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BY
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1. Summary

Let (2, ®, u) be a probability measure space on which is defined a sto-
chastic process {x,} with finite state space. In §§1-3 we define a notion of
fractional dimension, in terms of w and {z.}, for any set M C Q. If Q is
the unit interval, if u is Lebesgue measure, and if Y o_; 2.(w)s™ " is, for each
w, the base s expansion of w, the definition reduces to the classical one due to
Hausdorff. In §§4 and 5 we obtain, under the assumption that {z.} is a
Markov chain, the dimensions of certain sets defined in terms of the asymp-
totic relative frequencies of the various transitions ¢ -—j. In §7 these
theorems are specialized to the case in which {z,} is independent. In the
classical case these results become extensions of theorems due to Eggleston
[4, 5] and Volkmann [16, 17]. In §6 we use the preceding theorems to ob-
tain a result on ‘‘generalized Lipschitz conditions” on certain measures, a
result which reduces in the classical case to one of Kinney [11]. In §8 the
dimensions obtained in the first part of the paper are shown to be related to
entropy and certain allied concepts of information theory.

2. Introduction and definitions

Let {21, 22, - - -} be a stochastic process defined on a probability measure
space (2, ®, u). Suppose that the state space of the process is a finite set o,
the states of which for notational convenience we take to be the first s in-
tegers: ¢ = {1, 2, -+, s}. Thus z, ¢ 0 with probability one for all n. A set
of the form

fwizp(w) = an, b =1, -+, n},

where (a;, @z, ---, a,) is a sequence of states, we call a cylinder or, more
specifically, an n-cylinder. (While the sets {w:zi(w) = @ or b} and
{wix,(w) = a} are cylinders according to the usual definition, they are not
according to the one given above, which will be adhered to throughout
the paper.)

If M is a subset of Q, if p > 0, and if U is an enumerable (possibly finite)
collection of cylinders, then we say that U is a p-covering of M provided
ww) < p for all eV and M < V =U {viveV}. (We will consistently
denote a collection of cylinders by a script letter, with or without subscripts,
and the union of the collection by the corresponding Latin letter.) If & = 0,
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let L,(M, &) = inf D u(v)*:0, where > u(v)*:0 denotes u(v)® summed
over all v ¢ U, and the infimum extends over all p-coverings U of M. If
there exist no p-coverings of M, then L,(M, ) = . As p decreases to 0,
L,(M, «) obviously increases to a limit L(M, a). It is easy to show that
L(-, a) is monotone and subadditive, that is, that it is an outer measure.

Suppose that L(M, a) < « and that ¢ > 0. Let U, be an n '-covering
of M with D u(»)*:0, < L(M,a) + 1. Ifn™" < p, then L,(M, a + &) <
(L(M, a) + 1)n"". Letting n — « we see that L,(M, «), and hence
L(M, ), is 0. Thus L(M, a) <  implies that L(M, o + ¢) = 0 for
all ¢ > 0, and it follows that there exists an ap, 0 £ @y £ 1, such that
LM, a) = o if 0 2 a<ao and LM, a) =0if ap < « £ 1. This a
we take to be the Hausdorff dimension of M: ay = dim M.

We always have 0 < dim M = 1, although for example in the extreme
case in which ¢ consists of a single element, it can be seen that L(M, a) = «
for all ¢, 0 £ a < o, for every set M, even the empty set. However if
oz, (w) = an,n =1,2 ---} = 0 for every sequence {a,} of states, that
is, if every co-cylinder has measure 0, then we have L(M, a) = 0 for a > 1.
Thus in this case, the only one of real interest, dim M is actually the point at
which L(M, «) changes from <« to 0.

Note that dim M depends not only on M but on the measure u and the
process {x,} as well. If M is in the Borel field generated by {x.}, then

L(M,1) =z u(M)

so that u(M) > 0 implies dim M = 1. At the other end of the spectrum,
it can be shown that every countable set has dimension 0, provided every
o -cylinder has measure 0. The above notion of dimension measures the
magnitudes of sets in such a way that two sets of probability 0 can be com-
pared to see which is “larger”. It is the main purpose of the present paper
to compute the dimensions of various sets where the strong law of large num-
bers is violated, under the assumption that {x.} is a Markov chain.

3. The Lebesgue case

In this section we relate the above definition of dimension to the classical
one due to Hausdorff. Suppose @ is the unit interval, & the collection of
Borel subsets of @, and u is Lebesgue measure. For any w e Q let

w = Zczzl Tn(w)s "

be the nonterminating base s expansion of w. Then {xz; , 2., - - -} is a stochas-
tic process on (Q, ®&, w); it is, in fact, the classical model for independent
trials with a fair s-sided die [1]. When (2, ®, x) and {x,} are defined in this
way, we will say, using Doob’s phrase, that we are in the Lebesgue case.
The definitions of L,(M, o), L(M, «), and dim M given in §2 apply of
course in the Lebesgue case. (It is of no importance that here the state
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space is {0, 1, - -+ , s — 1} rather than {1, 2, --- | s}.) Now in the Lebesgue
case the cylinders are exactly the half-open intervals of the form

(3.1) 1/s", (T +1)/s7,

where 1 and n are integers. Thus L,(M, «) = inf Y |»|*:0, where [v|
denotes the length of », and the infimum extends over all coverings of M
by intervals of the form (3.1) of length less than p. Let L;(M , a) be the
same infimum but without the restriction that the intervals of the coverings
have the specific form (3.1). Let L'(M , «) and dim’ M be defined in terms
of L,(M, ) just as, in §2, L(M, «) and dim M were defined in terms of
L, (M, «). Then dim’ M is Hausdorff’s original definition [10] of the frac-
tional dimension of a subset M of the line. (Of course Hausdorff’s defini-
tion applies in any metric space.) We will prove that

(3.2) dim M = dim’ M,

thus showing that the definition of §2 is a generalization of that of Haus-
dorff.?

Since clearly L,(M, a) = L,',(M, a), we have dim M = dim’ M. In
order to establish (3.2) it suffices to prove that dim M =< dim’ M, and to
prove this it is obviously enough to show that

(3.3) L(M, a) £ (8 4+ 1)Ly(M, a).

