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EXACT ALGORITHMS FOR p-ADIC FIELDS AND EPSILON
CONSTANT CONJECTURES

WERNER BLEY AND MANUEL BREUNING

ABSTRACT. We describe an algorithmic approach to prove or dis-
prove several recent conjectures for epsilon constants of Galois
extensions of p-adic fields and number fields. For this approach,
we must develop various algorithms for computations in Galois
extensions of p-adic fields which are of independent interest. Our
algorithms for p-adic fields are based on existing algorithms for
number fields and are exact in the sense that we do not need to
consider approximations to p-adic numbers.

1. Introduction

For computations in algebraic number fields, numerous algorithms have
been developed. These include not only algorithms for classical problems like
the computation of the ring of integers and its unit group and ideal class
group, but also algorithmic approaches to more complex topics in algebraic
number theory, for example class field theory. For a discussion of many of
these computational questions, we refer to the books [11] and [12]. Most of
these algorithms have been implemented and applied to numerically verify
(and in some cases prove) conjectures for number fields.

In contrast to the case of number fields, only few problems for p-adic fields
have been treated algorithmically. Before one can perform any p-adic com-
putations one has, of course, to deal with the important question how to
represent p-adic objects. The usual approach is to use suitable approxima-
tions together with a detailed analysis of the propagation of errors. However,
sometimes it is also possible to give precise representatives of p-adic objects,
and therefore to completely avoid any errors of approximation. It is this latter
approach which we further develop and apply in this paper.

Received May 8, 2007; received in final form August 3, 2007.
The second author was supported by EPSRC grant GR/S91772/02.
2000 Mathematics Subject Classification. Primary 11Y40. Secondary 11523, 11S25.

(©2009 University of Illinois

e


http://www.ams.org/msc/

774 W. BLEY AND M. BREUNING

We describe algorithms for some computational problems in Galois exten-
sions of p-adic fields. Our strategy is to represent a local Galois extension as
the completion of a global Galois extension. This has two advantages. First,
we can use many of the existing algorithms for number fields to perform com-
putations in p-adic fields. Second, taking global objects as representatives of
local quantities allows us to do exact computations in p-adic fields without
the need to consider approximations. Of course, not every local quantity has
a global representative, however, many interesting p-adic objects can be rep-
resented in this way. For example, in Section 4, we will see that all p-adic
objects which appear in a recent conjecture about local epsilon constants have
such global representatives.

Our motivation for this manuscript is to show that several recent conjec-
tures for local and global epsilon constants can be proved or disproved algo-
rithmically for infinite families of Galois extensions. It is in this context that
we must apply our methods for Galois extensions of p-adic fields. Our main
algorithm is for the local epsilon constant conjecture of the second author [9].

THEOREM 1.1. There exists an algorithm which for a given prime number p
and positive integer n proves or disproves the local epsilon constant conjecture
of [9] for every Galois extension L/Q, of degree n.

From Theorem 1.1, we then deduce that one can computationally prove
two well-known conjectures for global epsilon constants (Chinburg’s (2)-
conjecture [10] and the global epsilon constant conjecture of the first author
and Burns [5]) for infinite families of Galois extensions of number fields.

COROLLARY 1.2. There exists an algorithm which for a given positive in-
teger n either proves the global epsilon constant conjecture of [5] for every
Galois extension L/Q of degree n or finds a counterexample to the local ep-
silon constant conjecture.

COROLLARY 1.3. There exists an algorithm which for a given positive inte-
ger n either proves Chinburg’s (2)-conjecture of [10] for every Galois exten-
sion L/Q of degree n or finds a counterexample to the local epsilon constant
conjecture.

In general, our approach cannot be used to computationally disprove these
global conjectures. See Remark 4.1 for further details.

REMARK 1.4. Let E/F be a Galois extension of p-adic fields. If the local
epsilon constant conjecture is valid for some Galois extension L/Q, which
contains E/F as a subextension, then functorial properties imply that it is
also valid for E/F. Hence, it is no loss of generality if we restrict ourselves to
consider only Galois extensions of Q,. A similar remark applies to the global
epsilon constant conjecture and to Chinburg’s £2(2)-conjecture.
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Primarily, we consider Theorem 1.1 and its corollaries as theoretical results,
and therefore in this paper, we do not strive for efficiency in our algorithms.
However, increasing the efficiency and implementing these algorithms are in-
teresting challenges for future work. Many of the necessary intermediate steps
are of independent interest, for example the computation of local fundamen-
tal classes and the algorithms for relative algebraic K-groups, and developing
efficient versions of these subalgorithms will be important for a variety of ap-
plications. We expect that it will be possible to use efficient implementations
of our algorithms (possibly restricted to special classes of extensions, com-
pare Section 4.3) to prove special cases of the epsilon constant conjectures.
In recent work, Hooper and Wilson [18] proved Chinburg’s Q(2)-conjecture
for all Galois extensions L/Q with Galois group isomorphic to the quaternion
group of order 12. For this class of extensions, the global epsilon constant
conjecture of [5] is still open, and we consider these extensions as a first test
case for future implementations of our algorithms.

This manuscript is organized as follows. In Section 2, we explain how
representing local Galois extensions as completions of global Galois exten-
sions works. We then develop algorithms for some problems related to Galois
extensions of p-adic fields, in particular for the computation of local funda-
mental classes and local epsilon constants. In the algorithm for local epsilon
constants, we must apply a version of Brauer’s induction theorem. This is
treated algorithmically in Section 3, where we also describe other represen-
tation theoretic algorithms. The main objective in Section 3 is to discuss
computational questions in certain relative algebraic K-groups with coeffi-
cients in a p-adic field. This is done in Section 3.3 where we combine ideas
from Section 2 with the representation theoretic algorithms. We develop our
algorithmic approach to the local and global epsilon constant conjectures in
Section 4. In Section 4.1, we recall the main ideas of these conjectures and
we prove Corollaries 1.2 and 1.3. In Section 4.2, we then apply our results of
Sections 2 and 3 to prove Theorem 1.1. We conclude with some computational
remarks in Section 4.3.

Notations. We write Gal(L/K) for the Galois group of a Galois extension
of fields L/K. For a number field K, we let Ok denote its ring of algebraic
integers. If p C Ok is a prime ideal, then we write K, for the completion of K
with respect to p, and Of, for the ring of integers of K,. We write HY{(G,M),
i € Z, for the Tate cohomology groups of a finite group G and G-module M.
For any ring R, we let R* denote its unit group and ((R) its center.

2. Exact computations in local Galois extensions

In this section, we describe various ideas and algorithms which allow us to
perform exact computations in Galois extensions of p-adic fields using well-
known algorithms for number fields.
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2.1. Global representation of local Galois extensions. Let M be a
p-adic field, i.e., a finite extension of the p-adic numbers Q,. To perform
exact computations in M, it is convenient to represent the field M as the
completion of a number field. A pair (K,p) where K is a number field and p
is a prime ideal of Ok will be called a global representation of M if there
exists a continuous isomorphism from M to the completion K,. Every p-adic
field M has a global representation (K,p). Note however, that (K,p) and the
isomorphism M = K, are not uniquely determined by M.

To be able to work in an extension N/M of p-adic fields, we need compatible
global representations of M and N. We call (L,J8) an extension of (K,p), in
symbols (L,'B)/(K,p), if L/K is an extension of number fields, 3 is a prime
ideal of Oy, which lies over the prime ideal p of Ok, and [L: K] = [Ly : K,].
Clearly, in this case, P is the unique prime of L lying over p. We say that
an extension (L,)/(K,p) is a global representation of the extension N/M, if
the extension L /K, is isomorphic to N/M, i.e., if there exists a continuous
isomorphism N = Ly which restricts to an isomorphism M = K.

LEMMA 2.1. Ewvery extension N/M of p-adic fields has a global represen-
tation (L, %)/ (K p).

Proof. Let (K,p) be a global representation of M. It follows from Krasner’s
lemma that there exists a polynomial f(z) € K[x] such that f(z) is irreducible
over K, 2 M and N = M(a) for some root a of f(z) in N (compare [19,
Ch. III, Section 4, Exercise 4]). The field L = K[z]|/(f(z)) has the required
properties. O

If (L,B)/ (K, p) is a global representation of a p-adic Galois extension N/M,
then the extension L/K is not necessarily Galois. The computation of the
action of Gal(N/M) on N/M is considerably easier if L/K is itself Galois. The
following lemma shows that it is always possible to find a global representation
with this additional property.

