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Asymptotic behavior of positive solutions of
' = -t 2t witha <0and A< —1lor A >0

Ichiro TSUKAMOTO
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Abstract. In this paper, we consider an initial value problem of the differential equation
written in the title under an initial condition z(T) = A, 2/(T) = B (0 < T < o0, 0 <
A < 00, —00 < B < 00). In the case A > 0, we conclude that if 7" and A are fixed
arbitrarily, then there exists a number B; such that in every case of B = By, B > Bi,
and B < Bj, we get analytical expressions of the solution of the initial value problem
valid in the neighborhoods of the ends of the domain of the solution. Moreover we treat
the case A < —1. This case connects with the boundary layer theory of viscous fluids.
The conclusions of this case are got directly from those of the case A > 0. Finally we
discuss the case T'=0 and \ < —1.

Key words: asymptotic behavior, an initial value problem, the analytical expressions, a
first order rational differential equation, a two dimensional autonomous system.

1. Introduction

Let us consider a second order nonlinear differential equation

d
2 = _toz)\—Qxl—i—a < I _ dt> (E)

in a domain
O<t<oo 0<o<oo.
Here oo and A are parameters and
a<0, A<—=1 or A>0.

Notice that p" (p > 0, 7 € R) takes its positive branch throughout this
paper.

(E) is a useful equation to various fields. Indeed if &« = —2 and A =
—3/2 in particular, then (E) is easily deduced from a nonlinear singular
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boundary value problem

d?g(u)
(u) T2 +2u=0, 0<u<l
dg(0)
= 1 =
7 =0, 9(1)=0

which expresses a boundary layer problem of viscous fluids called the Blasius
problem (cf. [2] and [3]). Moreover in dynamics (E) is an equation of motion
in a potential field and so Euler’s equation of a variational problem. In the
theory of partial differential equations, (E) is an equation which positive
radial solutions of a nonlinear elliptic partial differential equation satisfy.

In many papers, (E) has been considered. Taking [7], [9], and [10] from
references of [8] for example, solutions continuable to oo of a differential
equation with more general form than (E) are treated there. However we
have not solved an initial value problem of (E) and so shall consider this in
the present paper. The initial condition is denoted as

2(T)=A4, 2/(T)=B (1)

where 0 < T < 00, A >0, and B € R. The case 0 < T < oo will be treated
in Sections 1 through 5 and the case T' = 0, in Section 6 as a supplement.
The method which we shall adopt was originally used in [12] and [13], and
applied in [14] through [22]. Following this method, we shall first transform
(E) into a first order rational differential equation and rewrite this as a two
dimensional autonomous system. From considering these, we shall obtain
analytical expressions of a solution of (E) valid in neighborhoods of ends
of its domain. The analytical expressions just mentioned will show the
asymptotic behavior of the solutions of the initial value problem (E) and

(D).

2. Statement of our main conclusions

In Sections 1 through 5, we suppose that 7" > 0 in the initial condition
(I). Moreover, fix T' and A arbitrarily and let (¢) be a solution of an initial
value problem (E) and (I).

First, suppose A > 0. Then we conclude the following:
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Theorem 2.1 There exists a number By such that if B = By, then x(t)
is defined for (w_, 00) (0 < w_ < 00) and has a representation

= K(l + i x,ﬁ*”) (2.1)

in the neighborhood of t = co. Here K and x, are constants.

In the neighborhood of t = w_, z(t) has various representations de-
pending on « as follows:

Theorem 2.2 If B = By, then we get
z(t) =Tt —w-)
e S R B

L+m+n>0
if —2<a<0, (2.2)

2(t) = QAN+ 1)}2AUTEO LU g =~ (2.3)

where

t
U~+2XA+1)log— ast— w_,
w_

GU, C :}C—logUfllog C —logU
2

+ > gen{U(C = logU)*}(C = logU)~™/?
l+m+n>2
x {(C —logU) !log(C —log U)}",

o(t) = {W}I/a(t )t

Q2w 2

X {1 + > ot —wo ) (t - u}_)2(o<+2)n/a}

m+n>0
ifa<—4 or —4<a< -2 (2.4)

and

1/2

x{1+2t— " pm (log(t — w ))} ifao=—4 (2.5)
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in the neighborhood of t = w_. Here I, C, dymn, Gomn, and Tpyy are con-
stants and p,, are polynomials whose degrees are not greater than m.