Finally, (3.3) will follow easily if we can show that if « is any interval, then
there exist §° + 1 intervals vy, - -+, 2,241 of the form (3.1) such that

241
u C U::{ V;

and |v;| <|ul|,4=1,2,---,5 + 1. To prove this last statement, let
be an interval with endpoints @ and b, a < b. Define the integer n by
1/s""" < |u| £ 1/s", and the integer k by k/s"™* < b < (k 4+ 1)/s"™. If
(k — s+ 1)/s""™ < a, then

/"M <b—ag (k+1)/s"" = (k—s+1)/s""
which is impossible. If (k — §’)/s"™ = a, then
1/s" =2 b —a > k/s"? — (k — §)/s"",
which is also impossible. Hence

k— & k—s41 k k41
—S7H_T<a<—“—‘—“‘—sn+2 <s—;—+2<bé S"+2.

2 A referee points out that (3.2) has been proved for the case s = 2 by A. S. Brsico-
vITCH, On existence of subsets of finite measure of sets of infinite measure, Indag. Math.,
vol. 14 (1952), pp. 339-344.
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From this it follows in the first place that the s* 4+ 1 intervals

k—s k—s4+1 Eok+1
PrE R PrE= v T \gete ) Tgnte
cover u, and in the second place that the common length 1/s"™* of these

intervals is less than |4 | = b — a. Since these intervals are of the form
(3.1), we have proved (3.3) and hence (3.2).

4. Preliminary lemmas

We now prove some preliminary results which we will need. Each theorem
is a generalization of one which is well known in the Lebesgue case.

Tueorem 4.1. (i) If M < M/, then dim M < dim M’'. (i) If M =
Ur M, , where T' is any index set, then dim M = supr dim M, . (iii) If the
index set T' in (ii) 2s enumerable, then dim M = supr dim M.

Proof. Since (ii) follows immediately from (i), which is obvious, we
need only prove dim M = supr dim M, under the assumption that T is
countable. But if & > dim M, for each v ¢ T, then L(M,,a) = 0, and
since L(-, «) is subadditive, L(M, «) = 0, and the result follows. Part
(ii1) is in general not true if T is uncountable, and a basic problem is to prove
it in special cases.

The next result generalizes Theorem 1 of [5).

TaeoreM 4.2. Suppose that for each m, V. is an enumerable collection of
cylinders and that M C lim sup, V. If Dooe 2 u(9)*:10, < o, then
dim M = a.

Proof. Given p > 0, choose ny so large that

Zn?__noz p(v): 0, = Znénoz w(®)*:1 0, < p.

Then U,»,,0. is a p-covering of M, and hence L,(M, @) = p. Thus
L(M, &) = 0, and the theorem follows.

If the stochastic process {x.} is altered on a set of probability zero, then
for most purposes of probability theory the process is not essentially changed.
The purpose of the present theory however is to analyze sets of probability
zero, and hence we need some sort of assumption of a nonprobabilistic nature
which links the process {x,} with the space Q. The following condition seems
to be the weakest one which leads to simple results.

ConprrioN (C). All but a countable number of sequences (ay, az, «+-)
of states have the property that either the set {wizi(w) = ar, bk =1, 2, -} 4s
nonemply, or else ulo:x(w) = ar, k= 1,2, -+, n} = 0 for some n.

Condition (C), which is essentially a compactness condition, will be a
hypothesis in most of the theorems which follow. Note that this condition
is satisfied in the Lebesgue case; in fact since Y w1 Z.(w)s " is in this case
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the nonterminating expansion of w, the sequences {a,} which violate the re-
quirements of the condition are exactly those with a, = 0 for all sufficiently
large n. A probability measure space to carry a stochastic process with
given properties is ordinarily constructed by taking the countable combina-
torial product of the state space with itself. In this case Condition (C)
is always satisfied.

Theorem 4.2 enables one to find upper bounds for the dimension of a set.
The following result, which is a generalization of Theorem 5 of Eggleston [5],
enables one to find lower bounds. The two theorems used together enable
one to find the exact dimensions of certain interesting sets (see §5).

Turorem 4.3. Suppose that for each integer n we have a finite set U, of
cylinders which are pairwise disjoint. Suppose that each element of V,41 s
contained in some element of V., and that each element of U, contains exactly
Vny1 elements of Vnyr . Suppose further that of v € Vn, v’ € Vuy1, and v D v/,
then u(v')/u(v) = pat1, Where poy1 > 0 s independent of v and v'.  Suppose
that for all @ < ag there exists an n, such that

(a1 > pru ot <w
nZna (Pna ce Pn)H (Vna C )

If V=05 V., then dim V = oy, provided Condition (C) s satisfied.

Proof. We may assume that U; consists of exactly one cylinder. For
otherwise we may remove from U; all cylinders but one and remove from
UV, any cylinder not contained in the remaining element of U;. Since this
has the effect of decreasing V, the original V has dimension not less than «
if the modified one does.

Assume then that “U; consists of a single cylinder »;, and define 6, =
w(v)ps - pn and N, = w2 -+- v, for n = 2. Then N(V,) = N., where
9% denotes the number of elements in a set, and u(v) = §, for all v €V, .
It follows immediately from (4.1) that

(4.2) D R s bna/On N, < oo

for any a < ap .
Given a < ay, choose ny so that

(43> 072_2.7&0 5”—1/5}?“2\77& < %)

which is possible by (4.2). Let U be a finite or enumerable collection of
cylinders such that

(4.4) Sou(uw)u < 1
and

(4.5) p(u) < 8, for wea.
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We will show that U does not cover V. From this it will follow that
L(Vy Ol) g L57L0(V7 a) g 17

and hence that dim V = a. Since a can be taken arbitrarily close to ao,
the theorem will follow.

Suppose then that U satisfies (4.4) and (4.5), where no satisfies (4.3).
Those sequences of states which violate the requirements of Condition (C)

we will call the exceptional sequences. Let a(j) = (a:(3), a(j), ),
j=1, 2,---,be an enumeration of the exceptional sequences. For each
i=12 --- lete; = {wim(w) = ax(j), £k =1, .-+, l;} be a cylinder such
that

(4.6) pler) < [(1— 2 u(u)*:w)/21%,  ule;) < b, .

Such a cylinder exists because {w:zr(w) = ax(j), k = 1, 2, -- -} is empty.
Now let W be the collection W = U v {e;:7 =1, 2, ---}. If W does not
cover V, then certainly U does not. By (4.6) we have

(4.7) Dou(w)w < 1,
and
(4.8) plw) < 8,y for weWw,
that is, W satisfies the same conditions U does.
Forz =1,2, -+, let ‘W; be the set of elements of W for which
(4.9) Ongtiot = p(W) > 8ngpi -
By (4.7) each W; contains finitely many elements, and by (4.8)
W=U7, Wi.

An element of U,,4+; which meets an element of W, is contained in it, having
a smaller probability. Now by (4.7) and (4.9)

(4.10) 1> 2 u(w) W, = 9(Wi)oe,4i .

