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L2-VON NEUMANN MODULES, THEIR RELATIVE TENSOR
PRODUCTS AND THE SPATIAL DERIVATIVE

TONY FALCONE

ABSTRACT. We develop a theory of L2-von Neumann modules, which encompasses a reformulation of
Connes’ Spatial Derivative, and the Relative Tensor Product of Sauvageot. We demonstrate the naturality
of the relative tensor product construction in the category of L2-von Neumann bimodules. Finally, we give
evidence for the claim that the relative tensor product is essentially the only tensor product which should
be used when considering this tensor category.

1. Introduction

It should come as no surprise (due to their origins) that von Neumann algebras
play a role in current Conformal Field Theories. In particular, the tensor category
of bimodules over one or several von Neumann algebras is fundamental in their
exposition. Hence, it is important to understand the special nuances that arise in
considering tensor products of von Neumann algebra bimodules. In general, a purely
algebraic approach to their theory is insufficient. Sauvageot[1] outlined a construction
for the tensor product (the Relative Tensor Product) of two bimodules which is not
canonical, but depends on the choice of a faithful, normal and semi-finite weight.
(Hereafter to be referred to as an fis weight.) Note that, in the case where the
weight is actually a vector state, this choice of weight corresponds, in Field Theory,
to fixing a so-called “vacuum vector”. Some work subsequent to Sauvageot’s in this
area has at times neglected the extreme care which is required when dealing with
weights. However, it is possible to show that, given a bimodule $) over a fixed von
Neumann algebra, if the existence of another bimodule £ having certain “universal,
tensor product-like” properties is assumed, then £ is (i.e., is isomorphic to, as M-
M bimodules) the relative tensor product §) o §) with respect to a trace T on M.
Therefore, we see that the existence of such a bimodule implies that the von Neumann
algebra must be semi-finite. Moreover, it turns out that the existence of such a &, in
which the tensor product of any two arbitrary elements is defined, forces the algebra
M to be atomic.

Originally, substantial inroads into the theory were made by Sauvageot. We show
herein that the relative tensor product introduced by Sauvageot is, in a sense, the only
bimodule tensor product which encompasses the intricacies present when dealing
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with infinite von Neumann algebras. Naively, one would expect the “tensor product”
of the M-M bimodule L2(M) with itself to also be an M-M bimodule, possessing
the usual universal property of tensor products, viz., that any (continuous) “M-
bilinear” map on the Cartesian product should induce an M-bimodule morphism on
the tensor product. If we require that an M-bilinear map I include the property that
I(x,n) = 1(§,xn), Yx € M, then we will show that the only M-bimodule tensor
product which exhibits the universality described above is the relative tensor product
L*(M) ®, L?(M), where 7 is a trace on the atomic von Neumann algebra M. (Once
again, recall that the relative tensor product is not canonical, but rather depends on
a choice of fns weight.) This result demonstrates that no such universal object can
exist when M is not simply of the form

M =P L&),

where each ), is an arbitrary Hilbert space. Since Type II and Type III algebras can
(and often do) arise in physical theories, it is obviously important to be able to decide
whether one may assume the existence of a tensor product having the aforementioned
characteristics. If the algebra is non-atomic, then it is impossible, in general, to
define & ® 7 for arbitrary &, . This implies that any strictly algebric approach to the
theory will necessarily be incomplete. Hence, a satisfactory resolution of this issue
is needed.

Interestingly, in formulating a theory of L2-von Neumann modules, a serendipitous
by-productemerges: aclear exposition of the Spatial Derivative, originally introduced
by Connes [6]. Suppose we are given a right L2-module §) over a von Neumann
algebra AV, and we denote by M the von Neumann Algebra £($) ), i.e., the set of
(bounded) operators on § which commute with the right action of /. Then, given an
fns weight ¥ on A/ (which induces an fns weight ¥ on N'° = £ (5)), the commutant
of M in L($))), and a normal, semi-finite weight ¢ on M, the spatial derivative <Td~/%
arises naturally in the L2-module context: it appears as the relative modular operator
Ag,y. Hence, the L2-von Neumann module theory incorporates the theory of the
spatial derivative.

The Hilbert spaces on which von Neumann algebras act from both the left and
right have been referred to as “L2-von Neumann modules”. What should be inferred
from this usage is that there exist other types of modules. Indeed, following the work
of Lance [3] on “Hilbert C*-modules”, it is possible to define a notion of an L*®-von
Neumann module. £ is an L*°-von Neumann module if it is the dual of a Banach
space £,, and if a von Neumann algebra M acts on £ (from either the left or the right);
additionally, £ should be equipped with an “M-valued inner product”. Proceeding
in a fashion analagous to the methods used in the L? theory, we can characterize
L*°-modules as “sitting in” von Neumann algebras. Moreover, we may develop a
tensor product of these modules which respects their module structure. This leads
directly to a theory regarding the preduals, which may well be termed an L! theory.
We may then proceed to a tensor product of these modules. The ultimate goal is
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to arrive at a satisfactory L? theory, which would of course encompass all previous
results.

Additionally, it is important to note that many of the results contained herein
were presaged by Connes; what we refer to as L2-von Neumann bimodules he called
“correspondences”. [2] Throughout this work we will sometimes refer to the work
of Sauvageot, but not to that of Connes. This is in no way to be interpreted as a
diminution of Connes’ contribution; it simply reflects the fact that the author was first
introduced to the subject via the work of Sauvageot, and his terminology reflects this
historical bias.

Finally, the author acknowledges a large debt of graditude to Masamichi Takesaki
of UCLA. Most of the results contained herein were obtained in the years 1995-1996,
during graduate school. The approach to bimodules, etc., adopted in this paper was
inspired by that of Takesaki, and is encapsulated in [S]. Throughout, the influence
of his vision is indisputable; the unity of purpose that this vision offers was without
doubt one of the most important lessons that the author absorbed during his five years
as a graduate student.

2. L2%-von Neumann modules

2.1. Modules over a von Neumann algebra. 1t is commonplace to think about
von Neumann algebras presented spatially, i.e., we consider the pair {M, §3}. Then, $
has a natural stucture as a left M-module. We now want to consider a right action of
avon Neumann algebra on a Hilbert space. Hence, we are motivated to the following:

Definition 2.1.

(i) Given a von Neumann algebra A/, the opposite von Neumann algebra N°
means the von Neumann algebra obtained by reversing the productin N, i.e.,
as a linear space equipped with *-operation we take A/° to be AV, denote by
x° the element in A° corresponding to x € A, and then define the product
in N° via

x°y° 2 (yx)°, Vx,yeN. 1)

(ii) A right N'-module is a Hilbert space $) on which A acts from the right, i.e.,
$ equipped with a normal anti-representation, 7, of N on $; equivalently
a Hilbert space equipped with a normal representation of A’°. To avoid un-
interesting notational complexity, we consider only faithful right A'-modules
9, in the sense that Jrg(x) # 0 for every non-zero x € N. We denote the
right A/-module §) by - to emphasize that §) is being viewed as a right
N-module.

(iii) For a pair M, N of von Neumann algebras, an M-A bimodule means a
Hilbert space §j, (often denoted A¢$) s to emphasize its bimodule structure),
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equipped with a normal representation = of M on §) and a normal anti-

representation 7’ of A on § such that w(M) and n’(N) commute. We
write

xEy =w(x)n'(y)E, YxeM,yeN. )

The commutativity of 7w (M) and ' () is equivalent to associativity: x(§y) =
(x&)y, x € M and y € N. Once again, we will consider only faithful bi-
modules.

Now, let’s fix von Neumann algebras M and V. If §) is an M-A bimodule, then
its Banach space dual §) is canonically an A'-M bimodule by the action

xEy2VEx*, xeM, yeN 3)

where £ denotes the vector in § corresponding to £ € §) by the pairing (1, &) = (1 | £),
with 7 € $ and £ € $. This left A/-module $ will be called the conjugate bimodule
or the bimodule dual to the original bimodule $).

Of special interest is a von Neumann algebra in standard form. Let us fix an fns
weight ¥ on A (so we can and will write ¥ € 209(N)), and consider the standard
form, which we will denote by { L2(N), L*(N),., J}. The right action of A is given by

Ex 2 1x*0E, xeN. 0))

Thus we obtain an -\ bimodule L2(N), which will be called the standard bimodule.
Sometimes, we write £* for J&, £ € L2(N). We state here the following easy but
important propostion:

PROPOSITION 2.2.  For avon Neumann algebra N, the standard bimodule L*(N')
is self-dual under the correspondence: £* < &,& € L*(N).