LEMMA 2.2. Let (L,'B)/(K,p) be an extension such that Ly /K, is Galois.
Then one can compute a global representation (L',B")/(K',p’) of Ly /K, such
that L' /K’ is Galois.

Proof. Let L' be a Galois closure of L over K. Using the assumption that
Ly /K, is Galois, it is not difficult to show (for example by choosing the Galois
closure of L/K inside the completion Lgy) that P is completely split in the
extension L'/L. Hence, if we fix a prime P’ of L" above P then Ly, = Ly.
Let K’ be the decomposition field of 98’ in the extension L’'/K and p’ the
prime of K’ below P’. Then the extension (L', P’)/(K’,p’) has the required
properties. O
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We call an extension (L,B)/(K,p) Galois (resp. Abelian) if L/K is Galois
(resp. Abelian). Note that if (L,P)/(K,p) is Galois, then Ly/K, is also
Galois and Gal(L/K) = Gal(Ly/K,).

REMARK 2.3. The proof of Lemma 2.2 involves various operations for Ga-
lois extensions of number fields. It is well known that all these operations
can be done algorithmically, however, for completeness we sketch some naive
algorithms for these problems. To compute the Galois closure of the extension
L/K, we choose a primitive element o of L over K and let f(z) € K[z] be
its minimal polynomial. We then factorize f(x) in L[x] by [11, Alg. 3.6.4].
If all factors of f(x) are linear, then L/K is Galois, otherwise we adjoin a
root 3 of a nonlinear factor to L, and repeat the process with the extension
L(B)/K. To find a primitive element for L(3)/K, one can for example use
[12, Alg. 2.1.11].

The Galois group of the extension L’/ K can be computed as a permutation
group on the roots of the minimal polynomial of a primitive element. Indeed,
if L' = K(n), then we only have to factorize the minimal polynomial of 7 in
L'[z] using [11, Alg. 3.6.4].

The decomposition group G of P’ in the extension L’'/K can be computed
as G={oeGal(L'/K): o(a;) € P for all i =1,...,n}, where as,...,a, are
generators of the Og-module P3’. The decomposition field K’ is the subfield
of L' fixed by G. If L’ = K(n), then K’ is generated by the elementary
symmetric functions in {n? : o € G} and is therefore computable.

These naive algorithms suffice to perform the necessary computational
tasks in Lemma 2.2 and in later sections. However, there are more efficient
algorithms for the computation of splitting fields and Galois groups (see for
example [2], [28], and [14]), and suitable versions of these methods should be
used for implementations of our algorithms.

REMARK 2.4. We have shown that given a p-adic Galois extension N/M
there always exists a Galois extension (L,)/(K,p) such that Ly /K, = N/M.
For computational purposes, it would be desirable if the field K (and therefore
also L) had small degree over Q. If p is odd, then the results of Henniart [16]
imply that there exists a Galois extension (L,B)/(K,p) such that Ly /K, =
N/M and [K: Q] =[M: Q,]. However, it is not clear to us how to make
Henniart’s arguments computationally explicit.

2.2. Ramification groups and Frobenius automorphism. Let (L,B)
be a global representation of a p-adic field and vy, : L;3 — 7 the normalized
valuation of the field L. If z € L™ C L%, then v, (7) is the exponent of 8 in
the prime ideal factorization of the principal ideal (z) of L, and can therefore
be computed by [11, Alg. 4.8.17]. An element m € L* is a prime element in
Ly if and only if vr, (7) =1, so in particular any = € P\ P2 is a prime in
L.
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Now, let (L,98)/(K,p) be a Galois extension and let G = Gal(L/K) &
Gal(Ly/K,) be its Galois group. Recall that for a real number s > —1 one
defines the ramification group G of the extension L /K, to be

Gs={oceG v (ca—a)>s+1forallacOp,}.

In particular, G_1 = G. To compute the groups G5 we first compute Og-
generators ai,...,an of Op. Then ai,...,a, also generate O, as Ok,-
module, and hence

={0€G:vpy(0a;—a;)>s+1foralli=1,... ,n}.

Note that for an integer s > —1 the condition ULy (ca; —a;) > s+ 1 is equiv-
alent to oa; — a; € P+, and is therefore easy to verify computationally.

The group Gy is the inertia group of the extension Lg/K,. An element
o € G maps to the Frobenius automorphism in G/Gy if and only if ca; —
aLOK/p‘ ePforalli=1,...,n (where ay,...,a, are Og-generators of Oy, as
above). Clearly, such a ¢ can be found computationally. If M = L and py,
is the unique prime of M above p, then (M,pyr)/(K,p) is a Galois extension
which represents the maximal unramified subextension of Ly /K,.

2.3. Local class field theory computed globally. Let (L,B)/(K,p) be
an Abelian Galois extension and G = Gal(L/K) = Gal(Ly /K, ). We want to
perform class field theoretic computations for the local extension Ly /K, by
using methods from computational global class field theory for the extension
L/K.

The conductor of the extension Ly /K, is the p-part of the conductor of
L/K. Tt can therefore be computed using [12, Alg. 4.4.4]. Similarly, if y is
an Abelian character of G, then the conductor of x considered as a character
of Gal(Lg/K,) is the p-part of the conductor of x considered as a character
of Gal(L/K). The conductor of y can therefore be computed as the p-part of
the conductor of L¥*X) /K

Finally, we can compute the local norm residue symbol (o, Ly/K,) €
Gal(Ly/K,) = G for an element o € K* C K, using [1, Alg. 3.1]. We re-
mark that this algorithm is again based on computational global class field
theory because it computes the local norm residue symbol (¢, Ly /K,) as a
global Artin symbol (a,L/K) € Gal(L/K) = G for a suitable ideal a of K.

2.4. Computing the local fundamental class. Let (L,B)/(K,p) be a
Galois extension with Galois group G = Gal(L/K) = Gal(Ly/K,) (not neces-
sarily Abelian). Recall that the local invariant map is a canonical isomorphism
H?(G, L ) = |G|Z/Z and that the preimage of \GI +Z in H*(G, Ly ) 1s called

the fundamental class of the extension Lgz/K,. Let U} (") denote the group
of n-units in Ly (with U} (O =0;f ) In this subsectlon we describe an al-

gorithm that for any glven n>0 computes a 2-cocycle G x G — Lm/U(n
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which represents the image of the fundamental class under H 2(G,L%) —

H%G,L%/Ué’;}). Note that the finitely generated G-module L%/Ug;? can
be computed globally. Indeed, if m € L is a prime element in Ly, then
it is not difficult to explicitly describe the action of G' on 7% x (Op /P")*
for which the isomorphism of Abelian groups Ly /U g;) =¥ (Ofm JU g;)) =
72 x (O /P")* becomes G-equivariant.

Locally we would like to take the compositum of the extension Ly /K, and
the unramified extension of K, of degree |G|. To obtain a global representa-
tion of this situation, we proceed as follows. Let M = L% be the maximal
extension of K in L that is unramified at p, and write p,s for the unique prime
of M above p. Let (N,pn)/(M,par) be an extension (not necessarily Galois)
such that Ny, /M,,, is the unramified extension of degree |G|/[M : K]. Then
the compositum LN has a unique prime pry lying over p and (LN),,  is
the required compositum of Ly and the unramified extension of K, of degree
|G|. Thus, we have constructed the following diagram of extensions:

(LN,prN)

(L,B) (N,pn)

(1) |
(MapM

(K, p)

Now, we apply the method of the proof of Lemma 2.2 to the extension
(LN,prn)/(K,p) and obtain a Galois extension ((LN)',prny)/(K',p’), such
that K C K, LN C (LN)', and (LN),, /K, = (LN);,(LN),/K{J,. A simple
ramification argument shows that LN and K’ are linearly disjoint over K. If
we form the composita L'’ =LK', N'=NK', and M’ = MK’ in (LN)’, then
(LN) = L'N’ and diagram (1) lifts to the diagram

AN

(L'N",prn)
]
(L', 9" (N, pnv)
|
(M’ pwmr)
|
(K',p")

in which all extensions are Galois. The inclusion of the Galois extension L/K
into the Galois extension L’/K’ induces an isomorphism of Galois groups
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G = Gal(L'/K') and an isomorphism of G-modules L§§/UXQ = L’%/Ugl)/,
and therefore also an isomorphism of cohomology groups ¥

(G, L /UY) = 1 (Gal(L’/K’),L’X,/U(T,z/).

