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The wave equation for the p-Laplacian

Michael DREHER
(Received July 22, 2005; Revised December 16, 2005)

Abstract. We consider generalized wave equations for the p-Laplacian and prove the
local in time existence of solutions to the Cauchy problem. We give an estimate of the life-
span of the solution, and show by a generic counter-example that global in time solutions
can not be expected.

Key words: local in time Sobolev solutions, blow-up in finite time, weakly hyperbolic
equations.

1. Introduction

This paper is devoted to strong solutions to the hyperbolic Cauchy
problem

wi(t, ) — (Jwa(t, )P 2w, (t, ) = 0, (1.1)
w(0, x) = ®(x), w0, x) =V (x),

where p is a positive real number, not necessarily an even integer. More
generally, we shall study

wi(t, x) — a(wz(t, x))we(t, x) =0, (1.2)
w(0, z) = ®(x), w0, z) = ¥(x),

where a = a(s): [-M, M] — R is a function with the following properties.

Condition 1 For all s € [-M, M] = By, the following holds:

a(s) >0, a(s)=0<=s=0, (1.3)
a(s) = s%ag(s), ao(s) < Cy, (1.4)
0 < say(s) < Cuap(s), 0<sd(s) < Cuals). (1.5)

Additionally, ag is even and ag, a € C¥(Byy), where ay(s) = da'(s)/s, and
PeN.
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Remark 1.1 The choice a(s) = (p—1)|s|P~2 leads to (1.1) with p > P+4,
or p € 2N, p > 4, and P € N is arbitrary.

The first of our main results is the following.

Theorem 1.2 Assume that the function a = a(s) satisfies Condition 1,
and suppose that the initial data ®, ¥ € Cg“(R) with 4 < k < P+ 1,
P, k € N, are compatible to a(s), i.e., they are real-valued and || Py ;0 <
M.

Then the Cauchy problem (1.2) has a real-valued local solution w with
w e L([0, Tp], H*R)), 0%w e L>2([0, Ty], H*2(R)).

This solution vanishes outside [0, Tp] x supp(®, V). The estimate Ty of the
life span only depends on M, supp(®, V), and the norms ||(®, \D)||06(R),
(a0, a1)llcs(p,,)- The solution is unique in the space of all functions w
with w € L>=([0, Ty}, H*(R)), 02w € L>([0, Ty], H*(R)).

Remark 1.3 By the same arguments, we can study the more general
equation

Wyt — a(Wz)Waz — b(wy) — cw =0,

where a(s) is as above, b(s) is sufficiently smooth with 5(0) = 0 and |V'(s)|? <
Caf(s), and c is a real constant. It is even possible to allow an additional
dependence on time of a, b, c. However, for simplicity, we stick to (1.2).

Remark 1.4 If the function a(s) is analytic, we can drop Condition 1
and follow a modified version of the proof given in [17], where equations
uy — a(u)Au = 0 with analytic function a were studied.

In the proof, we shall replace the nonsmooth coefficient a(s) by a smooth
approximation, preserving the other conditions.

Condition 2 The coefficient a = a(s) satisfies Condition 1, and ag €
O (Byy).

Theorem 1.5 Let the assumptions of Theorem 1.2 be satisfied. Addition-
ally, suppose that a = a(s) satisfies Condition 2, and ®, ¥ € C§°(R).

Then the solution w to the Cauchy problem (1.2) belongs to Cp°([0, Tp] x
R).

The life span of the solution tends to infinity for initial data approaching
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zero, in the following sense. Fix some 0 < A < 1, and consider the Cauchy
problem

wy(t, x) — a(wz(t, x))wes(t, x) =0, (1.6)
w(0, x) = A®(z), w(0, z) = AU (x).

Theorem 1.6 Let the assumptions of Theorem 1.2 be satisfied. Then the
lower estimate of the life span Ty = To(\) goes to infinity for X\ — 0. More
precisely,

To(A) > ClInA|Y3, 0< A< 1.

It is known (see [7]) that (1.2) admits a unique local solution in Sobolev
spaces in the strictly hyperbolic case, (a(s) > a > 0). However, this solution
is never a global classical solution, except in trivial cases. In [13], the Cauchy
problem

wy(t, ) — a(we(t, ) *wee(t, ©) =0,
w(0, z) = ®(x), w(0, x) = ¥(x)

has been considered, where a(w,) > 0, a’(w,) # 0, and the data ®, ¥ have
compact support. It was shown that the only global solution w € C?(R; x
R;) is w = 0. In other words, every nontrivial solution develops a singularity
in finite time, it is the second derivatives of w that become infinite. This
result can not be applied to (1.2) since (1.2) is neither strictly hyperbolic
nor everywhere genuinely nonlinear. However, by a different method, we
show in Section 9 that global solutions to (1.1) can not exist in case of p = 4
provided that the initial data satisfy appropriate sign conditions.

At first glance, it seems natural to attack (1.2) by a linearisation argu-
ment, leading to a family of Cauchy problems

wi ™, x) — a(w(t, 2))wH(E, ) = 0,

w0, ) = ®(z), w!"TV(0, 2) = U(z),
and then one hopes to be able to show convergence w(™ — w* at least for

small times. In general, this direct approach will not work in the weakly
hyperbolic case. In fact, a Cauchy problem

wi(t, ) — a(t)wez(t, ) =0, a>0, a€cC™,
(0, 2) = Bx), w0, x) = V(x). B WO
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without solution was constructed in [3]. On the other hand, (1.2) is well-
posed in Gevrey spaces with Gevrey index between 1 and 2 if a = a(s) is
analytic. This is a special case of much more general results in [14], [15]. If
one allows damping terms of the form (—A)*0;w in (1.2), 0 < a < 1, then
the global existence and the energy decay of weak solutions can be proved,
see for instance [1], [2], [9], [11].

In [8], the Cauchy problem

wy — V(|VwP?Vw) — [w'w=0, p,¢>1,¢>p—1,
w(0, ) = Po(x), w(0, x) = Yo(z),

has been studied. Assuming that &3 and ¥, are real-valued and that
19ol22 /2+IVDo |, /p < [19o]1%5L, /(a+1), it was shown that [Juw(t, - )| 2
blows up in finite time if [ ®o(z)¥o(x)dz > 0, and that [Jw(t, - )|, > decays
(for t — oo) if [ @g(z)¥o(z)dz < 0.

The life span of periodic analytic solutions to the nonlinear Cauchy
problem

wy = F(x, w, Dw, D*w), w(0, z) = A®(x), w;(0, x) = \¥(x)

has been studied in [5]. Assuming that this equation is weakly hyperbolic
at (z, 0, 0, 0), the estimate To(\) > C'log|log A| was proved.

Our approach relies on two key ingredients. The first is a careful inves-
tigation of a so-called separating curve, a method which is represented in [6].
The second is a certain decomposition of the solution and the reduction to a
hyperbolic 2 x 2 system of second order. This technique has been developed
in [4] and [17], where certain semilinear and quasilinear cases were studied.
This method consists of several steps, which are performed in the Sections 2
to 8. A more detailed description can be found at the end of Section 2. The
blow—up of solutions for a variant of (1.1) is shown in Section 9.