In the case B # Bj, the following theorems are valid:

Theorem 2.3 If B > By, then x(t) is defined for (w—_, 00) (0 < w_ < 00).
Moreover x(t) has representations (2.2) through (2.5) in the neighborhood
oft=w_ and

_ a(A+1)m—n e 1
z(t) = Kt(l + m%;o Ly tCOF > if e ¢ N e

o0 . 1
k=1

in the neighborhood of t = oo where K and x,,, are constants and py are
polynomials whose degrees are not greater than [—a(\ + 1)k] ([ ] denotes
Gaussian symbol).

Theorem 2.4 If B < By, then x(t) is defined for (w—, wy) (0 < w_ <
wy < 00). Furthermore x(t) has representations (2.2) through (2.5) in the
neighborhood of t = w_ and

o)) =Tl = 0{1+ 3 dimnos — 1) (s~ )"
L+m+n>0
X (wy — t)(0‘+2)"/2} if —2<a<0, (2.7)
z(t) = QAN+ 1)} V2 AUI-CUOLEU0) rg — —9 (2.8)
where

t
U~ —\/2)\()\+1)logw— ast — wy
J’_

and G(U, C) has the same form as of (2.3),
1/a
z(t) = { 2(0‘+2)} (wy — 1)~

T o ax—2
aw+

. {1+ S donlws — 6™y _t)2<a+2>n/a}

m+n>0
ifa<—4 or —4<a<-2 (2.9)
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and
2(0) = | ey (i — 1)1
Wi
X {1 + Z (wy — )" pm(log(wy — t))} if o =—4 (2.10)
m>0

in the neighborhood of t = wy. Here I, C| dgpn, Tmn, and p,, are the same
as in Theorem 2.1.

Next, suppose A < —1. Then we have the following:

Theorem 2.5 There exists a number By such that if B = Bs, then x(t)
is defined for (0, wi) (0 < wy < 00) and has representations

o(t) = Kt{l + i xnt“(””"} (2.11)

n=1
in the neighborhood of t = 0 and (2.7) through (2.10) in the neighborhood of
t =wy. Here K is a constant.

If B # By, then we conclude the following:

Theorem 2.6 If B > Bs, then the conclusion of Theorem 2.4 follows. If
B < By, then x(t) is defined for (0, wy) (0 < wy < o0) and has represen-
tations

1
_ alk .

in the neighborhood of t = 0 and (2.7) through (2.10) in the neighborhood of
t=ws. In (2.12), K and xp,, are constants and py are polynomials whose
degrees are not greater than [a\k].

For proving Theorems 2.1 through 2.4, we adopt a transformation
z =M+ DI (gt

<namely Y= )\(;mta)‘xa), z=1ty (2.13)
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and transform (E) into a first order rational differential equation

dz =M+ Da?y? + 2A + Dayz — (1 — a)z? + XA + 1)a?y?
dy ayz '

(2.14)

Moreover using a parameter s, we write this as a two dimensional au-
tonomous system

@—ayz

ds (2.15)
T N+ Da2y? 4 20+ ayz — (1 — )22 + A+ 1)a2y?

15 Y ayz «)z® + + 1oy’

Here, notice the following:
(1) v got from (2.13) is negative, since we consider only positive solutions.
(ii) Only the origin is a critical point of (2.15) lying in y < 0 in the yz
plane.