Let ®; be the set of elements of U,,+; which meet elements of W, , i.e., which
are contained in W,;. Then B; © W;, and by (4.9) and (4.10)

(4.11) p(B:) £ u(W:) £ (W )dngrior < Sngtio1/dnoi -

If 1 < ¢ = t, then each element of UV, 4. is contained in exactly one element
of UVngri, and each element of V., 4: contains exactly Nagt+e/Nngri elements
Of VUng4t - Moreover if v € Ungri and v’ € Ongye , then u(v')/u(v) = 8ngtt/0ng+e -
It follows that if €, is the set of elements of U,,+: which are covered by
elements of ®;, then

#(Ct'i) /#(Bl) = Nﬂo+t 6n0+t/Nn0+i 6w0+i .
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By (4.11) we have

(4.12) #(C,i) < Nuott Sngrt Sngica/nyss Nagri -
If ¢, = Uiy €,,;, then by (4.12) and (4.3)
u(Ce) < Nyt 6ﬂo+t/2 = ”‘(V"o+t)/2-

Therefore @, is a proper subset of Vngys -

It is easily seen that if an element » of U,,. meets an element of U iy W, ,
then v ¢ @,. Thus the set U; of elements of Uany+¢ Not met by any element
of U‘_; W, is nonempty. Clearly each element of ©V;., is contained in some
element of V;. Let U7 be the set of elements of U; containing infinitely
many elements of U, "O; . Since U; is finite, V; is nonempty. Since each
element of U} clearly contains some element of V7.1, it is possible to con-
struct inductively a decreasing sequence {v:} of cylinders with v} e 0;. Let

v = ﬂi‘;lv;' = {w:azk(w) =m,k =12 }.

Suppose that (ai, as, --+) is one of the exceptional sequences, say a(j).
Then there exists some # such that v; C e, for all { = & . Since ¢, e W,
ej e W; for some 7. If ¢ exceeds both {, and 7, then vy C e; e W U -+ U Wy,
which is impossible since v; € V; C ©V;. Thus (a1, as, ---) is not one of the
exceptional sequences. On the other hand, w(v/) = 8,,4: > 0 for all ¢,
which clearly implies that u{w:zi(w) = a, k=1, ---, I} > 0 for all I
Since (a1, az, --+) is not exceptional, it follows that »” is nonempty.

By construction, »” € V, 4. for each ¢ so that ¥ € V. On the other
hand, »” is not contained in any element of U’_; W, for any t. Thus W does
not cover V, and the proof of the theorem is complete.

5. Main theorems

In this section we compute the Hausdorff dimensions of various sets under
the assumption that {z,} is a Markov chain with stationary transition prob-
abilities.

Fori,j=1,---,s n=12 -, and weQ, let §;;(w, n) be 1/n times
the number of k, 1 < k < n, such that zx(w) = 7 and zxa(w) = j. Thus
8.:;(w, m) is the relative frequency of the transition ¢ — 7 in the first n steps
of the process. Let

8i(w,m) = 8i.(w,n) = 25 8ii(w, n),

8.i(w,n) = D5 85u(w, ).
Then 6;.(w, n) and §.;(w, n) are the relative frequencies of ¢z among
{r1(w), -+, Ta(w)} and {xe(w), - -+, To(w)}, respectively.

Assume now that {x,} is a Markov chain with transition matrix P = (p,;).
See [6] or [3] for the properties of Markov chains needed here. Let o’ be

(5.1)
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the set of ordered pairs (7, j) with ¢, j eo and p;; > 0. Consider points
£ = (&) of 9(o’)-dimensional Euclidean space with coordinates indexed
by the elements (7, j) of ¢’ (taken in some arbitrary but fixed order). Let
A be the set of £ such that £; = 0 for all (4, 7) eo’ and D, &; = 1. We
denote by p the ordinary Euclidean metric on A. For £eA let ri(§) =
> £y and ci(8) = >, £, where the summation extends in the first case
over those j such that (4, j) e ¢/, and in the second over those j such that
(7,2) ed’. ForgeAlet

(5.2) H(:P) = 20 £ g £ii/ri(8) _ 2ot £ii 18 £ii/0i(£)

2o Eis1g Piy 2o Eis g pis
where 0 lg 0 is taken to be 0. If ¢;(§) = O, then &; = 0 for all j, and we
take &;;lg &:;/ci(¢) = 0. The function H(&:P), in terms of which our
Hausdorff dimensions will be expressed, is essentially an entropy and is
discussed in §8 below.

Let B be the set of points £ of A such that r;(¢) = c¢;(¢) for all 2. Then
B is a closed subset of A. If Sis any subset of A and {£(n)} is a sequence of
points of A, we say that £(n) approaches S as n approaches «, and write
£(n) — 8, if lim,, p(&(n), S) = 0.

Forn =1,2, .-+, and v € Q, let 6(w, n) be the point of A with coordinates
8;j(w, m) for all (7, j) ed’. Then r,(8(w, n)) = 8;.(w, n) and ¢;(8(w, n)) =
8.i(w, n). Since obviously | 8;.(w, n) — 8..(w, n) | < 1/n, §(w, n) — B.

If S B, let

)

M(8) = {w:d(w,n) — 8},
N(S) = {wip(3(w, n), 8) = O(n7)}.

If S consists of a single point £ we write M (¢) and N(¢). Our main result
gives the dimensions of M(S) and N(S) under the assumption that {z.}
is a regular Markov chain, that is, under the assumption that there are no
transient states and just one ergodic class, with or without cyclically moving
subsets.

(5.3)

TuroreM 5.1.  Suppose that {x,} is a regular Markov chain with transition
matriz P = (pi;). If S C B, then

dim M(S) = dim N(8) = dimU s M (&)

(5.4) .
= dimU s N(¢) = sups H(¢:P),
provided Condition (C) is satisfied.

Note that we have made no assumption about the initial distribution.
We prove Theorem 5.1 by a series of lemmas.

Let (a1, az, -+, @sya) be a sequence of states. For¢,j =1, -, slet
fi; be the number of k, 1 < k < n, such that a, = 7 and a1 = j. Let
fio= D 5afy and f.o= D.51fii. The s X s matrix F = (fi;) we will
call the transition count of the sequence. Clearly fi. — f.i = 8ia; — 8ian,1
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t=1,---,s If Fisany s X s matrix with nonnegative integral entries,
we will call it admissible provided D i;fi; = n, fio,fi >0, i =1,--+,s,
and f;. — f.; = 8y — 0y, 2=1,---, s for some w and v. If F is admis-
sible, let N (F) be the number of sequences (u, a1, as, - -+, a,) which
have F as transition count. Lemma 5.2 below, which is due to Whittle [18],
gives a simple expression for NY”(F). This result has been proved by
Whittle by integration methods and by Dawson and Good [2] and Goodman
[9] by graph-theoretic methods. The following simple inductive proof may
be of independent interest.

