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Absolute and ordinary Koéthe-Toeplitz duals of
some generalized sets of difference sequences
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(Received May 16, 2002)
Abstract. In this paper we determine the ordinary Kéthe-Toeplitz duals of the sets

A™l(p) and A™c(p) and the absolute Kothe-Toeplitz duals of the sets A™co(p) and
A™c(p) defined by Et and Baganir [8].
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1. Introduction

Let w be the space of all complex sequences z = (zx)5>;. Throughout
the paper p = (pr)ze; shall always be an arbitrary sequence of positive
reals.

The sequence spaces £o0(p), ¢(p), co(p) and £(p) have been studied by
various authors: (cf. [2], [3], [5], and [7]).

Ahmad and Mursaleen [1] defined the sequence spaces

Aloo(p) = {z € w: Az € Ls(p)},
Ac(p) ={z e w: Az € c(p)},
Acy(p) ={z € w: Az € ¢o(p)}
where Az = (zj, — Tx+1). Malkowsky [6] also studied the sequence spaces.
After then Et and Bagarir [8] defined the sequence spaces
A™ o (p) ={z €w: A™z € Len(p)},
AMc(p) ={z e w: A™z € c(p)},
AMcy(p) = {z € w: ATz € co(p)}
where m is a positive integer, APz = (zx), A™z = (A™x) = (A" lay —
A™ g i), AMzp = 3o (=1)° () Zk4o. Furthermore Et and Bagarr
[8] determined the absolute K6the-Toeplitz duals of the set A™{(p).
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The operator
D : A" (p) = A0 (p)

defined by Dz = (0,0,...,Zm+1, Zm+2,--.), Where = (x1,Z2,23,...) is a
linear operator on A™{(p). Furthermore the set

D[A™o(p)] = DA™ (p)
:{x:(mk)xeAmEc)o(p)? $1:.’E2=--‘=$m=0}

is a subspace of A"/ (p).
Now let us define

A™ : DA™ (p) — oo (D)
A™(z) =y = (A™ oy — A"z ). (1)

It can be shown that A" is a linear bijection.

2. Koéthe-Toeplitz duals

In this section we determine 8- and y-duals of A™Z(p) and A™¢(p).
Also we give a-dual of A™c¢y(p) and A™c(p).

Definition 2.1 Let X be a sequence space and define

(oo}
X% = {aEw:ZIakxkl < oo, forall a:eX},
k=1

Il

o0
X8 {a Cw: Zakwk converges, for all x € X}

k=1

n
D axo

X7 = {aEw:sup
k=1

n

< o0, forall :EGX}.

Then X<, X8 X7 are called a-, -, v-dual spaces of X, respectively.
It is easy to show that § C X C XBcCc XY IfXCY,then Y7 C X" for
n = a, 3,v. We shall write X** = (X ).

Theorem 2.2 For every strictly positive sequence p = (pg), we have
(i) [A™co(p)]* = D§(p),
(i) [ATco(p)]** = D§(p)
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where

k—
Dg(p) = ) S > _J—l N—L/Pj
Op)—U aew.Z|ak| < 00
N=2 k=1 j=1

and

k— . -1
Dg%(p) = ﬁ a€w: sup |ag i (k I 1) N-YPi| < oob.
N2 k>ml SN Mo 1

Ti??‘

(We adopt the usual convention that )
for arbitrary y;.)

(VL Jw=0k-m<)

m—1

Proof. (i) Let a € Dg(p) and £ € A™cy(p). Then there is an integer ko
such that supysz, |A™zk|Pk < N71, where N is the number in D§(p). We
put M = maxi<k<k, |A™Zk [Pk, n = mini<k<i, Pk, L = (M +1)N and define
the sequence y by yi = z.L~1/™ (k=1,2,...). Then it is easy to see that
supy, | Ay [P < N1

Since Zk " (k—J 1>N 1/p; > > e < - 1>N‘1/PJ‘ for arbitrary

m—1 m—j

N>1(k=2m,2m+1,...),a€ D§(p )unphes

ZI%IZ( Ayl <o

Then

[ee] [e.e]
> lagzi| = LYV™ Y |aryx|
k=1 k=1
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+L1/nk§:1|a |;< ) |A™ Ty
< 00.

So we have a € [A™cy(p)]®. Therefore D (p) C [A™co(p)]®.
Conversely, let a ¢ Dg(p). Then we can determine a strictly increasing
sequence (k(s)) of integers such that k(1) = 1 and

k(s+1)-1
M= > lak|2< >(+1) Upi>1 (s=1,2,..).

k=k(s) Jj=1

We define the sequence z by

l‘k—z Z ( )(l—i—l)—l/pf
=1 j=k(l
k—m .
o (e
J=k(s)

(k(s) <k <k(s+1)—1;, s=1,2,...).

Then it is easy to see that |A™zi|P = 34%1 (k(s) < k < k(s+1) —1;
s=1,2,...) hence ¢ € A™¢y(p), and Y 5o, |akzr| > > o0y = 0, i.€. a &
[A™co(p)]*.

