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Toeplitz operators and Carleson measures
on parabolic Bergman spaces
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Abstract. Let bE, be the parabolic Bergman space, which is the Banach space of all LP-

solutions of the parabolic equation (8/9t + (—A)*)u = 0 on the upper half space RT'I
with 0 < a < 1. We discuss the relation of Toeplitz operators to Carleson measures.
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1. Introduction
Let RT’l be the upper half space of the (n + 1)-dimensional Euclidean

space (n > 1). We denote by X = (z, ) a point in R™' = R" x (0, c0),

and by L@ the a-parabolic operator on R?fl:

_9

ot

where A := 92 +---+ 02 is the Laplacian on the z-space R" and 0 < o <
1. For 0 < p < oo, we denote by

L@ (—A)°,

N 1
LP(V) = { f; Borel measurable on R},

1/p
I fll ey = </|f|PdV> < oo}

the usual Lebesgue space, where V is the Lebesgue measure on R’ffl and
| - oo vy is considered as the essential supremum norm. We consider the
parabolic Bergman space and the Bloch space on the upper half space:

B :={u € C(RIM); L®u = 0, ||u] gy < o0},
Bo i={u € CY(RY); L®u =0, |lulls, < oo},
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where 0 < p < o0, and

lullg, =10, D]+ sup  {t"/CI|Vu(z, t)]+Howu(z, )]} (1)
(:):,z‘,)ER:f_Jrl

Here, “L(®y = 0” means that u is L(®-harmonic on RT’I, which is defined
later (see also [2]). The orthogonal projection from L?(V) to b2 is an integral
operator by a kernel R,, called the a-parabolic Bergman kernel (see [3]).
Then for a positive measure p on the upper half space Rﬁ“, we can discuss
the Toeplitz operator, defined by

(L) (X) = [ Ral(X, Y)Y )du(). (2)

In [5], authors treat the case where u is absolutely continuous with respect
to the Lebesgue measure and discuss the condition that T}, be bounded on
b2

2, relating with the condition that p be a Carleson type measure. In this

paper, we generalize this result to consider a condition that T}, be a bounded
operator from b, to b% and from b2, to B,/R, where 1 < p < g < co. Here
we remark that B,/R can be identified with the dual space of b}, (see [3,
Theorem 8.4]), which corresponds to the case ¢ = oo, where R is the space
of all constant functions, and then

lullg,yr=sup {t"/C|Vu(z, )] + tldru(z, )]} (3)

(:v,t)GRi'*‘1

In [1], B.R. Choe, H. Koo and H. Yi discuss the Toeplitz operators for the
harmonic Bergman spaces on the upper half space, which corresponds to

our case for a = 1/2 (see [3, Corollary 4.4] and [4, Section 3]).
Now we shall state the results with some definitions.

Definition 1 Let p be a positive Borel measure on Rﬁlfl and 7 be a
positive number. We say that p is a 7-Carleson measure (with respect to
L) if there exists a constant C' > 0 such that

p(Q (X)) < Crlr/ e )
holds for all X = (z,¢) € R™ = R" x (0, 00). Here Q®(X) is an
a-parabolic Carleson box, defined by

Q(Q)(X) = {(y17 <oy Yn, S)at S S S 2t7
]yj — .%'j| < 271t1/2a, j=1 ... n}
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Our first result is the boundedness of the inclusion of b, into L(u).

Theorem 1 Letl <p<g<ooand >0 bea Borel measure on RTH'1
Then p is a q/p-Carleson measure with respect to LY if and only if there
exists a constant C' > 0 such that the inequality

([ 1ucorauc) " o/ \u<X>rpdv<X>>1/p, )

i.e., ||ullpau < Cllullpevy holds for all u € bk,

In order to characterize the boundedness of Toeplitz operators, we in-
troduce some auxiliary functions.

Definition 2 Let p be a positive Borel measure on RTFI. For Y =
(y, s) € R’}F'H, we put

(“())

fia(Y) = ( ( ))>
N _ JRa(X,Y)?du(X)
falY) = [ Ro(X, Y)2dV(X)’

where R, is the a-parabolic Bergman kernel (see § 2). We call i, the
averaging function of p and call i, the Berezin transformation of . Note
that

V(QW(Y)) = sV and
/ Ry (X, Y)2dV (X) = Cs~(/2)+D)

with some constant C' > 0 independent of Y € R’}fl.