We employ the standard notations 9, = 9/0x, 0y = 9/0t; H¥(X) =
WZE(X) are the usual Sobolev spaces on an open set X, and C£°(X) denotes
the linear space of all functions that are bounded and continuous together
with all their derivatives.

2. Transformation into a system

In order to be able to derive a priori estimates for (1.2), we shall trans-
form this Cauchy problem into a second order system. The main advantage
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is that we will have more information about the principal part available.
Set u(t, ©) = dyw(t, x), ¢p(x) = 0, P(x), Y(x) = 0,¥(x). Assuming
that w is a solution to (1.2), we find that u solves
u(t, x) — Ox(a(u(t, x))0zu(t, z)) =0, (2.1)
If ¢(xg) = ¥(z0) = 0, then (0fu)(0, x9) = 0 for all k& € N. This suggests
the educated guess
u(t, ) = ¢(x)g(t, ©) + Y(@)h(t, z),
g(Oa 1,') = 17 h(07 1,') = 07 gt(07 .’E) = 07 ht(07 IIJ) =1
A direct calculation gives us uy = égy + Yhy and
+ a' (u)ua(@gs + Pha) + 2a0(w) (99 + Vh)* (S2gs + Prha)
+ (¢g + ¥h) (a0 (u)u(Paag + Pazh) + a1(u)(Pag + ah)?),

which leads us to
¢(gtt - ax(a(u)gx) - 2a0(u)ug(¢xgx + ¢xhl‘) - Cg)
+ w<htt - 833(0,('&)]133) - 2a0<u)u}l(¢wg$ + w$ha§) - Ch) = 07

where we have introduced

c= C(SL‘, 9, h) = CLO(U)U(Cf)me + w:mh) + a1(U)(¢x9 + T,Z)zh)Q
Now we define the vector U = (g, h)” of unknowns and
_ (a(o(x)g + b(x)h) 0
Ao 0) = (N 6@l - o) =2
B(x, U) = 2a0(¢(x)g + ¢ (x)h)

< (§(x)g +(x)h) @Ei;i jﬁggi) (2:3)

Cla, U) = (C(“"”(’) u) C(xf) U)> . (2.4)

Clearly, if we are able to find a solution U = U(¢, x) to the Cauchy problem
U — 0.(A(z, U)0,U) — B(z, U)0,U — C(z, U)U = 0, (2.5)
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U, z) = (1, 0", U0, z) = (0, 1)7,
then the function u(t, ) = ¢(x)g(t, x) + ¥ (z)h(t, x) solves (2.1).
In case of (1.6), we obtain the Cauchy problem
DU — 0.(Ax(z, U)OU) — By(z, U)0,U — Cy(x, U)U =0, (2.6)
U, z) = (1, 0", U0, z) = (0, 1)7,

where Ay, By, C) are defined as in (2.2)-(2.4), with (¢, ¢) replaced by
(Ad, Ae)).

We will consider a linearised version of (2.5),

OV — 0,(A(z, U)O,V) — B(x, U)9,V — C(x, U)V = F(t, z),

(2.7)
with one of the following initial conditions:
V(0, z) = Vo(x), WVi(0, z) = Vi(x), (2.8)
V(to, ) = Vo(x), Vi(to, z) =Vi(z), 0<to<T, (2.9)
where U = U(t, z) is some vector valued function with
1
HU(t, - ( ) ce<l. (2.10)r
t) e (o, 7% BR)

The paper is organised as follows. In Section 3, we study the behaviour
of A= A(z,U(t, x)) under the condition (2.10)p. Using results from [17],
we shall derive a priori estimates in Sobolev spaces for a solution V' to (2.7)
in Section 4. Then, a regularisation argument will enable us to prove the
existence of a unique C* solution V to (2.7) in Section 5. By means of
Nash—Moser—Hamilton theory, the existence of a local C* solution U to
(2.5) will be shown in Section 6. The life span of this solution is studied
in Section 7, leading to a proof of Theorem 1.5. Finally, Theorem 1.2 is
proved in Section 8. The proof of Theorem 1.6 relies on a careful analysis
of the dependence of all constants on A.

3. The separating curve

Assume that U = (g, k)T is defined on [0, T] x Bg and fulfils (2.10)7.
Setting U(t, ) + U(—t, ) := 2U(0, x), we extend U as a C' function
to [T, T] x Bpg, and have HU(L‘, <) —(1, t)THcl([—T TIxBg) < & allowing
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some modification in €. The next proposition describes the behaviour of
the function a.(t, x) = a(¢(x)g(t, ) + ¥ (z)h(t, x)) in a neighbourhood of
the line {0} x Bp.

Proposition 3.1 Let a = a(s) satisfy Condition 1, and assume that ¢, ¢
€ C}(R) are compatible data, i.e., |||l < M. Introduce the notation

Qpy = {z: [o(2)] + [P(2)] > 0}.

Then there are constants €, o, T > 0 such that for every U = (g, h)
with (2.10), there is a v € C1(Qyy) such that a.(t, x) = a(p(z)g(t, x) +
Y(z)h(t, x)) satisfies

aay(t, ©) — Oas(t, x) >0  t <~vy(x), (¢, x)€ -7, 7] X Qgy,

T

(3.1)
aay(t, z) + Oay(t, x) >0  t>~(x), (¢ x)€[—7, 7] X Qgy,

(3.2)
a(i@), ) @) ST rae Qe (3.3)

— 4
Moreover, the function v has the same reqularity as ¢, ¥, and U; and the
constants €, T, a depend only on M, Cq, ||(¢, ¥)| -

Remark 3.2 The curve {t = v(x)} separates the (¢, z) space into two
parts. In the following section, different methods will be employed in both
parts in order to derive a priori estimates of the solution V of (2.7).

Remark 3.3 Condition (3.3) means that the curve {t = v(x)} is nonchar-
acteristic.

Proof. This proof is based on ideas from [17].

Set M' = ||l < M. 17 < (M — M)/ [6],~) and ] < 7,
then [[¢p 4+t < (M + M')/2. It 0 < & < go(M, M’, ||¢)]|;), then
g + h|| o < M for |t| < 7 and U = (g, h)T satisfying (2.10),; and the
mapping t — x(t;x) = h(t, x)/g(t, x) is invertible for every |z| < R, |t| < 7.
Assuming et < 1/6, we get

1

x(tz) —tf <2+ 5, Ix(ta)l < 2(e + Jt), (3-4)

since |x¢(t; #)—1| < 1/2. Then the inverse function x 1 (s; x) of the mapping
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t — x(t; x) satisfies |x~(s;2)| < 2(¢ + |s]). For every r > 0, we set

Qo = {x € Quy: [d()] < rlo(2)]}-
Clearly, if z € QF,,, then Y(x) # 0. Assuming x € Qgpy, \ %, we have

6(@)g(t, 2) + B()h(t, 2)] > [(@)lg(t, o) <1 - M)

r

ot o1 SRR
< Coanl, x>|¢(w)gt(t|,¢9€)l)| (I ,(j))ht( z)| <1 N Ix(ij w)l)_l
< Cuonlt ) e
< %a*(t, z)
if |x(t;x)| < r, due to (1.5). Trivially, if z € Qﬁ;‘z}, then
axz((i; < H@Z),HLOOIZ;(i;H@Z}/HLW' (3.6)

Now choose some odd function 5 = 3(s) € C§°(R) with supp g C (-2, 2)
and ||B||pe < 2, [|F]l < 2, satisfying sf(s) < 0 and G(s) = —s, —1 <

s < 1. Then we define the separating curve by

~v(x) = x ! <Tﬁ<rq:/)(2))’x)7 0<r<l.