(iii) An orbit of (2.15) is a solution of (2.14).
(iv) The z axis consists of the orbits and the origin.

Using a transformation written in [11], we shall show Theorems 2.5 and
2.6 from Theorems 2.1 through 2.4.

3. Orbits of (2.15) in the neighborhood of y =0

First, suppose A > 0. Then we consider asymptotic behavior of orbits
of (2.15) as y — 0.

Lemma 3.1 If z = z(y) is an orbit of (2.15) continuable to y = 0, then
we get

lim Ay) =a), a(A+1).
y—=0 Yy
Proof. 1If z(y) is unbounded as y — 0, then putting z = 1/¢ in (2.14) we
have
a6 AA+1)a?y?¢ — (2A + Day® + (1 — a)¢ — A(A +1)a’y’¢?
dy ay

(3.1)
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and hence a contradiction
1

‘=W

Indeed from the usual discussion using Painlevé’s theorem and the unique-

0.

ness of the solution, we conclude this (cf. [4]). Therefore z(y) is bounded. If
z(y) tends to a nonzero number as y — 0, then this contradicts the unique-
ness of the solution of (2.15) since the z axis consists of the orbits and the
critical point of (2.15). Thus we conclude

z(y) =0 asy—0.

Hence we apply the proof of Lemma 1 of [19] and get

lim W) =a\, a(A+1), too.
y—0 vy
Now if
tim 2®) — 4o, (3.2)
y—0 Yy

-1

then w(y) = yz(y)~" is a solution of a Briot-Bouquet differential equation

1
y(zzj =_w- (2A + Dw? + XA + Daw® — XA + 1)ayw?

with
w(y) — 0 asy— 0.

However since 1/a < 0, it follows from Lemma 2.5 of [18] that
w(y) =0

which is a contradiction. Thus the case (3.2) is excluded and the proof is
complete. O

Conversely from the conclusion of Lemma 3.1 we obtain the solutions
of (2.14) and analytical expressions of these.

Lemma 3.2 There ezists a unique orbit z = z1(y) of (2.15) such that

lim = = aA. (3.3)
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Moreover in the neighborhood of y = 0, z1(y) is represented as

21(y) = aly <1 + i zny”> (3.4)

n=1

where z, are constants.

Proof. In (2.14) we put

v=ylz—al\ (3.5)

and get a Briot-Bouquet differential equation

dv

1
— 1 .
ydy A+1Dy+—v+ (3.6)

a

in the neighborhood of (y, v) = (0, 0) where - - - denotes a convergent power
series starting from a term whose degree is greater than that of the previous
term. If z is a solution of (2.14) satisfying (3.3), then we get

v—0 asy—0. (3.7)

However since 1/a\ < 0, it follows from Lemma 2.5 of [18] that there exists
the unique holomorphic solution

oo
v = Z vpy"  (vp @ constants)

n=1

such that (3.7) holds. Therefore z is uniquely determined from using (3.5)
to this. So if z is denoted as z;(y), then we have (3.4) and the proof is
complete. O

Similarly we conclude the following:

Lemma 3.3 There exists an orbit z = z(y) of (2.15) such that

lim iy) =a(A+1). (3.8)
y—0 vy
Furthermore if Y = —y, then z = z(y) is represented as

z=—-a(A+1)Y

X [H > Y™ YO D (hlogY + C)}7 | (3.9)
m+n>0
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in the neighborhood of Y = 0 where zmy, h, and C are constants and unless
—1/a(A+1) is an integer, h = 0.