We also use a modified kernel defined by

m
os™
Here m is an nonnegative integer and ¢, = (—2)™/m!. Note that R0 = R,,.

To state our main result, we use &, the vector space generated by
{R™(-,Y);Y € R/}, Remark that if m > 1 and 1 < p < oo, then &, is
dense in b? (cf. [3, Lemma 8.2]).

RN (X, Y) = Rl (2, By, 8) = cms™ 52 Ra(, £y, s).
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Theorem 2 Letl <p<ooandl <q<oowithp<gqandl/p—1/q<1.
Assume that a positive Borel measure ji on RZLFH satisfies

/ R™(X, |du(X) < 00, V-a.c. (6)

for some integer m > 1. Then the following statements are equivalent:
(I) (a) When 1 < q < oo, the Toeplitz operator T),: bb, — bl is bounded,
i.e., for everyu € b2, [|Ra(-, Y)u(Y)|du(Y) < oo, V-a.e. and

| Tpullpaqvy < Chllull oy

with some constant C1 > 0;
(b) When q = oo, Tj,: bb, — By/R is bounded, which here means
that there exists a constant C1 such that for every u € &,

| Tpulls./r < Crllullpevy;

(I1)  p is a 7-Carleson measure with respect to L\, where 7 =14 1/p —
1/q, i.e., there exists a constant Co > 0 such that for all X = (z, t) €

RTL+1

+
fia(X) < Cot(™/ o)1) /p=1/a),

(IIT)  There exists a constant Cs > 0 such that for all X = (x, t) € RQL_H,

fia(X) < Cat?/Ca)+1)(1/p=1/0)

Remark 1 If we replace i, by a modified Berezin transformation fi, 1 in
the statement (III), Theorem 2 remains true for the case p =1 and ¢ = co.
For the definition of fis1(X), see Section 5 below.

Remark 2 In the above theorem, if u > 0 satisfies
Js e jaPe) e, 1) < oo

for some 7, then (6) holds for m > n+ n/(2a) + 1 (see Lemma 2 below).
The condition (6) is used only when we show (I) implies (II). In (b) of (I),
since &, is dense in bf, it can be considered that the Toeplitz operator T},
is extended on b?,.

Throughout this paper, C' will denote a positive constant whose value
is not necessary the same at each occurrence; it may vary even within a
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line.

2. Preliminaries

First, we give the definition of L(®-harmonic functions. For an open set
D in R™™ | let C32(D) denote the set of all infinitely differentiable functions
with compact support on D. In order to define L(®-harmonic functions,

we shall recall how the adjoint operator L(® = —3/dt + (—A)® acts on
CP(R™M). For 0 < a < 1, (—A)% is the convolution operator defined by
—cn.aD-f.|z) 7722, where

Cno = =420 ((n + 20) /2) /T (=) > 0

and |z| = (22 4 --- + x2)Y/2. Hence for ¢ € C(R™1),

L(a)gp(;p, t) = - 790(3:7 t)

—cnalim [ (p(z+y, t) — (e, 1)yl "> dy.
310 Jly|>s
It is easily seen that if supp(y), the support of ¢, is contained in {|z| <
r, b1 <t< tg}, then

2t ) < 2 s [ Jotu 9ldy) - lal (0

t1<s<t2
for (x, t) with || > 2r. For an open set D in R"™!, we put
s(D) := {(x, t) € R""Y; (y, t) € D for some y € R"}.

Since supp(L(® ) may lie in s(D) even if supp(¢) C D, we can define the
L{®)-harmonicity on D only for functions defined on s(D).

Definition 3 A function u is said to be L(®-harmonic on an open set D,

if u is defined on s(D) and satisfies the following conditions:

(a) w is a Borel measurable function on s(D),

(b) w is continuous on D,

(c) forevery ¢ € CF(D), [[p) luL(®p|dzdt < oo and S uL (™ pdadt
=0.

