ON THE UNITARY COMPLETION OF A MATRIX

BY
M. Marcus AND P. GREINER

l. Introduction

Suppose a certain set of entries in an n-square array are prescribed. We
consider the following question: to determine some nontrivial necessary con-
ditions under which the rest of the entries may be constructed so that the re-
sulting matrix is unitary. For example, a trivial necessary condition is that
the sum of the squares of the absolute values of the prescribed entries in any
particular row or column is at most 1. Define a diagonal of an n-square array

to be a set of positions (¢, ¢(2)), 7 = 1, - -+ , n, where ¢ is a permutation of
1, ---,n. Two diagonals will overlap in k places if the corresponding permu-
tations agree on k integers in 1, --- , n, and we shall refer to two such di-

agonals as being k-overlapping. Our results will show for example that if 4
is a 9-square matrix whose entries in a fixed pair of nonoverlapping diagonals
are all 2 + &, ¢ > 0, then A cannot be completed to a unitary matrix. On
the other hand if the absolute value of the sum of the elements in two non-
overlapping diagonals is to be no greater than 10, there exists a 9-square
unitary matrix for which this value of the sum is taken on. This last state-
ment becomes false however if 10 is replaced by 10 + ¢, ¢ > 0.

For the group of n-square unitary matrices we obtain the maximum and
minimum over all pairs of k-overlapping diagonals d; and d; of the maximum
absolute value of the sum of the entries in d; and d;. Our main results are
contained in the

TaeoREM. Consider a fixed pair of k-overlapping diagonals of an n-square
array, 1 £ k = n. Let s be the maximum taken over all n-square unitary
matrices of the absolute value of the sum of the elements in the given pair of di-
agonals. Then

1) ss=n f n=k+ 2
(i) s =m—44+2cotn/8 if n==F%k-+4,
i) ss =n+a if n=k-+ 3a,
ss =n+a—54+2cen/10 of n=Fk—+ 3a+ 5,
ss =n+a—74+2csen/14 of n=k—+ 3a+7,
(iv) ss=zn if n==kFk+ 2,
ss2zn+1 ¢ n=Fk+ 2«4+ 3.

Moreover for each of the bounds in (1)—(iv) there exist a pair of k-overlapping
diagonals and a unitary matriz for which the absolute value of the sum of the
elements in these diagonals s the appropriate bound.

In addition if 0 = u =< sx, then there exists a unitary matriz such that the
absolute value of the sum of the elements in the fixed pair of diagonals is p.
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We first introduce some preliminary definitions and results. Then in Sec-
tion II we shall consider the case of the two k-overlapping diagonals. In
Sections III and IV we state and prove the necessary trigonometric inequali-
ties to complete the proof of the above result. In Section V we indicate a
further application of our methods.

Let O, be the group of n-square unitary matrices over the complex num-
bers. Let S be any set of pairs (¢, j), 1 < 7,7 < n, and define the real valued
function on O,

(1.1) gs(A4) = ‘ Z(m’)es aii|~

The general problem is to determine the maximum value of gs(A) as A varies
over 0, . Let Hg be the n-square matrix whose (7, 7) element is the number
of integers ¢ such that (7, t) and (7, t) both belong to S. We have

LemmA 1. The matrix Hg s positive semidefinite, and
(1.2) 0 < gs(A) £ tr (VHs) for A €O,

where " indicates the positive semidefinite determination of the square root.
Every value between the two bounds s achievable by gs(A) for an appropriate
unitary A.

Proof. Let Ps be the n-square matrix whose (7, j) element is 1 if (5, 7) ¢ S
and 0 otherwise. Then

(1.3) gs(A) = | Dwpesais| = [tr (Ps4)|.

This equality (1.3) follows immediately upon noting that the (¢, ¢) element
of PsA is the sum D ,aq for (s, t) eS. We next apply a result of
von Neumann [2, 3] to conclude that

(14) gs(A) = |tr (PsA) | = tr (\/Ps Py) = tr (\/Hy)

where A is any unitary matrix. For the (¢, j) element of Py Ps is precisely
the number of columns in which rows ¢ and 7 of Pg have a 1 in common, and
thus Ps Ps = Hs. We include a short proof of (1.4) for completeness. By
the polar factorization theorem it is clear that we may assume

gs(A) = | tr (Ks A) |

where Kgs = \/Hs. Lettingx,, -+, x, be an orthonormal basis and setting
y; = Az ,1 =1, -+, n, we have

gs(A) = [tr (Ks A) | = | 2t (Ks Ai, ) |
=| Xt (v, Ksa) | £ 2 | (yi, Ks @) |
< i (Kswi, 2)* (Ksyi, )"
{2t (Ks i, 2} { X0 (Ksys, yo) }'°
{tr (Ks)}*{tr (Ks)}'* = tr (VHs).