It follows that if we can compute the required 2-cocycle for the extension
(L',B")/(K',p"), then we can also compute such a 2-cocycle for (L, B)/(K,p).
Hence, it suffices to consider the situation where all extensions in diagram (1)
are Galois. We will assume this from now on. To simplify the notation, we will
simply write p for all the prime ideals appearing in (1); it will always be clear
from the context which of the prime ideals is meant. Let I' = Gal(LN/K), H =
Gal(LN/L) and C = Gal(N/K). Note that the extension N, /K, is unramified
and that therefore C' is a cyclic group which is generated by the Frobenius
automorphism.

LEMMA 2.5. The inclusion L, C (LN); induces an isomorphism of G-

modules Ly /Ug:) = ((LN)pX/U((Z;\/)p)H' The inflation map

e (n) 2 (n)
inf : H(G. Ly /USY) — H? (L. (LN); /USX, )
1s 1njective.

Proof. We first note that the extension (LN),/L, is unramified, and that
therefore

(2) H'(H,U{}\,,) =0 forallicZ

by [22, V.1.2] and [23, 1.1.7.5]. In addition, U}") = (U{}'), ). Now, consider

the short exact sequence of I'-modules

0= Ulihy, = (LN)Y = (LN)} JU( N 0.

Taking H-invariants, we obtain the long exact cohomology sequence

n n H
0— U£p> — LY — ((LN)} /U(<L3V)p)

— H'(H, U\, ) = HY(H,(LN)y) = H* (H,(LN)} /Uy )

)

Hence, equation (2) for ¢ =1 implies that we can identify the G-modules

L;;/Ug:) and ((LN);/U((ZJ)V)F ), and Hilbert’s Theorem 90 and equation (2)

for < = 2 imply that H'(H, (LN)y /U((zgv)p) =0. Now, we deduce the second
statement of the lemma from [26, VII, Section 6, Prop. 5]. O
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We now consider the following commutative diagram:

H2(C,Ny)
H2(G, L) e H2(T, (LN);)
H2(G, L} U ”>) B H2(T, (LN)} /U<ZN)p)

In the group H?(L', (LN);), the image of the fundamental class of L, /K, un-
der inf : H*(G, L, ) — H*(I', (LN);) and the image of the fundamental class
of Np/K, under inf: H?(C,Ny) — H?*(,(LN),) coincide because
[LN : L] = [LN : NJ, cf. [26, XI, Section 3 and XIII, Section 4]. Since by
Lemma 2.5 the bottom horizontal map is injective, we can compute the image
of the fundamental class of L,/K, under H*(G, Ly ) — H*(G, L) /Ug;)) in
the following three steps:

1. Find the fundamental class of N, /K, in H*(C,N,°).

2. Compute its image under the composite homomorphism

inf
H?(C,N,) = H*(L, (LN);) — H*(T, (LN);S /ULN) )-
3. Find the preimage under the map
n inf n
H(G, Ly /UY) =5 HA(T, (L) U )

We have to explain how these steps can be accomplished computationally.
For that purpose, we will represent all cohomology classes by inhomogeneous
cochains.

STEP 1. Let m € K be a prime in K, and ¢ € C' the Frobenius automor-
phism. For 0 <4,j < [N : K], define a map v: C' x C'— N* C N, by
i 1 ifi+j<[N: K],
V(' ¢?) = D
m ifi+j>[N: K]

Then a direct computation shows that - is a 2-cocycle, and using the definition
of the local invariant map (see e.g., [23, Ch. VII, Section 1]) it is not difficult
to verify that it represents the fundamental class in H?(C, N,‘) (alternatively,
see [20, §30, Section 4 and §31, Section 4]).

STEP 2. The image of the cohomology class of v under

H(C,Ny) 25 HA(T, (LN);) — H2(D, (LN) U7 )



782 W. BLEY AND M. BREUNING

is represented by the 2-cocycle 7/ which is the composite
DxT—CxCL NS = (LN)Y = (LN)S /UGN

Since the values of « lie in N*, we can compute ' using the global represen-
tations of the p-adic fields.

STEP 3. We now must find a cocycle 7" : G x G — Ly /Ug:) whose co-
homology class is mapped to the cohomology class of ' under the inflation
map H?(G, L) /Ug:)) — H*(T, (LN),,X/U((ZJ)\,)p ). This can be achieved by ex-
plicitly computing the (inhomogeneous) standard resolution of the G-module

Ly/ U](f:) and of the I'-module (LN),/ U((ZJ)\/)F , and by describing the inflation
map in terms of these resolutions. All Abelian groups in the standard reso-
lution and all homomorphisms (i.e., the boundary homomorphisms and the
inflation map on cochains) can be computed effectively. Therefore, we can
apply the algorithms for finitely generated Abelian groups in [12, Section 4.1]

to compute the required cocycle v”.

REMARK 2.6. For any implementation of our algorithms, the efficiency
of the computation of the local fundamental class will be of particular im-
portance. It would be interesting to see whether existing methods for the
computation of group cohomology (as described for example in [17]) can be
used in our context where the structure of the relevant cohomology groups is
known, so that the main issue is the computation of the invariant map.

2.5. Computation of local epsilon constants and Galois Gauss sums.
It was shown by Langlands and Deligne [13] that global epsilon constants (i.e.,
the factors which appear in the functional equations of Artin L-functions)
can be expressed as products of local epsilon constants. While the proof of
the existence of local epsilon constants is sophisticated, their computation
is comparatively easy. Below, we will quickly recall how the computation of
local epsilon constants can be reduced to the computation of Artin conductors
and local Galois Gauss sums. We will then give the explicit definition of local
Galois Gauss sums in the Abelian case and show how we can use their well-
known functorial properties to compute them in the general case by applying
Brauer induction (in degree zero). Our standard reference for the definition
and properties of Artin conductors and Galois Gauss sums is [21, Ch. II].

Let (L,B)/(K,p) be a Galois extension and G = Gal(L/K) = Gal(Lyg/K,).
The local Galois Gauss sum of a complex valued character x of G will be
denoted by 7(x) =7(Lg/Ky,x) € C* and the Artin conductor by f(x) (this
is an ideal of K, which we can identify with a power of the ideal p in K). From
7(x) and f(x), we can obtain the local root number W (x) = W (Lyg/K,, x) by
the equation
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cf. [21, Ch. II, Section 4]. In fact, from 7(x) and f(x) one can also compute
the epsilon constants e(y,,dz) defined in [13] for any nontrivial additive
character ¢ and Haar measure dx on K,. Indeed, the formulas [13, (5.3),
(5.4)] allow us to reduce to the case where ¢ is the standard additive character
and dx is the Haar measure which is self-dual with respect to v, and in this
case the local epsilon constants €(x,,dx) can be expressed in terms of W ()
and f(x) (using [13, (5.5)] and W (x) = e(xw1/2,%,dx)). In order to compute
local epsilon constants, it is therefore enough to compute Artin conductors
and local Galois Gauss sums.

By definition, f(x) = p") where n(x) = i, I‘g;‘l codim(V,F). Here, Vy

is a C[G]-module affording the character x. Since dim(VXGi) =la;sxla:) s
where (-,-)¢, denotes the usual scalar product on characters, we can easily
compute f(x) by applying the results of Section 2.2. Often the values of
the character y will not be given as complex numbers but as elements of a
sufficiently large number field F which is not canonically embedded into C.
We remark that the definition of () also makes sense for these E-valued
characters.