Remark 3 When 0 < a < 1, the inequality (7) implies that the integra-
bility condition in (c) of Definition 3 is equivalent to the following: for any
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closed strip [t1, to] x R™ C s(D)

to
/ / lu(z, t)|(1 + |z|) " "2*dzdt < oco.
t1 n
Next, we introduce the fundamental solution W (¥ of L(®) defined by

(271')_"/ exp(—t|€]?Y + vV =1z -&)dE t>0
RTL
0 t<0,

W) (z, t) =

and give some properties and estimates necessary for our discussions. When
a=1or a=1/2 we know the explicit form. In fact, for ¢t > 0,

W (z, ¢) = (4mt) "/ 21/ (41)

and
t

2 2 (n+1)/2°
(82 + |2f?)

where a, = I'((n +1)/2) Jx(+D/2 - The following homogeneity of W(®) is
useful:

W(1/2) (x’ t) = an

APOFW @) (i, 1) = ¢~ ((HIBD/Qa)+R) (9B gkyy (@) (1=1/ Ry 1) (8)
where 3 = (f1, ..., Bn) be a multi-index and k > 0 be an integer.

Lemma 1 Let 5= (f1, ..., Bn) be a multi-index of nonnegative integers
and k > 0 be an integer. Then there exists a constant C > 0 such that

1080 W @) (2, £)] < C (¢ + |a]2) "IN/ @)k
for all (z,t) € R

Proof. Quite the same argument as in the proof of [3, Lemma 3.1] gives us
an estimate

0705 W (2, 1)| < Cla| 7072k

instead of (3.5) in [3]. Then by the homogeneity property (8) of W(®, when
t < |af*,
180k W () (2, 1) = t—((n+|ﬁ\)/(2a)+k)|(3§3§€W(a))(t—1/(2a)$7 1)|
< Ot~ ((H1BD/ ) +k) ¢ (0B (20) 1K) |~ 18] —20k
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< Ot + [a)?) D/ GHE)

and when |z]?® < t,
020FW (@) (, t)| = ¢~ ((nHIBD/Qe)+R)| (gBgkyy(@)y (¢ =1/ () 1))
< ot~ (nHBD)/ 2a)+k)

< C(t + ‘$|2a)*((n+|ﬁ\)/(2a)+k)
which give the lemma. U

We recall some properties of a modified a-parabolic Bergman kernel
R, which is given by

(_2)m+1

Ro(z, ty, s) = ~—

sSPOMHIW) (1 — g, t+ 5).

This kernel has the reproducing property, i.e., for m > 0, p > 1 and for
every u € b,

Ry = / R (-, YV)u(Y)dV(Y) = u ()

(see [3] for n > 2 and [4] for n = 1). Lemma 1 gives the following estimate

for R}

Lemma 2 For an integer m > 0, there exists a constant C > 0 such that
Ry (z, tiy, s)| < Cs™(t+ s+ |z — y[Qa)f(n/(za)H)*m.

Later, we also use the following estimates.

Lemma 3 Let 0 <p<oo. Ifm> (n/(2a)+1)(1/p— 1), then we have
| R™(-, y)HLp(V) — O/ (2a)+1)(1/p-1)

with some constant C > 0 independent of Y = (y, s) € RT‘l.

Proof. This follows from [3, Lemma 3.2], where the condition p > 1 is
assumed but it is not necessary. ([

Lemma 4 ([5, Corollary 1]) Let m > 0 be an integer. Then there exist
constants C' > 0 and p > 0 such that

[RE(X, V)| 2 Cs~ I = CV(Q(Y))
forallY = (y, s) € R:L_H and all X € Q(Y,), where Y, := (y, ps).

-1
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Lemma 5 Letvy,neR. If0<1+~v<—-n—n/(2a), then
/ (t+ s+ |z —y>)"dV (z, t) = CsrHmin/ o)+l
. . +1
with some constant C > 0 independent of (y, s) € R}™".

3. A characterization of Carleson measures
Carleson measures are characterized by some norm inequalities.

Proposition 1 Let p be a positive Borel measure on R1+1 and let 0 <
p, q < oco. For an monnegative integer m with m > (n/(2a) + 1) (1/p - 1),
there exists C' > 0 such that

1/q 1/p
([1rzx paun) <o [irzeeyviraveo) o)
for allY € Ri“. Then u is a q/p-Carleson measure.

Proof. For every Y = (y, s) € Rﬁ“, by Lemmas 3 and 4, we have
a/p
(/) +1)(1/p=1)g _ C(/ IR™(X, Y)]pdV(X)>
> ¢ [ IR V) ()

>C Ry (X, Y)[?dpu(X)
QL) (Yp)

> C s~ (/@) Nag,, (X)
QL) (Yp)

= 05/, Q) (1),

Hence
(n/(2a)+1)(a/p)
(o) < f
p(Q(Y)) < C(p) ,
which implies that p is a ¢/p-Carleson measure. 0

As for the converse assertion, we see the following proposition.