We see that |y(z)| < 4(¢ +r). Now we check that this function v =

v(x) satisfies (3.1)-(3.3) for small r. If z € QF,, then —¢(z)/¢(z) =
h(y(x), x)/g(vy(x), z). In case t <7(z) we have —¢p(x) /¢ (x)>h(t, x)/g(t, T).

Assuming

e(1+7) <1, (3.7)

we then obtain

P(2)gi(t, x) + P(2)hi(t, )
o(x)g(t, ) + ¢ (x)h(t, x)

which implies

<0,
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aa(t, x) — Owax(t, x) = aa(t, x)
— d(B(@)g(t, ) + B, 2)(G@)g(t, ) + V(@) )
 d)lt 2) + @bt )
¢(x)g(t, ) + (x)h(t, x) —

for any o > 0, see Condition 1. The case ¢ > (z) can be considered

similarly.
Now assume that = € Qg \ Q7 [x(t;2)] < 7/2. According to (3.5),
2 C 44 2r)C
r = |x(t; )] r
which proves (3.1) and (3.2) with
r r (4+2r)C,
2e < — 2r < — = .
3 — 47 T — 47 o r 9y (3 8)

see (3.4). It remains to check (3.3). This holds true for z € Qf , since then
the left-hand side vanishes. Now let x € Qg \ 0y, but z € Q%, which
implies r|¢(z)| < |¢(x)| < 2r|¢(x)|. By elementary computation,

_ B(o(2)/(r¢(2))) 0 (d(2) /()

()

t=y(z)
Oz (h(t, x)/9(t, x))
at(h(tv $)/g(t’ CC)) t=v(zx) '
From (2.10), we obtain ||0z(h/g)|| ;e < (2+7)e < 2 and |0:(h/g)| = |x¢| >
1/2. Consequently, according to (3.6) and (1.4),

191l oo + 27 [[9]] oo
|4 (2)]
a.(y(2), z)(v/(x)) (3.9)

< 3204(6(2)g(v(2), ) +(2)h((x), 2))?
(1Nl oo + 27 191l 1 )?
(=)
5(e + 7“))2

r

7 (z)] < 4 +4,

< 32C,r? <2g(7(:v), x) +

X< (1|0 + 20| o) + (147

INA
N
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if r is sufficiently small, compare (3.8). It remains to consider x € gy \
Qi@} Then (x) = x~1(0;x); hence |7/ (x)| < 4c. Then we need

a.(v(), 2)(7'(2))? < 32Ca([|gll oo + T 190 ]| poc)?e” < = (3.10)

4
We choose r according to (3.9), and then &, 7, a as in (3.7), (3.8) and
(3.10). O

Remark 3.4 In the case of (2.6), €, 7, a will depend on \. Careful check-
ing of the proof shows 7 = O(A~1/2), 7 = O(A\"1/?), a = 0(1), e = O(\'/?).

Remark 3.5 Consider (2.6) and choose ¢, T as given in Remark 3.4. Sup-
pose that U = (g, h)T satisfies (2.10) with that 7 and that e. Then we have,
for all A,

S 10205 AN(x, U)| + (020 Ba(x, U))|
|| +|B| <k
+ 8285 C(, U)| < CiA.

From Lemma 10.1, we conclude that

HA)\( i) U(tv ))‘|Hk(BR) + HB)\( i) U(t, ) ))HH’C(BR)
+ HC)\(aU(t7 ))HH’V(BR)
< CRAL+ U o) A+ 1T E (i)
for k > 1. By computation,
|02a.n(t, )| oo < CAA+ 02U, )| 1oo)-

4. A priori estimates for (2.7)
The system (2.7) can be written in the form
OV — a.(t, ©)0?V — B(t, )0,V — C(t, )V = F(t, z),
V(0, z) = Vo(z), W(0, ) = Vi(x), (4.1)

where B(t, x) = B(z,U(t, z)) + dpax(t, )1, C(t, x) = C(z,U(t, )). More
generally, we consider the Cauchy problem

OPV — a,(t, £)0?V — By(t, )0,V — Cu(t, 2)V = F(t, z),  (4.2)
V(t07 :E) = Vb(x)a V%(tO’ x) = Vl(l‘)v
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where a,, By, C, are functions satisfying the following hypothesis.

Hypothesis 1

(a) ax(t, z) = a(p(x)g(t, =) + Y(x)h(t, x)), and a = a(s) satisfies Condi-
tion 1,

(b) |Bi(t, )|> < Las(t, z) for some L > 0 (Levi Condition),

(c) & v € CR(R) with supp(, $) C Br = {lz] < R}, and 9]l o < M,

(d) the coefficient a, admits a separating curve in the sense of Proposi-
tion 3.1,

(e) the numbers € and 7 from (2.10)., (3.1), (3.2) are chosen as in Propo-
sition 3.1.

For the proof of (b) we only recall Condition 1 and Glaeser’s inequality
[10],

€' (@)]* < 2|lell oo e(@),

for every function e = e(x) € C?(R) with e(z) > 0 for all x.

Now we give estimates of |V (¢, x)| separately in the both zones
{z:v(z) > t} and {x: y(x) < t}. Our approach is based on a work of
Manfrin, we only list the results and refer the reader to [17] for the proofs.
See also [18].

We introduce the sets

D(t) = {(t', x): € Qyy, 0 <t < min{y(z), t}},
G@t) ={(t, x): © € Quy, max{y(z), 0} <t' < t},

and define the energies

8t x) = Vit ) + ault, 2)|Valt, )P + |V (t, 2P,

Ei(t) = / & (t, x)de,
{z: y(2)>t}
Ey(t) = e P2t // VIV () z)Pdadt.
G

The following results have been proved in [17], Lemmas 5.1 and 5.2.

Lemma 4.1 Let V(t, x) be a solution of (4.1), (4.2) and assume Hypoth-
esis 1. Then there is a 619 € R,
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&o——cmwtu+w»+L+?mH8a* MW oo + NGt ) oo ()
(4.4)
such that if we define E1(t) with 61 < 61, the following estimate holds:
1 017(@)
Ei(t)+ = W E(y(x), x)dx (4.5)
2 {z: 0<y(z)<t}

< F1(0 // DY\F(, 2))Pdadt’, 0<t<T.

