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INHOMOGENEOUS INEQUALITIES
OVER NUMBER FIELDS

EpwAaRD B. BURGER

1. Introduction

In the classical theory of diophantine approximation, Kronecker, in 1884,
was the first to investigate inhomogeneous approximation to real linear forms
which were, in some sense, independent over Z. In a slightly different
direction, Khintchine, in 1936, proved that if a homogeneous system of real
linear forms was not approximated well by integers (i.e., it was a badly
approximable system), then this implied the existence of an excellent integer
approximation to any associated inhomogenous system (see, for example, [9]).
Here we study related inhomogeneous problems in the setting of an arbitrary
number field. In particular, we examine these issues in the context of the ring
of S-integers and over the associated adéle ring of the number field. Dio-
phantine approximation over the adele ring was first studied by Cantor in
1965 [4], then later by Sweet [12] and more recently by the author [2].

In Section 2 we precisely describe all our notation, but briefly, let k be a
number field and S a finite collection of places of k containing all
archimedean places. We write kg = I'1, - sk, for the topological product of
the completions k,. Let {4}, s be a collection of M X N matrices such
that for each v € §, A4, has its entries over k,. The S-system {A4,}, < 5 is said

to be a badly approximable S-system of linear forms if there exists a constant
7 > 0 such that

r<hy(%7) T1I4,7-7I"

ves

for all S-integer column vectors ¥ € (F,)N, ¥ # 0 and ¥ € (&)™, where hg
is a suitably normalized S-height. Our first result is a generallzatlon of
Khintchine’s theorem to number fields.

THeEOREM 1. Let {A4,}, s be a badly approximable S-system of dimension
M X N. For each v € S suppose that ¢, € k, satisfies 0 < |Ie ||, < 1. Then
for any B = (B,) € (k)™ there exist vectors T € GOV and § € (B such
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that
14,8 = ¥ = B, < Cy(k, v, {4,})lle, I}
and
11, < Cy(k, v, {4l 15"
for all places v € S, where || ||, is a supremum norm.

The constants C; and C, are explicitly given in Theorem 8. As the
constants are independent of ﬁ given the S-system {A4,}, . s and (¢,) € (k)™
there ex1sts an explicitly computable finite subcollection #c (ﬁs)N so that
for any [3 € (kg)™, the S-integer vector X of Theorem 1 may be selected
from the finite set %. As an aside, we remark that Mahler considered
homogeneous inequalities involving both real and p-adic linear systems over
Q (for example, [10], Chapter 3, Section 6, Theorem 3) and in some sense,
one may view Theorem 1 as an inhomogeneous analogue of Mahler’s result
over k.

With respect to independent systems, Cantor proved ([4], Theorem 3.2) a
number field generalization of Kronecker’s theorem in the context of the ring
of S-integers. We state this result in our present notation below. For an
M X N matrix B, we define an associated (M + N) X N matrix 2A(B) by

B
a(s) - (1)

where 1, is the N X N identity matrix. Let {4,},cs be an S-system and

g = (B ) € (kg)M. Cantor proved that the following two statements are
equivalent:

() If & € (BM is a vector for which there exists a vector W € (G)N so that
T
(‘i) u(4,) =07
W
for all v € S, then there exists an m € & such that

(#) w() -

forallv € S.
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(i) Given & = (g,) € (kg)*, there exist vectors ¥ € ()N and y € (G5)™ so
that

-
"AUJ?_ ?'— BU"u < ”5U"v

forallv € 8.

The result is not quantitative in the sense that no explicit bound on the
size of the S-integer vector X is given. The following result is formulated
purely over the adeles and may be viewed as a quantitative number field
analogue of Kronecker’s theorem.

THEOREM 2. Let A = (A,) be an M X N matrix over the adeéle ring k,.
Suppose there exist idéles € = (¢,) and & = (8,), with volume V(8) > 1, so
that the system of inequalities

T —
|tz — w

where AT is the transpose of A, is not solvable with & € k™, w € k" and

, < I18,1l;1  for each place v of k,

0 < ll@ll, < lle,ll;*  for each place v of k.