If @ = (gi;) is an s X s matrix, we denote by G;; the (7, j)* cofactor of
@G. If this cofactor is independent of 7, we denote it by G.; .

LemMa 5.1. If 295, = 0,5 =1, -+, s, then Gi; = G.; does not depend
on i, and

(5.5) Q.= 2 (8i; — gi;)G.5.

Proof. 1If the rank r of G is less than s — 1, then G;; is identically 0
and the result is trivial. Since clearly r < s, we may assume r = s — 1.
But then >, Gugi; = 8;; det G = 0, so that (G, -+, Gs) must be
a scalar multiple of (1, ---, 1), since »_;9;;, = 0. Thus G;; = G.; .}
Clearly Zj (5“ - g,;j)Gij =G, —detG@ =G.;.

LemMma 5.2. If F is admassible and n > s, then
(5.6) N (F) = (AL I fat)F o,
where F is the matriz with entries 8;; — fu;/f.; .

Proof. Since F is admissible, f.; > 0 and fui/f-; is well defined. Since
> i (8i; — fii/f5) =0, Fiy = F.;is 1ndependent of 7 by Lemma 5.1.

The result being easy to establish for n = s + 1, assume (5.6) holds for
n — 1. If F(i, j) is F with the (z, 7)™ element diminished by 1, then clearly

(5.7) NP(F) = 2 N"P(F(u,v),

where the summation extends over those » for which f,, > 0. It suffices to
verify that the right-hand side of (5.6) satisfies (5.7) or, since F,,(u, v) =
F. , that

F~u = Zzzlfuvf:-wl,p‘v,

which follows immediately from (5.5), taking G = I — F

LremMA 5.3. Suppose that {x.} s o Markov chain with transilion matriz
P = (p;;). If S C B, then
(5.8) dim M (8S) = supes H(£:P).

Proof. Note that we have not assumed Condition (C), and we have made

3 This argument is due to O. S. Rothaus.
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no assumptions on the chain {x,}. Since §(w, n) approaches S if and only
if it approaches its closure, and H(-:P) is continuous on B, we may assume
that S is closed. Then S is compact, and for any & > 0 there exists a finite

number L. of points &(¢, 1), Il = 1, ---, L, such that £(e, 1) € S and
(5.9) ScUlifted:|t; — Eii(e, 1) ] < g (4,7) e’}
Let

Vile, l) = {w:l 6:i(w, n) — Ei(e, 1) | < e (4,7) ed’},
Va(e) = UL Va(e, 1).

Denote the right-hand side of (5.9) by ¥ for the moment. Then E is open
in A4, DO 8, and V,(¢) = {w:d(w, n) eE}. If weM, then weV,(¢)
for all but a finite number of n. Therefore

(5.10) M(S) C lim infpe Va(e),

for any ¢ > 0.
Clearly V,(¢&, 1) and V,(¢) are unions of collections U,(¢, 1) and V,(¢) =
U2 Oa(e, 1) of n-cylinders. We will show that for any given

a > sups H(&:P)
there is an ¢ > 0 such that

(5.11) Dona 20 m(0)*:0,(e) < oo,

It will follow from (5.10) and Lemma 4.2 that dim M (S) =< sups H(¢:P).
Now clearly

Z ﬂ(v)a:eon(e) l) = ZF Zu N;n)(F) (puHij pﬁ")a,
where the first summation extends over transition counts F satisfying
lfif/n_gij(sy l)l < g, (i;j)ealy

and fi; = 0, (4, j) ¢ o', and, for fixed F, the second summation extends over
those w such that f;. — f.; = 6,, — 0:» for some v. Let K; be an upper
bound of the values of all determinants of order less than s having entries
in [0, 1]. Then K; < «, and it follows from Lemma 5.2 that

(5.12) 2 u(@)0.(e, 1) < sKipo e (TL70/11 £) AT p5i7)5,

where the F-summation is the same as before. The inequality (5.12) will
remain valid if we increase the range of the F-summation to include all s X s
matrices of nonnegative integers satisfying

i fi/n =1,
(513) Ifu/n - SU(& l) 1 < &, (17‘7) € 0_/
fis =0, (%,7) go'.
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In other words we drop the requirement that F satisfy fi. — f.s = 84 — i,
t=1,---, s, for some u and v.
We consider only those & such that

(5.14) £ < 1/2s".
If 4y and jo are appropriate functions of ¢ and I, with (%, 7o) e ¢’, then
(5.15) Eivio(&, 1) = maxg per £ii(e, 1) 2 1/ 2 &,

Now let T'(¢, I, n) be the s X s matrix with entries

tij(ey l; n) = [n(EiJ(e’ Z) + 8)]7 (’LJ .7) € UI; (% .7) # (7:07.70)
(516) tij(e, l, n) = 0, (1';.7.) £ 0',7
tioio(& 1, M) = 1 = D i =Gioso Lis »
where [x] denotes the integral part of x.

For any matrix F with nonnegative integral entries satisfying Diifii=mn

and fi; = 0 for (4, ) ¢ o', let Q(F) = (ILft/ (LLfest) ALp%i)*. Let
(2, 4) ed’ be distinct from (4, jo), and let F/ and F” be two matrices of
the above form satisfying

f’foio = f’:ofo -1
(5.17) fii = fi; +1
fuv = fuo if (u,v) # (4,7) and (u, v) = (4o, Jo)-

In other words, suppose F” is obtained from F’ by transferring one count
from (49, jo) to (4, ). Let Ky = maXemer Pus < ®©. Ifj = jo, then

(5.18) QUF")/QF") £ Ku(fis + 1)/fivio -

If j # Jo, then

(5.19) QUF)/QF") < Ka f'jo/fiais -

Suppose that

(5.20) | fia/n — (e, 1) | < &, (4,5) ed'.

If (5.20) and (5.18) hold, then
QUFN/QUE") = 2Ks fis/finiy S 4Ka(1 + §)/8" = Ko
by (5.14) and (5.15). If (5.20) and (5.19) hold, then
QF)/Q(F") £ 2K,/s" £ K.