Lemma 4.2 Let V(t, x) be a solution of (4.1), (4.2) and assume Hypoth-
esis 1. Then there is a 02,

02,0 = const. (a—l—L—l—sup |0Za. (¢ N )5 (4.6)
[0,7]
such that if we define E5(t) with 62 > 62, there is a B2 > 0,
P20 = const.(1 + 7% (4.7)
X sup <1+92+L—|—H62a* HLOO
[0,7]
Bt Yor + 1€t iy )
such that for B2 > P20 and t € [0, 7] we have
t
S/ 6_’628/ 2@ & (y(z), z)dads
0 {z: 0<vy(z)<s}
t
—i—/ e P28 // V| F(t, 2)|2dedt ds
0 G(s)
1 — e Pt 9 9
+— [V (0, )| + [V4(0, z)| dx.
P2 S a@<oy
Moreover, almost everywhere in [0, 7] we have
/ SV (1, )i < oc™ B () (48)
{z:v(2)<t}

+/ 2@ & (y(x), z)dx
{z: 0<y(z)<t}

4 / V0, 2)2 + |Vi(0, )| da
{z: v(z)<0}
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+ // VP, o) dadt.
G(t)

Remark 4.3 The above two estimates have been proved in [17] in case of

a.(t, z) = ao(t, x)(6(x)g(t, ©) +(2)h(t, 2))*!, q €Ny,

where ag > § > 0 is some C? function. However, in the proofs of Lem-
mas 5.1 and 5.2 in [17] this special form of the coefficient a, was never used.
Actually, it suffices to assume that a, admits a separating curve in the sense
of Proposition 3.1.

Now we are in a position to estimate the L?(Bg) norm of V (¢, ).

Proposition 4.4 Let V. = V(t, x) with &V € L®([to, 7], H*(Bg)),
j = 0,1,2, be a solution of (4.2), (4.3) and assume that Hypothesis 1
holds. Then there is a constant Cy such that for all t € [to, T| we have

IVt 725, (4.9)
t

< ¢ (nv()(-)nip(BR) Voo + [ 1 lEea ds) |
0

The constant Cy depends only on 7, «, L, and the norms
SuPo,r] |ax(t, ')HC?(BR); SuPio, 7] | Bi(t, ')Hcl(BR), 1C«( -, ')||L°°([0,7—]><BR)'
Proof. Assume for a moment that tg = 0. If x € Br \ Q4y, the Cauchy
problem (4.2) degenerates into

OV — Ci(t, )V = F(t, z),

which directly leads to an estimate of V| >(g,\q,,) 0 terms of

Voll L2 (Bveg)r IVillL2(Brray,): @nd [1F (s, )l 2(B\0,,)  Therefore we
may restrict ourselves to the case x € {4,;. Then we can apply the Lem-

mas 4.1 and 4.2. We set 6, = 01, 02 = 629, and B2 = [20(62). Let
t € [0, 7] be a number such that (4.8) holds. By Sard’s Lemma, the set of
all ¢ with

meas{z € Qgy: y(x) =t} >0

has Lebesgue measure 0. Assume that ¢ is not from that set. Then we have

/ V(t, 2)Pde
Qpyp
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:/ |V (t, x)|2daz+/ \V(t, z)|*dx
{z: y(z)>t} {x: y(z)<t}

< e MB(1) + Pae ) Ey (1)
+ 6_92t/ 2@ & (y(x), x)dx
{z: 0<y(z)<t}

+ e 20 (|| Vo (- )||i2(9¢w) +Va(- )H%Z(Qw))

+e 02t // eth/|F(t’, x)\dedt’,
G(t)

due to Lemmas 4.1 and 4.2. Applying these lemmas once more, we get
t
<Co (I sy + 1V s+ [ 17 Mo,y ds)-

This gives us the desired estimate for a.e. ¢ € [0, 7]. Since 9,V belongs to
the space L>([0, 7], H'(BRr)), we have shown (4.9) for all values of t.
Now let tg > 0. We set V(t, ©) = V(t + to, z). Since Hypothesis 1 is
invariant under the translation ¢ — t+to, we get from (4.9) an estimate for
V(t, ). O
Remark 4.5 Consider (2.6) and suppose ||92U(, ')HLOO < C, uniformly
in . Then Cy = Cp(A) < exp(C(1 +7(N)?)), for all ), see Remark 3.5 and

(4.4), (4.6), (4.7).

By standard arguments, we can estimate derivatives OFV (¢, x).

Proposition 4.6 Let €, 7 be determined as in Proposition 3.1, and
suppose that U satisfies (2.10),. Let k € N, and V with 8]V € LOO([to, 7],
H"271(Bg)), j =0, 1, 2, be a solution to (2.7), (2.9). Then the estimate

IV, (s < Co(L+sup [[U(s, ) zmsz(s,) (4.10)

to,t
t
X <||Vo(‘)||?{k+1(BR)+ HVl(-)H?{k(BR)Jr/t 1F (s, )1k () d8>
0
holds for 0 <ty <t < 7, where Cy depends only on 7, o, L, and the norms

?&117 HU(t7 ’ )HHS(BR) ) HA( Tyt )HC’C+2(BR><[175,1+€]><[‘rfs,‘rﬂ;‘}) )

HB( Ty )HC’“(BRX[I—E,I-F&‘]X[T—& T+e])
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HC( Tyt )HCk(BRX[1—6,1+E]><[’T—5,7‘+8]) :

Proof. The estimate (4.10) holds for & = 0, see Proposition 4.4. Assume
that (4.10) is true for k replaced by k — 1. We set V*(t, z) = 0kV (¢, =) and
obtain

OFVE = A, U)ZVE — ((k+ 1) (e A(z, U(t, 2))) + B(x, U)) 0, V*
_ <k(k;1)(a§A(m, U(t, x))) + k(0. B(z, U(t, x))) + C(x, U>) vt

=FFr=0fFP+ I+ L+ 13+ 14

-ﬁ@%iX) Ala, U(t, ) V2
+XX>8MAqumW“H
+Z() Bla, U(t, )V
+Z() O, U(t, 2))V*

By Proposition 4.4, we deduce that
IVEE Oz

S%Qmwwhﬂ+wmw%+[wﬁwdﬁﬂﬁ-

For the estimate of Iy and I, we have to consider terms of the form
(OmAYWVk+2=m with m = 3, ..., k + 1. From Lemma 10.1 and Sobolev’s
embedding theorem,

[ AC, U, VF2(E )|

<NOPAC U, )l [[VE2T(E, )

< CUUE o)X+ NUE M gme) IV E ) gnsz-m
Similarly, we get

I3+ 1 < CUIUE )lle2) IV )l e
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k
CUUE ige) D A+NTE ) gm) IV E ) gpessom -
m=3

Then it follows that

IVt )3t < Co (Vo Ner + IVA() 300
t
+Co | I, ik + IV s (s 5

to

+ C(sup [[U(s, )llc2(pp))

[to,t]
k+1

X Z [stug (L+||U(s, ||Hm+1 (Br) / IV (s, )| 3mea- m(Bg) 4s-
m=3 L0

From the induction assumption,

sup 5, igmss o / IV, Y2042y ds

to 7t]

< Cysup ||U(s, - m 1+ sup |U(s, )|} era—m
sup U5, )ligns sy (1 599 1V, Moo

t
X <||V0(')||§{’f(BR) + Vi) Ee-1(84) +/t 1E (s, ) -1 ds)-
0
By Nirenberg—-Gagliardo interpolation,

10G, Y smss i)
m—2)/(k—1 1-(m—2)/(k—1
< ClIUGs, il 106 il
1U (s, ) grrsa—m ()

k m k k m)/ (k—
< CNUGs, S E DU (s, )l ™ 0,

for £ > 2. This completes the proof. ([l
5. Existence of solutions to (2.7)

Proposition 5.1 Let a = a(s) satisfy Condition 2, and let ¢, 1 € C§°(R)
be to a(s) compatible data, i.e., ||p|| 0 < M. Assume supp(¢, ) C Br =
{|]z| < R}. Choose €, T as in Proposition 3.1, and suppose that U €
C2([0, 7], C°(Bg)) satisfies (2.10),. Finally, assume that
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F € C([to, 7], Cy°(BR)), Vo, Vi € Cy°(Br). Then the problem (2.7), (2.9)
has a unique solution V € C*([to, 7], C°(BR)).