(i) For N =2,3,..., we put

o) k—m E_i_1
E}Vz{aEw:Z|ak| < mj—l )N"l/pﬂ'<oo},
=1

k—m E—i_1 -1
Fh={acw: sup |ag| ( J )N‘l/pj < 00 .
k>mt1 — \ m—1

1=

By a well known result (cf. [3, Lemma 4 (iv)]), we have to show Fi = (E})%
(N-=12,3,...). The proof of this is standard and therefore omitted. O

Theorem 2.3 For every stm’ctly positive sequence p = (pg), we have

Ame(p)]* = D) = D§ ) {ac w: Zm@(’“ ) <ol
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Proof. Let a € D%(p) and z € A™c(p). Then there is a complex number
! such that \Ammk — Pk — 0 (k — o0). We define y = (yg) by vk = =g +
I(—1)mtt Z ( - 1) (k=1,2,...). Then y € A™cy(p) and

Z |akzk| < Zlakl Z (k 77 ) | A"y
+§jlakli (051 1am
+|Z|Z|ak| Z (k 3‘1) < o0

by Theorem 2.2 (i) and since a € Da(p)

Now let a € [A™c(p)]* [Amco(p)] D(‘)"(p by Theorem 2.2 (i).
Since the sequence z defined by zx = 1” (km ) ) 1,2,..)
is in A™c(p) we have

S 100 S5 (4777) <o

k=1 j=1

O
Theorem 2.4 For every strictly positive sequence p = (py), we have
(D) [DA™oo(p)]? = Dio(p),
(ii) [DA™oo(p)]” = D(p)
where
%) k—m L j 1
B - . —J 1/p;
Deo(p) = ﬂ {a Cw: Zak ‘ ( m—1 )N Pi converges and
N>1 k=1 ij=1
oo k—m+1 k j
- 1
> IRy Z < o )N/pf<oo}
k=1 j=1
n k—m k j 1
— : —J- 1
D;’O(p)—ﬂ{aEw.s%pZak 1 )N/m < oo,

N>1



212 ¢. Asma Bektas

and Rp =302 106, (k=1,2,...).
Proof. (i) I xz € DA™/l (p) then there exists and only one y = (yx) €
£ (p) such that
k—m
— m k _j -1 .
o= Com (571

Jj=1

for sufficiently large k, for instance & > m by (1). Then there is an integer

N > max{1,supy, |A™z|P}. Let a € D%, (p), and suppose that <j> =1

(in some literature it is assumed that (;) = 0 for £ < 0). Then we may

Yoo (F20 7 w)

iy i <k;+m—j—2

write

m — 2

P

k+m—j5—2
m—2

Since Y poy |Ritm—1] Z;?:l ( > N/Pi < o, the series

> peq Ritm—1 Z;?:l <k+m_j—2 ) y; is absolutely convergent. Morever by

m—2
k—j—1 o
J ) N1/Pi implies
m—1

Corollary 2 in [4], the convergence of > po; a Z;:I" (
. n— —j—1
limp—oo Rn 2j={n (nmj—l

all z € DA™ (p), 50 a € [DA™oo(p)]P.

Conversely let a € [DA™s(p)]°. Then S22, apzy is convergent for
each x € DA™/ (p). If we take the sequence z = (z) defined by

> N1/Pi = 0. Hence > peq arTk is convergent for

0, E<m
k

— -m .
= F=i—V\nim fsm
m—1 ’
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Thus the series Y oo ; ak Z ( - 1) NP5 is convergent. This implies

m—1

that Jimn o Rn 07" ( ni- 1) N/Pi = 0 by Corollary 2 in [4].

m~—1

Now let a € [DA™s(p)]? — D2, (p). Then
S e 1 | R Zk —mtl <k J_;) N1/Pi is divergent, that is,

k—m+1 ki1
Zuzki )3 ("5t = e

We define the sequence z = (z) by

0, k<m

v—m-+1l
ngnR Z < )Nl/pJ k>m

where ar > 0 for all k or ap < 0 for all k. It is trivial that z = (z) €
DA™l (p). Then we may write for n > m

Tk

n n—m
Z agTk = — Z Rptm-1A8Tk1m—1 — RnTp.
k=1 k=1

Since

<<ngnR v fl< > Nl/pj) (”: <nn—1 ]— - 1> Nl/pj)_l> c i,

J

now letting n — oo we get

2 d E(km—j—2
Zakmkzzmkm_uz( m - >N1/pa' o
k=1 k=1 j=1

This contradicts to a € [DA™Zx(p)]?. Hence a € D2 (p).
"(ii) can be proved by the same way as above, using Corollary 1 in
[4]. O

Lemma 2.5 [DA™o(p)]" = [DA™c(p)]" for n =0 or ~.

Proof is trivial.
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Lemma 2.6 (i) [A™w(p)]" = [DA™w(p)]7,

(ii) [A™e(p)]" = [DA™c(p)]" for n = or v.

Proof is omitted.

Corollary 2.7 Let X stand for boy or c. Then
i) [A™X ()P =N {a EW: Y oy Ok Z ( _j_1> NY?i converges

i) [A™X ()] = N {a € w:sup,

m—1

and Y g0y le|Zk _rt ( - 1>N1/P] < oo}

N>1

Shoiae i () Ve

m—1

SR Rl ST () MR < oo}

N>1

where Ry, = ZS‘;M G-
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