Proof. Put
v=y lz—a(A+1), Y =—y.
Then from (2.14) we get a Briot-Bouquet differential equation

dv v
Y —=-\Y— —— +.-.. 1
dy A a()\+1)+ (3.10)

Since —1/a(X+ 1) > 0, there exists a solution v of (3.10) such that
v—0 asY —0
and v is represented as

v= Y YY) (Rlog Y + O}
m+n>0

in the neighborhood of Y = 0. Here vy; = 1 and v,,,, are constants. Hence
there exists z = z(y) with (3.8) and z = z(y) is represented as (3.9). O
4. Asymptotic behavior of orbits of (2.15) for decreasing y
First we put y = —1/7n in (2.14) and get
dz AA+1Dan+ 21+ Dan?z + (1 — a)n?2? + A(A + 1)a?

dn anlz
(4.1)

Here, recall that if we put z = 1/(, then we have (3.1). In this we put
y = —1/n and obtain
d¢ A+ + A+ Dan* ¢+ (1—a)P + A+ 1)’ J¢

dn an?

(4.2)
Moreover, put w = n~%/2¢ and £ = n'/2. Then we get

d7w_ o+ 2

2
e w =22\ + 1)&w

3
— 22X + Daw® — 2A(A + 1)ad?w?.  (4.3)
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Let z = z(y) be an orbit of (2.15). Then we conclude the following:

Lemma 4.1 z(y) is continuable to y = —oco and
lim z(y) = too. (4.4)
Yy——00

Proof. 1If there exists a sequence {y,} such that y,, converges to ¢ (—oo <

¢ < 0) and z(yy) diverges to oo, then from (3.1) we have a contradiction
1
(=——=0.
2(y)

Hence z(y) is continuable to y = —oo. Similarly if there exists a sequence
{yn} such that y,, diverges to —oco and a sequence {z(y,,)} is bounded, then
from (4.1) we obtain a contradiction

n = 0.
Therefore (4.4) holds and the proof is complete. O
Moreover the following lemma holds:

Lemma 4.2 If x = z(t) is a solution of (E) whose domain is denoted as
(w—, wy) and (y, z) is defined as (2.13), then y tends to 0 or —oo as t —
Wi

Proof. This is almost the same as the proof of Lemma 2 of [19]. O

Owing to the previous section and this lemma, it is sufficient to consider
(2.14) in the neighborhood of y = —occ.

Lemma 4.3 In the neighborhood of y = —oo an orbit z = z(y) of (2.15)
is represented as follows: If —2 < a < 0, then we get

1
i (20-2)/a E m —(a+2)/a\n
m~+n>0
if « = =2, then

% — 3-8\ + D) (log & + C)} 12

x [1 + Y wpE {8 A+ )(log€ + C)} 2+ Qﬂ (4.6)
0<2j+k<2(N+1)
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where QS\}) is a function of £ and log & with

O] < K log €™ (K + a constand)

and if « < —2, then

1—£ﬂip+ > €™/ (hlog € + C)}" (4.7)

z
m—+n>0

_l —a—2
P=a\ 2200+ 1)

and h is a constant such that if o # —4, then h = 0. Moreover in (4.5),
(4.6), and (4.7), C, Wmn, Wjk, and Umy are constants and ugy = 1.

where

Proof. Let us consider (4.3). If its righthand side is equal to 0 in the case
& =0, then we get

w=20
if -2 < a <0, and
w=0,£p

if @ < —2. Here, let v be a cluster point of a solution of (4.3) as £ — 0
(namely y — —o0). Then if v # 0, 200 and besides v # +p in the case
a < —2, then from (4.3) we have

€ _
dw

§
{=(a+2)/atw —2(2A + 1)Ew? — 2A(A + 1)aw3 — 2A(\ + 1)a&?w3

which implies a contradition
£E=0.

Therefore we obtain
v =0, £p, £oo

and v is the limit. So, let w = w4 (§) be the solution of (4.3) tending to
as &€ — 0.
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Now, suppose v = 0. Then if -2 < a < 0, we get
wy(€) = g4 “{1 Y (G >}
m~+n>0
since —(a 4 2)/a > 0 and w divides the righthand side of (4.3). Returning
to the original variable z, we get (4.5). If @ = —2, then from (4.3) we have
E— = =222 + Déw? + 4\ + Dw® + 4\ + 1)E2w?.