Therefore Q(F')/Q(F”) =< K, if (5.17) and (5.20) hold. If n exceeds some
ni(e), then (5.20) holds for F/ = T(¢, I, n), where T'(¢, I, n) is defined by
(5.16). If F satisfies (5.13), then it can be carried into T'(¢, I, n) by at most
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2ne transformations of the form F' — F”. Moreover, every F’ encoun-
tered in the process will satisfy (5.20). It follows that

Q(F) = Ki"Q(T(e, 1, n)).

The number of matrices F satisfying (5.13) is at most (2ne)82. Thus by
(5.12) and the definition of V,(¢), we have, provided n = n;(¢),

(5.21) > u@)*:0.(e) £ 2ors sKi(2ne) K3 Q(T (g, L, m)),

where K; and K3 depend only on the p;; .
Now let

Ejj(E, l) = Eif(ey l) + g, (13‘7) 6‘7’: (T'y.]) # (ioajU))
Ehi(e 1) = 1 — 2 unwaio Eii(& 1),

and let £*(e, 1) be the vector with components (¢, 1). It follows from
(5.14) and (5.15) that £*(e, 1) lies in A and, in fact, has positive coordinates.
Moreover,

(5.22) | &g, 1) = &i(e, D) | < ", (4,5) e’
By the definition (5.16)
(5.23) limye, ti(e, [, n)/n = EZ’(‘(": D), (4,7) ed’.

Now fix o, e and . Since 2:-'}(8, ) > 0,t;(e,l,n) — ». Applying Stirling’s
formula to Q(T (¢, 1, n)) we have, asn — o,

n g Q(T(e, l,n)) = ad o n (e, I, n) lgpi;
- Zﬂ’ n—ltij(gy l: n) lg tij(e, la n)/t'i(ey l’ ’ﬂ) + 0(1)

From (5.23) it now follows that if v > 0 then there exists an n:(a, ¢, 7)
such that

n g QT (e, L, n) £ a2 Eii(e, 1) g pis
— 2o k(e D 1g (e, D/ei(8*(e, 1)) + 0, 1=1,2,-+, L,
provided n = na(e, €, 5). The functions
2o bislgpy and Do & lg Ei/ei(§)

being uniformly continuous on A, it follows from (5.22) that there is for
each 7 > 0 an &(7) such that if ¢ < &(9), then

2o Ei(e, 1) g piy S 2o Eis(8, 1) Ig iy + m,
(5.25) 2 £ii(e, D) lg Ei(e, D/ei(8%(e, 1)
2 X k(e 1) g £i(e, 1) /ci(8(e, 1) — .
If ¢ < e(n) and n = ny(a, & 1), then by (5.24), (5.25), and (5.2),

n g Q(T(e, I, n))
< (= 2o tii(e, D 1gpy) (H(E(e, 1):P) — ) + (2 + ).

(5.24)

(5.26)
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Now — D o &i(e, Dlgp; = mingpe(—lgpi;) = Ki' > 0, where
K, < « depends only on the p;;. If d = sups H(£:P), then from (5.26)

(5.27) n g Q(T(e, l,n)) £ Ki'(d — a) + (2 + a)n.
Given a > d, select 7 > 0 so that
(5.28) g Ky + Ki'(d — o) + (24 a)n < —1.

Then choose ¢ < min (1/2s*, eo(n), 7). If n = nale, ¢, n), it follows by (5.21),
(5.27), and (5.28) that

S u(0)%:0a(e) < L, sKy(2ne)* e ™.
From this (5.11) follows, and Lemma 5.3 is proved.

LemMa 5.4. Suppose {x,} is a regular Markov chain with transition matrix
P = (pi). If &EeB, then
dim N(¢) = H(¢:P),

provided Condition (C) 1s satisfied.

Proof. Some of the r;(£) may be 0. We will suppose the last s — s” of
them are: r;(§) > 0,7 < s” ;7:(¢) = 0,7 > s”. The s” X s” matrix Z with
entries given by z;; = &;/ri(§) if (¢, j) e o/, and by 2z;; = 0if (2, j) € o
(2,7 £ §”) is a stochastic matrix. If z = (r(§), -+, re+(£)), then 2Z = ¢,
and hence z is a stationary distribution for Z. Since all z; are positive,
there are no transient states. We will suppose for notational conven-
ience that there are two ergodic classes @ = {1, 2,---, '} and ® =
{s" +1,---,s"}. The cases of one or of three or more ergodic classes are
handled in the same way. Leta = 2 i1 & and b = D tjewi1£i;. Then
a,b>0,a+b=1.Let o, = max (2, [an]) and B, = max (2, [bn]).

For each n let (@, -, Gna,) be a sequence of states with

w1 = Qna, = 1, On1 € @, (Quiy Qn,141) €07,
and having transition count ™ = (f$7’) (4, j = 1, ---, §'), where
(5.29) |17 /an = Eii/a| = O(az).
Similarly, let (bu, -« -, bag,) be a sequence of states with
b = bug, = &' + 1, bu e ®, (bar, ba,141) €0,
and having transition count G = (¢{’) (4, j = & + 1,---, §”), where
|97 /an — &/ | = O(B").

It is easy to see that such sequences of states exist. Since P has only one
ergodic class, there exist sequences (¢, ---, ¢n) and (dy, -+, dn) with
¢ =dn=1,¢n = di = & + 1 and

(Cl,CH-l) 60”, (dl, dl+1) 60”, l = 1, cee, M — 1.
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Letvo =0and v, = s + -+ + an + B + -+ + B + 2n(m — 1).
Let U, consist of all y,-cylinders v = {w:zi(w) = €, 1 = 1, -+, v,} deter-

mined by sequences (e, -+, ey,) with the property that
(€yi41, """ 5 Eyrtar-1)
has transition count F*) (ey,4ai4m1, ", €yirairmss;) has transition
a+1

count G » (eyitars "y €yirartm) = (€1, *++, Cn), and

(e'yz+1—m+1 y T e’Yl+1) = (dl y T dm),
forl = 0,1, -+, n — 1. These sequences are exactly the ones which can
be constructed in the following way. Take ai, -+, an, by, ---, b, to be
sequences of states with transition counts F®, -, F™, @®, ..., G™, re-

spectively. Form the compound sequence
a; bras by - a, by

Each q; starts and ends with 1, and each b; starts and ends with s’ + 1.
Between each a; and b; insert (cz, -+, ¢ma), and between each b; and a;41
insert (dg, <+, dm-1).

Let J be the s X s partitioned matrix

0 Z;;l G(l) 0
0 0 0

Let J’ and J” be the transition counts of (¢;, -+, ¢n) and (di, -+, dn),
respectively. Finally, let K™ = (ki) = J™ + nJ’ 4+ (n — 1)J”. Then
any sequence (e, ---, ey,) satisfying the requirements of the preceding
paragraph has transition count K.