IIA
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To see that gs(0,) is precisely the closed interval [0, tr (1/H3)] we note the
following facts. First, gs(A) is clearly continuous with respect to the usual
distance function in 0, , d(U, V) = (D71 |us; — vi; [))**. Second, if U
and V are in O, , there exists a continuous one-parameter family A(z) ¢ 0, ,
0 <¢ =1, suchthat A(0) = Uand A(1) = V; for let S ¢ O, be chosen so
that S(U'V) S = diag (¢, - - - , "), and set

A(t) = US diag (™, -+, ™) S

Finally, gs(A) = 0 for an appropriate A €0, ; for gs(A) = |tr (Ks4) |,
and by selecting x;, - - - , z, to be an orthonormal set of eigenvectors of Ky
and choosing A4 € 0, such that Ax; = z;; (mod n), we have

gs(A) = | Dt (Ks Awi, 2) | = | Zha M@, 22) | = 0.
ll. Sums down pairs of diagonals

Let S be a set of pairs (7,7), 1 < 4,j < n, determined by two k-overlapping
diagonals, 0 < k < n. In this case Ps has precisely one entry 1 in each of
exactly k rows and columns and precisely two entries 1 in each of the remain-
ing n — k rows and columns. Then

(2.1) Hy = Ps Py~ (I, + (P 4+ Q)1 + (P' + @),

where in (2.1) A >~ B means RAR' = B for some permutation matrix R,
4 indicates direct sum, P and Q are both (n — k)-square permutation
matrices, and [ is the k-square identity matrix. Hence from (2.1) we see
that

(2.2) Hy~1, + (2L, + PQ + (PQ")").

Thus from (2.2) we conclude that the eigenvalues of v/Hy are 1 with multi-
plicity k and (2 4+ \; + \7)Y, ¢ =1, ..., n — k, where the \,; are the
eigenvalues of the permutation matrix PQ’. Let ¢ and v be the permutations
on n — k symbols corresponding to P and Q respectively. Then oy~ holds
no symbol fixed; otherwise the two diagonals would be at least (k 4+ 1)-over-
lapping. Thus oy~ has a decomposition into the product of disjoint cycles
each of which has length at least 2. Let my, -+, m, be the cycle lengths
in this decomposition,

ZLI m; =n — k, m; 2 2.

Then it is well known that the characteristic polynomial of PQ’ is
Z'},l (z™ — 1). Hence PQ’' + (PQ’)’ has as eigenvalues the numbers

2mik/my —2mik/my
e + e = 2 cos (27k/m;),
(2.3) ‘
k=0 ,m—1 t=1-,p.

Since (2 + 2 cos260)"* = 2| cos 6 | and

1 n _sin(n + 3)8
5 T L costh = o
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we conclude from (2.3) that

(24) tr (VHs) =k + 2 D it [,

where

A o P _ Jeot (w/2a) for a even
(25) Ja= 205 | cos (wh/a) | = {csc (7/2a) for a odd.

From (2.4) we see that the proof of the theorem depends upon finding the
maximum and minimum values of

(2.6) YY) = 2tetfm,

where v varies over all partitions of the form

yim 4+ oo A mp=n—Fk
(2.7) ’ ’ ,
m; = 2foreach?¢ =1, --- p.
In the next section we state and prove the inequalities necessary to evaluate
the extreme values of ¢(v).
lll. Some inequalities
The necessary inequalities are contained in the following lemmas.

Lemma 2. If o and B are even, then

(3.1) Ja+f8 = fass-
LemmA 3. If a and B are odd, then

(3.2) fa+ f8 Z fats-
Lemma 4. If « = 13, then

(3.3) Js + faes = fa.
LemMmA 5. If a s odd, then

(34) fot fa S fase.

We prove Lemma 2 first. Let g(z) = cot (v/x), and note that
g"(z) = = csc”—r( cot T — 1),
z \z

X

and since (w/x) cot (w/x) < 1for z > 2, we conclude that g(z) is a concave
function for x = 2. Thus

2g(a + 8) z 9(2a) + ¢(28),

2 cot

T > T s
= cot 5 + cot 357
and finally

= 2 cot —— = cotl + cot T

o
2a+2B‘ a+ 8 2a 28’
fa+ﬂ gfa +fB

This completes the proof of Lemma 2.
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To prove Lemma 3 let g(x) = csc (w/z), and note that
g"(x) = —7% cse X (75 ese? T+ Teot? T — 2 cot 1_r>.
x z \x T  x x x
Let & = w/x > 0, and observe that

6 (csc® 6 + cot’6) — 2 cot 6 > 0
if and only if
h(8) = 6 (1 + cos” ) — sin 26 > 0.