In the remainder of this subsection, we explain the computation of local
Galois Gauss sums. We first observe that the values of all characters x and
the local Galois Gauss sums 7(Lg /Ky, X) are complex numbers which are
algebraic over Q. This allows us to replace C by a sufficiently large number
field E. More precisely, let E be a number field which satisfies

(a) F is a splitting field for all subgroups of G (so, in particular, we can apply
the results from Section 3.1),

(b) E contains a fixed primitive p‘-th root of unity (¢, where ¢ is sufficiently
large (see Remark 2.7 for a precise statement).

For an E-valued character x of G, we define the F-valued local Galois Gauss
sum to be 171 (7(Ly /Ky, 0 X)), where ¢: E < C is any embedding which
sends (pt to exp(2mi/p’) (here i =+/—1 € C is fixed once and for all). It
follows from [21, Ch. II, Theorem 5.1] that this definition depends only on
the fixed p’-th root of unity (,+ € E. In the following, all characters and local
Galois Gauss sums are E-valued, and to simplify the notation we will always
write 7(Lg /Ky, x) instead of ¢ (7(Lg/Kp,t 0 X)).

Next, we explain how we can compute the standard additive character of a
p-adic field which is given by a global representation (M,p). Recall that the
complex valued standard additive character M, — C* is the composite of the
following maps

€)) (2)

3 4
Mp—’Qp_’Qp/ZPQ)Q/ZQ’CX

where (1) is the trace Tryy, /q,, (2) and (3) are canonical and (4) is the com-
plex exponential map x + Z + exp(2mix). Let Dy, denote the different of
the extension M,/Q,. We define the E-valued standard additive character
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Y, 10”&7)];[1p — E* to be the composite of the inclusion p’tD;/[lv < M, the
complex valued standard additive character M, — C* and ¢~!, where again
t: E— C is any embedding which sends (,¢ to exp(27i/p"); note that we can
use 1~ because Tryy, /g, (p_tD;jp) Cp 'Z,.

For ze M ﬂp’tDIT/Ilp, we can compute Yy, (2) as follows. Let I be any
Galois extension of Q which contains M, and fix a prime q of F' lying above
the prime p of M. Let G = Gal(F/Q), H = Gal(F/M), and write Gy and Hq
for the decomposition subgroups. Then any set {o1,...,0;} of representatives
of Gq/Hq is a full set of embeddings {0 : M, — Fy}. Hence, Try, g, (2) =
22:1 0i(2) € FNQ, = FY% can be computed globally. Next, we have to find
r € Z|p~1] such that

Tra, /g, (2) —r€Z,NF={xcF% :u,(x)>0}.

This can be achieved by a finite search because there exists such r with r €
{Z:a=0,...,p" —1}. In this way, if r = %, we obtain
P P

W, (2) =1 (exp(2mir)) = G-

Next, we describe how the computation of the local Galois Gauss sum
T(Lyp /Ky, x) € E for an E-valued character x of G can be reduced to the
computation of local Galois Gauss sums for certain Abelian subextensions.
To simplify the notation, we write M}, in place of Mpnys for any intermediate
field M of L/K. For each subgroup H of G, we let 1y denote the trivial
character. Using the algorithm in Section 3.1, we can write

(3) X=x(Wle= Y ¢y indf(e—1m)
(H,p)

where each pair (H, ) consists of a subgroup H of G and a linear character
@ of H. Since the local Galois Gauss sums are additive, inductive in degree 0,
and equal to 1 for the trivial character, we have

T(Ly/Kp, x) = 7(Ly /Ky, x — x(1)1c)

- H T(LP/Kp,indg(sp_1H))C(H,¢)
(H,¢)

=[] 7@/ (L), 0) "

(H,p)

It therefore suffices to compute 7(Ly/M,,¢) where M is an intermediate field
of L/K and ¢ is a character of Gal(L/M) of degree one. If N = L**"(#) then
T(Lp /My, p) =7(Ny /My, ). Thus, we are reduced to the Abelian case.
Suppose now that (N,p)/(M,p) is Abelian and that ¢ is a character of
Gal(N/M) of degree one. We set s = v (f(¢)), and compute an element c € M
which generates the ideal f(¢)Das, of Opr,. Note that s and ¢ can be computed
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globally. The local Galois Gauss sum 7(N,/M,,¢) is given by the explicit
formula

(4) T(Np/MpaSO):Z@(<%va/Mp>)1/}Mp(%),

xr
where 2 runs through a set of representatives of OIT/[p modulo U ](\/2 . These rep-

resentatives can be computed globally because O]T/Ip / U](\Z > (Op/p)*. The

local norm residue symbols (y, N, /M,) for y € M* C M, can be computed
by Section 2.3, and the values of ¢y, can be computed as explained above.

REMARK 2.7. The integer ¢t must be sufficiently large to ensure that 1z, (%)
in (4) is defined, i.e., we must have z/c € p*tDIT/[lp. An easy calculation shows
that this is satisfied if ¢ > Z77*77~ where e(M,/Q,) is the ramification index
of the extension M,/Q,. Hence, ¢ must be an integer which satisfies t >

e((i’gf(,f—% for all pairs (H, ¢) with c¢(z ) # 0. In particular, we can determine

a suitable t as soon as (3) is computed.

2.6. Computation of (integral) normal bases. Let (L,B)/(K,p) be a
Galois extension and G' = Gal(L/K) = Gal(Lg /K,). Our intention is to com-
pute an element a € L that generates a normal basis of the extension Ly /K,
i.e., such that {o(a): 0 € G} is a basis of Ly as Kp-vector space. Applying
an algorithm of Girstmair [15], we compute a normal basis element a € L for
the global extension L/K. Since Ly = L @k K, = LK, the element a also
generates a normal basis for Ly /K.

Now, assume that Ly /K, is at most tamely ramified. Then by a theo-
rem of Noether the ring of integers Oy, is a free Ok, [G]-module of rank 1.
In this situation, we want to compute an integral normal basis, i.e., an el-
ement a € Or,, such that {o(a): o € G} is a Ok,-basis of Or,. Since
OL, is a free Ok, [G]-module, it follows that Or,, /pOr, = Or/pOy is a
free (Ok, /pOk, )[G] = (Ok /p)[G]-module. If a € O, is any element with the
property that the image of a in O /pOy is a basis of O /pOy, as (Ok /p)[G]-
module, then a generates an integral normal basis of Or, by Nakayama’s
lemma. Since Op,/pOy, is finite, such an element a € Oy, can be found com-
putationally.

3. Algorithms for representation theory

In this section, we develop algorithms which are representation theoretic
in nature. One of these algorithms was already used in Section 2.5, and the
other algorithms are needed for Section 4.

3.1. Computational Brauer induction. Let G be a finite group and F
a finite extension of Q which is a splitting field for every subgroup of G.
A sufficient condition for this to be satisfied is that E contains the mth roots
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of unity where m is the exponent of G, cf. [25, Section 12.3, Theorem 24]
or [20, Section 33, Satz 15]. In the following, all the (virtual) characters we
consider have values in the field E. We write R(G) for the group of all virtual
characters of G, and Irr(G) for the set of irreducible characters.

By Brauer’s induction theorem, every virtual character xy € R(G) can be
written (in general nonuniquely) as

(5) X= D i) ndF (),
(H,p)

where (H, ) runs through all pairs consisting of a subgroup H of G and a
one-dimensional character ¢ of H, indfl(go) is the induction of the character ¢,
and the coefficients ¢y ) are rational integers. For a given x € R(G) we want
to compute such coefficients c(g ).

First, note that for any subgroup H of G we can represent a virtual char-
acter ¢ € R(H) as a function from the conjugacy classes of H to E. This
representation also allows us to compute the induced character indg(cp). The
set Irr(G) of irreducible characters of G can be computed, for example using
the Dixon—Schneider algorithm. It is well known that Irr(G) is a Z-basis of
R(G), and that for any x € R(G) we can easily compute the coefficients with
respect to this basis using the scalar product of characters.

Now given x € R(G), we can compute coefficients c g, € Z as in (5) as
follows. We let Irr(G) = {x1,...,Xxr} and compute coefficients b; € Z such
that x =>_;_; bix;. For each pair (H,¢), we compute coefficients a(g,,; € Z
such that ind% () =37, a(m,p),iXi- Then we obtain coefficients c(g,,) as an
integer solution of the system of linear equations

Z A(H,p),iC(H,p) = bis 1=1,...,7.