It follows by (5.29) that| > ;fi)/ 2t — &i/al =0 iaar)™
Since Z;;lfz(;) é Yn and 'Yn(a/zz;l oy — 1/'Yn) = 0(1), we have

| 200 2 fvn — Ei| = Ot )™

Similarly, | 27 97 /vn — &ii| = 0(21-18:)™". Since n/y, — 0, it follows
that

i [Z‘;‘=1 F(l) 0 0
J =

|5 /yn — £ ] = O(ya"), (1,7) ed’,

(5.30) o o
kij = 0’ (z) .7) go'.
Suppose (e1, €2, - -+ ) is an infinite sequence of states such that for each
n, (e, -+, ey,) has K™ as transition count. If H™ is the transition

count for (e, -+, e,), it follows from (5.30) and the fact that v, ~ n’/2
that | ki /n — &;| = O(n™"), (4, j) ec’. Recalling the definition of V.,
we see that N5—; V, < N(&). Therefore it suffices to prove

(5.31) dim N3 V. = H(¢:P).
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Let », be the number of v" of U, contained in a single v of V,;. Then
v, does not depend on v, and in fact », = N{*(F™)N#, (G™). From
this and Lemma 5.2 we have
RN P ) § HRYL O

7 (n)' -1 PG n) e84l .

Hi,j=1fij : Hi,j=s'+1 gii !

goes elementwise to the s’ X s matrix ¥ with entries y;;

Vp =

Asn — o, F™

given by

A

Yis = 85 — Lij/ri(E), 5,7 =8, (4,7) ed,
Yii = 0ij, 5,j =8, (4,7)¢d.
The upper left-hand s’ X s’ submatrix of Z (defined above) is an indecom-
posable stochastic matrix since @ is an ergodic class. It follows easily that

the transpose (I — Y)* of I — Y is an indecomposable stochastic matrix
with stationary distribution (r.(£), -, r+(£)). Since

Zi;lyu=0, J=1--,¢,
we have Y;; = Y.;and D say:;; Y.; = 0, = 1, -+, s by Lemma 4.1.
Since (I — Y)* has a unique stationary distribution, we must have

Y'j = k"j(’é), .7 = ]-) ] s

for some constant k. If k were 0, the rank of Y* would be less than s’ — 1,
which is impossible since I — Y* is indecomposable. Since F™ — ¥ ele-
mentwise, we have F'7’ — ¥.;. Because of its combinatorial significance,
F'P is positive, and hence k must be positive also. Thus FY goes to a
positive constant, and it follows that

(5.32) lim, an' g P§ = 0.
Now as n — « we have, by Stirling’s formula and the fact that
Diict i lg Eaifri(E) = Dtic Eiylg Eusfri(E)
since £ € B,
(533) o' lg IG5 s T YT At = = Xa a7 1g bus/ri(E) + o(1).

By (5.32), (5.33), similar expressions for the ¢{7’, and the fact that
an/(an + B,) — a, we have

(5.34) (an + Ba) Mg v = — Do £ilg £ii/ri(E) + o(1).
If v € Upy and v’ € U, and v, C v,_1, then
s’ (MYYs"’ (n)
p(@)/u@) = po im0 ol Iliimer i D357 = pa,

where Do = Dejey ** * Domorom Pdrds * * * Pim_1am 20d p, does not depend on
vandv'. Asn — o,

— s’ (n) s’ -
an lg [T5m Pl = 2t a7 5 1g pis + o(1).
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From this and a similar expression for the ¢}’ we get

(5.35) (an + B) Mg oo = Do £351g pis + 0(1).
Given o < H(£:P), choose ¢ so that
(5.36) 0 <e&< —320&;lgpi(H(EDP) — a).

By (5.34) and (5.35) there exists an ny such that if » = no, then

(an + ﬁn)_l lg Vn g - Za' Eii lg &;/7‘@(5) - &,
|20 £ lg pis — (an + Ba) g poa
It follows that if n = n, then

< e

1 g Pug *** Put
Yn — VYno—1 (Pno e Pn)1+a(vno et Vn)

an + Bn
Yn — Yno—1

= 4e — 2o b g pi — @ Do Eilg iy + Do Eislg Eii/riE).
Since the second term on the right goes to 0, and ¢ satisfies (5.36), there is
some n; = mp such that

L o)
Yo = Yno—1  (Png *** Pu) T (Wng =+ - Vn)

provided n = n;. Since v, ~ n°/2, it follows that (4.1) holds. There-
fore (5.31), and hence Lemma 5.4, follows from Theorem 4.3.

We now prove Theorem 5.1. With the definition (5.3) we clearly have
N(&) € M(§), M(S) € N(S),UsN(¢) € N(S),andUs M (&) < M(S).
It follows from Lemmas 5.3 and 5.4 and Theorem 4.1 thatU s N(§),U s M(§),
M(8), N(S) all have the same dimension, namely sups H(¢: P), and Theorem
5.1 is proved. It follows also for example that

dim U s M (&) = supsdim M (§),

< —¢

and if S is uncountable, we have an instance where Theorem 4.1 (iii) holds
with an uncountable index set.

The dimensions of a number of interesting sets defined in terms of the
asymptotic properties of the relative transition frequencies can be obtained
through Theorem 5.1. In each case (5.4) gives the answer, and there is
no more Hausdorff dimension theory involved. However, the supremum in
(5.4) may be difficult to compute.

Before proceeding to an example we recast Theorem 5.1 in a more sug-
gestive form.

THEOREM 5.2. Suppose that {x.} is a regular Markov chain with transition
matriz P = (ps;). Suppose that ¢ 1s a continuous mapping of A into some
regular space T. Suppose that G C T and ¢ 'G % 0. Then
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dim {w:¢(8(w, 7)) — G} = dim Ug{w:d(s(w, n)) — 7}

= sup (H(£:P):6(§) ¢ G},
provided Conditton (C) holds.

Proof. 1If v, € T, then by v, — G we mean that if G’ is any open set con-
taining @, then v, ¢ @ for all but a finite number of n. Let

S = {£:0(£) ¢ G}.

Since ¢ is continuous, ¢(&,) — G if and only if £ — S. Thus the theorem
follows from Theorem 5.1.