Remark 5.2 Fix 0 < R’ < R with supp(¢, 1) C Bgs. Then the functions
Az, U), B(z, U), C(x, U) vanish for R’ < |z| < R; and the existence of a
solution V' € C?([ty, 7], Cs°({R' < |z| < R})) is clear. Hence, we assume
in the sequel |z| < R'.

The proof of Proposition 5.1 is based on an approximation argument.

Definition 5.3 Let o = o(s) be an even function from the Gevrey space

GH(R),

0%0(s)| < CFEMY, keN, seR, 1<d<2,
and supppo C (-1, 1). Additionally, suppose that so’(s) < 0 < p(s),
2 o(s)ds = 1, and write gp,(s) = mo(ms) for 1 < m € R. Then we

define for large m

ao,m(s) = (ao * om)(s), am(S) s
Un(t, z) = (U * om)(t, ), ( )
Vom(x) = (Vo * om) (), Vim(z) = (Vi

where * denotes the usual convolution.

Lemma 5.4 Replace the interval By = [—M, M| of Condition 1 by some
shrinked interval [—M', M'], 0 < M’ < M. If m is large enough, then the
coefficient a,,(s) satisfies Condition 1 with C, replaced by C, + 3.

Proof. Suppose that m is so large that a,(s) is well defined on [—M’', M.
The properties of the convolution imply 0 < ag,(s) < C, for all |s| < M.
We have

0< s/ag(s — r)ymo(mr)dr = s0sap m($),
since ag and g are even functions. From r¢'(mr) < 0 we deduce that
$05a0,m(s) = s/ag(s — r)mo(mr)dr

=s / ap(s — r)ym? o (mr)dr < /(s — 1)ag(s — r)m? o (mr)dr
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= /(ao(s — 1)+ (s — r)ay(s — r))mo(mr)dr < (Cy + 1)agm(s).
Clearly, 0 < sa),(s) < (Cy + 3)am(s). This completes the proof. O
Proof of Proposition 5.1. We consider the linear system

OV — 0p(Am (2, Upn)02Vin) — B (2, Upn )0 Vi (5.1)
— Cp(x, Up) Vi = F(t, x),
Vm(07 (13) = ‘/O,m(x)v atvm(ov .Z') = ‘/1,771(1.)7
where A,,, By, C,, are defined as in (2.2)—(2.4) with a(s) replaced by

am(s). According to [16], the problem (5.1) has a unique solution V,, €
C?%([to, 7], GY(Bg')). Similarly to Section 4, we set

a*,m(tv x) = am(¢m(x)gm(t7 x) + wm(l')hm(ty 1‘))7
By (t, ) = By (z, Un(t, x)) + 0pasm(t, )1,
Cim(t, ) = Cp(z, Unp(t, x)).

Obviously, am — ax, Bim — By, Cxm — Ci in the topology of the space
C([to, 7], C;°(Bgr)). Due to Proposition 4.6, we have uniform estimates
sup [|[Vin (2, ')HHk(BR,) <Ck, m=>=mg, kel
[t0=7—]
Then (5.1) yields || Vin( -, ')Hc2([t0,r],Hk(BR,)) < C). By the Arzela—Ascoli
theorem, there is a subsequence {V},} converging in C*([to, 7], H*~1(Bg/))
to some limit V) which solves (2.7). By Proposition 4.4, solutions to (2.7)

are unique. Therefore, V&) = v for all k,I; hence we have a solution
V € C%([to, 7], C°(Brr)). O

6. Existence of solutions to (2.5)

Now we prove the existence of C* solutions U to (2.5) for small times.
In the next section, more attention will be paid to a better description of the
life span of this solution. We shall show that, under suitable assumptions, a
solution U to (2.5) can be extended to some longer interval. Therefore, we
now discuss the equation (2.5) with slightly more general initial conditions.

Define A, B, C as in (2.2)—(2.4), and consider the Cauchy problem

XU — 0,(A(z, U)0U) — B(x, U)0,U — C(z, U)U = 0, (6.1)
U(t[), 33) = UQ(IE), Ut(to, CL‘) = Ul(l‘),
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HU{)( 5) = (l,to)THcl(BR) < €o, HU1( -) — (0, 1)THL<>°(BR) < gg,
(6.2)

Proposition 6.1 Let a = a(s) satisfy Condition 2, and let (¢, ) €
C§°(R) with supp(¢, ¥) C Bpr be to a(s) compatible data, i.e., ||}] 0 <
M.

Then there is an g, depending only on M, C,, ||¢||01(BR), ||@ZJ||01(BR),
such that:

For every Uy, Uy € Cp°(Bgr) with (6.2) there is some Ty > to and a
unique local solution U € Cy°([to, T1] X Br) to the Cauchy problem (6.1).

The proof bases on the Nash—-Moser—Hamilton theory. We recall the
main results of that theory and refer the reader to [12] for the details.

Definition 6.2

(a) A graded (Fréchet) space E is a Fréchet space whose topology is in-
duced by a grading, that is a sequence of seminorms {||-||,, : n € N}
such that |le]|,, < [le]|,,;, for all e € £ and all n € N.

(b) A tame linear map is a linear map L € L(E;, E2) between two graded
spaces F1, F5 such that constants r, b € N exist with

HL€HE2,n S Cn HeHE'le»r? ec E17 n Z b?

where the C),, do not depend on e € Fj.
(¢) For a Banach space B, we define the graded space ) (B) of exponen-
tially decreasing sequences by

528) = { (o € By ol = 3™ ol < o0, me .

k=0

(d) The graded space E is a tame space if some Banach space B and
linear tame maps L1 € L(E,Y (B)), Ly € L(> (B), E) exist with the
property that LoL; is the identity on E.

Example 6.3 Spaces of C}° functions on smooth compact manifolds X
(with or without boundary) are tame (see [12], pp. 135-138), when we define
the seminorms [[v],, = [[v(-)[lyn(x), 1 < p < 00.

p

Definition 6.4 Let P: .# C Ey; — E3 be a (nonlinear) mapping between
the graded spaces E1, Fo, and be defined on the open set .#. The map P is
called tame if for each point e* € .# there is a neighbourhood e* € Q C .#
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and constants r, b € N such that
1P(e)llgym < Cn(l + llellg pyr) €€ n2b

Remark 6.5 A map is a tame linear map if and only if it is linear and
tame.