(H,p)
To find such an integer solution we apply the Hermite normal form techniques
of [11, Section 2.4].

REMARK 3.1. Alternatively, one can compute canonical coefficients ¢z )
by using Boltje’s Brauer induction formula, cf. [7].

In Section 2.5, we applied the following variant of Brauer’s induction the-
orem. Let y € R(G) be of degree 0. We denote the trivial character of a
subgroup H of G by 1p. There exist rational integers c’( H.p) such that

X= D luyindfi(e —1n)
(H,¢)
where again (H,¢) runs through all pairs as above (cf. [25, Exercise 10.6]).

Obviously, with a slight variation of the argument above, it is possible to
compute coeflicients c’( H,e) in this situation.



EXACT ALGORITHMS AND EPSILON CONSTANT CONJECTURES 787

3.2. Computing reduced norms. As in Section 3.1, we consider a fi-
nite group G and a finite extension E of Q which is a splitting field for
every subgroup of G. For a € E[G]*, we want to compute the reduced norm
nr(a) € [, eqpg) £ which is defined as follows. Let E[G] =[], crp(a) Ax
be the Wedderburn decomposition of E[G] and a = (ay)yemr(c) under this
decomposition. Then nr(a) = (nra, /e(ay))yenr (@), Where nry /p(ay) € EX
is the reduced norm of the element a, in the central simple E-algebra A, .

For every character x of G, we define Det,(a) € EX by Dety(a) =
det(T (a)) where T : G — GLy1)(E) is a representation with character x (ex-
tended linearly to T\, : E[G] — Mat,1)(E)). Since Dety, 1, (a) = Det,, (a) -
Det,, (a), we can define Det,(a) for a virtual character x. Now, if a =
(ax)yemr(a) is as above, then for x € Irr(G) we have nry /p(ay) = Dety(a).
However, for given x € Irr(G) it is in general a very difficult problem to com-
pute an explicit matrix representation Ty : G — GL,1)(E) with character x.
We use Brauer induction to reduce the computation of Det, (a) to the com-
putation of Dety(a) for characters ¢ for which we can easily compute corre-
sponding matrix representations.

More precisely, let x € Irr(G) and use the algorithm from Section 3.1 to
compute integers c(m ) such that x =3y ) c(i,e) ind% (), where (H, )
runs through pairs of subgroups H of G and one-dimensional characters ¢
of H. Then

nra, /e(ay) =Dety(a) = H Detipqg (o) (@) ).
(H,)
It is not difficult to compute Dety,q¢ (,,)(a) because ¢ is one-dimensional and
we can therefore easily construct an explicit matrix representation with char-
acter ind% () (for example by using [25, Exercise 3.5]).
We will also need the reduced norm map

Ki(E[G) ™ [ E*
x€lrr(G)
Explicitly, if A = (a;;) € GL,(E[G]) represents an element a € K;(E[G]),
then we set Det, (a) = det(Ty(A)) for each character x of G, where T} (A4) =
(Ty(aij)) € GLyy1)(E). Then one has

nr(a) = (Dety (a)) yerr(q)-
Since again Dety, +,(a) = Det,, (a) - Det,, (a), we can proceed as above and
use Brauer induction to compute Det, (a) for x € Irr(G).

3.3. Computations in relative algebraic K-groups. Let G be a finite
group and E a finite Galois extension of Q which is a splitting field for every
subgroup of G. Let p be a prime number and fix a prime ideal Q of E over p.
In this subsection, we discuss computational questions in the relative algebraic
K-group Ko(Z,[G], Eq). We refer the reader to [27, p. 215] for the definition
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of this group in terms of generators and relations, and to [5, Section 2] or [9,
Section 2.2] for a summary of some of its properties.

First, we recall that there exists the following commutative diagram with
exact rows:

Kl(Zp[G]) - Kl(QP[GD - KO(ZP[G]?QP) —0
Z.

We also recall that for a semilocal ring R the canonical map R* — K;(R)
is surjective. In particular, we have epimorphisms

(7) Lp|G) — Ki(Zy[G]),  QplGT — E1(Q[G])-

From diagram (6), it is clear that tuples (ay)yenr(G) € [ £ C
e EJ represent elements in Ko(Zy[G], Eq). Note that in general not
every element in Ko(Zy[G], Eq) is represented by a tuple (ay)yemnr(c) With all
ay € E*, but we shall see that all the elements we are interested in have this
property.

If P and @ are finitely generated projective Z[G]-modules and ¢ : PQ E —
Q ® E is an isomorphism of F[G]-modules, then we obtain an element [P ®z
Zy,p @p Eq,Q ®z Z,y] in Ko(Z,y|G],Eq). This element has a representative
in HI”(G) E* which can be computed as follows. Since P is projective over
Z|G], we know that P ® Z, is free over Z,[G] and we can therefore compute
elements e1,...,e, € P such that e; ® 1,...,e, ® 1 € PR Z,, is a Z,[G]-basis
(this is a finite problem because by Nakayama’s lemma any lift of a (Z/pZ)[G]-
basis of P/pP works). Similarly, we can compute f1,...,f, € @Q such that
il fn®l1eQ®Z, is a Zy|G]-basis of Q ® Z,. With respect to these
bases, we then express the isomorphism ¢ as a matrix A in GL, (E[G]). The
triple [P ® Z,, p @ Eq,Q ® Z,] is represented by nr(A) € ler(G) E*, which
can be computed as described at the end of Section 3.2.

From (6) and (7), we derive that the element represented by a tuple (a,) €
[Tie) B C ey B4 lies in the subgroup Ko(Z,[G],Qy) of Ko(Z,[G], Eq)
if and only if (ay) lies in the subgroup nr(Q,[G]*) of [}, () £5. This is
equivalent to w(ay) = auoy for all x € Irr(G) and all w € Gal(Eq/Q,). It can
be tested computationally because since a, € E it is equivalent to w(a,) =
(uwoy for all x € Irr(G) and all w € Gal(E/Q)q (the decomposition group
of Q).
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Finally, we need an algorithm to decide whether a tuple (ay) € [[1,,(q) E* C
[Tir(q) B3 represents the zero element in Ko(Z,[G], Eq). It follows from (6)
and (7) that (a,) represents 0 in Ko(Z,[G], Eq) if and only (a,) € nr(Z,[G]*).
Let M denote a maximal order in Q,[G] containing Z,[G]. Let m be a posi-
tive integer such that p"™.M is contained in the Jacobson radical rad(Z,[G]) of
Z,[G] (for example we can take m = v,(|G|) +1). Note that the maximal order
M is only needed to justify the correctness of the following algorithm; in the
algorithm itself we need only m and it is not necessary to compute M. Choose
a set of representatives r1,...,r; € Z[G] for the finite group (Z[G]/p™Z|G])*.
The isomorphisms

(ZIG)/p™ZIG)) " = (Z|G)/p™ Ly |G = Ly [G] /(1 + P2, |G])
(where the second isomorphism follows from [4, Lemma 3.6]) imply that
T1,...,77 is also a set of representatives of Z,[G]* /(1 + p™Z,[G]). From the
inclusions
nr(1 4+ p™Zy|G]) Cnr(1l + p™M) C nr(Zy[G]),

it therefore follows that (a,) € nr(Z,[G]*) if and only if nr(r;) - (ay) € nr(1+
p™M) for (at least) one of the r;. To test if a tuple lies in nr(1 + p™M), we
use the criterion stated in the following lemma.

LeMMA 3.2. A tuple (by) € [[1,(q) EJ lies in nr(1 4 p™M) if and only if
the following two conditions are satisfied:

(1) (by) € nr(Qp[G]7).
(2) by €1+ p"Og, for all x € Irr(G).

