(G,UG,) =CnG,
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and

a0|G0 N C = alGo N C,

and the cover C € Gy U U/_;G; has the same properties as the original
cover C C U]_,G,, but is shorter. This contradicts the minimality of r. O

Proof of Theorem 3.6. X has an open affine cover X =X, U -+ UX,. If
we prove the claim for n = 2 then it follows for arbitrary n by induction. So
let X = X; U X,. We consider the following rings of sections:

A=T(X), A4, =T(Xy), A,=T(X;), A, =T(X;NX;)

with restriction maps p;: 4 = A4,, o;: A; > A,,. These are all real closed
rings [16, Theorem I 3.25, Theorem I, 4.12]. A is the fibre product 4; X 4 A,.
Since o, and o, are surjective (Lemma 3.7) the same is true for p; and p,.
This gives us isomorphisms

i: X, ¢ Sper*(A,) — Sper*(A4), i,: X, ¢ Sper*(A4,) — Sper*(A)
onto pro-constructible subspaces Y;,Y, C Sper*(A4). We want to glue i; and
i, together on X; N X,. First note that X is a spectral space (by Proposition
3.5). The map

i: X — Sper*(A): x — (A = Oy, C p(x))
is a morphism of spectral spaces: If C c Sper*(A) is open constructible then

there is some a € A such that C = {a € Sper*(A4)|a(a) = 0} [15, Proposi-
tion II 4.13], [16, Proposition I 3.17], and this implies

X, ni™Y(C) = {x € X;lpy(a)(x) = 0},
X, Ni™}(C) = {x € X,lp,(a)(x) = 0},

i.e., i~ (C) is open and constructible. It is clear that i|X, = i;, ilX, = i,. By
[16, Proposition I 3.27] there are a); € A; such that

X, NX,={x€X]dj(x) =0}.
The sheaf property shows that there are a;,a, €A with p(a,) =4},
pay) =0, py(a,) =0, py(a,) = d),. If Y =i(X) this shows that i: X - Y is
injective and

i(X,) = {a €Ylay(a) =0}, i(X,) = {a € Yla(a) =0}

are open constructible subsets of Y. Thus i: X —» Y is an isomorphism of
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spectral spaces. From o,p; = 0,p, it follows immediately that
ille N X2 = i2|X1 N X2;

i.e., i; and i, glue together to the morphism i: X — Y of inverse real closed
spaces, and i is an isomorphism. Since Y is affine we conclude that X is
affine. O

CoroLLARY 3.8. Quasi-compact quasi-separated morphisms of inverse real
closed spaces are affine; i.e., inverse images of open affine subspaces are open

affine.

These results correspond to [15, Theorem V 4.8; Corollary V 4.9] or [16,
Theorem II 5.8 and Corollary II 5.10. However, in the references the
additional hypothesis of regularity was required. Regularity of a real closed
space means that the specializations of a point form a chain. Translating this
into the language of inverse real closed spaces it says that the generalizations
of a point form a chain. But this is true in every inverse real closed space.

The results of this section give us some additional information about
diagonal morphisms (hence also about graph morphisms): By Proposition 3.2,
diagonal morphisms are quasi-separated. Corollary 3.8 shows that the diago-
nal morphism of a quasi-separated morphism is affine. In this case the image
of the diagonal (Example 2.23) is a locally pro-constructible subspace.

4. Connections between real closed spaces and inverse real
closed spaces

We saw in §1 that the categories of affine real closed spaces and of affine
inverse real closed spaces are equivalent via two functors F, G. This equiva-
lence is extended in this section.

Recall that real closed spaces are a generalization of locally semi-algebraic
spaces [5], [15], [16]. Similarly weakly semi-algebraic spaces [16] are general-
ized by the inverse real closed spaces (see §7). In [10, Chapter V §3] it is
shown that a locally semi-algebraic space is weakly semi-algebraic if and only
if it is paracompact. Here we will prove a related result. We start with a
definition from [14].

DeriNniTION 4.1. Let X be a real closed space or an inverse real closed
space. X is taut if it is quasi-separated and every x € X belongs to some
closed constructible subspace.