Then for any B = (B,) € (k, )™, there exist vectors ¥ € kN and ¥ € k™ so
that for each place v of k,

4,2 -7 = B,ll, < C(k,v, M, N)ls,l,

and
XN, < C(k,v, M, N)5,Il,.

The constant C, which is independent of the matrix A, is given in
Theorem 9. In particular, for the nonarchimedean places, C(k, v, M, N) = 1.
Just as in Theorem 1, given the inj}ial data, one is able to construct a finite
collection FC k™ so that for any B € (k,)¥, the vector X of Theorem 2 may
be selected from the set #.

By selecting the matrices 4, = (0) for all v & S, one is naturally lead to an
S-integer formulation of Theorem 2 which is more compatible with Cantor’s

result. We say that the S-system {A4,}, s and 1, are independent over & if
the only vector Z € (G)M*N) for which

77TUA(A4,) =07

for all v € § is Z = 0. It follows that if the S-system {A,},.g and 1, are
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independent over &, then for any & = (g,) € (k,)*, we may find § =
(8,) € (k,)* so that the hypotheses of Theorem 2 are satisfied. This pro-
duces an even closer analogue to Kronecker’s theorem (see, for example, [5],
Section 51, Theorem 1).

The proofs of Theorems 1 and 2 involve techniques in the geometry of
numbers over the adéle space. In particular, for Theorem 1 we given an
adelic analogue of an inequality due to Hlawka and for Theorem 2 we use a
recent result of O’Leary and Vaaler.

The author wishes to thank the referee for several valuable comments and
suggestions.

2. Notation and normalizations

Let k be an algebraic number field of degree d over Q. If v is a place of k
we write k, for the completion of k at v and let d, = [k,: Q,] denote the
local degree. If v is an infinite place we write || ||, for the usual Euclidean
absolute value on k,. If v is a finite place then || ||, denotes the unique
absolute value on k, which extends the usual p-adic absolute value on Q,,
where v|p. We normalize a second absolute value | |, at each place v by
setting | |, =1l [927¢ It follows that these absolute values satisfy the
product formula: T1,|lal, = 1 for all @« € k, a # 0. If v + © we write &, for
the ring of v-adic integers in k.

Let S be a finite collection of places of k containing all places lying over
infinity. We write

Og={x€k:xe€ 6 forallv & S}

for the ring of S-integers in k. Let kg be the topological product of {k,}, < 5,
that is, kg = I'l, < sk,. If we identify & with its image under the canonical
injection in kg then by the product formula & is discrete in kg and the
quotient kg/ & is compact.

Let
X
- X2
=1
Xy
be a column vector in (k,)V. We extend the absolute values || ||, and | |,

to (k,)V by defining

R
X, = max {||x
llx1l, lsnsN{" o}
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and %], = ||I¥]19>/¢ for all v. We define the absolute value || ||, by

N
. Y lx,ll,  for vle
MxENe = n=1

%1l for v 4 w.
If A=(a,,)isan M X N matrix over k,, we define |4|, by

4], = max {la,,l,}.
v lsmsM{ mn U)
1<n<N

Suppose that X € (F)N and y € (H)M. We define the S-height of X and
y by
hs(-?y y) = 1—,[ max{lfc’lu, U?'v}-

ves

For each place v € S, let A, be an M X N matrix over k,. The S-system
{4,),cs is said to be a badly approximable S-system of linear forms (of
dimension M X N) if there exists a real constant 7 = 7(k,{A4,},<s) > 0 such
that

r <hg(%,7) [114,%-y1¥
veS

for all vectors ¥ € (G)V, ¥ + 0 and y e (BM. See Section 6 of [2] for
further details on badly approximable S-systems.

We select a Haar measure B, on the additive group of &, by the following
normalization:

() If k, = R then B, is the usual Lebesgue measure on R.

(i) If k, = C then B, is Lebesgue measure on the complex plane multi-
plied by 2.

(i) If v + © we require that B, (&) = I.@u|‘,f/ 2 where 9, is the local
different of k at v.
We write k, for the adéle ring of k£ and B for the normalized Haar measure
on k, which is induced by the product measure IT,8,. If (k,)* is the L-fold
product of adéle spaces we write V' for the product Haar measure BX on
(k,)*. We remark that in the geometry of numbers over the adéles, the Haar
measure V plays the r6le of volume in the classical theory.