The proof is straightforward, so will be omitted.
With ¥ € 2o(N), the left action on L2(N) is nothing but the semi-cyclic repre-
sentation 7y, on £y The right action 7, of N is then given by

7y (%) =Jymy (x)y, xeN. )

Then it follows from the theory of the cocycle Radon-Nikodym derivative (see [S])
that the right action of AV is also given by

ny()b =1y (x0%,,®), x €ny, be DY,y ©6)

This twist on the right action suggests that we write x¥!/2 for ny(x), x € ny,
viewing /2 as a vector of infinite magnitude “in” L2(\). Then (6) can be written
more suggestively as

©) 29" = (¥ Py~ DY = (xo?, DY, x €ny, be DY)
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We now introduce a new notation,

n, @) 2 Iyny ), xend, )

which can be written as ¥!/2x, x € ny,. This new map 17(/,: x €ny oy (x) €
L%(N) allows us to write (5) as simply

my (B)y (x) =y (xb) = 1y, (x)b, x €ny, beN. ®)

We now consider a general right A'-module §). First, given a pair {§;, $,} of right
N -modules, we define

LAHDN BN = {1 € LG, H): 1(EY) = tE)y,  y €N}, ®

and for L($H 7, Hr), we shall write L($)7). With this notation, the right A'-module $
becomes canonically an £(r)-N bimodule. Also, we note that L(LZ(N)n) = N
(adirect consequence of Tomita-Takesaki theory)—a fact that will be used throughout.
For the pair {);, $32}, we shall also consider the direct sum right A'-module Hr =
DN D (H2)n; if we let e; and e, denote the projections of $ down to §3; and $,
respectively, then we have L(($1)n, (92)n) = e2L(Hn)er.

Now let {M, £} be a von Neumann algebra. We want to study the relation between
a semi-finite, normal weight ¢ on M and an fns weight ¢’ on M’. Set N = (M’)°,
which allows us to view §j as an M-\ bimodule. Let v be the weight on A defined by

YO 2V, yeN.

We first pair the von I:Ieumann algebra {M, $} with one in standard form, ir~1 the
following manner: let § = L2(N) @ ) as aright A'-module. Then, set R = L(Hn).
It is easy to verify that L(L2(N)x, $in) = fRe, where e and f are the projections
of § onto L2(N\) and $), respectively. The semi-finite, normal weights ¢ on A and
¢ on M give rise to a semi-finite, normal weight p on R given by

p(x) = Y(exe) + o(fxf), xeR.
We set

n,(H) = frye={t € LL*MN)n, Hr): P (') < +00);
D, ¥) = (& € H: lEx]l < Cellnl,x)ll, x €, for some Cy > 0}. (10)

Observe that each £ € D($), ¥) gives rise to an operator, denoted Ly (¢), which
belongs to L(L2(N)nr, H7); it is defined by the equation

Ly, (x) S &x, xenl, £ DG, ¥). ¢8)
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LEMMA 2.3.

®

(ii)

(iii)
@iv)

W)

(vi)

ny (9) = LILEWN)n, HN )0y

and

D, ¥) = LILEMN)ns HN) By,

where By, = 1y (ny) C L*N).
The mapt ®n y € LIL2N) A, HN) Opn vy =ty (y) € D(H, ¥) gives
rise to a map, denoted iy, from ny () onto D($, V) such that

fiy(at) = aijy(t), aeM,tecny ()
fiy(ta?, ) = fiyb, teny(®), beD@Y,). (12)

Here, L(L2(N)nr, HN7) ©) |\ Ny represents the algebraic tensor product of
the (algebraic) right N'-module L(L*(N) 7, Hn7) and the (algebraic) left
N -module ny.

D9, ¥) is dense in $).

The maps Ly: § € D(9,¥) = Ly(§) € ny($) and jy: t € ny(H) —
Ny (t) € D(9, V) are the inverse of each other.

(12)  LyGEoln®) =Ly®b, §eD®,¥), be Doy

With the semi-finite, normal weight ¥ on R defined by ¥ (x) = Y(exe) =
plexe), x € Ry, we haveng = ny ®ny(H) ®Rf, withRf C Ny, where
Ny means the left kernel of ¥ (i.e., {y € N: ¥ (y*y) = 0}). Moreover, the
action of R on $ is semi-cyclic relative to the semi-finite normal weight ¥

under the identification n;((x, t,0) € ,537; < (myx), 1y (@) € L*(N) @
5, x eny,teny(H).

Proof.

)

If 7 is in ny (5)), then the absolute value |¢| belongs to ny by definition; let
us consider the polar decomposition of ¢, viz., t = u|t|. Then it becomes
clear thatt € L(L2(N)n, H)ny. Conversely, if a € L(L2(N)n, H) and
x € ny, then the inequality x*a*ax < |la||*x*x implies that ax € ny ().
If £ € D(%H, ¥), then a = Ly (§) belongs to LL2(N)w, HA7), and with
the polar decomposition a = u/|a] it is clear that |a| belongs to ny,. Now we
make use of the fact that, forany x € ny, y € nj,, we have xny, (y) = ny (x)y.
(Note that this follows since ny(x) and n(,, (y) are, respectively, left and
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right bounded vectors in the left Hilbert algebra which is the completion of
ny (ny Nny).) Hence, forany y € nj, uny (la))y = ulalny (y) = any (y) =
&y; hence, we may conclude uny (|lal) = §. Similarly, the reverse argument
shows that any element of the form tny(x), with ¢ € LLEN)N HN)s
x € ny is in factin D(H, ¥).

(ii) In order to show that the map t ® y € L(L2(N)n, HA) Oxty =
tny (y) € D(9, ¥) factors through ny (£), we must show that whenever

Zt;x; =0, (13)
with {t} € LILAN) N, HN), {xi} C ny, we have
> timy(x) =0. (14)

To see that this is indeed so, suppose (13) held but (14) did not. Then,
there must exista y € n",,‘,, such that

(Z ti’?\#(xi)) y #0.

But

(Z tmw(x:)) y =2 iy () =0,

a contradiction. Thus, the map 7y, from ny () — D (9, ¥) is well-defined.
The rest follows easily by calculation.
(iii) From (i) it follows that

D®, Y] = [CLEHN)N, HV)By] = [LLEN) N Ha) L2 W]

Let § € §. Consider w = w; as a functional over N, and let £(w) be the
representing vector in L2(N) ;. of w for the right action of N on L2(N), i.e.,
(, x) = (E(@)x | £W)), for x € N. Then we have a partial isometry u in
L(LEN)ar, H47) such that ué(w) = &. Hence, LIL2(N)n, HA)LEN) =
$3; this implies that D($), ¥) is dense in $j.

(iv) This fact actually follows quite quickly from (i) and (ii): let ¢z be an ele-
ment of ny (), and let § = 7, (¢). Once again, we take ¢ = u|t| its polar
decomposition. Then for any y € nj,, we have

Ly &y () = fiy )y = uny Ity
= ulting (y) = tny, (¥,

which says that Ly (7 (¢)) = ¢. Conversely, we may use the same argument
to conclude that, given any & in D($), ¥), by defining ¢ = Ly (§), we get
ny@) =§.
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(v) This follows from (ii), (iv) and results from the theory of cocycle derivatives.
(See [5].)

(vi) This assertion follows from a routine calculation of the actions of R on
and S’);. O

Now, it is a fundamental fact of Tomita-Takesaki theory that a, = ny, N n*,;,,
or more precisely its image ny (ay), forms a left Hilbert algebra. Likewise, A =
’D(al”,. /2) n D(a,.‘l/'z) = D(o*,.'//'z) N 'D(a,.'l/'z)* is a self-adjoint subalgebra of A" which
multiplies ay and nj, from both sides. We then have the following tautological
statement:

LEMMA 2.4.  The anti-representation i, of A defined by

(127) 7, B)iy (1) = iy 10y, (0)), 1€ ny(®), be A,

extends to the original right action of N on $).
Proof. This assertion follows directly from (6), (12) and (12°). O

We now continue our investigation of the action of R on $. The direct sum
decomposition, H = L2(N) @ ), yields the following matrix representation of R:

X X
x = ("1 *1z)
X211 X22

X11 € N» X12 € L(ﬁN’ LZ(N)N)y
x21 € LILANIN, DN, X22 € M = L(H)

with

for each x € R.