THeEOREM 4.2. The equivalence between the category of affine real closed
spaces and the category of affine inverse real closed spaces can be extended to
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an equivalence between the category of taut regular real closed spaces and the
category of taut inverse real closed spaces.

Proof. First let X be a taut inverse real closed space. Extending the
notation of §1 we let €(X) be the set of closed constructible subspaces of X.
Since X is taut, Z2(X) is a cover of X. Every C € €(X) is contained in some
quasi-compact open subspace U, € X. By Theorem 3.6, U, is affine, and
G(U,) has already been defined in §1. Since C < Uy is a closed constructible
subspace, G(C) c G(U) is an open constructible subspace. We want to glue
the G(C) together to obtain a real closed space. If D € €(X) and D c C
then G(D) can be canonically identified with an open constructible subspace
of G(C). This shows that the G(C), C € €(X) can be glued together to give
a real closed space G(X). By construction, G(X) = U cc zx,G(C) is an
open affine cover and G(C,) N G(C,) = G(C, N C,). By [16, Theorem II
4.16], G(X) is quasi-separated.

For every C € €(X) we have a bijection 7.: C = G(C) which is a
homeomorphism with respect to the constructible topology. These 7. fit
together to give a bijection 7: X - G(X). If X' c X is open (closed)
constructible then 7(X') € G(X) is closed (open) constructible. To prove
regularity of G(X) we pick a, 8,y € G(X), B,y € {a} . Then 774p),
7~ !(y) are generalizations of 77'(a) in X. But in X the generalizations of a
point form a chain; i.e.,

7 1(B) € (@« I(y)} or 77N (y) € [r7U(B)}.

This implies y € {B} or B € {y], proving that G(X) is regular. Finally,
G(X) is also taut: Pick & € G(X). There is some C € €(X) with & € G(C);
ie., 77(a) € C c U. Therefore a € 7(U.), and 7(U;) is a closed con-
structible subspace of G(X).

So far we have defined the functor G on the objects. Now let f: X = Y be
a morphism of taut inverse real closed spaces. If C € €(X) then f(C) is
quasi-compact and this implies that there is some open constructible sub-
space U C Y containing f(C). By tautness, we can find some D € €(Y) with
U c D. So, altogether this gives a morphism

G(fIC): G(C) —> G(D) < G(Y).

If C' € €(X), C' c C then it is clear that G(f|C") = G(fIC)|G(C"). So the
G(fIC) glue together to give a morphism G(f): G(X) —» G(Y). This com-
pletes the definition of the functor G.

Exactly in the same way the functor F from the category of taut regular
real closed spaces to the category of taut inverse real closed spaces is defined.
From §1 it follows that G and F are quasi-inverse to each other. O
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In a quasi-separated space (real closed or inverse real closed) we can
define the constructible topology just as in the affine case (cf. [7, I 7.2.2)).
From the proof of Theorem 4.2 we see that, starting with a taut inverse real
closed space X, we may identify X and G(X) with the constructible topolo-
gies via the map 7. So, one may say that the taut spaces are exactly those
spaces which can be covered equally well by weakly open constructible
subsets and by inversely open constructible subsets.

5. Complete quasi-separatedness

In [10, p. 4], weakly semi-algebraic spaces are defined by use of special
covers. In §7 we will characterize those inverse real closed spaces which
correspond to weakly semi-algebraic spaces. To be able to do this we must
consider spaces having the same kind of special covers. This causes us to
make the following definition:

DerinTioN 5.1. Let X be an inverse real closed space, .2 a lattice of
subsets covering X. .Z is locally constructible if every C € £ is locally
constructible. If _# is locally constructible and a complete Boolean lattice
then £ is called completely locally constructible. A cover X = U ;X is
called completely locally constructible if the complete Boolean lattice gener-
ated by {X;|i € I} is completely locally constructible.

We saw in §3 that X is quasi-separated if and only if there is a locally
constructible lattice of open affine subspaces (Proposition 3.3, Theorem 3.6).