We may embed k* — (k,)* via the usual diagonal embedding. It follows

that k* is discrete and the quotient (k,)*/k” is compact with induced Haar
measure

V((ka)"/k") =1
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(see, for example, [13]). The vector space k plays the rdle of the lattice. An
overview of recent results in the geometry of numbers over the adéles may be
found in [3]. Finally, for an idele 8 = (§,) we define the volume of & as

v(8) = I'Tls,l..

3. A result from the geometry of numbers over the adéles

For each place v of k let R, (k)" be a nonempty set. If v/ we assume
that R, is convex, symmetric and bounded with nonempty interior. If v 4 «
we assume that R, is a k-lattice, that is, a compact open & -module. We
further assume that for almost all finite v, R, = (£,)*. We define the set

2= TIR,.
1%

From our previous assumptions it is clear the 2 c (k). We call a subset %2
admissible if it has the form described above. For o > 0 we define the
dilation % by

o#=T1(oR,) x TIR,.
vt

v|eo

We now recall the definition of the successive minima 0 <A, <A, <+ <
A, < o of #. We define

A, = inf{o > 0: 02N k' contains / linearly independent vectors}.

The adelic analogue of Minkowski’s successive minima theorem (see [1],
Theorem 3) states that

(AA, - A V() <29t

Another natural constant associated with the admissible set # is its
inhomogeneous minimum w(%#) defined by

=

p=p(R)= inf{0'> 0: (k)" c U (ou@+ E)}

fekt
The proof of Theorem 1 will require an adelic version of an inequality of
Hlawka [6] which relates the inhomogeneous minimum to the first successive
minima. Toward this end we require a lemma which easily follows from a
general formulation of Blichfeldt’s theorem.
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Lemma 3. For N = 2,let 9,,7,,..., 9y be Borel measurable subsets of
(k,)F sattsfymg P 1V(9" > 1 If none of the sets contain two distinct
vectors o and B SO that od— B € kL, then there exist indices i and j, i # j, and

a vector { € k% so that { € 9, -

Proof If the sets {7} are not pairwise disjoint, then the lemma is trivial
and { may be taken to be 0. We assume now that the sets {7} are pairwise
disjoint. Thus we have

N N

V( U Z ) = X W(F,) > 1=P((ky)"/k").
n=1 n=1

Hence by Blichfeldt’s theorem in this settmg (see [13], Chapter II, Section 4,

Lemma 1), there exist distinct vectors & and gin U N_Z. sothat @ — [3 €

kL. By hypothesis & and B cannot be elements of the same set and therefore

there must exist distinct indices i and j so that de J; and B e ;.

The vector { may now be taken to be & — B which completes the proof.

THEOREM 4. Let R be an admissible subset of (k,)* with A, and . as its
first successive minima and inhomogeneous minimum, respectively. Then

where y = 2/A)*V(R)~! and [x] denotes the integer part of x.

Proof. Let @ € (k,)F be a fixed vector. We define the inhomogeneous
minimum of # with respect to @ by

a=uA@)=m%a>m$e U(m@+gw'

Eekt

Let {_(; € k* be a fixed vector so that for all o > TP

FeoR+{, (3.1)

We remark that u; is related to the inhomogeneous minimum u via the
identity

w(#) = sup pi#). (3.2)

"_ie(kA)L
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Next we let @, =& — o and N =[y] + 1. By the successive minima
theorem we have that N > 2. We now define the vectors &y, &,,..., @y in
(kA)L by

6n = (an_l)aO’
for n =1,2,..., N. Let int(Z) be the interior of %, that is,

int(#) = [1int(R,) X TIR,.

v|o vtv

We define sets 73, 5,..., Iy in (k)" by
T = M In(R) + &,
for n = 1,2,..., N and observe that
N N iL
L V(7)) = LV(EMint(R)) =N(zM) V(£) > 1.
n=1 n=1
Finally we we note that
A, int(#) N kL = {0)
and thus it follows that the sets 7, 7,,..., Iy satisfy the hypotheses of
I:)emma 3. Hencg there exist indices i and j with 1 <i <j < N and a vector
€ k" sothat { € I, — ;. That is,
e n®+ (6 - )
or
I=2(i-j))N"1g, e \,R. (3.3)
Suppose that o > u.. In view of (3.1), (3.3) and the fact that % is an
admissible subset of (k 2L we have
F+(F-0) =G+ = +2(-HNDG - 2i = )N+