Definition 6.6 Let P: .# C E1 — FEs be a tame map. Then, P is called
smooth tame if it is C*° and D" P is tame for all n € N.

Example 6.7 Nonlinear partial differential operators acting on the tame
space Cp°(X) are smooth tame. Sums and compositions of smooth tame
maps are smooth tame (see [12], p. 146).

The following implicit function theorem is the crucial tool in the fol-

lowing.

Theorem 6.8 (Nash-Moser-Hamilton) Let E;, FEs be tame spaces,
M C Eqp be an open set, and P: #4 C Ei — FEy be a smooth tame
map. Suppose that the derivative DP(u) € L(Ey, E2) has a right inverse
VP(u) € L(Es, Ey) for each u € A, which is smooth tame as a mapping
VP(u): # xEy — Ey. Then P is in .# locally invertible, and each inverse

is smooth tame.

Proof of Proposition 6.1. We show U € C?([to, T1], C;°(Br)). The
smoothness in time then follows from (2.5). We fix the tame spaces

Ey = (C*([to, T), C3°(Br)))*,
By = (C([to, T), CG3°(BR)))* x (C*(Br))* x (C5*(BR))?,
lell £

= s (lelt, Mamisgy +llents Moo + lewtts M)

[(er,errserrn)l g,

= [tsu% ler(t, M pm(pr) + lerrC )l gm(pyy + lerrr ()l g sy) »
0,

where T" with 0 < T — tg < 1 will be chosen later. The map P: E; — FEs is
PU) = (an — 9u(A(x, U),U) — Bz, U)d,U — C(z, U,

Ulto, z) — Up(2), Uylto, ) — Uy (m)),
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which is a smooth tame map. To fix the open set .#, we introduce

Ut ) = Up(x) + (t — to)Us (x) + %(t—tg)Zc‘)x(A(x, Uo(a))Uo ()
4 5t 10 B, Uo(a))Uoa(e) + 3t — t0)°Cla, Un(a)Uo(),

and define

M = {U € Eli HU — U*HCI([to,T]XBR) < €o,

sup |U(t, )l gs(py) < C}
[to, T]
with some constant C' > 0. If we fix ¢g = /10 and choose T' = T'(¢) with 0 <
T—ty < 1 appropriately, then each element of .# can be extended to [0, T x
Bpg in such a way that (2.10)7 holds, with € chosen as in Proposition 3.1.
Obviously,

P(UL)(t, z) = ((t — to)Z(t, z), 0, 0)

with some Z € C([ty, T], C;°(Br)). Choose some function x € C*(R)
with x(t) = 0 for ¢t < 1 and x(¢t) = 1 for ¢ > 2. Then ((¢t — to)x(m(t —
t0))Z(t, ), 0, 0) converges to ((¢ —t0)Z(t, ), 0, 0) in the topology of Es
if m tends to infinity. Therefore, every neighbourhood of P(U,) contains
elements of the form (Z(t, x), 0, 0) where Z(t, ) = 0 for ty < t < T}; and
T; —tp > 0 is small. If we are able to show that the image P(.#) contains
a neighbourhood of P(U,) in E, then we have proved the existence of a
solution U to (2.5) in [to, T1] x Bg. More precisely, we show that P is locally
invertible in the neighbourhood ..
The Fréchet derivative DP(U) is a linear map V +— (F, Vp, V1) with

F =0}V — 0u(A(w, U)0:V) — 0, ((Au(z, U)V)3,U) (6.3)
— B(z, U)0,V — By(x, U)Vo,U — C(x, U)V — Cy(z, U)VU,
Vo(z) =V(to, ), Vi(z)=Vi(to, x).
Here we have introduced the notation
AU(xa U)V:a,(qbg"i'wh)((ba WVL U:(gv h)T7 V:(vb UZ)Ta

where (¢, ¥)V = ¢v1 + 1vg is the usual R? scalar product. This Cauchy
problem is of the form (2.7); and Hypothesis 1 is satisfied if U € .#. We
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note that the Levi condition (b) follows from |a’(s)[? < C2a(s), see (1.5).
Then the Propositions 4.6 and 5.1 imply the existence of an inverse map

VP:(U,F, V(), Vl)'—>V, %XEQHEl
which satisfies

[fu% [V (t, ')HH’“(BR) < Cp(1+ HU||E1,1§+2) (£, Vo, VI)HEQ,k'
0,

From the equation (6.3),

VI, . < Cel+ MUl g, gya) 1 Vo, V)i, geya -

Hence VP: .# x Ey — FEj is tame, see [12]. The proof is complete if we
show that V' P is smooth tame. We proceed by induction and only show
that D'V P is tame; the higher derivatives D¥V P can be considered in the
same way. We find that

v = D'V P(U, F, Vo, i){8U, 6F, 6Vp, sV},

where V() e E; depends linearly on (6U, 0F, 6Vy, 6Vi) € E; x E; and
nonlinearly on (U, F, Vy, V1) € .# x E3. More precisely,

2V — 9, (A(z, U0, VW) — 8, ((Ay(z, U)VID,U)

— B(z, U)0,VY — By(z, U)VWo,U

— C(z, )V — Cy(z, U)V DU

=0F 4+ RoU,

VW(ty, z) = sVo(z), V(to, 2) = 6Vi(x),
where R is a linear differential operator depending on U and V =

VP(U, F, Vo, V1). By Proposition 4.6, D'V P is tame. This completes
the proof. O

7. A life span criterion

In this section, we describe the life span of the C*° solution U to (2.5)
mentioned in Proposition 6.1.

Proposition 7.1 Let the assumptions of Proposition 6.1 be satisfied. Then
there is a constant Ty > 0 depending only on M, R, ||(ao,a1)lcsp,,),
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19, V)llcs(pg): and there is a unique solution U € Cp°([0, To] x Bg) to
(2.5).
The proof is split into the Lemmas 7.2 and 7.5.

Lemma 7.2 Let the assumptions of Proposition 6.1 be satisfied, and let
€, T be the numbers determined in Proposition 3.1. Finally, let
UeC*[0,T), C°(Br)), 0 <T < 7, be a solution to (2.5) which satisfies
(2.10). Then the estimates

10 e (7.1)
t
< Cr(1 + )Gy /0 0105 o) (14 105, )2 )

2 ~
sup [UGs, ) = (1 8)" gy < 750393(5[(1)15 1O (s, s (5,)) (72)

hold for 0 <t < T, where g, 0r: Ry — Ry are certain continuous and
increasing functions, and Cy depend on ||(ao, a1)l|cr(p,,)s 1@, )l crre ()
and R.

The proof is based on an a prior: estimate similar to that of Proposi-
tion 4.6 for the Cauchy problem (2.7), but now we take advantage from the
fact U = V.

Lemma 7.3 Let m,n € N withm > 2, n >3, and X C R be a bounded
domain. Then

lwllemxy 1wl gnxy) < Cllwll s xy lwll gmsn—2xy
w e H™2(X).