DEerFINITION 5.2.  An inverse real closed space is completely quasi-separated
if it has a completely locally constructible open affine cover. A morphism f:
X —» Y between inverse real closed spaces is completely quasi-separated if
f~1(Y") is completely quasi-separated for every open affine subspace Y’ C Y.

It is clear from the definition that every completely quasi-separated space
is quasi-separated. By the results of §3, the same is true for morphisms.

Before giving examples we prove the following characterization of com-
pletely locally constructible covers.

THEOREM 5.3. Let X = UX, be a cover of the inverse real closed space X.
The following statements are equivalent:

(a) The cover is completely locally constructible.

(b) For every open affine subspace X' C X the set {X; N X'|i € I} is finite
and X; N X' is constructible.

Proof. (b) = (a). Let B belong to the complete Boolean algebra gener-
ated by {X;|i € I}. Then B N X’ belongs to the complete Boolean algebra of
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subsets of X' generated by {X; N X'|i € I}. Since this Boolean algebra is
finite and every X; N X' is constructible in X', B N X' is a constructible
subset of X'.

(a) = (b). We may assume that {X;|i € I} is a complete Boolean algebra.
By definition, X; N X' is constructible in X' for every i € I. Since the
constructible topology is compact, the Boolean algebra {X; N X'|i € I} has
both the ascending and the descending chain conditions. Therefore it con-
tains finitely many atoms and every element is a finite union of these atoms.
Therefore {X; N X'|i € I} is finite. O

An immediate consequence is:

CoroLLARY 5.4. Every finite union of completely locally constructible
covers is a completely locally constructible cover.

Example 5.5. Every locally constructible partion X = UX; is a completely
locally constructible cover.

Example 5.6. Every affine space is completely quasi-separated.

Example 5.7. Let X be quasi-separated and paracompact [4, p. 18]. Then
X is completely quasi-separated. For, every locally finite open affine cover
X = VX, is completely locally constructible.

Example 5.8. Let X be a completely quasi-separated space, Y C X a
locally pro-constructible subspace. Then Y is completely quasi-separated.

To emphasize the analogy with weakly semi-algebraic space we note:

ProprosITION 5.9. Let X be completely quasi-separated. Then there is an
open affine cover X = U ;. ; X; which is a lattice and has the properties E1-E6
of [10, p. 4].

Proof. Let X = U,;<;X; be a completely locally constructible open affine
cover. The lattice generated by this cover is another completely locally
constructible open affine cover. Therefore we assume that {X;|i €I} is a
lattice. If we set i <j if X; C X, then I is a lattice.

(E1) X is covered by (X)), ;.

(E2) i <j implies X; € X; by definition.

(E3) For i €1 the set {j € I|j < i} is finite by Theorem 5.3.

(E4), (E5) For i,jeI there are k,l 1 with k<i,j<l Set k=
inf(i, j), I = sup(i, j).

(E6) X is the direct limit of the subspaces (X,);c;,. O
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Now we need a few basic properties of completely quasi-separated mor-
phisms.

ProrosiTion 5.10. For a morphism f: X — Y the following properties are
equivalent

(a) fis completely quasi-separated.

(b) There is an open affine cover Y = UY, such that each f~'(Y;) is
completely quasi-separated.

Proof. We must only prove (b) = (a). Let Y = UY, be a cover as in (b),
let Y €Y be open affine. We set Y = Y’ N Y, and choose an open affine
cover

Y= Uy,

J€J;

Then Y, CY, is an open affine subspace, f~'(¥}}) c f~(Y)) is a locally
constructible subspace. Thus f~'(Y}}) is completely quasi-separated (Example
5.8). Since Y' = U ;,;Y;; is an open aﬂine cover there is a finite subcover

= U YI;,
k=1
We have
Ay =uri)
k=1

and each f~(Y}) has a completely locally constructible open affine cover
(ZiDier, Smce f~UY") is quasi-separated (Proposition 3.2), every Zy is
locally constructlble in f~%Y’) (remark after Proposition 3.5). It remains to
show that, for any open affine subspace Z c f~(Y"), the set {Z N Z,|k, 1} is
finite (Theorem 5.3): For every k =1,...,r, f~}(Y}) is open and locally
constructible in f~!(Y’). Then Z N f~(Y}) € Z is open and constructible,
ie., ZNf YY) is affine. Since f~1(Y}) = U, Z,, is a completely locally
constructible open affine cover, the set