Now h(0) = 0, and A'(8) > 0 if and only if tan 8 > 26. This shows that
g(x) = cse(w/x) is convex for x = 2, and hence

™
Jats = co 2+2B_2csca+6_csc +csc -_fa-|-f5

A somewhat less direct argument is necessary for Lemma 4. First note

that for a even Lemma 4 follows from Lemma 3; thus our problem is to show
that for o odd

T >
(35) 2 4+ cot 2(a —3) = csC — 2 , a = 13
We write a sequence of inequalities each of which implies its predecessor;
gy Ha=8)y L ,
T sin (r/2a) cos (7/2(a — 3))
. 7(2a — 3) o 3T > T
SmZa(a—?)) Sana(a—3)=1r—3+a’

and from the series expansion for the sine function,
720 — 3) _ (20 — 3)° > T + 3r
2a(a — 3) 48a%(a — 3P " 7 —3+ a 2a(a — 3)’

2

T — 3 ™
(3.6) alr — 3+ a) = 6(a — 3)*°

Now (3.6) holds if
Cla) =6(a—3)°(r—3) —7a(r—3+a) 20

Now (C'(23) > 0 may be checked, and it may also be directly verified that the
largest root of C’(«a) is less than 23. Hence C(a) > 0 for a = 23, and we
check separately the values o = 13, 15, 17, 19, 21 to complete the proof.
We remark that to check these values requires a table containing hundredths
of a degree. We omit the similar proof of Lemma 5.

IV. The proof of the theorem

Now (i) is clear, and (ii) follows from Lemma 2 since the only partition of
4is4 = 2 + 2. Next, every integer greater than or equal to 4 is either even
and greater than or equal to 6, or odd and at least 9 except for the integers
3,4,5,7.

Therefore since fy < 3f; and fi; < 2f; + f5, we see by repeated applications

of (3.1), (3.2), (3.3), and (3.4) that ¢ (y) is dominated by the value of ¥ on
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a partition of n — k which involves only the integers 3, 4, 5, 7 with appropriate
multiplicities. Checking separately that

fo+fi £fr, o+t
fo+fs = 3fs, fs + fr £ 4fs,
fo+H 226+ 1, fotHh =3+,

we conclude that the value of ¥ on any partition of n — k is dominated by
its value on a partition consisting of all 3’s, or all 3’s and a 5, or all 3’s and 7.
This representation is of course unique since n — k = 0, 5, or 7 (mod 3).
This completes the proof of (iii). The proof of (iv) proceeds in an analogous
way. The last statement in the theorem is precisely the content of Lemma 1.

V. Another application

In problem 4845 of the advanced problem section of the American Mathe-
matical Monthly [1] the following question is posed: Find the maximum of
gs(A) for A €O, where S is the set of (¢, j) satisfying ¢ = j. We answer a
generalization of this question in which we assume ¢ = j + p, p a fixed non-
negative integer. In this case Ps becomes the n-square matrix whose ¢** row
is (0, ---,0,1,1, --- ;1) where the first 1 appears in the ¢ 4 p position; if
i 4+ p > n, then the ¢*" row of Pgis the zero vector. Then it is easy to check
that

0 - eQevrvervennenne 0
Q- eQeevveneenennns 0
R PR 1
Hs = D T 2
R S 3

00 1 2 3 n=p

Now we observe that if

[ I Qvvevvvnnnnnnns 0

0

Ocvvve- [ P, 0 1

Cs = 1 1)
0 1

0--+0 1 1-vvevnunenn 1

then €% = Hs.
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Thus by Lemma 1 we know that the maximum of the function g¢(4) for
AeO,is D757 | \;| where \;,j = 1,---n — p, are the n — p nonzero
eigenvalues of Cs. In a private communication Professor A. C. Aitken
proved the following result:

_ (=™ (2j —
T2 Tim-p ¥

These values were obtained by the very elegant observation that the inverse
of the lower right nonsingular (n — p)-square block of Cg is a differencing
matrix whose eigenvectors can be readily computed.

We then can conclude finally that

1 (27 — Dr
i‘ii‘i“i;pm =3 & “Cxm—p +2
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