Notice that we have not yet made use of the semi-finite, normal weight ¢ € 20(M);
all our considerations thus far have involved only ¢ € 20o(N). We recall that the
“balanced” weight p = ¥ @ ¢ on R gives a semi-cyclic representation {7, $,}
of R. We wish to characterize the representation =, in terms of §) and m,. To

do this, we consider the weights ¥ and @ on R given by ¥ (x) 2 Y (exe) and
?(x) S o(fxf), x € R+. We then obtain the decomposition

ﬁ — [(np(enpe) np(enpf))] ~ (LZ(N) e [np(enpf)]) (15)
’ np(fnse) no(fn,f)) |~ H & He ’

where [ - - - ] stands for the closure in the Hilbert space of the linear span, as usual.
We have already seen that 1,(fnye) = fy(ny(9)) = D(H, ¥). In addition, we
know fRe = L(L*N)n, Hn) and eRf = L(Hn, L2(N)n). We now want
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to investigate en, f and its image under the map n,. As we did not assume the

faithfulness of ¢, we don’t have complete symmetry between ¢ and . At any rate,
we do have

enyf = {s € LN, LXNIV)): 9(ss) < +00)
= {1 t € LILXWN)w, HN), @(11*) < +00). (10"
Given the decomposition described by (15), it is natural to define

=L N), $H12 = [n,(en, )]
21 =5, $H22 = Hy

We conclude this section with a lemma which indicates the relationship between
the weights ¢ and ¥, at least on the level of their semi-cyclic representation spaces.

LEMMA 2.5.

(i) The restriction of 7, to the second column space of (15), 12 ® D22, is semi-
cyclic relative to the weight @.

(ii) The Hilbert space )1 is isomorphic to s(¢)$)21 (and hence = s(9)$)) as an
N-M;(yy bimodule under the natural map.

Proof.  First consider the case when ¢ is faithful. Then with a, = n, N nJ,

A, = n,(a,) is a left Hilbert algebra. Furthermore, the R-R bimodule L*(R) canbe
naturally identified with §,. Under this identification, the components of ), defined
in (15) allow us to write

H11 = eL*(R)e, $Hia =eL*(R)f,
S = fLAR)e, $H2 = fLAR)f.

The modular conjugation J implements the desired isomorphism between $,; and
$12. This gives assertion (ii). Assertion (i) follows from the symmetry between
on N and ¢° on M°,

In the general case, (i.e., if ¢ is not faithful), we consider an auxiliary semi-finite,
normal weight ¢’ on M with s(¢”) = 1r4 — s(¢). We then define

A0 O A (0 O
7=\0 s@))° PT\o sw))

ie., p = f —q. We can now form an fns weight p’ 2 p + ¢ on R, where ¢’

is defined via ¢’(x) £ ¢'(pxp), x € R. Observe that n, and 1, agree on eRe
and fRe and that 7,(x) = ny(xq), x € n,q. Hence we get H;; = eL*(R)e,
$21 = fL2R)e, H12 = eL*(R)q and H, = fL?*(R)q. So, we may conclude
Jg$H21 = IgL*(R)e = eL*(R)q = $H12. This completes the proof of (i). For (ii),
we have $12 ® $22 = L2(R)q as an - -M, bimodule. Therefore, the representation
{75, H12 ® H22} is precisely the semi-cyclic representation {75, H7, nz}. O
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2.2. The Spatial Derivative. If we examine the details of the preceding proof, we
recognize that the conjugation operator J: L2(R) — L2(R) restricts to the conjugate
linear operator S, y: 7y (t) € f(n, I’m;)e = 1,(t*) € H12, which can also be viewed
as the restriction of the map Sy, for p’ to the smaller domain g L?(R)e. Hence,
Se,y can be defined directly as the closure of the operator given by #jy (¢) — n,(t*)

for 1 € ny(5) N1,y(H)*, where n,(9) = {s € LGN, LXN)IN): ¢(s*s) < +00).
Thus we make the following definition:

Definition 2.6. The absolute value A, y of S, is called the spatial derivative of
the semi-finite, normal weight ¢ on M relative to the fns weight ¢’ on the commutant
M’, and is denoted d%‘%, since it is determined by ¢ on M and ¥’ on M’.

Dualizing (10), we set

(10")  D'(H,¢) = (& € H: |x£]? < Cso(x*x), x € n,, for some C > 0).

To each £ € D'(8), ¢) there corresponds an operator R, (¢) defined by

Ro(§),(x) S x§, x en,,

which belongs to L(yL2(M),r $). As g is not assumed to be faithful, ¥ and ¢
are not symmetric. In fact, we have the following:

LEMMA 2.7. The closure of D' ($), @) is the range of the projection s(p), i.e.,
[D'(H, 9] = s(9)H.

Proof. If& € D'(H, ¢), then we have [|(1 — s(p))€|I> < Czp((1 — 5(¢))) = 0.
Hence D'(5, ¢) C s(p)$. Conversely, suppose § L D'(H, ). With & = {w €
M} w < ¢}, we know ¢(x) = sup,cp w(x), x € My, and

neD'(®,¢) & w,e|JCo.
C>0

Also every w € ® can be written as a countable sum of w,, with 1, € D'(9, ), so
that s(¢) = sup{s(wy,): n € D'(9, ¢)}; thus we may conclude s(p)§ =0. 0O

We now state the main result of this section. Note that the spatial derivative was
originally defined by Connes [6]; however, his approach did not use (explicitly) the
notions of von Neumann bimodules.

THEOREM 2.8. Let {M, H} be a von Neumann algebra, ¢ a semi-finite, normal
weight on M and ' an fns weight on the commutant M'. Then the spatial derivative
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drl/' =% has the following properties:

(i) The support s( ) of the spatial derivative 3% ay is equal to s(¢). Note that
here what is meant by the support of a self-adjoint operator is the projection
to the closure of its range.

(ii) On the reduced von Neumann algebra { Mgy, s(9)$)} and its commutant

M;(,p), we have
it —it
(8)' ()" et xerar
W\ (4 v (16)
(d'/") Y (d'lf’) =050, ¥ € M.
(iii) If 1 and @, are fns weights on M, then
do, i
(d_lﬁ') = (Dy2: Dg1): ( iy ) . amn
(iv) If ¢ is faithful, then
dy’ dep \ 7!
w=(av) 4

) Wzth J\/ (M")° and = (Y¥')°, the square root of the spatial derivative,
(5% ) 3, is essentially self-adjoint on

Dy (H) 2 {E € DG, ¥): LyE)* € ny(H))

and is determined by

d d
(( 'f) ¢l ( ;) )=¢(Lw($)L¢(n)*), £, n€Dyy(9). (19)

Therefore, the spatial derivative Hd-‘}‘,’—, of ¢ relative to ' is directly computable
from ¢ and '. (Again, see [6])

Proof. From the prev1ous arguments involving M, N, ¢ and ¥, we know that
the spatial derivative a—ﬁ, is precisely the relative modular operator A, y on the sub-
space s(p)$), when we replace §) by s(¢)$) and assume that ¢ is faithful. Then the
assertions (i) through (v) are really statements about the relative modular operator;
all of these are standard results in the theory of the cocycle derivative. (For example,
see[4].) O

Again, we wish to emphasize that, via (19), the spatial derivative % dw, is completely
determined by the weights ¢ and ', without making use of the auxiliary von Neumann
algebra R. We will now investigate additional properties of the spatial derivative; we
begin with a lemma.
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LEMMA 2.9. The linear span Jy of {Ly (§)Ly(m)*: &, n € D(H,¥)}isao-
weakly dense ideal of M; moreover, we have

Ji = {ZLw(Ei)Lw(&)*I § €D Y), i= L---Jt}-

i=1

Proof. 1ltis easy to see that Ly (a€) = aLy (§) foranya € M and § € D(9, ¥).
Hence Jy is anideal of M. The characterization of the positive cone is accomplished
by using polariztion, which is a standard technique, so we omit that portion of the
argument.

To demonstrate the o-weak density of Jy, itis sufficient to prove that, if any () =
{0}, a € M, thena = 0, since Ly, (D(H, ¥)) = ny(H). So, suppose any (H) = {0}
for some a € M. This implies aLy (§) = O for every & € D(8), ¥). Thus for every
x € nj, we have

0 = aLy (§)ny (x) = a(§x) = (aé)x.

Since n:/‘, is o-weakly dense in A/, we have aé = 0. The density of D(H, ¥) in §
then givesa =0. O

PROPOSITION 2.10. The spatial derivative d‘/,, =2 has the following additional prop-
erties:

(l) d(p d(p
1 2

—_ < —,

pr=¢ &= o=

(ii) If ¢y and @, are both finite, then
dlgi +¢2) _ dpr | dg

& ay Ty @
where the above sum should be interpreted as a form sum.
(iii) Ifa € M is invertible, then
dlapa™) _ (99
ay ( a . 1)

(iv) The support of d%}f—,, s(dﬁ’-'/;,), is equal to the support, s(¢), of ¢.
Proof.
(i) Suppose ¢; < ¢,. Then we have

d<p1 1/2
(d_w') 5

2

= 1Ly §)Ly (©)) < 2Ly )Ly (©)) =

2

do, 1/2
(d_w') :
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for every & € D(%), ¥). Hence d—ﬁ—, <.