(ZnzylieL)={ZnfY(¥W)nZ,lleL,}
is finite. This proves the claim. O

ProrosiTioN 5.11. (a) Every affine morphism is completely quasi-sep-
arated. In particular, if X C Y is a locally pro-constructible subspace then the
inclusion is completely quasi-separated. If f: X = Y is a quasi-separated
morphism then A, is completely quasi-separated.
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(b) Completely quasi-separated morphisms have properties (A), (B), (C) (see
§3).

© Iff: X > Y, g: Y > Z are morphisms, gf is completely quasi-separated
and g is quasi-separated, then f is completely quasi-separated.

For the proof we need the following extension property for completely
locally constructible open affine covers:

LeEMMA 5.12. Suppose that X is a completely quasi-separated space, X' € X
is an open locally constructible (hence completely quasi-separated—see Exam-
ple 5.8) subspace. Let X' = U, ;X! be a completely locally constructible open
affine cover, {X]|i € I} a lattice. Then there is a completely locally constructible
open affine cover X = U ; ; X, {x i li € J} a lattice with the following proper-
ties:

{xlliel}c {lej EJ} foreveryjeJ, X;n X' € {X]li e I}.

Proof. let X = U,xY, be a completely locally constructible open
affine cover by a lattice. For every k € K, Y, N X' is open and affine. So
there is a finite subset I(k) c I with

Y,nxc U X.
iel(k)

If we set Z, =Y, U U, ¢ )X then X = U, xZ, is a completely locally
constructible open affine cover (Theorem 5.3). If .Z is the lattice generated
by

{(X/lieI}u{Zlk e K}

then Theorem 5.3 implies that £ is a completely locally constructible open
affine cover. Clearly, {X]|i € I} € # and _Z is a lattice. Since .ZN X’ is the
lattice generated by

{Xlielyu{z,nX'lk eK} = {X]li €I

and {X/|i € I} is a lattice by hypothesis, we see that . is the desired cover.
O

Proof of Proposition 5.11. Part (a) is trivial. To prove (b) (A) let f:
X Y, g: Y- Z be completely quasi-separated. If Z' C Z is open affine it
must be shown that (gf)~'(Z’) is completely quasi-separated. Since g is
completely quasi-separated, g~'(Z") is completely quasi-separated. We must
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prove: If f is completely quasi-separated and Y is completely quasi-sep-
arated then so is X. Let Y = U, ,Y; be a completely quasi-separated open
affine cover and a lattice. For every i € I we define

n(i) =[{vly; = @, j<i)|

Proposition 5.9 shows that this is a nonnegative integer. For every i € I we
set X; = f~X(Y;), a completely quasi-separated space. By induction we will
define on every X, a completely locally constructible open affine cover

X; = U Xij

i€l
which is a lattice and such that the following holds:

If X, cX; then {X,;|j €J;} c{X,;lji €J} and for every j € J; there is
some l e Jk With Xk OXU =Xkl‘

If n(i) =1 then we choose an arbitrary completely locally constructible
open affine lattice cover. Now suppose the construction has been done for all
i with n(i) < n. Now pick i € I with n(i) = n + 1. We must distinguish two
cases:

Case 1. If Y, = U{Y,|Y, gV} and if X, = U;;X,; are the covers
already defined then the lattice - generated by {X, |k, j} is a completely
locally constructible open affine lattice cover of X;. If X, ¢ X; then
{X,,li €J,} € holds by definition. Moreover, X,, N.Z is the lattice
generated by {X,, N X, ;|Y, ¢ Y}}. By definition we know that every X,, N X;

E=
belongs to {X,,|! € J,,}. Since this is a lattice we are done.

Case 2. If Y,2 UY,|Y, g Y} we set ¥, = U{Y, g Y}. Then n()) =n
and there is a cover X; = U <, X},,- Applying Lemma 5.12 one obtains the
desired cover of X;.