Toeplitz operators and Carleson measures on parabolic Bergman spaces 571

Proposition 2 Let 0 < p, g < oo with q/p > n/(n+ 2«a) and let m be a
nonnegative integer such that m > (n/(2a) +1)(1/p — 1). Assume that p
is a q/p-Carleson measure on RTFI, i.e.,

n(Q@(X)) < ¢/ TV () (X)) (11)

for all X = (z,t) € R with some constant C > 0. Then there exists
another constant C' > 0 such that

(/uﬂ%&Ywmmxﬁquc</m$uaywm«xﬂ

n+1
for (zllYGR_~_Jr .

1/p

Proof. We use a Whitney type decomposition. For Y = (y, s)
= (Y1, .-+, Yn, S) € R’}fl and v = (8, k)= (01, ..., Bn, k) € Z" we put

2514‘1 Qﬁn-i-l)
72 s ey 5

t, =25, z,=y+ (ka)l/(2a)<
and
Qv = QW(x,, t,)
= {(, 0):8;(2"9)/C%) <@ —y; < (8 +1)(2%s)"/
(G=1,...,n), 2Fs <t < 2FFlg),

Then there exists a constant C' > 1, independent of Y = (y, s) and v, such
that

Clt+s+ |z —yl*) < (ty + s+ |z — y|*)
<C(t+s+ |z -yl

for every (z, t) € Q,. Hence by Lemmas 2, 3, and 5, and (11), we have
[ 1R Y d6)

<csm 30 /Q (t+ 5+ |z — y[20)~ (/o +1Emagy, o

veznt!

<OsT™ N7 (ty + s+ |z, — g2/ G Q)
I/EZ"+1

< Cs?m Z (tzj +s+ ’-TV - y|2a)—(n/(2a)+1+m)q
vezZntl
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x t(/ Gt Dia/p=1y (Q,)
< gt / +(n/(20)41)(a/p-1)

X (t+ s+ |o — y|?) = (/G IEmagy (g 4)
_ (s/2a)+1)(1/p-1)g

_ c< / IR™(X, Y)\pdV(X))q/p.

4. Proof of Theorem 1
In this section, we complete the proof of Theorem 1.

Proof of Theorem 1. Let 1 < p < g < oo and take an integer m with m >
(n/(2a) +1)(1/p—1). Since RT'(-, Y) € b%, (5) gives (10), and hence the

“if” part follows from Proposition 1.
To prove the “only if” part, we denote by p’ the exponent conjugate to
p. Then, by the Holder inequality and [3, Lemma 6.2],

X)| = | [ 50Dy R (X, Vv ()
< < / s~V pm(x, Y)]dV(Y))l/p,
< ([ x, Y)W(Y))l/p

1/p
— ot V@) (/ sP/P'D) |y (V) |P|R™(X, Y)|dV(Y)> )

Here we use the convention “a/* = 17. Since q/p > 1, the Minkowski
inequality yields

(/ |u<X>|qdu<X>>p/q

<c| [( [+ mmpircx Y>|dv<Y>)Q/pt—1/p’du<X>]

p/q
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p/q

<o [wwayp| [ irza Ve | ave)
As in the proof of Proposition 2, we also obtain

/ R, V)7 dpu(X)

<csmiv 3 / —1/p

I/EZ’"‘+1
X (t+ 5+ |z — y|?*) "/ Ca+HIEM@/P) gy (4 1)
< Cgm/p Z t;l/l?'

vezntl

X (ty 5+ o, — y|2) /IR )

< Ogtm/p Z VP (b, + s + |@y, — y|2o) (/) F14m)(a/p)
vezntl

x (/)0 (a/p=Dy ()
< s/ / 4= 1/p+(n/(20)+1)(a/p—1)

X (t+ s+ |z — y|2) =/ Q+HIEm@/R) gy (1, 1)
— C’s*l/p/,

where the last equality follows from Lemma 5. Hence we have

/q
</|u(X)qd,u(X)>p < C/Sp/(p’q)|u(y)|p5—p/(P/Q)dV(y)

= HUHI[)/P(V)'

We note two remarks, which follow from the proof of Theorem 1.