Conversely, suppose 3% < a—% This means that we must have ¢;(a) <

¢2(a) foreverya € M, of theforma = ZL] Ly (&)Ly (&:)*. Ourassertion
then follows from Lemma 2.9.

(ii) Suppose that ¢;, ¢, € M, and set ¢ 2 ¢1 + ¢;. The boundedness of

¢; and ¢, of course imply that ¢ is bounded; we also have seen that the

square roots of all the spatial derivatives —%, g £ and d—‘f—, are essentially self-
adjoint on D (%), ¥). Let Hl w,, Hz v,, 9 and H 2 d',,, Then we have

1
|H2E|? = ||H15§||2+||H £|1%, & € D(H, ¥). Hence our assertion follows.

(iii) Again, take H 2 d—:ﬁ,. It follows that a Ha* is a positive, self-adjoint operator

(@iv)

with domain (a*)~!®(H), and that for each £ € D($, ¥),

IH:a*6|2 = o(Ly(a*6)Ly (@*6)") = p(@*Ly (E)Ly (¢)*a)

(apa®)(Ly (§)Ly (6)").

(Note that ||[Hza*£ || can be +00 if ¢ is not finite. In fact, |Hia*E||? <
400 < a*t € D(H?).)

Since a is invertible, D((a H a*)%) =9D(H 5a*) and the absolute value of
Hia*is precisely (a Ha*)%. Hence we may conclude (21).
Let p be the support of H = d%% and g = s(¢). Then p is characterized by
the fact that 1 — p is the projection of $) onto the null space of H, i.e., onto
the subspace & = {§ € H: HE = 0}. Let (A, )o be the maximal Tomita
algebra associated with the left Hilbert algebra 2y = 1, (ny Nny,). (Recall
that we defined p’ in the proof of Lemma 2.5 by adding an auxiliary weight
to our original weight p in order to make o’ faithful.) Because f € R, with
f'=JfJwehave f'(Up)o=J™p)o C @y)o. If§ € K, then there exists
a sequence {£,} C D(9, ¥) such that §, — £ and HE, — 0, as D (5, ¥) is
a core for H. For each n € f'(,)o, we have 7, (n)&, — 7, (n)§ and

IHEx, (EI* = lim | H2m, (&> = lim || H e (€]
= lim g (e (Enm)me(Eam)®)
e () |12 lim @ (e (§n) e (€n)*) = O,

IA

which gives 7, (n)é € K. Since {7, (n),: n € f'(Ay)o} is o-weakly dense in
N, the projection p belongs to M = N (in R).

Now, if§ € (1-¢)D(H, ¥), thenp(Ly (§)Ly (6)*) = ¢(qLy (§)Ly (5)*q)
= ¢(Ly(g&)Ly(g€)*) =0, s0 H%’g‘ =0. If& € (1 —g)9, then we choose
a sequence &, € D(H, ¥) with &, — £. It follows that a- q)s,, — £, and
since Hi(l q)é, =0 Vn,weseethaté € D(Hi), and Hi&' = 0. Thus
1-g <1-p,ie., p < q. Ontheotherhand, ¢ is a faithful weight on M,. It

419



420 TONY FALCONE

is then easy to check that we can view the weight ¥’ as one on M, without
changing H = dw’ =2 other than to change the underlying Hilbert space from

$ to s(9)$H. By Theorem 2.8, E-/% is non-singular on s(¢)$), which means
p=s(p. O

We continue our investigation of the properties of the spatial derivative. In par-
ticular, we are interested in answering this question: Given a positive, self-adjoint
operator H in §), and an fns weight ¥’ on M’ (or equlvalently an fns weight ¥ on
N), when is there a weight ¢ € 25(M) such that d—‘/‘f—, H?

THEOREM 2.11. Let {M, $} and N' = (M’)° be as before, and fix an fns weight
¥ on N. For a positive self-adjoint operator H in $), the following three conditions
are equivalent:

(i) There exists a semi-finite, normal weight ¢ on M with 32, W = H.

(i) For everyy € N, H' o) (y) = yH", t € R, where H" is considered only
on the closure of the range of H. (Note that we are not assuming that H is
non-singular.)

(iii) D9, Yy)ND(H 7) is a core for H %, and the scalar i IH 25, |1?> depends
only on the operator Y7, Ly ()Ly ()" for (£1,.-. &) C D(H,¥) N
D(H?).

Proof. (i) < (ii). Let p be the support of H. Each of conditions (i) and
(ii) implies p € M. Hence we may and do assume the non-singularity of H. (We
need only consider the reduced algebra M,.) The implication (i) = (ii) follows
from Theorem 2.8. Conversely, assume (ii); take any faithful weight ¢’ on M. Put

K= d-/f" and define u, = H*K~", t € R. It then follows that u, is a o -cocycle
in M. Again, the result of Connes-Masuda [7] guarantees the ex1stence of a faithful
weight ¢ on M with (D¢: D¢'); = u;, t € R, and hence H =

(i) = (iii). By construction, we have

> I3 |? = ¢ (Z Lw(&'i)Lw(Ei)*) v e 8} CDG,Y),
i=1 i=1

so that the assertion follows.
(iii) = (i). We need only construct a semi-finite normal weight ¢ on M such that

IHIEI? = oLy (E)Ly(§)), & € D®, ¥) ND(H?).

Any weight with this property is automatically semi-finite because DH)ND®, ¥)
is dense in $), which means that {L,(§)Ly(§)*: § € D(H1) N D(H, ¥)} is non-
degenerate. The rest of the proof then follows from the nextlemma. 0O
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LEMMA 2.12.

(i) Let H be as in Theorem 2.11(iii). Then there exists a preweight ¢; on Jy such
that

o1Ly E)Ly €)) = |HIEI, & DS, V), (22

where |H1£||> = +00 if € ¢ D(H?). The preweight ¢, has the property that
for any net {x,} C M converging strongly to 1,

liminf g1 (xayx3) 2 010), ¥ € Ty (23)

Here, when we say that ¢, is a preweight on Jy, we mean that it is an
extended real valued map on Jy, satisfying the usual requirements of positive
homogeneity and (finite) additivity. In this case, however, the domain is not the
positive cone of a von Neumann algebra (recall that Jy is merely a o-weakly
dense ideal in M), and so we refrain from calling ¢, a weight. However we
do have the following.

(ii) Any preweight ¢\ on Jy with the property given by (23) extends to a normal
weight ¢ on M.

Proof.

(i) By assumption, ¢, defined by (19) on Ly (§)Ly (§)* extends to a preweight
on JJ," by Theorem 2.9, which we will continue to denote by ¢;. Suppose

y =2 i=1 Ly &)Ly (0)* € J; . We then have

XayXy = Y Ly (xabi)Ly (xa£)*,
k=1

so that
n
P(tayxd) = I I H xabill®.
k=1

Hence inequality (23) follows from the lower semi-continuity of the positive
quadratic form associated with H.

(ii) Since Jy is a o-weakly dense ideal of M, every element of M, can be
approximated by *7;- from below. So we put

o(x) 2 sup{e1(»): y e Jjf, y <x}, xeM,.

It follows that ¢ agrees with ¢, on JJ . Sincexy S xandy, Sy =
(xg +Ya) /' (x+y), the additivity of ¢ follows from that of ¢;. We need only
check the normality of . Suppose that x, / x in M... Then xo/> = aox/?
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for a unique a, € M, with s,(ay) < s(x). Put by = a4 + (1 — s(x)). Then
Xo = buxb}, and {b,} converges strongly to 1. For any y € J,,‘,* withy < x
we must show that sup, ¢(xo) = ¢;(y). But by (23), we have,

¢1(y) < liminf gy (b yb}) < liminf o (baxb}),

and we have seen boxb}; = x,. O

We conclude this section with a corollary which will relate convergence in 20(M),
convergence (in the strongly resolvent sense) amongst positive, self-adjoint and non-
singular operators in §), and convergence in Aut(M).

COROLLARY 2.13. Let M, N and § be as before, and fix ¥' anfns weight on M'.
If {¢n} is an increasing sequence of fns weights M and if ¢ = sup,, ¢, is semi-finite,
then {g—“("f,} is increasing, and converges to -dd—'/‘f-, in the strongly resolvent sense; hence,

{0/} converges to o in Aut(M) uniformly on any finite interval (of R).