= (1+2(i -HNY)E - &) + - 2(i - )N,

e(ll+2(i—j)N o)+ 22

= (N7YN+2(i-j)|o)#+ 1\ 2

c (N‘I(N -2)o + Al)g?.
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Thus
pg < NN =2)o +A,.
If we let ¢ — u; from above, the previous inequality reveals that
pg < (N/2)A,.
In view of identity (3.2) we conclude that

p= sup pz<ir([y]l+1)
Felk)r

which completes the proof.

CoROLLARY 5. Let #, A, and u be as in Theorem 4. If A, > 1, then

w < V(@) V(2 v(R) ! +1).

Proof. Since A; > 1, it follows that y < 29CV(#)~! where y is the

constant defined in Theorem 4. By the successive minima theorem,

(AIA’Z ce AL)dV(g) < 2dL

and so 3A; < V(#)~/“D), The corollary now follows from Theorem 4.

Remark. 1In the classical geometry of numbers one is able to construct
examples for which Hlawka’s inequality is relatively sharp. Similarly, one may
construct examples in this setting to indicate that the inequality of Theorem 4
cannot be substantially improved. As an illustration, we consider the adele

ring Q, and define the admissible set

#=R,x [ R,c(Q)"

p prime

as follows. Let a > 1 and define the L X L real matrix A by
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We define
R, = {¥ € R*: 47|, < 1}
and R, = (Z )L for all primes p, where Z, is the ring of p-adic integers. It is

a stralght-forward calculation to verify that Ay =1and (R) = 2%a, so in
particular,

a=(2/0) V(R
Finally, u(#) = 1a = 7A,a while the inequality of Theorem 4 reveals that

u < I([a] + 1).

4. A transference theorem over number fields

Let B, be an L X L nonsingular matrix over k, for each place v of k. Let
R, c (k)" be defined by

R,={Ze (k)" 1IB,ZIl, < 1}.

Suppose that for almost all places v, R, = (&,)*. Thus if we let #=TI,R,,
then # is an admissible subset of (k,)~.

LeEmmA 6. Let # be the admissible set described above with A, as its first

successive minima. If A, > 1, then for any = ({ ) € (k)~, there exists a
vector Z € k™ such that

B,z - ll, < T, (4.1)

for all places v of k, where

V(,@)_l/dL([zdLV(.@)—l] + 1) forvloo
1 forv + .

T =

v

Proof. By Corollary 5 we have

(k) c U {(V(@)“’/dL([zdLV(.@)‘l] + 1))@+ E}. (4.2)

Eekl

Define ¢ = () € (k,)* by ¢, = B7'{, for each place v of k. By the
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containment of (4.2), there exists a vector Z € k% such that
z-ve (v [2v(2) ] + 1)) (4.3)

In view of the definition of &% and J, (4.3) is identical to the inequalities of
“.1.

THEOREM 7. For each v € S, let A, be an M X N matrix over k,
and €,,8, be two nonzero elements of k, with lle,ll, < 1. Let

b = (b({gu}ueS’ {8U}UES)
be defined by

d/d,
® = TT (e, I8, 15) .

ves
Suppose that there are no vectors X € (Gg)N \ {0} and ¥ € (G)™ satisfying
4,8 =y, < lle,l, and 1Xll, < 18,1,

for all v € S. Then for any vector B = (B,) € (ks)™, there exist ¥ € (GN
and y € (O™ such that

W4, -7 = B,ll, <p,lle,ll, and 121, < p, 18,1l
for each v € S where

- %(ck)(q))—1/(M+N)([(ck)d(M+N)(q>)-d] + 1) for vlw
° 1 forv t o,

2\ 1/d
o= ((2) 18]

and s is the number of complex places of k and A, is the discriminant of k.