Remark 4 Assume that p is a ¢/p-Carleson measure. If 1 < p < ¢ < o0,
then

[0llLaguy < Cllfllzrevy,
where we put v(X) := [ |f(Y)Ra(X, Y)|[dV(Y) for f € LP(V).
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Remark 5 The norm of the inclusion ¢,: b%, — L%(u) is estimated by a
weighted supremum norm of the averaging function ji,, i.e., there exists a
constant C' > 1 such that for every p > 0

pa < Clliallr,

L.
cliallr < lleullzg <

where 7 = ¢/p and
U
| HLq(u) and

uebb, HUHLP(V)

liall- == sup (X)W CFHA=T),
X=(a,t)e R

lenllp.g ==

5. An estimate of Toeplitz operators

In this section we consider the relation between Carleson measures and
bounded Toeplitz operators. We begin with the following proposition.

Proposition 3 Let 0 < p < oo, 1 < g < oo and let p be a positive Borel

measure on R’fr“. PutT=1+1/p—1/q. If u is a 7-Carleson measure with

respect to L(®), then for every nonnegative integer m > (n/(2a) +1)(1/p—

1), there exists a constant C' > 0 such that the following assertions hold.

(a) If0<p<1l+42a/nandl < q < oo, then |[T,RY(-, Y)|raqy <
ClIRY (-, Y)|le(vy for every Y € R

(b) If1 <p<oo,1<q< o0 andp < q, then for every u € bE, and
every X € R, ﬂRa(X, YV)u(Y)|du(Y) < oo and || Tyul| ey <
Cllull oy In pariicular, |T,R2(-, Vo) < CIREC-, Y)lliagy)
for every Y € Ri‘H.

(¢) If1 < p < o0 and g = oo, then for every u € &, and every X €
R, [[RalX, Y)u(Y)|dp(Y) < 00 and | Tyullg/me < Cllulin).
In p(irtz'cular, | T Ry (-, Y)layr S CIRG (-, Y )| eqvy for every Y €
R

Proof. We write X = (x,t), Y = (y, s) and Z = (z, r). By assumption,
there exists a constant C' > 0 such that for all (z, t) € R,

fio(z, t) < Ct/ )+ 1)(1/p=1/q)

Case (a): The assertion follows from a direct calculation. In fact, in the
similar manner as in the proof of Proposition 2, by the Minkowski inequality
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and Lemmas 3 and 5, we have

1T Re (-5 V)|l paqv

/\R w(Z,Y)|du(Z) (12)

La(V)
sl/Wuax-,Zﬂhﬁug\Rstzqyndu<z>

:c/ﬂwwﬂmwﬂmmzywmm

e Z / (n/(20)+1)(1/q~1) gm

veznt!
(S—I—T+|Z— ‘20{) (n/(2a)+1)— mdu(Z)

<C Z (n/ (2a)+1)(1/q— 1)

vezrt!
X (s 7 [y — )~/ I fe))
<C Z (n/ (20)+1)(1/q— 1) (S 4, + ‘Zl/ o y|2a) (n/(2a)+1)—m
I/EZ’"‘+1
x p(r/ @)D A/p=1/a)y ()
< Csm/r(n/(2a)+1)(1/p—l)(s+ r o |y — 220~ (/@)D -m gy 7y
— O/ (20)+1)(1/p—1)
=C|Ry (-, Y)llzoevy
Case (b): Denote by ¢’ the exponent conjugate to g and take u € b2, uy €
bg: arbitrarily. Then
1 1
- + ;
pT  qT
Since 7 = (p7)/p and 7 = (¢'7)/q¢’, Theorem 1 and Remark 5 give that

lull oy < Cllulloy and ol < Cllusll gy, (13)

where

vi= /}ul(X)Ra(X, )]dv(X)
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These inequalities assure the following integrability:

[ 10 B8, W) av ()W) = [ o) W) du(19)
< ol e g Il oy < Cllatll o iyl oy < 0.
Therefore the Fubini theorem shows that

[ BaX)un(0dv (0 = [ W )un(W)au(w) (14)

and hence (13) gives

[T wav| = | [ < fulorgoleg,

< Cllull e luall o vy

This implies that there exists w € b with ||wl| ey < Cllullzp(v) such that

[ B xaven = [wouave)

for all u; € bg;, because of the duality (bg:)/ ~ bl

4. For each X € R,
taking u; := Ro(-, X) € b, we have

LX) = [ ulW)Ra(X, W)du(1V)