Hence using a theory of [5] we obtain
wy(§) = {-8A(A + 1)(log & + C)} /2
X [1 + > Wik {—8A(A + 1) (log & + C)}#2 + V)
0<2j+k<2(N+1)

and returning to the original variable z, (4.6). Finally if o < —2, then since
—(a+2)/a < 0 we get a contradiction

w,(§) =0

from Lemma 2.5 of [18].
Next, suppose v = £p. Then a < —2. Moreover, put

U = Wy (f) -7
Then w is a solution of

du  (2A+1)(a+2)
fd? MM+ 1)

and tends to 0 as £ — 0. Since 2(a+ 2)/a > 0, we obtain

u = Z Umnfm{£2(a+2)/a(h logf + C)}n
m+n>0

§+2(a+2)u+“‘
a

and returning to the original variable z, (4.7).
Finally, suppose v = +o00. Then if we put = 1/w, (&), 6 is a solution
of
¢ 16%34
dd  (a+2)02 4+ 220 + 1)agh 4 22\ + 1)a2 + 2A(\ + 1)a2¢2




Asymptotic behavior of positive solutions 547

2=z, (y)

// z=a\y

z=a(A+1)y

Fig. 1.

and tends to 0 as £ — 0. Therefore we conclude a contradiction

£E=0.

Namely the case v = 00 never occurs.
Since we have just examined all cases of v, the proof is complete. O

5. Proof of theorems

Now, suppose A > 0 again. Then it follows from Lemma 3.1 that
orbits of (2.15) continuable to y = 0 satisfy (3.3) or (3.8). Moreover due
to Lemma 3.2, the orbit satisfying (3.3) is only z = z;(y). It follows from
Lemma 4.1 that every orbit z = z(y) of (2.15) is continuable to y = —oo
and z(y) diverges to £oo as y — —oo. As s increases, y increases in a
region y < 0 and z > 0, and decreases in a region y < 0 and z < 0, since
dy/ds = ayz from (2.15). Furthermore on the y axis we have

dy dz

@y _ 6 82 _ Dea(v — 1
s 0, R AA+ Doy (y ) <0

from (2.15), namely the orbit of (2.15) passes the y axis vertically and
decreasingly. Noticing the above, we draw a phase portrait of (2.15) as in
Fig. 1.

Now we take (I) into account. If we define (y, z) as (2.13) from a
solution x = x(t) of (E) and (I), then (y, z) is a solution of (2.15) and
satisfies
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= ),

Therefore if (y, z) passes a point (yo, 20) at t = T, then we get

__ T n(r TB (5.1
Yo = /\(/\+1),zo—ay0 1) .

Moreover an orbit z = z(y) of (y, z) is a solution of (2.14) with an initial
condition

z(y0) = 20 (5.2)

Conversely from an orbit z = z(y) passing (yo, 20) we have a solution x =
z(t) of (E) and (I).

Here for the proof of our theorems, fix T'(> 0) and A arbitrarily. Then
from (5.1), yo is fixed and (yo, 20) draws a line parallel to the z axis as B
varies. Let L be this line.

Proof of Theorem 2.1. Take (yo, z0) to be the intersection of L and z =
z1(y), and suppose B = Bj in this case. Then from (2.13) and (3.4) we get
a differential equation

ty = a)\y<1 + Z zny">.

n=1

Solving this, we determine y and have (2.1) from substituting this into (2.13)
namely

z = { A+ DI )t
This completes the proof. ]
In order to prove Theorem 2.2, we prepare the following:

Lemma 5.1 If
[W:/gcul(C—loga:)”da: (heN,ve@Q—N)

and 3 = — (31 /B2 where B1 and By are relatively prime positive integers with
1< 61 <Ba—1orp1 =py=1, then in the neighborhood of x = 0 we get

1
1,3 = —a"(C —logw)
w
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X {(C —log )~ (BrFB2)/B ijkxj(C’ - loga:)k/’BQ} + R,3.
g,k

Here Zj’k 1s the sum for all integers j and k satisfying
1< Boj+k < Bo(N+1—p)

and
k>p1+B2+1 or j>1

Moreover pj are constants and R,g is a function such that

[Rup| < KN|$!“‘1Og|JIH1_N (Kn : a constant)

sup | arg x| < oo.
x

This is obtained from replacing C' with —C' in Lemma 2.7 of [21].