This finishes the induction. Now we consider the open affine cover

X = U UXij'

iel jel;

Since every X;; is clearly locally constructible it remains to show that
{Z n X;,li, j} is finite for every open affine subspace Z c X (cf. Theorem
5.3). First of all, quasi-compactness of Z implies that there is some i € I with
Z c X,. Then{Z N X,;|j € J}} is finite. Now let k € I, I € J, be arbitrary and
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set m = inf{i, k}. Then
ZﬁXk1=ZﬁXiﬁXk1
=ZNnX,NnXye{ZnX,,Inel}c{Znx,liel}

This proves property (A).

To prove (B) we let f: X - Y be completely quasi-separated and g:
Z - Y arbitrary, f': X X,Z — Z the projection. To prove that f' is com-
pletely quasi-separated we may assume that Y and Z are both affine
(Proposition 5.10). If X = U, ,;X; is a completely locally constructible open
affine cover, then so is X X,Z = U, ;X; XyZ. To finish the proof of (b)
we note that property (C) follows from (A) and (B) [7, 0 1.3.9]. Finally, (c)
follows from [7, 1 5.17]. O

Obviously a space X is completely quasi-separated if and only if the
morphism X — Sper*(R,) is completely quasi-separated. By Proposition
5.11 every morphism of completely quasi-separated spaces is completely
quasi-separated. So the completely quasi-separated spaces with the com-
pletely quasi-separated morphisms are a full subcategory of the category of
inverse real closed spaces.

In the homotopy theory of weakly semi-algebraic spaces [10, Chapter V]
patch decompositions play an important role as substitutes for triangulations.
We conclude this section by showing that the completely quasi-separated
spaces are exactly those inverse real closed spaces having patch decomposi-
tions.

DeriniTioN  5.13 (cf. [10, Chapter V, §1, Definition 1]). A constructible
decomposition of the inverse real closed space S is a partition X = U, ;X;
with every X; constructible.

By Example 5.5 every constructible decomposition is a completely locally
constructible cover.

If X = UX, is a constructible decomposition we call X; a face of X; if
X; N X;+ . We write X; < X; in this case. We define the depth of X; to be
the number

d(X;) = sup{n € No|3jq,...,J, =i: X;,, 2 X; 2 - 2 X, =X}

Jo = 1 = ""n

€ Ny U {0}
(cf. [10, Chapter V, §1)).

DerinmioNn  5.14 (cf. loc. cit.). A constructible decomposition X =
U, X, is called a patch decomposition if d(X;) € N, for every i € I.
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TueorREM 5.15. Let X be a quasi-separated inverse real closed space. The
following statements are equivalent .

(a) X is completely quasi-separated.

(b) X has a patch decomposition.

Proof. (a) = (b). If X = U,.,X; is a completely locally constructible
open affine lattice cover then we set

Ci =X\ U{XlX; ¢ X}

for every i € I. Obviously, X = U,;;C; is a constructible decomposition.
We must show that every d(C)) is finite. But we clearly have

d(C) <[{x\X; c X}|,

which is finite.

(b) = (a). Let X = U, ,C; be a patch decomposition. Fix some C;. Then
C; is contained in some open affine subspace U; € X. On the other hand, by
compactness of the constructible topology, there is a finite subset J c I with
U cU;c,C. If kel issuch that C; 5 C; then k must belong to J and
d(C,) < d(C)). By induction we see that

K(jy={iell3i=jy,...,ji,=j:C;=C;;z =+ 2C;, =Cj}

is finite. So, st(C;) = U, < k;,C;» the star of C; is constructible. To prove that
st(C ) is also open we must show that it is closed under generalization. So
plck x € st(C)), y € X with x € {y}. Then there are k, | € I with x € C,,
y € C,.. By definition k € K(j). Since x € C, we see that C, = C, or C, < C,.
In either case / € K(j) and C, c st(C)). This shows that st(C;) is an open
affine subspace of X. Of course, X = U jes St(C)). This cover is completely
locally constructible since it belongs to the lattice generated by the com-
pletely locally constructible cover X = UC;. O

6. Finiteness conditions

As in [15, Definition V 6.1], [16, Definition II 7.1] the following notions of
finiteness are introduced:

DEeFINITION 6.1. A morphism f: X — Y of inverse real closed spaces is of
finite type at x € X if there are open affine neighborhoods x € U C X,
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f(x) € V Y and a commutative diagram

X—Y
U U
(*) U——V

Z —— V Xz, R*

where Z is a pro-constructible subspace of V' X Rozig*. f is locally of finite
type if it is of finite type at every point of x. f is of finite type if it is locally of
finite type and quasi-compact. f is finitely presented at x € X if it is of finite
type at x and the subspace Z in () is constructible. f is locally finitely
presented if it is finitely presented at ever x € X. f is finitely presented if it is
locally presented, quasi-compact and quasi-separated.

Note that finitely presented morphisms are affine (Corollary 3.9).

Example 6.2. For every morphism f: X - Y, A: X - X X, X is locally
of finite type. To see thislet x € X, z = A(x), y = f(x). Let x € U c X and
y € VCY be open affine neighborhoods with f(U) c V. Then U X, U C
X XX is an open affine neighborhood of z. Since A: U —» U XU is a
morphism of affine spaces, it has a pro-constructible image. By Example 2.23,
A is an isomorphism onto A(U). So, we have the commutative diagram

X—oXxx, X

) )
U—— Ux, U

A(U) —> U %, U.

We collect a few basic properties of morphisms locally of finite type. The
proof is omitted since no special properties of inverse real closed spaces are
needed.

ProrosiTiON 6.3. (a) If X C Y is a locally pro-constructible subspace then
the inclusion is locally of finite type.

(b) Morphisms locally of finite type have properties (A), (B), (C) (see §3).

(¢) Let f: X > Y, g: Y > Z be morphisms such that gf is locally of finite
type. Then so is f.
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Now we turn to locally finitely presented morphisms.

Example 6.4. If f: X - Y is locally of finite type then A is locally finitely
presented.

ProrosiTION 6.5. (a) If X C Y is locally constructible subspace then the
inclusion is locally finitely presented.

(b) Locally finitely presented morphisms have properties (A), (B), (C).

© Iff: X - Y, g: Y > Z are morphisms, g is locally of finite type and gf is
locally finitely presented, then f is locally finitely presented.

Combining these properties with the corresponding properties for quasi-
compact and quasi-separated morphisms we get similar lists for morphisms of
finite type and for finitely presented morphisms.

The same notions of finiteness were defined for real closed spaces in [15,
Definition VI 6.1] and [16, Definition II 7.1]. In view of the connections
between real closed spaces and inverse real closed spaces established in §1
and §4 we claim:

PrRoPOSITION 6.6. Let f: X — Y be a morphism of affine real closed spaces.
f is finitely presented if and only if F(f). F(X) — F(Y) is finitely presented.

Proof. We choose a finite presentation
f

X—Y

U U

U——V

gl: Ipr

of f in the neighborhood of x € X. Since Y is affine we may assume that
V=Y If ye m is the closed point then we may choose U such that
y € U. By an easy compactness argument there is a closed constructible set
K with x € K c U. Now we apply F to the diagram

f

X—Y

u .

K——Y

g(K) € CSY xg Ro.
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to obtain a finite presentation of F(f) in the neighborhood F(K) c F(X) of
x. The other implication of the equivalence is proved similarly. O

As a consequence of Proposition 6.6 we note that a finitely presented
morphism of affine inverse real closed spaces has a global finite presentation
[15, Proposition V 6.6], [16, Proposition II 7.6].