= /Tuu-uldV: /w-uldV:w(X) (15)
by (14) and the reproducing property (9). This shows

[ Tpullaqvy < CllullLev)-
Case (¢): If p > 1+ (2a/n), then we can choose 1 < p; < 1+ (2a/n) and
1 < ¢ < oo such that
1 1
pT QT

where ¢} denotes the exponent conjugate to ¢1. If 1 < p < 1+ (2a/n), we
put p; := p and ¢; := ¢. Then (16) also holds. We take u € &,, and v € &
arbitrarily. Then for each Y € R"!, by (12) in the proof of Case (a) above,
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we have
TR Y )y < | / [Ra(- W)RT (W, Y)|du(W)| s )
< CIR (-, Yl vy < 00, (17)

which implies T,u € b and
J 1O Ra W yaW) diawyav ()

< H/\Ra«, W) (W) du(W

Since 7 = pr/p, 7 = 7/1 and (p7)~t + 77! = 1, the Fubini theorem and
Theorem 1 show that

[ B0 (30| =| [ u)oriduy)

<|lull o ( loll L7y < Cllull oy 10l 21 vy

||UHL(1/1 (V) < 0.

Lo (V)

Since &7 is dense in b}l and (bi)’ ~ B,/R, there exists w € B, with
lwllg,/r < Cllull vy such that

/ T, u(X)RA(X, Z)dV(X) = / w(X)RL(X, Z)dV (X) (18)
for all Z € Ry by [3, Lemma 8.3 and Theorem 8.4], where

Il r=sup {t/C9|Vow(e, )]+ tlouw(z, )]}
(z,t)eRT!

Then by [3, Theorem 7.9] we have
w(X) = w(Xy) — 2 / (Ra(X, Z) — Ra(Xo, Z))rdvu(z, r)dV(Z),

where Xy = (0, 1) and Z = (z, r), so that
D (X) = _2% < / (Ra(X, Z) — Ra(Xo, 2))rdvu(z,r) dV(Z))
= Q/Tarw(z, 0 Ro(X, Z)dV(Z)

_ _g / rdhw(z, r)RL(Z, X)dV (Z)
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— 1/w(Z)Ri(Z, X)dV(Z)

_ % / Tu(Z2)R(Z, X)dV(Z)
ot
= EﬂtTuu(X)

za/nwmmxmww>

by [3, Lemma 8.3] and (18). Therefore the L(®)-harmonic function
w(x, t) == w(z, t) — Tyu(z, t)

is independent of t. Now remarking that

?%mﬂSWMJ“m>wd
i
“9£ (=, t)‘ < Ty oyt~ /2= 200 1)1 )

by the definition of the parabolic Bloch norm (1) and [3, Theorem 5.4],
where 1 <7 < n, we have

o, . (dw OT,u -
0wt = i (e - G 0) =

Hence w is constant, which means w = T,u in B, /R, so that || Tjullg,/ r =
w5,/ R O

To discuss the converse assertion, we use a modified Berezin transfor-
mation of a measure y > 0. For an integer m > 0, we put

_ [ RMX, Y)*du(X)
flam(Y) = [Rm(X, Y)2dV(X)

Note that fin,0 = fio. The averaging function and modified Berezin trans-
formations are comparable to each other in the following sense.

Lemma 6 Let m > 0 be an integer, —1 <n < n/(2a)+1+42m, and pp > 0

be a Borel measure on R:L_H. Then we have the following estimates.

(i) faly, ps) < Cham(y, s) on Rffl for some constant C > 0, where
p >0 s a constant in Lemma 4.

(il) fa(y, s) < Cs" on R:‘_H for some constant C' > 0 if and only if
from(y, s) < Cs" on R:L_H for some constant C > 0.
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Proof. To show (i), take Y = (y, s) € R:‘_H arbitrarily. From Lemmas 3
and 4, it follows that

fiam(Y) = Cs"/20) 11 / RI(X, Y)2dp(X)

2 Ov@) [ R VP

> CV(QY,) " a(@ (V)

= Cﬂa(yp)'

For (ii), the “if” part follows from (i). Conversely, as in the proof of
Proposition 2, by the aide of Whitney type decomposition, the first inequal-
ity in (ii) gives

/RZL(X, Y)Zdu(X) < Cs"—(n/(20)+1)

and hence the “only if” part follows. U
The main result of this section is the following proposition.