Proof. Let H, £ %fl%. By Proposition 2.10, {H,} is increasing and bounded

A - .
by H = ad-.% from above. Hence {H,} converges to a positive self-adjoint operator

K in the strongly resolvent sense. Since HYyH " = f,(y) for every y € N,

K#*yK¥ = ll',(y), y € N. By Theorem 2.11, there exists a unique weight u on M
with K = . The inequalities

H,<K<H

show that ¢, < u < ¢. Hence u = ¢ and K = H. The rest follows from general
facts about monotone convergence. O

3. The relative tensor product

3.1. Definition of the relative tensor product. We now proceed to define the
relative tensor product of aright module and a left module over the same von Neumann
algebra V. Unlike the ordinary (i.e., spatial) tensor product, the construction of the
relative tensor product depends on the choice of an fns weight on A/—hence, the
use of the adjective relative. Furthermore, given a right A'-module $) and a left V-
module £, the tensor product of an arbitrary pair of vectors from $) and £ cannot, in
general, be defined. (In fact, as we shall see in the next Section, the existence of the
tensor product for all possible pairs of vectors severely limits the possible type of the
von Neumann algebra N.) The formation of the relative tensor product is restricted
to a subset of vectors from §) and & which depends on the choice of weight. It is
interesting to note that the tensor product actually behaves like the product of closed,
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unbounded operators. We shall begin our discussion by introducing some notation
and terminology to be used throughout the chapter.

As in the case of right modules, for two left A'-modules - &; and s &, we consider
LWRLN R) = {t € LR, Ry): tan = atn, n € A1, a € N}. For L& N R)
we write L(xrR). Throughout the remainder of this chapter, §) will denote a right
N-module, £ aleft N'-module. Observe that a right A'-module §) is also canonically
an L($H)-N bimodule, while a left A/-module £ can always be considered an N -
L(xR)° bimodule in a canonical way. We are now going to construct the relative
tensor product $) ®, & of a right A'-module §) and a left A'-module &, which will
depend on the choice of a fns weight ¥ on N.

So, we fix a von Neumann algebra A/, a right A/-module §) and a left A'-module
A. We also fix a faithful, normal and semi-finite weight ¥ on /. We have seen
(Lemma 2.3) that the right module §) can be recovered from D (), ¥), and that the
left module R is also recoverable from ®’ (&, ¥). (Observe that in this case, the roles
of ¢ and {° are symmetric, as they are both faithful). We state here a few facts

about D (), ¥) (resp., D' (R, ¥)) and Ly, (resp., Ry) which have been implicit in our
previous results.

&1 18) = vLyE)'LyE1), &, & €D(H, ¥);
(m 1 m) = vAyRyM)*Rym)Iy),  m1, m € D'(R, ¥);
Ny Ly (E2)*'Ly (§1)) = Ly(&2)*&1, &1, 6 € D(H, ¥);
Ny yRy ) * Ry m2)Iy) = Ry(m)*ni,  m, m € D'(R, ¥). (24)

It is also easy to see that if we consider $§ = L2(N, ), with the standard right
action of /' (resp., & = L2(N, y), with the usual left action of \), as a right (resp.,
left) module, then

DG, ¥) =npy) =By, Ly&) =m(§), & e€By,
(resp., D'(R¥) =By, Ry =m(), neBy),

where By (resp., ‘B’w) means the algebra of all left (resp., right) bounded vectors in
L2, ¥).

PROPOSITION 3.1.
(i) The sesquilinear form B: D($), ¥) © & — C determined by

BE ®n,6Qmn) 2 (ma(Ly (&) Ly EDN)m | m2) (25)

is positive semi-definite, and so defines an inner product on D(9, ¥) O &,
which, in many cases, is degenerate.
(i) If&1, 6 € D9, ¥) and 1, m2 € D'(R, ¥), then

(ra(Ly (E2)* Ly (E))m | m2) = (g (JyRy (m)*Ry (2)Ty)61 | £2).  (26)
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(i) Dual to (i), the sesquilinear form B' defined on $ © D' (R, V) and determined
by

(25" B ®n,&L®m) = (s (JyRy (m)*Ry 2)Ty )61 | £2),

is also positive semi-definite, and agrees with B on (), ¥) © D'(&, ¥)

Proof.

(i) Suppose that {£,,...,&} C D, ¥). Letay; 2 Ly (6)*Ly (§)), with j, k €
{1,...,n}; thena = (axj) isan n x n matrix over . If {x;,...,x,} C A,
where, as before, A = 'D(a i) N D(o’; /2) then, by (6’), we have

Z xtagx; = Y xLy &) Ly E)x;

k=1 k=1

Z Ly (&0, /2(xk))*L¢ & ;/2(x1))

Jik=1
(Z Lw(ska,%(xk))) (ZL«/(e,-a,%(xj») > 0.
k=1 j=1

Because A is o-weakly dense in N, the matrix a is positive in M,(N) =
N ® M, (C); hence there exists a b = (bg) € M, (N) such thata = b*b, i.c.,
ki = D o1 Dixbejs Jok € {1,...,n}. We then have, for any {ny,...,n,} C

(an,,Zsk@nk) Z(ak,n, | nk)—Zquk,n,u > 0.

Jj=1 Jik=1 k=1 j=1

Hence the sesquilinear form B is positive.

(ii) Supposeé;, & € D(H, ¥)andny, 1y € D'(R, ¥). Then, asbothLy (§2)*Ly (£1)
and Jy Ry (11)*Ry (m2)Jy are elements of my C ny N n*‘/,,

(maLy E2)* Ly E)m | m2) = Ry )y Ly (E)*Ly (1)) | n2)

= (LyE)*& | Ry(m)*m) = (LyE2)*&r | ny TyRy (m2)*Ry 11)Ty))
= (61 | Ly E2)ny AyRy (m)*Ry (1)Iy))
= (& | 75 TyRy (m2)* Ry (m)Iy)E2)
= (g TyRy (m)* Ry (m2)Iy)é1 | 62).

(i’) The positive semi-definiteness follows from (i) by symmetry. The second
assertion follows from (ii). O
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Definition 3.2. Let 91 be the subspace of D($), ) © K comprising those vectors
¢ with B(¢,¢) = 0. The Hilbert space obtained as the completion of the quotient
space D@ V)OR / relative to the inner product induced by the positive-definite
sequilinear form B will be called the relative tensor product of the right N'-module )
and the left A’-module £ with respect to the fns weight ¥ and will be written § o, &
The image of § ® n will similarly be denoted £ g, 1 for § € D(H,¥), n € R
By Proposition 3.1, the relative tensor product $) @, & can also be obtained as the
completion of the quotient space of the algebraic tensor product §) © ®'(K, ¥) by the
subspace 9V, where 9V consists of null vectors with respect to the positive-definite
sequilinear form B’. In this way, we can consider the tensor product § &, 7 for a pair
£en neD &R ).

THEOREM 3.3. Let N be a von Neumann algebra equipped with an fns weight
¥, 9 a right N-module and £ a left N'-module. Set P £ L(H) and Q £ L(\vR).
We construct the direct sum $ = L2, ¥) @ $ @ R as a right N-module and then
consider R 2 L(HN), together with the “balanced” fns weight p = ¥ & ¢ ® v,
where ¢ is a faithful, normal and semi-finite weight on P and v is an fns weight on
Q. Let e, f and g be, respectively, the projections of $ onto LN, V), ) and R,

which, we note, belong to R. Represent the standard Hilbert space $), as the space
of 3 x 3 matrices:

L*WN, ¥) 9 R
157 9, = 9 LX(P,¢) $H2 |-

f H32 L%(Q,v)

Then there exists a natural isomorphism between $) ®, £ and $73.