Proof. Let Qp[G] =[], Maty,,(D;) be the Wedderburn decomposition of
Q,[G]. We denote the center of the skew field D; by K;. The maximal order
M C Q,[G] decomposes as M =[], M;, where each M; is a maximal order
in Maty,, (D;). From [4, Corollary 2.3], we deduce that

nrMa«twni(Di)/Ki(]‘ +pmM1) = 1 +pm0K1 C Kix N
The inclusion [[; K;* = nr(Q,[G]*) C [1,,(q) B3 identifies [, K;* with

{ [T E3:w(by) =buoy for all x and all w € Gal(Eq /@p)}.
x€Irr(G)

Under this identification, [];(1 +p™Ok,) corresponds to

{(bx) € JI E&:w(by)=buoy for all y and all w € Gal(Eq/Q,),
x€lrr(G)

and b, € 1+ p™Og,, for all X}-

From this, the result follows. O
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Hence, a tuple (ay) € [[},,(g) E™ represents 0 in Ko(Zy|G], Eg) if and only
if (ay) € nr(Q,[G]*), and for (at least) one of the representatives r;, the
tuple (by) =nr(r;) - (ay) has the property that vq((b, —1)/p™) >0 for all
x € Irr(G).

More algorithms for computations in relative algebraic K-groups can be
found in [6].

4. Algorithms to prove epsilon constant conjectures

In this section, we describe our algorithmic approach to various epsilon
constant conjectures. In Section 4.1, we quickly recall the relevant facts about
these conjectures and show that from an algorithm for the local conjecture
one can easily deduce algorithms for the global conjectures; this will prove
Corollaries 1.2 and 1.3. In Section 4.2, we then develop our main algorithm
for the local epsilon constant conjecture, which demonstrates Theorem 1.1.
We conclude with some computational remarks in Section 4.3.

4.1. The epsilon constant conjectures. Let L/K be a Galois extension
of p-adic fields and G = Gal(L/K). The local epsilon constant conjecture of
[9] is a conjecture relating the equivariant local Galois Gauss sum of L/K to a
natural cohomological invariant of this extension. More precisely, the equality

(8) Tr/x +Erjr(exp(L))y — [£,pr, HL] + ULk — My x =0

is conjectured to hold in the relative algebraic K-group Ko(Zy[G],Qy), where
Qj}, is an algebraic closure of Q,. We only sketch the ideas behind the invari-
ants appearing in (8); for the precise definitions and a detailed discussion see
[9, Section 2]. The invariant T7,/x comes from the local Galois Gauss sums
of all irreducible characters of L/K, and Uy, is an unramified counterpart
of Ty, k. The term My i is an explicit correction term (it is essentially a
quotient of leading terms of local L-factors). Next, £ is any full projective
Zp|G]-lattice contained in a sufficiently large power of the maximal ideal of
Oy, (the validity of the conjecture is independent of the choice of L), and
Er/k(exp(L)), is an Euler characteristic of a cochain complex constructed
from the local fundamental class in H?(G, L*). Finally, [£,pr, HL] is given
explicitly in terms of all embeddings L — Q.

Now, we consider a Galois extension L/K of number fields with Galois
group G = Gal(L/K). The global epsilon constant conjecture of [5] is a con-
jectural equality in the relative algebraic K-group Ko(Z[G],R), which relates
the equivariant global epsilon constant of L/K to natural semi-local cohomo-
logical invariants. It can be shown that this conjecture splits into p-parts for
all rational prime numbers p, and that the validity of the p-part of the global
conjecture for L/K is closely related to the validity of the local conjectures
for all completions of L/K at primes above p. This is discussed in detail in [9,
Section 4]. Finally, we recall that the (2)-conjecture for the global extension
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L/K (as formulated in [10]) is the conjectural equality of the Cassou—Nogues—
Frohlich root number class of L/K and of Chinburg’s invariant (L/K,2) in
the projective class group Cl(Z[G]). It is shown in [5, Remark 4.2(iv)] that the
Q(2)-conjecture for L/K is the image of the global epsilon constant conjecture
under the canonical projection Ko(Z[G],R) — CI(Z[G]).

In Section 4.2, we will prove Theorem 1.1, i.e., we will describe an algo-
rithm to prove or disprove the local epsilon constant conjecture for all Galois
extensions L/Q, of degree n. Assuming this result for the moment, we now
deduce Corollaries 1.2 and 1.3.

Proof of Corollary 1.2. For every prime number p dividing n use the al-
gorithm in Theorem 1.1 to prove the local epsilon constant conjecture for all
extensions M/Q), of degree dividing n (or to find a counterexample to the lo-
cal conjecture). The validity of all these local conjectures implies the validity
of the global conjecture for all Galois extensions L/Q of degree n. Indeed, if
p|n, then the validity of the p-part of the global conjecture follows from the
local conjectures by [9, Corollary 4.2]. If ptn, then Ko(Z,[Gal(L/Q)],Q,)
is torsion free. Hence, the p-part of the global conjecture follows from [5,
Corollary 6.3(1)]. O

Proof of Corollary 1.3. By [5, Remark 4.2(iv)], the global epsilon constant
conjecture for L/Q implies Chinburg’s €(2)-conjecture for L/Q. Hence, Corol-
lary 1.3 follows from Corollary 1.2. O

REMARK 4.1. Suppose that the algorithm of Corollary 1.2 finds a coun-
terexample M/Q, (with [M : Q] dividing n) to the local epsilon constant
conjecture. If p is an odd prime number, then by a result of Henniart [16], we
know that there exists a Galois extension L of Q such that L has only one
place w above p and the completion of L at w is isomorphic to M. Then by
[9, Theorem 4.1], L/Q is a counterexample to the global epsilon constant con-
jecture, though not necessarily of degree n. However, if the counterexample
to the local conjecture is a Galois extension of p-adic fields with p =2, then
we cannot conclude that this disproves the global epsilon constant conjecture.

4.2. The algorithm for the local epsilon constant conjecture. In this
subsection, we describe the algorithm whose existence was stated in The-
orem 1.1. We first roughly explain the complete algorithm and then give
further details for the individual steps.

In the initial step, we compute a list of Galois extensions (L,P)/(K,p) with
K, =Q, such that the extensions Ly /K, form a complete list of all Galois
extensions of Q, of degree n. Then for each Galois extension (L,B)/(XK,p)
in this list we verify the local epsilon constant conjecture for Ly /K,. Let
(L,B)/(K,p) be one of these extensions and G = Gal(L/K) = Gal(Lg/Q)).
We construct a number field F and a prime £ of F above p such that all in-
variants appearing in (8) lie in the subgroup Ko(Z,|G], Eq) of Ko(Z,[G],Q5).
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Thus, these invariants can be represented by tuples in HIrr(G) EZ, and in fact,
as we shall see, by tuples in HI”(G) E>*. We will compute a representing tuple
for each invariant, and finally verify that the product of these tuples repre-
sents 0 in Ko (Z,[G], Eq). In Section 4.2.1, we describe the construction of the
list of extensions (L,PB)/(K,p), and in Sections 4.2.2-4.2.9, we then explain
how for any extension in this list we can verify the corresponding local epsilon
constant conjecture.

4.2.1. Constructing the Galois extensions. Using the algorithm of Pauli and
Roblot [24], we can compute all extensions of Q, of degree n. In fact, we
can compute these extensions as global representations (L,B)/(Q,p). We are
only interested in extensions (L,)/(Q,p) for which Ly/Q, is Galois. To
check for which extensions this is the case, we can use Panayi’s root finding
algorithm (which is explained in [24, Section 8]) to test whether the minimal
polynomial of a primitive element of Ly /Q, splits into linear factors over
L. Alternatively, we could test whether 90 is completely split in the Galois
closure of L over Q (this is equivalent to Ly /Q, being Galois).

For every extension (L,B)/(Q,p) for which Ly /Q, is Galois, we then use
Lemma 2.2 to compute a Galois extension (L',P’)/(K’,p’) which represents
Lo /Qp.

Thus, we have constructed a finite list of Galois extensions (L,)/(K,p)
representing all Galois extensions of Q, of degree n. For each of these ex-
tensions, we now perform the steps in Sections 4.2.2—4.2.9. Let G denote the
Galois group Gal(L/K) = Gal(Ly/Qy).

4.2.2. Constructing the coefficient field. As in Section 2.4, we may and will
assume that we have a diagram of fields as in (1), where all field extensions are
Galois. Recall that Ny, /K, is the unramified extension of degree n. We let
m denote a multiple of the exponent of G (e.g. m =n) and choose ¢t € N large
enough so that the local Galois Gauss sums 7(Ly/K,,x) for all x € Irr(G)
can be computed in Q((m,(pt) (see Remark 2.7). Finally, we let E be the
Galois closure of LNQ((m,(pt) over Q and fix a prime Q of E over p. The
field Eq takes the place of Qp in our computations.