Proof. Set L = M + N and for each v € § define the L X L nonsingular
matrix B, by blocks as
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and for v & § set B, =1, = 1,,,, 5, Where 1, is the L X L identity matrix.
Next define R, c (k)X by

R,={ze (k) : 18,7, < 1}
and write = ]'_‘[URU c (kA)L. Clcarly
-M -N
|det B,|, = le, 1,7 18,1," forves
1 forve S

and thus (see identity (2.2) in [2]),

V() =24 7)1, 2(@)",

We now demonstrate that the first successive minima, A;, of # is greater
than one. Suppose instead that A; < 1. Then there must exist vectors X € kV
and ¥ € k™, not both identically zero, such that

’f, e .
y
That is, X € (G, ¥ € (G5 and

4,2 - ¥ll, < lle,ll, and X1, < 18,1l (4.4)

for all v € S. Since we are given that there are no S-integer solutions to (4.4)
with X # 0, it follows that ¥ = 0 and so y # 0. From (4.4) we conclude that

[Tl < TTle,lo < 1.
v

ves

By the product formula this implies y = 0 which is a contradiction. Thus

it must be the case that A; > 1 and hence Z# satisfies the hypothesis of
Lemma 6.

We now define the vector { = (f;) € (k)L by

N 0_, forves
{=(\e'8

v

0 forv &€ S.
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By Lemma 7, there exists a vector
= (;,) € kL,
where ¥ € k" and ¥ € k™, such that

B(’f) -
y

for all places v of k. Thus for v & S,

5

so ¥ € (F)N and ¥ € (G)M. For v € S,

<T,

14

v

<1

—_ b

v

4,8 -y = B,ll, < T,lle,ll,
and
XU, < T,18,1l,.

This completes the proof of the theorem in view of the definition of 7, and
the calculation for V(%).

5. Badly approximable S-systems

Let {A,}, s be a badly approximable S-system of dimension M X N. Let
7= 7(k,{A,},cs) > 0 be a real constant such that 7 < 1 and

r<hy(%7) [1I4,7-7I1"

veES

for all ¥€ (F)N, T+ 0 and 7 € (FIM. Next we define the constant
C‘r = CT({AD}DES) by

-N/M
C, = 2NQ({A4,},e5)) " 7/M,
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where Q({A,}, ) = I, c s max{1, |4,|,}. We trivially remark that 0 < C, <
1. For each place v € S, we select 7, € k, such that 0 < |r,[, < 1 and

[Tl l,=cC

ves

Finally we define the constant p, = p(k,C.) € k, for v € S by

%(Ck)(cf)—M/(M+N)([(ck)d(M+N)(C7)—dM] + 1) for vl
1 for v 4 .

Py, =

We now give a proof of Theorem 1 which we restate here with explicit
constants.

THEOREM 8. Let {A,}, s be a badly approximable S-system of dimension
M X N. Let 7, {1,},cs be as defined above. For each v € S suppose that
e, €k, sattsﬁes 0 < lle,ll, < 1. Then for any B = (B,) € (ks)™, there exist
vectors X € ()N and y € (O™ such that

14,2 =7 = B,ll, < p, N7, lulle, I

and

11, < p,lle, I
forallv € 8.

Proof. Foreachv € S set

’

.Y -M
g, =¢,7, and 06,=c¢,

Suppose now that there exist vectors ¥ € (&N, ¥ # 0and V€ (BHM s0
that

4,8 =¥ll, < lle,ll, and (X1, < 18,1,

for all v € S. From the inequalities of (4.4) of [2] we have

[T4,x-7l, < I1lel
veS

veS

and

hs(F, 7) < 2N0((A) ye5) TT max{il ., 13,1}
ve
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Therefore

r <hs(%,7) [1I4,% - 71"

ves

< (ZNQ({AU}Ues))”l;IS max{|¢],, |av|u}”ns e, M
= 2NQ({4,},e5))" [Lis, I2e,
= (ZNQ({Au}ues))Nvl;lsl'rvlﬁ‘

which is impossible. Hence there are no vectors ¥ € (F)V, ¥+ 0, ¥ € (G )M
satisfying

4,5 = ¥ll, < lle,ll, and X1, < 18,1l
for all v € S. We now apply Theorem 7 with {A4,}, <, {e)},es and {8}, <

and observe that the p)’s of Theorem 7 are equal to the p,’s defined here,
which completes the proof.