7. Weakly semi-algebraic spaces

We fix a real closed field R and consider a weakly semi-algebraic space M
with a lattice exhaustion M = U, M, [10, Chapter IV, §1]. For every i € I,
there is an affine real closed space M, over Sper(R) corresponding to M; [15,
Chapter 1V], [16, Chapter III, §1]. Applying the functor F of Section 1, we
obtain an affine inverse real closed space F(M, ) over Sper*(R). Under this
functor the closed constructible subsets of M correspond to the open
constructible subsets of F(M ). Thus, if M; CM ‘then the corresponding
morphism F (M )—> F (M ) of inverse real closed spaces is an isomorphism
onto an open aﬁine subspace. This implies that the F' (M ), i € I can be glued
together to glve an inverse real closed space F(M). The construction shows
that F(M) = Uie ,F (M ) is a completely locally constructible open affine
cover, and F(M) is completely quasi- -separated. It is clear that the struc-
tural morphisms F(M;) — Sper*(R) glue together to a morphism
F(M) - Sper*(R). Since M — Sper(R) is finitely presented for every i € I
[15, Theorem VI 1.1; Theorem III 1.2], Proposition 6.6 implies that
F(M,) - Sper*(R) is finitely presented for every i. So F (M) is locally finitely
presented over Sper*(R). 3

To make a functor out of F( ) we must define it on the morphisms: If
M, N are weakly semi-algebraic spaces with lattice exhaustion M = U, /M,
N=U;c,;N; and f: M — N is a morphism, then for every i € I there is
some j €J with f(M;) CN,, and the restriction f;: M, > N, of f is
semi-algebraic [10, Theorem IV 2.3]. So, from [15, Chapter VI §1] or [16,
Chapter III, §1] and the functor F in §1 we obtain morphisms

F(f)): F(M,) ) F(N)) cF(N).

If M, c M;, then f;; extends fj, and therefore F' (f) extends F(f,). This
shows that the F(f}) can be glued together to give a morphism F(f ):
F(M) — F(N). From the construction it is clear now that F(') is a functor.

Conversely, let X be a completely quasi-separated inverse real closed
space over Sper*(R) which is locally finitely presented over Sper*(R). There
is a completely locally constructible open affine cover X = U ;< ;X; which is
a lattice. Then every X; is finitely presented over Sper*(R), and hence G(X,)
is finitely presented over Sper(R) (Proposition 6.6). By [15, Theorem VI 1.1]
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or [16, Theorem III 1.2], the space G(X;)(R) of R-rational points of G(X;) is
an affine semi-algebraic space over R. We want to glue the G(X,XR)
together to obtain a weakly semi-algebraic space. To do so we let X(R) be
the set of R-rational points of X. The sets X;(R) = X(R) N X, form a cover
of X(R). Identifying the sets X,(R) and G(X;)(R) we have the structure of
an affine semi-algebraic space on X, (R). If X; C X; then the results of §1
show that G(X;X(R) may be identified with a closed semi-algebraic subspace
of G(X;)(R). We see that X(R) = U, ;G(X,XR) is a cover fulfilling the
hypotheses of [10, Theorem IV 1.6]. So X(R) has the structure of a weakly
semi-algebraic space. We denote this space by G(X)R).

Now let f: X = Y be a morphism between completely quasi-separated
spaces over Sper*(R) which are locally finitely presented. We choose com-
pletely locally constructible open affine lattice covers X = U, X;, Y =
U,e,Y,. For every i € there is some j €J with f(X)) CY,. Let f;:
X; — Y, be the restriction of f. Then we have morphism

G(f,XR)
G(f)(R): G(X;)(R) — G(Y;)(R) c G(Y)(R).

These morphisms can be glued together to give the morphism
G(f)(R): G(X)(R) = G(Y)(R).

Clearly, G( XR) is a functor from the category of those completely
quasi-separated inverse real closed spaces over Sper*(R) which are locally
finitely presented over Sper*(R) to the category of weakly semi-algebraic
spaces over R. From §1 and the results of [15, Chapter III], [16, Chapter III,
§1] it is clear that the functors F( ) and G( X R) are quasi-inverse to each
other. This proves:

THEOREM 7.1. The category of weakly semi-algebraic spaces over R is
equivalent to the category of those completely quasi-separated inverse real closed
spaces over Sper*(R) which are locally finitely presented over Sper*(R).

Because of this equivalence of categories we can consider the category of
weakly semi-algebraic spaces over R as a full subcategory of the category of
inverse real closed spaces over Sper*(R). This is the analogue of the
connections between locally semi-algebraic over R and real closed spaces
over Sper(R) exhibited in [15, Chapter VI, §1] and [16, Chapter III, §1].
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