4.2.3. Computing the lattice L. Our procedure to compute £ is motivated by
[3, Section 3.1]. Let 8 € L be a generator of a normal basis of the extension
L/K, and therefore also of the extension Ly/K, (compare Section 2.6). We

can assume that 0 € Or, and that v () > %, where e(Lg/Q,) denotes

the ramification index of the extension Lg/Q,. This condition ensures that
the p-adic exponential function is defined for 6. We define £ = Ok, [G] -0 C
OLy, s0 that £ is a free Z,[G] = Ok, [G]-submodule of O, .

In order to be able to perform all our computations globally, we will
also need a positive integer m > % such that (POL,)™ C L, cf. [3,
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Lemma 3.5]. (Of course, this integer m is not the same m as in Section 4.2.2.)
The integer m can be computed globally by first finding an ideal a of Of
such that a C Ok[G] -6 C O, and then considering the PB-part of a. If
k € N denotes the index of Ok[G] -6 in O, then a = kO is a possible
choice. Since m > %
tion (POL,, )™ = UI(JN;).

The quotient L;g /exp(L) is a finitely generated G-module which can be

, the p-adic exponential function gives a bijec-

computed globally. Indeed, Lqé / Ug;) can be computed globally (cf. Sec-
tion 2.4), so the isomorphism Ly, / exp(L) = (L%/Ug;))/(exp(ﬁ)/Uéz)) shows
that it suffices to compute the image of exp(L£) in L%/Ugg). Since this image
is generated by exp(f) - Ué”;) as a Z[G]-module, it suffices to compute exp(f)
with a certain precision, cf. [3, Remark 3.6].

4.2.4. Computing Er, /k, (exp(L)),. To compute Er, /k, (exp(L)),, we use
[5, Lemma 3.7] (with D =G and X =exp(L)).

Using the algorithm from Section 2.4, we can compute a 2-cocycle which
represents the image of the fundamental class in H?(G, L% JU I(f;)). Applying
the map L%/Uén;) — Ly / exp(L) gives a cocycle with values in Ly /exp(L).
Then we apply the construction in [23, p. 115] to this cocycle and obtain an
explicit 2-extension of Z[G]-modules

0— Ly/exp(L) — C(y) = Z[G] = Z—0
which represents the image of the fundamental class under
H*(G, L) — H* (G, L/ exp(L)) = Extiq) (Z, L/ exp(L)).

Since exp(L) is cohomologically trivial, it follows from a well-known property
of the local fundamental class that C(7) is also cohomologically trivial. Next,
we find a projective resolution

0—-K—>F—C(y)—0

with F a free Z[G]-module. We remark that we may assume that each of the
modules here is given by a Z-basis, so that the computation of free resolutions
and kernels can be achieved using linear algebra over Z.

By [5, Lemma 3.7], we know that

Ep,/x, (exp(£)) = [K @ Z[G),0, F| € Ko(Z[G),Q),

where 0 : (K ®Z[G]) ®Q — F ® Q is a certain isomorphism of Q[G]-modules.
From the explicit description of 6 in [5], it is clear how to find this map
algorithmically, provided that we know how to compute sections of surjec-
tive maps of Q[G]-modules. If ¢ : A — B is a surjection of finitely generated
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Q[G]-modules, then we can find a Q[G]-linear section s : B — A by first choos-
ing any Q-linear section ¢t : B — A and then defining s = ﬁ > occt? where
t7(b) = a(t(c=1(b))) for b € B, cf. the standard proof of Maschke’s Theorem.

The invariant Ep,, /k, (exp(L)), is the image of E,,/x, (exp(£)) under the
composite homomorphism Ky(Z[G],Q) — Ko(Z,[G],Q,) — Ko(Z,[G], Eq).
A tuple in [y, ) £ representing Er,, /1, (exp(£)), can therefore be com-
puted as explained in Section 3.3.

4.2.5.  Computing [L,pry,Hry]. Let X(Lyp) denote the set of continuous
embeddings Ly — Eq and put Hp, = @UGZ(L‘B) Z,. By construction L is
a subfield of F, and we may identify G = Gal(L/K) and X(Ly). If 0 € G
denotes the identity element, then the element b= (bs)sex(Ly) € HL, With
bsy =1 and b, =0 for o # 0¢ is a Z,[G]-basis of Hp,. Thus, Hy,, is a free
Z,[G]-module of rank 1. Recall also that £ is a free Z,[G]-module of rank 1
generated by 6.
The map

PLy  L®z, Eq — Hr, ®7, Eq, PLy (1@ 2) = (0(1)2)res(Ly)

is an isomorphism of Fq[G]-modules. The matrix of this isomorphism with
respect to the basis 6 of £ and the basis b of Hyp, is the 1 x l-matrix
A=Y cc0o(0)-07' € E[G]* C Eq|G]*. Therefore, a tuple in [l E* C
[Tir(q) B4 which represents (L, pry,, Hry] is given by nr(A4). Clearly, we can
compute A and hence using the algorithm of Section 3.2 also nr(A).

4.2.6. Computing Ty, /i, - By the definition of T, /, in [9, Section 2.3], this
invariant is represented by the tuple (7(Lg/Kp,X))yenr(a) € ler(G) E* C
HI”(G) ES The computation of local Galois Gauss sums was explained in
Section 2.5.

4.2.7. Computing UL, /k,. The invariant Ur,, /k, is discussed in [9, Sec-
tion 2.5]. The proof of [9, Proposition 2.12] shows that Up,, /, is represented
by the tuple nr(u) € []y,,(q) £ where u € E[G]* is given by an explicit for-
mula. More precisely, to find u we first note that K, = @Q,, so that we can
directly apply the recipe described in the proof of [9, Proposition 2.12]. We
must compute the maximal Abelian subextension (F,pr) of (L, B)/(K,p), and
then the local norm residue symbol (p, F,./K,) € Gal(F,,. /K,) = Gal(F/K).
Let ¢ € G be an element such that ¢|rp = (p, Fy,/K,) and write s for the
order of ¢. Let N; C N be the subextension of N/K with [N; : K] =s. Then
(N1)py, /Ky is the unramified extension of degree s. Let f € Gal(N1/K) de-
note the Frobenius automorphism with respect to p and compute an integral
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normal basis element { € Oy, for the extension (N1)p,, /Kp. Then

u=Y" ()¢~ € M[C) € BlG].

Thus, we can compute u and then nr(u).

4.2.8. Computing M, /k,. We denote the center of a ring R by ((R) and
its multiplicative group by ((R)*. In [9, Section 2.6], an explicit invariant
mry/k, 0 ((Q[G])* is defined. In order to compute mp, /k,, one has to
compute the inertia group and Frobenius automorphism, which can be done as
explained in Section 2.2. Under the natural inclusion ((Q[G])* C ((E[G])* =
HIH(G) E*, the invariant My, K, is represented by mp, k. Thus, we can
compute a tuple representing M Loy /K, -

4.2.9.  Check if zero in Ky(Zy|G],Eq). We have computed tuples in
[Tiir() £ representing each of the invariants in (8). Using the algorithm
from Section 3.3, we can verify whether the product of these tuples represents
0 in Ko(Z,[G], Eq), and thus whether the local epsilon constant conjecture
for the extension Ly /K, is true or not.

4.3. Computational remarks. We would like to conclude with some re-
marks about possible implementations of this algorithm. Because of the length
of this algorithm, any implementation in full generality would be a major
project. However, at the moment such an implementation could probably
only be used to prove very small cases of the conjecture: several steps in
the algorithm (for example the computation of the fundamental class) require
the generation of very large number fields, and current algorithms to perform
the necessary computations in these fields are very slow. Furthermore, certain
steps work by enumerating finite sets (e.g., the step to test whether an element
in Ko(Zy|G],Eq) is equal to 0) which again can be a very time consuming
task. We therefore feel that the expected results would not justify the effort
required for a full implementation of this algorithm.