Proof. Let2 (= 2,) be the left Hilbert algebra associated with p, B (= B,) the
algebra of left bounded elements in L?(R, p) and, as usual, n, = {x € R: p(x*x) <
+00}. Sincee, f and g are all in R, 2 and B can each be decomposed into the matrix
direct sum relative to (15°), i.e.,

An A A Bu B B
(15”) A=|An An An|, B=|Bn B Bus|.
Az Az Ass B3 By B

It follows from Lemma 2.3 that By, = D (8, ¥) and B3 = D(K, ¥). Also, we
note that Ly (§) = 7e(€) |s,,, & € D(9, ¥) = Bar, and Ly () = me(),,, 7 €
D(K, ¥) = B3, where m, means the left multiplication representation of B on
$,. At this point, one can see (through symmetry) that the right Hilbert alge-
bra 2, and the algebra B’ of right bounded vectors, admit similar matrix decom-
positions; we can use these to obtain B), = D'(H, ¥), By = D'(R, ¥) and
Ry(m) = 7 () |3, 1 € D'(R, ).
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We claim that § @, 1, with § € D(§), ¥) and n € £, can be naturally identified
with 7e(§)n € $H23. Let Up be the map from D($), ¥) O £ into §H, determined by

Uo(¢ ® 1) = me(€)n for & € D(H,¥), n € & Since § € By and 7 € & = Hy3,
7¢(§)n belongs to $H23. Now, for &, & € D (9, ¥) and 11, n; € K, we have

WoE1 @ M) | Up(e2 ® m2)) = (me(§)m | me(E2)m2) = (mwe(&2)*mre(E1)m1 | m2)
= (maLy &)Ly ED)mi | m) = Eroym | E204m2).

Therefore, the map Uy gives rise to an isometry U of ) e, K into £,;. Let 9 =
U(H @y R) = [m:(B21)R). First, we observe that $3 = fL2(R, ¥)g, P = Ry and
Q = R,. Hence g, (P) = n,’,,n(Q). We know that 901 is invariant under the right
action of Q. Thus, the projection p of £23 onto 9 belongs to 7g,, (P), i.e., p can be
identified with left multiplication by a projection in P, which we shall call p. This
implies that 9t = p$,3, with p € Proj(P). But as mp(a§) = ane(§) fora € P
and £ € D(H, ) = By, By is invariant under left multiplication by elements of
‘P, which in turn implies the invariance of 0t under the left action of P. We may
therefore conclude that the projection p belongs to the center Z(P) of P, which is
of the form Z(P) = Z(R)y. So p may be viewed as a projection in Z(R). When
we view p as an element in Proj(Z(R)), we see that we may write (f — p)9 = {0},
so that 0 = (f — p)me(§)n = 7w ((f — p)&)n for every € € B, and n € K. Thus,
ma(@e((f — p)E)*me((f — p)€)) = 0. Because £ is a faithful left A'-module, we
musthave 7w, ((f — p)§) =0, & € D(H, ¥), whichmeans that f — p = 0. Therefore,
we see that f = p, i.e., as an element of Proj(M), p = 14, which in turn implies
M = Hn

Thus, via the isometry U, we may conclude that ) ®, & can be identified
with §23. O

Using the preceding theorem, it is not difficult to arrive at the following corollary,
which is presented without proof.

COROLLARY 3.4.

() If $ and R are, respectively, right and left N'-modules, with N a von Neu-
mann algebra equipped with a fns weight v, then the relative tensor product
) o, R is naturally an L(Hx7)-L(n R)° bimodule, whose bimodule structure
is given by

aE oy mMb = (af) ey (nb),
a € LHN), b e LR, £ €D®H,¥), ne R (27)

(ii) In terms of operators acting from the left (as usual), if x € L(Hr) and y €
L(nR), then there exists a unique operator x ®, y € L($) ®, R) defined by

ey Eoum) 2 (xE) ey yn), £€D®,¥), nek  (28)
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The map (x,y) € L(HN) X LWR) - xo,y € L(5H ey R) extends canon-
ically to an injective *-homomorphism from the algebraic tensor product,
LEON) © L R), into L( 8y R).

(iii) Although N does not act on the relative tensor product $) &, &, we have

Eb) oy n =58y (0),B)m), beD@Y)), § €D, ¥), ek (29)

In order to summarize the preceding arguments, we restate the matrix decom-
position of ), in the following form, making explicit use of our results up to this
point:

L2V, ¥) 9 R
L*(R,p) = 9 L*(P,¢) He, & |. (30)
R ReyH LYHQ,v)

PROPOSITION 3.5.

(i) Viewing L*(N, ¥) as a right N'-module, the map
Vg eyne LXN, ¥ e, R>ynefk yeny, nek
gives rise to an isomorphism of L*(N, ¥) &, & onto & as N'-L(n R)° bimod-

ules.
(ii) Similarly, if we regard L*(N', ) as a left N'-module, then the map

UY: Eouny(0) € Hey L)W, ¥) > EyeH, £eh yen)
extends to an isomorphism of $ 8, L* (N, ¥) onto $) as L($x)-N bimodules.

The proof of the preceding proposition is entirely routine, and is omitted. Note that
in light of this propositon, it is reasonable to refer to L2(\, ¥) as a sort of “identity”
(both right and left) amongst A" modules, relative to the weight 1.

It is also easy to verify, using our previous technique, viz., the 3 x 3 matrix
decompostion, that after making the necessary (implicit) identifications, we have the
following identities:

1D H) ey &> (Hi1eyR) O (H20y -ﬁ),}
Hey (A1 @ RK2) =~ (Hey A1) ® (H ey R2),

where $), ; and $); are all right A'-modules, while &, &, and &; are left V'-modules.
Given the distributivity evidenced above, it is natural to inquire about the associa-
tivity of the relative tensor product. This issue is dealt with in the next Theorem.

(€2Y)

THEOREM 3.6. Let M and N be two von Neumann algebras equipped with fns
weights @ and ¥, respectively. If § is a right M-module, & an M-N bimodule and
M a right N-module, then after natural identifications we have

H e, R) ey M= He, (Re, M), (32)
as LHM)-L(WIN)° bimodules.
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Proof. Foreach§ € D(9,¢),n € Kand { € D'(M, ¥), set

UEe,ment) =Ee, (Noy ).
Let &, n; and ¢&;, i = 1, 2, denote elements in D (), ¢), & and D'(IN, ¢). We want
to show
UG, m) ey 1) | U(E280 m2) 8y £2)) = ((B1® M) ® 1 | (620, M2) ®y £2),
as this will demonstrate that U is well-defined and a unitary. We compute

U o m)eyt) | UG8, m) ey £2)) = (§1 8 (M &y &1) | E28, (M204 £2))
= (Tag, mLy(E) Ly (D) &y &1) | nm28y £2)

((TaLyE)*'LeEDIm) @y &1 | 28y £2)
(mgUyRy (0 Ry ()T )ma(Ly(€2) Lo E1))m | n2)  (by (26))
(ma(Ly(E2)* Ly (E1))m gy Ry (£1)* Ry (€2)Ty)m | m2)
(&1 8, (mgUyRy (1) Ry (82)Iy)m | £20,12)
(g0, 20wRy G Ry (22)Iy) 10, m) | 20, m2)

= (Eres,m)ey 1| (E28,m2) 8y £2)-
Now, for each a € L(Hr) and b € L(\M)°, we also have

U(a((§ e, n) &y $)b) = U(((a§) e, ) &y (£b))
(a&) ®, (n®y (£b)) = a(§ ® (®y §))b
a(U((§ &, n) &y £))b.

Hence, we see that U is indeed an isomorphism of () , &) ®, 9t onto §) ®, (R e, M)
as LOMm)-L(IN)° bimodules. O

It is natural at this point to ask what happens to the relative tensor product ) ®, &
when we change the fans reference weight ¥. In order to investigate this issue, let
us first recall some notation: 20(/) is the set of semi-finite, normal weights on the
von Neumann algebra N\, while 20, (/) represents the set of all faithful such. Once
again, we fix \V, the right A'-module §), and the left A'-module K.