As an example of Theorem 5.2, take ¢(¢) = H(£:P). If 0 =y = 1 and
G = {v}, then the w set where

fim 2l m) g dile,n) _ p e, 0y p) = o

n->0 Zo‘ 61’:)’(""7 'ﬂ) 1g pij e
has dimension y. If we take G = [0, v], it follows that the w set where
lim, H(6(w, n):P) = v

and the w set where lim sup, H(6(w, n):P) = v each have dimension v also.
Further examples are given in §7.

In this section we have for simplicity confined ourselves to the regular
case. It is possible to reformulate Theorem 5.1 so as to include the case
of more than one ergodic class.

Since a Markov chain of arbitrary order can be reduced to one of first
order, it is clear that if {z,} is such a chain, and if M is defined in terms of
the asymptotic relative frequencies of occurrence of the various k-tuples of
states, then one can in principle write down the dimension of M.

6. A theorem on generalized derivatives

As before let (2, B) be a measurable space, and let {x,} be a sequence of
measurable functions. Suppose we have two probability measures p and »
on . We will denote dimensions computed with respect to u and » (and
{x,}) by dim, and dim, respectively. Now suppose that {z,} is a regular
Markov chain with respect to u and with respect to ». That is, suppose
that

IIA

UTnyr = uml{xz = u,l n} = Dununi1 >

V{x"*{"l = un+lllxl = U ) Z é n} = qunun+l)

where P = (p;;) and @ = (q.;) are regular stochastic matrices. We assume
that P and @ are distinct. Let the stationary probabilities corresponding to
P and Q be {p;} and {q.}, respectively. We do not assume however that
was = ¢} = piorvlw = 1} = ¢q;. We will assume that Condition (C) is
satisfied by {z.} together with g.
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For each weQand n = 1, 2, --- , let v,(w) be the n-cylinder

(w) = {0 12(0") = 2(w),l =1, -+, n}.
Now let

fu(w)

I

p(a(w))/v(va(w)) if »(va(w)) >0,
=0 otherwise.

Let f(w) be the Radon-Nykodym derivative of (the absolutely continuous
component of) u with respect to ». Of course f is determined only to within
a set of v-measure 0. It follows from the theory of derivatives (see Chapter
VII, §8, of [3]) that f.(w) — f(w) except on a set of v-measure 0. Since by
the strong law of large numbers for Markov chains (see Chapter V, §6, of
[3]) we have §;;(w, n) — p; ps; on a set of u-measure 1, and §,;(w, n) — ¢; ¢i;
on a set of »-measure 1, and since P # @, it is clear that x4 and » are singu-
lar with respect to each other. Hence f(w) = 0, and the limit

(6.1) limy e ¥ (00 (@) ) /p(vn(w))®

is © if @ = 1, except on a set of »-measure 0. On the other hand, the limit
(6.1) is 0 if @ = 0. Thus it is natural to investigate the set of « such that
(6.1) is O except on a set of »-measure 0. This amounts to finding a gen-
eralized Lipschitz condition.

TarorREM 6.1. Under the above assumptions there exists a sel E e ® such
that
(1) »(&) =1,
(i) dim, B = H(Q:P) =2 q: qij 18 qii/ 2= ¢: ¢:5 18 is
(iii) of w e B, then the lemit (6.1) equals 0 ¢f 0 = o < H(Q:P) and equals
o if a > H(Q:P).

Proof. Let E be the w set where 8;;(w, n) — ¢;¢;; . Then (i) follows
from the strong law of large numbers and (ii) from Theorem 5.1. Now
if w e B, then

2 (0a(w)) = v{o'122(e’) = m(w)} [Lij @ 8%,
and hence

(6.2) Ig v(va(w)) = n2 gi qis1g qij + o(n).
Similarly,
(6.3) Ig u(va(w)) = n2_ qiqis g pi; + o(n).

But (iii) follows immediately from (6.2) and (6.3).

If (Q, ®, {x.}, 1) constitutes the Lebesgue case, and » is a second prob-
ability measure on (2, ®) satisfying the above conditions, then Theorem 6.1
reduces to a result of Kinney [11]. In this case (iii) becomes an ordinary
Lipschitz condition.
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7. The independent case
We now specialize the results of §5 to the case in which the process {x,}
is independent. Let A’ be the set of vectors { = ({1, ---, ¢s) of s-space
such that ¢; = 0 and Y, ¢ = 1. Let p’ denote Euclidean distance on A’.
If 6:;(w, n) is defined by (5.1), and & (w, n) = (8i(w, n), --- , 8:(w, n)), then
8(w, n)ed. If ¢, ped, let HE:p) = D o ilgts/ 2 e tilgp:. For an
information-theoretic interpretation of H(¢:p) see §8. If 8 < A, let
M'(S) = {w:d(w, n) — S’}
N'(8) = {w:p'(§(w, n), 8) = O(n")}.
TarorEM 7.1. Suppose {x.} is an independent process with
iz, (w) =1 = p; > 0.
If 8" < A’, then
dim M'(S’) = dim N’(S’) = dim Ug M'(¢)
= dim Uys N'(¢) = sups H({:p),
provided Condition (C) holds.!
Proof. Let S be the set of £ e B such that (r(£), ---, r(£)) eS. It
follows from Theorem 5.1 that the sets listed in (7.1) have sups H(£:P) as

their common dimension, where P = (p;;) with p;; = p,;. Since a condi-
tional entropy never exceeds the corresponding entropy [14],

£ij £ij
Sono [~ o B B ] < - e o)

(7.1)

or, assuming £ € B,

— D ki lg Ei/ri(E) £ — 2. ri(E) Igri(8).

2o ri(E) g ri(f)
2o ri(E) lg s

On the other hand, if ¢ € 8, then (¢;¢;) ¢ S. Hence
sups H(§:P) = supy H(($i¢;):P) = supy H({:p),

proving the theorem.
Consider Theorem 7.1 with {; = p;, and suppose S’ consists of the single
point (p1, - -+, ps). We get

dim {w: | 8:(w,n) — p;| = 0(n™"),i=1,--+,s = 1.

Hence

sups H(£:P) =< supg

= supg H({:p).

4 A referee points out that in the Lebesgue case with s = 2and 8’ ={{:0 = &1 = «},
the dimension of M’(S’) has been obtained by A. S. BEsicoviTcH, On the sum of digits
of real numbers represented in the dyadic system, Math. Ann., vol. 110 (1934), pp. 321-
330.
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It is an immediate consequence of the law of the iterated logarithm [6] that

1/2

plo: [8:(w,n) — pi| = o(n7'lglgn), i =1,.--, 5 =0.

Thus if one considers the set where §;(w, n) — p; at a certain rate and then
increases the rate, the measure of the set drops to 0 long before the dimen-
sion drops below 1.