6. A quantitative formulation of Kronecker’s theorem over k
Again we write u = u(4%) for the inhomogeneous minimum of % and
A Ay, ..., Ay for its successive minima. Recently O’Leary and Vaaler formu-
lated an adelic version of an inequality due to Jarnik. In particular they
proved ([11], Theorem 5) that
pw<v(k)(A +A,+ - +A)), (6.1)

where the field constant v(k) is defined as follows. Let

=116, ck,

be the admissible subset defined by

_[{xek,lxl, <1} for vleo
*“ \{x ek, lxll, 1) for v+ oo,

and define (k) = uw(#4). So, for example, »(Q) = 3. General estimates for
v(k) in terms of classical field constants are given in Section 7 of [11]. Finally,
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we define the constant ¢, (M, N) by

ce(M,N) = v(k)(M + N){c(M, N)}""*,

where

(M + N)?Z[(2(M + N))!]Z|A, MV
4s(M+N) ’

i (M,N) =

and r and s are the number of real and complex places of k, respectively.
We now prove Theorem 2 which we state below with explicit constants.

The proof is an adelic adaptation of arguments given by Khintchine [7] and
Mahler [8].

THEOREM 9. Let A = (A,) be an M X N matrix over the adele ring k,.
Suppose there exist idéles ¢ = (e,) and & = (8,), with volume V(8) > 1, so
that the system of inequalities

lA%@ — wll, < 118,1I;'  for each place v of k,
is not solvable with @ € k™, w € k" and
0 < lliZll, < lle,ll;*  for each place v of k.

Then for any g = (B:,) € (k, )M, there exist vectors X € k™ and y € kM so
that for each place v of k,

14,8~ 7 = Bl < C(k,v, M, N)le, I,
and
X1, < C(k,v, M, N)II§, .,
where C(k,v, M, N) = ¢,(M, N) if v|o and C(k,v, M, N) = 1 otherwise.

Proof. If L =M + N, we define the L X L matrix B, over k, by

and define R, c (k)X by

R,={Ze (k)" IB,ZIl, < 1}.
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We note that for each place v, the polar body, R}, is given by
Rt = {7e (k)" [(BD) 2], < 1)

where

801N - SUA'{

(87) " - ( :

sulM
(for an analysis of polar bodies in the nonarchimedean setting, see [2],
Section 3). Let #Z=TII,R, and #* = [1,R%. We now show that the first

successive minima, A%, of #* satisfies A% > 1. If A% < 1, then there must
exist vectors # € k™ and W € k" so that

(’_‘i)#ﬁ and (ﬁ)e.@*
u u

Thus, for each place v of k,
477 — wll, < 1I8,I7" and ll&ll, < lle,II5 .
If @ = 0 then

[Tiwl, < TTis.I" < 1.
v v

By the product formula, this implie§ that @ = 0 which is impossible. There-
fore; it must be the case that i # 0. Hence, for all places v of k, we have

-1 -1
0 <@l < lle,l,” and [147F — wll, < 18,115

But this contradicts the hypothesis which states that the previous system is
unsolvable. This contradiction implies that A% > 1.
By inequality (6.1) we have

w(#) < v(k)LA,. (6.2)

We now recall the adelic analogue of an inequality due to Mahler (Theorem
3.7 of [2]):

(¥A2)? < ¢ (M, N). (6.3)
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Inequalities (6.2) and (6.3) along with A¥ > 1 combine to give
w(#) <c (M,N).

Thus we have

(k)" e U {c(M,N)2+E}.

-

fekl
Let ¢ = (,) € (k,)* be defined by

-

J _ 0
° e BB,

Then there exists a vector ._«.,? € k* so that

E-yec(M,N)R.

Alternatively, we have

The theorem now follows by partitioning 5’ as

Bv(g_'- ,/7;) \ < {Ck(M,N) for v|w

1 for v 4 .

In fact we have produced slightly stronger inequalities over the archimedean
places than required since plainly

Pnd —
Nl < e, My

for all vle.
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