THEOREM 3.7. Let N be a von Neumann algebra, and let §) and R be, respec-
tively, right and left N'-modules. To each pair (Y1, ¥2) € Wo(N) x Wo(N), there
corresponds a unique L(Hn)-L(wR)° bimodule isomorphism, U gy’g" ,from HH e, R
onto $) ®y, &, which makes the following diagram commute:

UW:M]
Hay, R 25 Hey, &
a; @y, b} a; ®y, b;
LYV, Y1) &y, LN, ¥1) L*(N, ¥) &y, L*N, ¥2) (33)
S(N W) Ul‘;z(N W2)

L2, ¥) tny L2, ¥)
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Here, we take the pair (a;, b;) € LS, LEWN, ¥i)nN) x L L2WN, ), n R), for
i = 1,2, such that ay = Uy, y,a1, by = bUy, y,, with Uy, y, representing the
canonical unitary which implements the equivalence of the standard forms, i.e.,

U!/lz,’/q: {N, L2(N’ ¢1)9 mw,, Jl/q} g {Na LZ(N, 1#2)’ "p’llza J'//z}

Moreover, the correspondence

W1, ¥2) € WoN) x WoN) > vajf,zk‘h

satisfies the chain rule, viz.,
URSult =ut, g, 9, ¥ € WoW). (34)

Proof. We start with existence: we will use the notation established in Theo-
rem 3.3. Choose fns weights ¢ € 200(P) and v € W, (Q) andset p; = ¥; Do D v,
fori = 1, 2. We observe that the construction of R does not depend on the choice of
the y’s: there is a canonical isometry U, ,, from L%(R, py) onto L2(R, p;). More-
over, this isometry implements an R-R bimodule isomorphism. As the projections
e, f and g commute with the fns weights p; and p; (by their definitions), it is easy
to check that U, ,, preserves the matrix decompositions in of L*R,p), i = 1,2,
which were given by (15’). With J the conjugation operator 7j € & > 1 € £, set

b2 £ JbtJ € L@Rp, LXN, ¥1)), i = 1,2. We then have

0 a4 O _ (00 &
a=[0 0 0)],5={0 0 0] eR, i=1.2
000 00 0

Hence, we see that the restriction of the operators m, (6,~)7t,’,1 (B)* to the (2,3)-
component of L*(R, p;) is equal to UZ','( N,,l,’)(a ®y, bY), with nr;,l the semi-cyclic

anti-representation of R defined by 7, (x) £ Jr, (x)*), x € R. Since Uy, p, is an
R-R bimodule isomorphism of L2(R, p;) onto L*(R, p2), and carries the matrix
decomposition (15°) of L2(R, p;) onto that of L2(R, p,), by restricting to the (1,1)-
component, we obtain Uy, y, ; similarly, by considering the restriction of U, ,, to the
(2,3)-component, we get U ﬁ"'fk‘l".

Now, let us turn to unicity. Let 2; (= 2y,), for i = 1,2, be the left Hilbert
algebras associated with {\V, ¥;}, and (2;)o be the corresponding Tomita algebras. Set
a; = ny, Ny = me(A;), and (a;)o = w¢((Ai)o), i = 1,2. Foreach § € D, Y1),
n € D'(K], ¥1) and y1, y2 € (a1)o, if we take a; = Ly, (§)* and by = Ry, (), then
by (33) we obtain

UL Eyren, yam) = USE Ly, )0y, 1) 8, Ry, )71y, (72))
U Ly, () o4, Ry, )1y, (1) @4, 11y, (2))
= USSRV @} on bW ) @220y, (2))

= (@} &4, bW s ) Uion @201y, (52)).-
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This means that U gf;’" is uniquely determined on the vectors of the form
{Ey1) 8y, 02m): & €D, Y1), n € D'(R, ¥1), y1, ¥2 € (a1)o},

which is dense in §) @y, &. Hence, Ug 'l""/" is uniquely determined by the commutative
diagram of (33).

The chain rule (34) follows from the uniqueness of Ug "’”"" O

At this pomt it is necessary to make the following remark: The bimodule isomor-
phism Uﬁ,z Y does not send Eoy, ninto Eey,n forE € $ and n € K One must
always be careful not to make this mistake when performing calculations involving
the relative tensor product.

Before concluding this section, we wish to address (briefly) the following: is it
possible to construct the “tensor product” ) ® - £ directly from the right A/-module
$ and the left M-module £, i.e., without recourse to a reference weight? It is, in
fact, possible to do so if one abandons the notion of the tensor product £ @ n of
the vectors themselves. To see this, suppose we are given a von Neumann algebra

N, aright N'-module $), and a left A'-module &. We define $ = = LXN)o 5H o ],
recognizing that L%(N) has meaning independent of any choice of fns weight on .
Then § is a right A'-module in the obvious way, and we may view L2(N), § and &
as closed subspaces, with e, f and g the projections down to these; note once again
that e, f and g are all projections in R = L($Hx). Then we have seen that we have
$ = fL*(R)e and & = gL*(R)e, which implies that & = eL2(R)g. We may then
define the “relative tensor product of £ and & over N, ) ®x &, to be fL2(R)g.
It is clear that, when defined in such a way, $ ®ar £ has a natural L($a)-L(vR)°
bimodule structure. In fact, it is a straightforward exercise to show that there exists a
bimodule isomorphism $ @ & — $ &, & for any ¥ € Wo(N).

3.2. An example and a unicity theorem. In order to make the ideas presented
in the previous section more concrete, we begin this section with an example of the
relative tensor product. While this example will deal exclusively with matrix algebras
(and hence the spaces in question will be finite dimensional), all the essential notions
regarding the relative tensor product will be evident. In particular, it is not the finite
dimensionality which distinguishes this example; we will have more to say about this
later.

Example. Let Mbe M,(C),$ = {M,(C), (- | )p},and ¢ = Tr(H-), H € M,
non-sinugular. As any (faithful) positive linear functional on M is of this form,
this, in fact, is the general case. We take $) to be the Hilbert space which arises,
using ¥, via the GNS construction. In order to differentiate between elements of
M and those in §), we will denote the latter using the usual 7y (-) notation, e.g.,

My (X) | 1y (1)) = Tr(HY*X).
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$ has an M-M bimodule structure, in which the left and right actions of M on
$) are given by
A A -
Ang(X) = ny(AX),  ny(X)B = ny(XH}BH™?), (35)

where A, B € M. It is important to realize that, while the left action of M on
$ coincides with lthe usual matrix multiplication, the right action is “twisted” via
conjugation by Hz. This defintion of the right action is necessary in order to have
(g (X)B | 1y (V) = 1y (X) | 19 (Y) B*)s5.
We also note the following:
Tyny(X) = ny(HEX*H™Y),  Aliny(X) = ny(H'XH™™)
=0 (A) = H"AH™". (36)
Now, define ¢ by ¢ 2 Tr(K-), where K too is a positive, non-singular element
of M. How can we give a realization of 9 ®, $)? More precisely, by combining the
results of Theorem 3.7 with Proposition 3.5, we see that §) ®, ) >~ §). (Note that §) is
really just L2(M, v¥).) What we would like to do is to exhibit this M-M bimodule
isomorphism explicitly.
We know that
(y (X1) @ 1y (Y1) | ny (X2) 8, 1y (Y2)) g g, 5
= (ny XDIyRy (YD) Ry (12)Jy | 0y (X2))

from (26). Using (36), we can compute Jy Ry (Y1)*Ry (¥2)Jy; we obtain
TRy (Y1)*Ry (Yp)ly = K™1Y,HY} K3, 37

Now, using (35), we know how K -3 YIHY;K -3 € M acts (from the right) on $j.
Hence, we can calculate

(y (XDK Y HYFK™H | g (X))
= (y(X HEK TV HYF K HH ™) | 0y (X2))
=Tr(HX;X\H1K“ 1Y, HY} K" H™ %)
=Tr(HY; K HIX3X,H K™1Y))
=Tr(H(X,HIK™1Y,)* X, H1K"1Y))
= (X HIK™IY) | ny (X HIKT1D)),.
So we see that the M- M bimodule isomorphism is implemented by the map 9 ®, ) —
$) given by

ny(X) 8,y (¥) > ny(XHIK™iY). O



432 TONY FALCONE

Let’s examine our example further. Suppose we were interested in formulating a
theory of “bimodule tensor products”, and proceeded naively: then we would expect
the elements of M to merely “move through” the ,, i.e., we anticipate

Ny (X)A @, Ny (Y) = 1y (X) &, Any (Y). (38)

Using calculations found in the example, we have

Ny (X)A o 1y(¥) =ny(XHIAH ?)g, 1y (Y)
o ny(XHIAH TH}K™1Y) = ny(XHIAK™1Y),
while
Ny (X) 8, Any (Y) < ny (XHIK™1AY).

So, if we want (38), we must have X H AK™3Y = XHiK™3 AY, or equivalently
AK~% = K% A. This in turn yields KAK~% = A, VA € M, which says that
o’ ;2(A) = A. Hence we see that the modular automorphism group comprises only
the identity automorphism, which says ¢ = Tr, so K = I, the identity matrix in
M = M, (C).

Of course, we could have obtained the above directly from (29), which told us what
happens to elements when they move through ®,. However, it was our intention to
illustrate the theory derived in the previous section directly.

The example presented above is not entirely unmotivated. We now present a
theorem which demonstrates that the relative tensor product is really the most natural
product construction possible in the category of von Neumann bimodules. As the
theorem will show, attempts to formulate a theory motivated solely by algebraic
construction can succeed only under restrictive circumstances.

THEOREM 3.8. Let M be a o -finite von Neumann algebra. Take  a faithful state
on M, and let $y denote, as usual, LM, ). Suppose there exists a C-linear map
I: Hy X Hy — R, where R (like $Hy) is a faithful M-M bimodule. We also assume
1 is continuous in each variable separately, and satisfies the following conditions:

@)
al€, n) = aé,n),
I(¢b,n) = 1(&, bn),
1§, nc) = 1(§, n)c,

where a, b and c are in M, §, 1 € $y.