Theorem 7.1 can be specialized to the following one just as in §5.

THEOREM 7.2. Suppose that {x.} is an independent process with
plwiza(w) =1 = p; > 0.

Suppose that ¢ is a continuous mapping of A’ into some regular space I'.  Sup-
pose that G € T and ¢ 'G # 0. Then

dim {w:¢(8'(w, n)) — G} = dim Ug{w:¢((8'(w, n)) — 7}

= sup {H(¢:p):9(¢) € Gl,
provided Condition (C) holds.

We indicate briefly some applications of Theorems 7.1 and 7.2. In the
Lebesgue case with S’ consisting of a single point, Theorem 7.1 gives

2o tilgei/lgs™

as the classical Hausdorff dimension of the w set where 6;(w, n) — ¢; for each
1, a result originally due to Eggleston [4]. In [7] Good gives the dimension
of M'(¢) in the general independent case. Good’s formulation of the prob-
lem is somewhat different from the present one since he takes Q@ to be the
unit interval, ¢ to be Lebesgue measure, and then defines {x,} as what he
calls a “generalized decimal”.

If 0 <y < s — 1, let » be the root of Y25 (¢ — v)z' = 0 lying between
0and 1, and let f(y) = lg(1 + r + --- + ")/ lgs. Eggleston [5] has
shown in the Lebesgue case that the dimension of the w set where

limnz{c';l x(w)/n = v

is f(v). He has shown further that if y < (s — 1)/2, then f(y) is also the
dimension of the w set where lim, Y r 2x(w)/n < v. (A simplified proof
of this latter fact has been given by Kinney [11].) These results follow
from Theorem 7.2 if one takes ¢({) = D i=s ¢¢; and computes the supremum
involved by Lagrange multipliers. Theorem 7.2 then also gives f(y) as the
dimension of the w set where

lim sup, D _pey 2x(w)/n < v,

providedy =< (s — 1)/2, as well as results on the rate of convergence.
If T is Euclidean and ¢ is a linear transformation, ¢(¢) = Rt, we have as
a special case of Theorem 7.1

(7.2) dim {w: R (w0, n) — v} = sup {H({:p): Ry = v},
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assuming that y e RA’. A result essentially equivalent to (7.2) has been
obtained in the Lebesgue case by Volkmann [17, Part IV] under the addi-
tional assumption that the matrix R of the transformation has the special
property that in each column there is exactly one positive entry, the others
being 0. Volkmann’s result appears quite different from (7.2), even in the
Lebesgue case, because his method gives the supremum in a different form.
The equivalence of the two forms can be established by maximizing H (£:p)
subject to B¢ = v by the method of Lagrange multipliers.
As a final illustration, consider the set

T(y) = {w:— 2 im 6w, n) lgp; >},

where min;lg p7' < v < max;lgpi’. Ify = — 2 i p:lg p:, the entropy
[14]) of (p1, -+, Ps), it follows as a special case of the Shannon-McMillan
theorem [13, 14] that u(T(y)) = 1, so that dim T'(y) = 1. For general v
let r be the positive root of D sy (v + lg p:)p: = 0. Then in the general
independent case dim T'(y) = r +~7"D_ 51 pi. Again this result is obtained
by Lagrange multipliers.

8. Connection with information theory

Itp=(p, -, ps) and ¢ = (¢, -+, ¢s) are two probability distribu-
tions on ¢ = {1, 2, --- | s}, then, as in §7, define

H(g:p) =2 ¢:lg /> qilg i,

provided ¢; = 0 for any ¢ such that p; = 0. If p; = 1/s then H(q:g) be-
comes H(q) = —2 ¢ilg qi/ 1g s, the relative entropy of q [14].> For a general
p it is thus natural to call H(q:p) the relative entropy of q with respect to p.
Now Leibler and Kullback [12] define the function

I(g:p) = 2 q:1g (qi/p:)

and interpret it as the mean information per observation for discrimination
between p and ¢ when ¢ is the true distribution. They then define (in case
pi = 0if and only if ¢; = 0) J(g, p) = I(q:p) + I(p:q) as the divergence
between the distributions p and ¢.° It is a simple matter to show that

H(q:p) = H(q)/(H(q) + I(g:p)).

We now turn to the Markov case. Let P and @ be regular stochastic
matrices with stationary distributions p and ¢, where we assume that
gi; = 0if p;; = 0. Asin §5 we set

H(Q:P) = 3 i qi qi 18 qis/ 2245 91 4i5 18 Pis -
If p;; = 1/s, this becomes H(Q) = — D i ¢ ¢:;1g ¢:;/lg s, the relative

5 That the dimension, in the Lebesgue case, of the w set where §;(w, n) — ¢; , is this
relative entropy has been noted by Good [8] and Shannon [15].

6 Their definitions apply of course to distributions on spaces much more general
than o.
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entropy [14] of a Markov source with matrix . Such a source we will
denote by Q itself. Just as in the independent case, we take H(Q:P) to be
the relative entropy of @ with respect to P.

Suppose we want to decide whether a source is governed by @ or by P.
If we have received a number of symbols from the source, and the last one
is ¢, then according to the Leibler-Kullback definition, the mean amount of
information the next symbol from the source contains for making the de-
cision is ) ; ¢s; 1g (q:;/P:;), if the source is in fact governed by Q. Averaging

over 7 we have
I(Q:P) =D i qi qis 1g (qii/Pis)

as the information per symbol for discrimination between P and @ when
the source is actually @, an extension of the Leibler-Kullback notion. If
¢:; = 0 implies p;; = 0 as well as conversely, we may take

J(Q, P) = I(Q:P) + I(P:Q)

as a definition of divergence between P and . As in the independent case
it is easy to show that

H(Q:P) = H(Q)/(H(Q) + 1(Q:P)).

Let 0. be the set of sequences a = (a;, a», -+, a,) With a; eo. Let
™ be the distribution on o, defined by p™ (@) = Da; Paras * * * Pap_yan , a0d
define ¢ similarly in terms of Q. Then p'™ [¢‘™] simply gives the prob-
abilities of obtaining the various sequences of length n from the source P [Q)].
Let I(¢™:p'™) be the ordinary Leibler-Kullback function, and take

1(Q:P) = I1(¢™:p™).

One can show that lim, n 'I,(Q:P) = I(Q:P), a result well known in the
case p;; = 1/s[14].

We have shown that the dimensions obtained in the preceding sections all
have information-theoretic interpretations. The appearance of the supremum
in the theorems shows that a ‘“maximum-entropy principle’” is a central
feature of the theory.
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