Proposition 4 Let 0 < p < oo, 1 < g < oo and let p be a positive Borel
measure on RT‘I satisfying

/|RZ‘(X, Ndu(X) < 00, V-ae.

for some integer m > 1. Assume further that m > (n/(2a) 4+ 1)(1/p — 1)
and there exists a constant C > 0 such that for every Y € RZLFH,

| TR Y)llaqvy S CIRG(-, Y)llr(vy when 1 < q < oo,
TR (- Yl < CIRG (-, Y)llLeqyy when ¢ = oc.
Then there exists a constant C > 0 such that for allY = (y, s) € RCLFH,

fiam (V) < Cs/ C)+1)(1/p=1/a),

In particular p is a T-Carleson measure with T =1+ 1/p—1/q.

Proof. LetY = (y, s) € R be fixed such that R7(-, Y) € L(u). Write
u:=RI(-,Y) and us(x, t) :== u(zx, t + ) for § > 0. Then we remark that
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w is L(®-harmonic and
we LP(V)Nn LY V)N Le(V).

Since, writing Z = (z, r), by Lemma 3 we have
J(J1us0Ra (x4 8)1av 60 ) 2 auz)
< [ sz [ Ra(- G+ 0) [y (2l 2)
< C(s6)- 1D/ a)+) / luldp < oo,

the Fubini theorem implies
/(/ us(X)Ra (X, (2, 7+ 5))dV(X)>u(Z)du(Z)
= /u(;(X) (/ Ro((z, t +6), Z)u(Z)dMZ)) dV(X).

Hence
/u(;(z, r+0)u(Z)du(Z) = /u(x, t+06)Tu(x, t+0)dV(x, t),

the right hand side of which converges to [ uT,udV as § tends to 0. In fact,
when 1 < ¢ < o0,

/ TV < Nl Tl oy
< Cllul i Il oy < 0. (19)

For ¢ = oo, since m > 1, we also see [ |uT,u|dV < co by [3, Proposition 7.2]
and Lemma 2. Hence [3, Lemma 8.3] shows

’/UTuudV‘ < 2|ull )l Tpulls.r < Cllullronylull oy (20)
Moreover, since

us (2, 7+ 0)u(Z)| < Clu(Z)],
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which is in L'(u), the Lebesgue dominated convergence theorem gives

/uTMudV = %in%/u(;(z, r+0)u(Z)du(Z) = /uzd,u.

Therefore by (19), (20) and Lemma reflem3

/ R™Z,Y)*du(Z) = / uldp = / uT,udV
< 05/ a)+1)(A/p=1/q-1)
Since [ RM(Z, Y)2dV(Z) = Cs~("/ 2+ we have
flam(Y) < Cs/ @)+ /p=1/q)

for V-a.e. Y. By the Fatou lemma, this inequality holds everywhere.
Lemma 6 (i) shows that fi, satisfies the same inequality, so that u is a
7-Carleson measure. O

6. Proof of Theorem 2

In this section, we complete the proof of Theorem 2.

Proof of Theroem 2. Proposition 4 shows (I) implies (II). By Lemma 6,
(IT) and (III) are equivalent. The implication (II) = (I) follows from (b) or
(¢) in Proposition 3 according as 1 < ¢ < oo or ¢ = 0. O

Finally, we give two remarks concerning Theorem 2.

Remark 6 In (a) of (I) where 1 < ¢ < oo, as a result, for every u € bf,
T,u(X) can be well-defined by the integral (2) for all X € R’}fl, and hence
T,u € bl. This follows from the proof of Case (b) in Proposition 3.

Remark 7 The constants C, Cy and C3 in Theorem 2 are comparable to
each other. In particular, the operator norm of the Toeplitz operator T}, is
controlled by a weighted supremum norm of fi,, i.e., there exists a constant
C > 0 independent of p such that

1. _
cliallr < | Tullpg < Cliall-

where =1+ 1/p—1/q,
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T,u
1Tullp,q == s M (1<g<oo) and
wewt, |ullrv)
1Tl oo = sup 12 Ba/R
,00 =7
m wewt, |ullev)
and where
Hﬂa”‘r = sup ﬂa(X)t(n/@o‘)"'l)(l_T)‘

_ +1
X=(z,t)eR]
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