A more useful approach is to restrict implementations to special classes
of Galois extensions. This has the advantage that the implementation can
be simplified, for example by restricting to Galois groups of a special struc-
ture, and that theoretical results for special types of extensions can reduce
the amount of necessary computations. This approach was taken in [3] and
[8], where algorithms for certain cyclic, respectively dihedral, extensions were
developed and implemented (for the global epsilon constant conjecture of [5],
but they could easily be modified to deal with the local conjecture instead).
We expect that for many classes of extensions similar arguments can be used
to improve the efficiency of the algorithm in Section 4.2, and we hope that this
will allow us to computationally prove further cases of the epsilon constant
conjectures.



796

[1]
2]

3]

[4]

(10]
(11]
(12]
(13]
14]
(15]
(16]
(17)
(18]
(19]
20]
21]

[22]
23]

24]

[25]

W. BLEY AND M. BREUNING

REFERENCES

V. Acciaro and J. Kliiners, Computing local Artin maps, and solvability of norm equa-
tions, J. Symbolic Comp. 30 (2000), 239-251. MR 1775936

H. Anai, M. Noro and K. Yokoyama, Computation of the splitting fields and the
Galois groups of polynomials, Algorithms in algebraic geometry and applications
(L. Gonzédlez-Vega and T. Recio, eds.), Prog. Math., vol. 143, Birkh&user, 1996, pp. 29—
50. MR 1414444

W. Bley, Numerical evidence for a conjectural generalization of Hilbert’s Theorem 132,
LMS J. Comput. Math. 6 (2003), 68-88 (electronic). MR 1971493

W. Bley and R. Boltje, Computation of locally free class groups, Algorithmic number
theory (F. Hess, S. Pauli and M. Pohst, eds.), Lecture Notes in Computer Science,
vol. 4076, Springer, 2006, pp. 72-86. MR 2282916

W. Bley and D. Burns, Equivariant epsilon constants, discriminants and étale coho-
mology, Proc. Lond. Math. Soc. 87 (2003), 545-590. MR 2005875

W. Bley and S. M. J. Wilson, Computations in relative algebraic K-groups, Preprint.
R. Boltje, A canonical Brauer induction formula, Astérisque 181-182 (1990), 31-59.
MR 1051242

M. Breuning, On equivariant global epsilon constants for certain dihedral extensions,
Math. Comp. 73 (2004), 881-898. MR, 2031413

M. Breuning, Equivariant local epsilon constants and étale cohomology, J. Lond. Math.
Soc. 70 (2004), 289-306. MR, 2078894

T. Chinburg, Ezact sequences and Galois module structure, Ann. of Math. 121 (1985),
351-376. MR 0786352

H. Cohen, A course in computational algebraic number theory, Springer Verlag, 1993.
MR 1228206

H. Cohen, Advanced topics in computational number theory, Springer Verlag, 2000.
MR 1728313

P. Deligne, Les constantes des équations fonctionnelles des fonctions L, Modular func-
tions of one variable, vol. II, Springer, 1973, pp. 501-597. MR 0349635

K. Geissler and J. Kliiners, Galois group computation for rational polynomials, J. Sym-
bolic Comp. 30 (2000), 653-674. MR 1800032

K. Girstmair, An algorithm for the construction of a normal basis, J. Number Theory
78 (1999), 36-45. MR 1706933

G. Henniart, Relévement global d’extensions locales: quelques problémes de plonge-
ment, Math. Ann. 319 (2001), 75-87. MR 1812820

D. Holt, Cohomology and group extensions in Magma, Discovering mathematics with
Magma (W. Bosma and J. Cannon, eds.), Springer, 2006, pp. 221-241. MR 2278930
J. J. Hooper and S. M. J. Wilson, Chinburg’s second conjecture for Hiz-extensions of
Q, Preprint.

N. Koblitz, p-adic numbers, p-adic analysis, and zeta-functions, 2nd ed., Springer
Verlag, 1984. MR 0754003

F. Lorenz, Einfihrung in die Algebra II, Spektrum Akademischer Verlag, Heidelberg,
1997.

J. Martinet, Character theory and Artin L-functions, Algebraic number fields
(A. Frohlich, ed.), Academic Press, 1977, pp. 1-87. MR 0447187

J. Neukirch, Algebraische Zahlentheorie, Springer-Verlag, Berlin, 1992.

J. Neukirch, A. Schmidt and K. Wingberg, Cohomology of number fields, Springer
Verlag, 2000. MR 1737196

S. Pauli and X.-F. Roblot, On the computation of all extensions of a p-adic field of
a given degree, Math. Comp. 70 (2001), 1641-1659. MR 1836924

J.-P. Serre, Linear representations of finite groups, Springer Verlag, 1977. MR 0450380


http://www.ams.org/mathscinet-getitem?mr=1775936
http://www.ams.org/mathscinet-getitem?mr=1414444
http://www.ams.org/mathscinet-getitem?mr=1971493
http://www.ams.org/mathscinet-getitem?mr=2282916
http://www.ams.org/mathscinet-getitem?mr=2005875
http://www.ams.org/mathscinet-getitem?mr=1051242
http://www.ams.org/mathscinet-getitem?mr=2031413
http://www.ams.org/mathscinet-getitem?mr=2078894
http://www.ams.org/mathscinet-getitem?mr=0786352
http://www.ams.org/mathscinet-getitem?mr=1228206
http://www.ams.org/mathscinet-getitem?mr=1728313
http://www.ams.org/mathscinet-getitem?mr=0349635
http://www.ams.org/mathscinet-getitem?mr=1800032
http://www.ams.org/mathscinet-getitem?mr=1706933
http://www.ams.org/mathscinet-getitem?mr=1812820
http://www.ams.org/mathscinet-getitem?mr=2278930
http://www.ams.org/mathscinet-getitem?mr=0754003
http://www.ams.org/mathscinet-getitem?mr=0447187
http://www.ams.org/mathscinet-getitem?mr=1737196
http://www.ams.org/mathscinet-getitem?mr=1836924
http://www.ams.org/mathscinet-getitem?mr=0450380

EXACT ALGORITHMS AND EPSILON CONSTANT CONJECTURES 797

[26] J.-P. Serre, Local fields, Springer Verlag, 1979. MR 0554237
[27] R. G. Swan, Algebraic K-theory, Lecture Notes in Mathematics, vol. 76, Springer
Verlag, 1968. MR 0245634
[28] K. Yokoyama, A modular method for computing the Galois groups of polynomials,
J. Pure Appl. Algebra 117/118 (1997), 617-636. MR 1457858
WERNER BLEY, FACHBEREICH FUR MATHEMATIK UND INFORMATIK DER UNIVERSITAT
KAsSEL, HEINRICH-PLETT-STR. 40, 34132 KASSEL, GERMANY
E-mail address: bley@mathematik.uni-kassel.de
MANUEL BREUNING, KING’S COLLEGE LONDON, DEPARTMENT OF MATHEMATICS,
STRAND, LoNDON WC2R 2LS, UNITED KINGDOM

E-mail address: manuel.breuning@kcl.ac.uk


http://www.ams.org/mathscinet-getitem?mr=0554237
http://www.ams.org/mathscinet-getitem?mr=0245634
http://www.ams.org/mathscinet-getitem?mr=1457858
mailto:bley@mathematik.uni-kassel.de
mailto:manuel.breuning@kcl.ac.uk

	Introduction
	Notations

	Exact computations in local Galois extensions
	Global representation of local Galois extensions
	Ramification groups and Frobenius automorphism
	Local class field theory computed globally
	Computing the local fundamental class
	Computation of local epsilon constants and Galois Gauss sums
	Computation of (integral) normal bases

	Algorithms for representation theory
	Computational Brauer induction
	Computing reduced norms
	Computations in relative algebraic K-groups

	Algorithms to prove epsilon constant conjectures
	The epsilon constant conjectures
	The algorithm for the local epsilon constant conjecture
	Constructing the Galois extensions
	Constructing the coefficient field
	Computing the lattice L
	Computing ELP/Kp(exp(L))p
	Computing [L,rhoLP,HLP]
	Computing TLP/Kp
	Computing ULP/Kp
	Computing MLP/Kp
	Check if zero in K0(Zp[G],EQ)

	Computational remarks

	References
	Author's Addresses