Proof. By Sobolev’s embedding theorem,
lwllemxy 1wl gnx) < C lwll gmer xy 1wl o x
<C Hw||H3(X) ||w||Hm+n—2(X) )
where we have used the complex interpolation method,
Hm+1 X) — [HS(X), Hm+n—2(X)]

( 0, °
Hn(X) _ [H?’(X), Hm+nf2(X)]

02’
with 61 + 65 = 1. O
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Proof of Lemma 7.2. We write (2.5) in the form
O — Az, U)O*U
— Ay(z, YU, — Ay (z, U)U Uy — B(z, U)U, — C(z, U)U =0,

where Ay (z, U) = d/(¢g + ¥h)(¢z, ¥e)UI, and (¢, ¥,)U is the R? scalar
product ¢,g + ¥, h. Similarly, Ay (z, U)U, = d'(¢g + vh)(¢, v)UI. We
apply 0%, set U¥ = 9%U, and obtain
DEU* — A(z, U)OPU* — (k +1)(8,A(z, U))0,U*
— Ay(z, U)(0,UMU, — B(z, U)d,U*
= k:Il+[2+I3+I4

( >(azA( Uy U2

I
Mz&

l

U
N

] =

+ (’;) (0L A, (z, U) + 8. B(z, U))UFH1!
=1
k—1 Kl
: k—l—mA l+17rm+1
+ Tl — 1= )1 O vle, D)UY
l+m=0
+ ok (C(x, UU).

From U*(0, -) = (8;U*)(0, -) = 0 for & > 1 and Proposition 4.4,

t
6. i o I Mgt

We recall that Hypothesis 1 is satisfied because of |a/(s)|> < C3af(s), see
(1.5). Employing Lemmas 7.3 and 10.1, we estimate Iy, ..., I;. For [ =2
in I, we find

1(82A(z, U)U¥||3, < C(llallge s 19 ©) ) (1 + U [[62)]| U],
For 3 <1 <k, we have
(8L Az, U))UR+27Y3,

< C(llaller, 1U1Izee, (@, D) )@+ NU )10 12t
< C(llallc, Uz, (@, w)llc) @ + (U1 F) U7

The term Is can be discussed similarly. Concerning I3, it is enough to
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discuss the case m <. Suppose k —1>l+m>k—2andl>2 (I <1is
trivial). Then

(@571 Ay (2, U)) U U™ |7
2 1112
< C(llallea, 16, ¥lle2) A + U IE) U |72 U™
< C(llallcs, (8, )lle2) A+ U IENU s U k-
Now let 1 <1+ m < k — 3. Then we have
l—m 1112
(05 Ay (z, U)UHU™ |7,
< C(llaller, 1UlLee, [[(#, ¥)[lcx)
2 1112
< (L4 U1 ) [T o [0 e
By Lemma 7.3,
2 1112
U e | U L 1™ e < CHUN U = 1T | et
< CIU g llU -
In case I = m = 0 we apply Lemma 10.1 and find
2
(5 Au (=, U)UT ;.
< Cllallgrss, 10 Lo (&, @)l en) (L + MU Z) U I -

The term Iy is left to the reader, see Lemma 10.1. From a/(s) = sa;(s) we
derive ||a||cr+1 < C||la1]|cx. Then we obtain the estimate

2
105U (2, |2,
t
<c /0 011U (s, s+ 105, )2 )ds

for k > 1. Since supp(¢, 1) C Bp, there is some 0 < R’ < R such that
¢(x) = Y(x) = 0 for R < |z|] < R. For such x, the Cauchy problem
(2.5) degenerates to 02U = 0; hence U(t, ) = (1, t)T. Then Poincaré’s
inequality implies

10 ) = (1 0T 225, < CRIBUE l2agsy-
The desired estimates (7.1), (7.2) are then obtained easily. O
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Remark 7.4 Consider (2.6). Remarks 3.5, 4.5 and Lemma 10.1 give the
refinement

185Ut )z,

t
SCkec(lJrT?’)/ A2(1 4 79)
0

X (141U (s, M asmpy) L+ U (s, )ik p)ds
for £ > 1. From this we conclude that
s[élgllU(sv ) = (1, 8) (s,

< NtC3e? I (1 4 supl|U s, ) y)s (7-3)
[0,4]

for all A and all 0 <t < T'. Obviously,

[Use(t, - )|z
< [[Ax(z, U)Usller + [ Ba(z, U)Us| Lo + [|Ca(z, U)U| L~
< Cll AN, U)ll2a) I(U () = (1 ) )all 28y
+ 1Bz, U)ll1= (U, ) = (1, ) )all e + [|Ca(z, U)U ||
S CAAHUE, )32z IUE, ) = (1 ) [ a3(8y) + CAL+ 7).
Supposing that the right—hand side of (7.3) were less than 1, we find

|Ue(t, ) — (0,1 < CAT(1473). (7.4)

)THLOQ(BR)

Lemma 7.5 Let the assumptions of Proposition 6.1 be satisfied. Assume
that U € C*([0, T), C°(BR)), 0 < T < 7, is a solution to (2.5) which fulfils

U, ) -, t)THcg([o,T)xBR) < €0, (7.5)
sup U (t, ')”H3(BR) < o9, (7.6)
[0,T)

where g s from Proposition 6.1. Then U can be extended to some function
U € C*([0, T, C°(Bg)), T < T' < 7, which solves (2.5) for (t, z) €
[0, T"] x Bg.

Proof.  According to Lemma 7.2, [|U(t, - )|/ gx(p,) < Ck for 0 <t <T and
all k € N. The equation (2.5) then gives [|07U(t, )|l () < Ck for 0 <
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t < T and all k. Therefore, U can be smoothly extended in a unique way
up to t =7T. Now we consider the Cauchy problem

OPW — 0p(A(z, W)0,W) — B(z, W)W — C(z, W)W =0,
W(t,x) =U(t, x), Wi(t, z) = Ut, ).

By Proposition 6.1, this problem has a solution W € C?([T, T1], Cs°(Bg)).
We set

o ) Ut,z) :0<t<T,
y L) =
Wi(t,z): T<t<Ty =T,

and the proof is complete. O

Proof of Proposition 7.1. From Proposition 6.1 we conclude that there is
a local solution U € C;°([0, T1] x Bg) to (2.5) which satisfies (7.2). By
Lemma 7.5, this solution can be extended as long as (7.5) and (7.6) are
satisfied. A lower estimate Ty > 0 of the life span of U can then be derived
from (7.2). O

Proof of Theorem 1.5. The problem (1.2) can be transformed into the sys-
tem (2.5) by means of the reduction presented in Section 2. According to
Proposition 7.1, this system has a unique local solution U € Cp°([0, Tp] x
Bg). For z & supp(¢, 1), the system (2.5) degenerates into 92U (t, x) = 0,
hence u(t, x) = 0. Therefore, we have found a solution u € C;°([0, Tp] x R)
to (2.1), which vanishes outside [0, Tp] x supp(¢, ¢). Then the solution w
to (1.2) is given by

wlt.a) = [ ;uu, u)dy,

and it is easy to show that w vanishes outside [0, Ty] x supp(®P, ¥). O
Proof of Theorem 1.6. For 0 < A < 1, choose e(A\) = @(A\/?) as in Re-

mark 3.4, and set g9 = €/10, see the proof of Proposition 6.1. Now choose
7 =7(\) with
NrCye? M (14 (o + (L 7l 3 (8r)°)
< CO2ed, OM(1+7%) < e,

see (7.3), (7.4). Here Cyp, is the norm of the embedding H3(Bg) C C'(Bg).
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Due to Remark 7.4, we then have