(i) Spanc{I(&, n): &, n € Hy} is dense in K.

(iii) Iis non-degenerate, i.e., for any Q0 # & € Hy, there exists 1) € $y such that
1§, n) #0.
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Then M is an atomic von Neumann algebra (hence semi-finite), and & >~ $Hy ®. Hy,
where T is a faithful, normal and semi-finite trace on M. (Note that T may be a
tracial weight; M may possess no tracial state.)

Proof. We will prove the above assertion in stages. We begin with an observation,
viz., that the usual appeal to Uniform Boundedness allows us to conclude that 30 <
C < 400 such that

116, Mlla < ClENInN V&, n € Hy; (39)

hence, I is actually jointly continuous.
Now, define &y = ny (1r); then we know that &, is both cyclic and separating
for Hy —so, {x&y: x € M} and {&;y: y € M} are both dense in §). Now, we have
& = [(16, n): & n € Hy)] = [(1GEyx, Y&): x,y € M}]
= [1&y, xy80): x,y € M)] = [1Gy, a&y): a € M)]
= {IGy, &y)b: be M}.

If we define np € K as ng £ I(¢y, &y ), then the preceding calculation shows that 7o
is separating for M in R (since it is cyclic for Lx((R)). A similar argument shows
that {ano: a € M} = K; hence 5y is both cyclic and separating for M in K.

Certainly, we lose nothing if we assume that ||no||g = 1. Then, by introducing
7 S (-no | no) g, we see that ¢ € 6,(M), and & = §,. (Here, &,(M) represents
the set of normal states of M.) Now, we can compute

p(x*x) = (x*xn0 | no)g = llxnoll%
I 1y, ENN% = 110y, €I
C*lixg I, = C*¥(x*x), VxeM. (40)

IA

Note that we have used (39). Hence, we see that ¢ < C2y. From the theory of the
cocycle derivative (see [4]), this allows us to infer the following:

(i) The map ¢ > (Dg¢: DY), = u, extends to amap (z — u;) € Ap(D1y2).
(i) p(x*x) = YU x*xu_ip), Vx eM.

Here,
AmDi2) 2 {f: Dyp - M: fis analytic on the interior of D; 5,
and continuous and bounded on all Dy 5},

where

D, 2 {zeC: —r <) <0}, ifr=0
"T l{z € C: 0 <3(z) < -r}, otherwise.
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We now note that ¢ < C24 tells us that MY C M2, i.e., the o-weakly dense *-
subalgebra of yr-analytic elements of M is actually contained in the set of ¢-analytic
elements. We can therefore compute as follows: Ya € MY, we have

aky = yo},(a),
while

ano = 100, (a).

However,

ano = alEy. &y) = Uaky, &) = 1(Ey0),(a), &)
= Iy, 05 (@)8y) =1y, £40) @) =1y, )0} (@) = 100! (a).
Hence we are forced to conclude
o @ =0fya), YaeM!. (41)
Now, it is a fundamental property of the cocycle derivative (D¢: Dvr); = u, that
ol (x) = u,a,'/'(x)u;‘, VxeM,
or, equivalently,

of Wy = w0y (x). 42)
Therefore, Va € MZ' , we obtain

o p@u_ip = u_.-/zal",-,z(a),

since the product of the analytic maps is again analytic, and these agree on all of R,
by virtue of (42). This gives us

ol (@) Uiy = u_ipol, @)t = u¥, ,00,(@") = o)), (@t .
Now, using (41), we obtain
w507 (@) = ajp, (@t 3
setting b = i‘fz(a*), we then have
Ut p00,() = but,,, VbeMY. 43)
Furthermore, we see from (43) that

U_ipb* = a,."/'2(b)*u_,-,2 = u_ipb* = U'_/'i/z(b*)u—i/z;
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hence we also obtain
43’) o n®uip=u_ipb, Vbe M.
By combining (43) and (43’), we observe
UijpU™;pb = u-i/zdfi/z(b)uii/z =0 B)u—ipu’;),.
So, we define h S U_ippu*; 20 and rewrite the above:

hb=oY(b)h, Vbe M. (44)

Now, we make use of a result from [8], which states that any positive, non-singular 4
which satisfies (44) on the set of analytic elements for the one parameter automorphism
group o¥ must in fact be an analytic generator for oV, i.e., we must have

o) (x) =h'xh™", VxeM. (45)

In particular, this means that o,‘l' is inner, and hence M is semi-finite.
A
Thus, we are lead to define T = -1, where

Yp1 (x) 2 lim Y A +eh)x), xe My,

note that this makes sense, since, once again, # € M. Then, this gives (Dt: DY), =
k=¥, and o/ = id; so 7 is a trace on M. (However, notice that T may be a tracial
weight.) Now, let k be such that (Dg: Dt), = k'’; we remark that, due to the fact
that ¢ is a state, k is a non-singular, positive element in M. From the chain rule for
cocycle derivatives,

(Dg: Dt); = (D¢: DY), (Dy: Dt);,

we may conclude that k* = u,h’. Using (41), and the fact thath € My C MY, we
have
of (h) = o), (h) = k™2hkt,
or
kih = hk? => kh = hk, (46)

i.e., h and kK commute. I

So, we may write u, = k"*h~" = (kh™')", which yields u_;;» = (kh™")z, ie.,
u_ij is a positive element in M. (Strictly speaking, u_;» = (kh“‘)% is valid only

on hR, the range of h; however, this set is dense in £, and since we already know
that u_;/; is a bounded operator, its positivity follows by continuity.) But recall that,
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by definition, hi = [, s2|; this means that we must have hi = u*; 2 = U—i2, and,
from the above calculations we may conclude
k= h? @7

We will now demonsrate that £ is actually isomorphic, as an M-M bimodule, to

Hy ®: Hy. We define the map V via
V. I(x{’.;,,y’g’w)»—)x&/,@:yé./,, Vx,y e M,
noting that, given
Ixygylls, = ¥*x*xy) = t(hy*x*xy)
= t(xyhy*s*) < llyhy*|| T(xx®) = llyhy*|l v(x*x),

we have ny (ny) C D'($y, 7). (In fact, such a fact characterizes 7 as a trace.) This
makes V well-defined.

This map is an isometry: first, we compute
1&g, YEIE = 1110, ;e 6% = Ixa, ()0l

= |lxhiyh~inol% = @(h~ty*hix*xhiyh~t)
t(kh™y*hix*xhiyh~1) = v(h®h~1y*hix*xhiyh~1)
= r(hy*h%x*xhiy)
= Y(hiy)'xhty), xeM,yeD@Y,.

Now, we calculate

Ix&y @ YEul%, 0,5, = (EuTRe(EN R EI: | x8y)g,
= (xbyyhy" | x6y)g,
= (xhiyhy*h~igy | x8y)g, = ¥ xhiyhy*h™H)
= t(hx*xh%yhy*h'%) = t(hy*h%x*xh%y)
= Y(&hiy)xhty), x €M, yby € DSy, 7).
Hence, V is an isometry, and can be extended to a map from £ onto 4 . Hy.
It is also immediate that & and $y ®. $)y have the same M-M bimodule sturcture.
Thus, V is the desired M-M bimodule isomorphism.
Finally, we wish to demonstrate that M must be an atolmic von Neumann algebra.
To see this, we simply note that the map x&y +— n.(xh?) implements the standard

isometry between $y and H, = L%(M, t). Because of the preceding argument, we
may view I as a map from $; x H; = H; ®. H;, via

L (nc(xh?), nc(yh1)) = 1 (xh?) @, nc (Yh1).
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However, $; ®. §; is isometrically isomorphic to §); as an M-M bimodule under
the map

Ne(xh?) @, N (yhT) > n.(xhiyh?). 48)

If we restrict ourselves to 1. (n} Nn;), i.e., the left Hilbert algebra 2., then (48) is just
telling us that the usual multiplication operation “lifts” to the relative tensor product
H: o H.:. However, when we combine this with our previous results regarding the
map I, specifically (39), we must conclude that (left or right) multiplication by any
element of §3, acts as a bounded operator on §),. This can only be the case when M
is atomic. O

We now see that the example with which we began this section is actually quite
general: we have discovered that if we wish to define a “naive” tensor product of
L%-von Neumann modules we may do so only under very restrictive conditions, viz.,
when the von Neumann algebra is essentially a “matrix algebra”.
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