U ) = | orppy <20 Ut ) = (0 )| ey < 20
provided that t < 7. According to Lemma 7.5, the solution U persists in
the interval [0, 7). Finally, 7(\) > C|In \|'/3. O

8. The case of non smooth a(s)

Proof of Theorem 1.2.  We transform (1.2) into the system (2.5), where A,
B, C are given by (2.2)-(2.4), and (¢, ¢) = (®,, ¥,) € CFTI(R). We
approximate ao(s), ¢(z), ¥(x) by aom, dm, ¥m as in Definition 5.3, and
obtain uniform estimates

1(@m: ¥m)llcrrrs Naomllcor(p,y <C mzmo(M), M <M.

We set am (s) = 5%a0,m(s), a1,m(s) = ap,,(s)/s = 2a0,m(s)+sag , (s). Clearly,
sa67m(5) =5 / ay(s — rymo(mr)dr = /(5 —1)agy(s — rymo(rm)dr

+ /ao(s — r)ymo(rm)dr + /ao(s — r)yrm? g (rm)dr
= Il,m(s) + Ig7m(8) + 137m(8).
We see that |11 n]|cr + [ I2mllcr < C(llaollcr + llai]|cr), since sag(s) =
a1(s) — 2ag(s). Due to |mr| <1 on supp ¢'(mr),
105 I ()] < llaollcr / [mg'(mr)|dr < Cllao]|or.

As a consequence, |lai,||cp < C for all m.
Now we consider the Cauchy problem

02Uy, — 0p (A (2, U )02 Upy)
— By, Upy)0pUppy — Con (22, Up ) Upny = 0,
Un(0, 2) = (1, 007, Upi(0, 2) = (0, )T,

where A,,,, By, Cp, are defined as in (2.2)—(2.4), but with ag, a1, a, ¢, ¢
replaced by ao m, @1,m, @m, m, ¥m. According to Proposition 7.1, there is
a unique local solution U,, € Cy°([0, To] x Bgr) for large m, where Ty only
depends on ||(ao,m, a1,m)llc3, [[(@ms ¥m)||cs. These norms are uniformly in
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m bounded. Taking into account that & > 4, we apply Lemma 7.2 with k
replaced by £ — 1. Then we find

sup || Un (¢, ')HHk—l(BR) <C<oo

[0, To]
for all m > mg. By the differential equation, it can be deduced that {U,,}
is a bounded sequence in C([0, Tp], H*~*(Bg)) N C%([0, Ty], H*~3(BRr)).
The Arzela-Ascoli theorem gives us a subsequence {U,,} converging in
C([0, To), H**(Bpg)) to some limit U*. Interpolating between the spaces
C([0, To], H**(Bg)) and C([0, Tp), H*~'(Bg)) shows U,y — U* in
C([0,Ty),H*=1=¢(Bg)). Especially, we have convergence in C([0,Ty],C?(Bg)),
since k > 4. Then the limit U* is a solution to (2.5). From the weak
precompactness of bounded sets in H*~! we deduce that U,y — U* in
L>=([0, To], H*=1(Bg)). The differential equation then yields

QXU € L™=(|0, Ty), H*3(Bg)).

The uniqueness of U* can be shown by standard arguments, Proposi-
tion 4.4 and Gronwall’s lemma.

Then we find a solution u € L*([0, Ty], H*"*(Bgr)) to (2.1), which
satisfies 02u € L>([0, Tp], H*=3(Bg)). A solution w to (1.2) then is given
by w(t, x) = ffRu(t, y)dy, compare the proof of Theorem 1.5.

Finally, we discuss the uniqueness of this solution w. It suffices to
consider the reduced problem (2.1). Let v = v(t, ) be a second solution to
(2.1) with

dlv e L0, T}, H*/(R)), j=0,2.
Then the difference z(t, x) = u(t, ) — v(t, ) solves
022 — Oplas(t, £)0,2) — b(t, 2)0pz — c(t, )2 =0

with the coefficients a.(t, ) = a(u(t, z)), b(t, z) = d'(u(t, x))0zv(t, x),
and c(t, z) is given implicitly by c(t, )z = (a(u) — a(v))d?v + (a’(u) —
a'(v))(0,v)%. We see that c(t, =) is bounded; and by Condition 1, |b(¢, z)|? <
La.(t, x). From Proposition 4.4 we get ||2(t, - )||2(p,) = 0. On the other
hand, u(t, ) = 0 for ¢ Bg, which implies 82z — c(t, z)z = 0. Conse-
quently, z(¢, x) vanishes everywhere. O
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9. A blow-up result

We consider the Cauchy problem 1.2 and describe a class of coefficients
a = a(s), and initial data ®, ¥ for which the solution blows up in finite
time.

Proposition 9.1 Suppose Condition 2 with ag(0) > 0. We assume that
¢, U e Cf°(R) are even functions, and

®"(0) >0, ¥'0)>0 or @"(0)<0, ¥(0)<O.
Then the Cauchy problem (1.2) has no global C* solution w.

Proof. According to Theorem 1.5, there is a unique solution
w € Cy°([0, Ty] x R), for some Ty > 0. Now we show that Tp is bounded
from above.

Since a, ®, ¥ are even functions, the solution w = w(t, ) is also even,
hence wg(t, 0) = 0 for 0 < ¢ < Ty, which implies w(t, 0) = ®(0) + t¥(0).
For 0 <t < Ty, —e < x < g, we have the Taylor expansion

21
ZH )(t, 0) + O(|z]?)
k=
(<I> 0) +t¥(0)) + £(H)2” + O(|z),
£(0) = 5@”(0)7 §'(0) = 5‘1’"(0)-

Plugging this into (1.2) and collecting the terms with z? gives

Eu(t)a? — a(26(t)z) - 26(t) + O(|z]*) =
Eult) — (26(1)%ap(0) =0, 0<t<Ty.

Since £(0) and £'(0) have the same sign, and ag(0) > 0, this ODE has no
global solution, as can be seen from the equivalent formulation

(&)%), = 4a0(0) ("), 0<t<Th.

10. Appendix

The following technical lemma is proved by Nirenberg-Gagliardo inter-
polation.
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Lemma 10.1 Let f = f(x, u): Q x .# — R be some C* function, where
QC R, # C RN are domains with smooth boundary, and Q is bounded.
Assume k > n/2. Then there is some continuous function g: Ry — Ry
depending on || f (-, -)llck(x.z) such that

I1f (2, w(@)) @) < er([ul-)lle@) (X + lul-)llgr@)

for all functions u € H*(Q) taking values in 4. The function o, satisfies

oe(s) < Cr sup > 0908 f(x, w)|(1+ M)
rEL[ulSs o)1 181<k
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