Proof of Theorem 2.2. 1If B = By, then from applying (2.13) to a solution
x = z(t) of (E) and (I) we get the orbit z = z;(y) since (yo, 20) lies on
z = z1(y). Furthermore if (w_, wy) denotes the domain of z(t), then from
Lemma 4.2 and (2.13), namely

dy _ z1(y)
dt t

we have

>0

Yy— —00 ast— w_.

Therefore from Lemma 4.3, z = z1(y) is represented as (4.5), (4.6), and
(4.7) respectively if —2 < @ < 0, « = =2, and o < —2.
If =2 < @ <0, then from (4.5) and (2.13) we get

—(a a m/2—((a a)n—(a el 1
(Cn @D/ L 3 gy /204D 21 )n’— :
m~+n>0

(Wyny : constants)

since y = —1/n, € =02, and z = ty/ = tnf /. Integrating both sides, we
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have
_acn—l/a <1+ Z amnnm/Q—((oH—Q)/Qa)n) zlogt—i—D
m+n>0

where a,,, are constants and D is an integral constant. Since n — 0 as
y — —oo, the lefthand side is bounded. Hence logt is also bounded and
w_ > 0. Therefore we obtain

_ logt/w_

l/a m/2 (a+2)/2a)n | _ g

( g am > o (5.3)
m~+n>0

and from this

n1/2<1+ D b2 (@F2)/20) > - <%> (5.4)

m+n>0

n—(a+2)/2o¢ <1+ Z cmnnm/Q—((a+2)/2a)n)
m~+n>0
- () (5.5)

where b,,, and c¢,,, are constants. Now we apply the inverse function the-
orem to (5.3), (5.4), and (5.5), and determine 1=/, /2 and n~(@+2)/2e
In particular we have

_ logt/w_ ~ logt/w_\"
1/a _ g g
n —aC {1 + Z démn( —aC )

l+m~+n>0

y log t/w_ —(a/2)m log t/w_ ((a+2)/2)n
—aC —aC

where dy,,, are constants. Therefore from (2.13) we obtain (2.2), since

t t—w. 1 t—w_\?
o = () e e
w_ w_ 2 w_

Next, let us consider the case &« = —2. Then we merely follow the line
of the discussion for obtaining Corollary 2.6 of [21]. Since z = ty’ = 2t&’/€3,
we get from (4.6)

+{=8A(A +1)(log& + C)} /2
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' 1
% [1 + Z Wik {—8A(A 4 1) (log & + C)}H/2 Q%)] ¢ = -
0<2j+k<2(N+1)

where wj, are constants. Replacing C' with —C' here, we have

+(C —log&) ™/ [1 + > g (C—logg)H? 4 Qﬂ ¢

0<2j+k<2(N+1)
2A0(A+1)

—

Integrating both sides from 0 to &, we obtain

I 1+ Z Wikli1 —(ey1y2 + Q( )
0<2j+k<2(N+1)

= V2X(A + 1)logwi (5.6)

where w;;, are constants and Qg\%) is a function with

0| = ] / ~log) 1/2Q<”d§\<K €l log €| -N-1/2

(KJ(V) : a constant).

Parting the sum into a sum with even k£ and a sum with odd k we write
(5.6) as

I 10+ Z Wi 2m—-11j+1 —m
0<2j+2m—1<2(N+1)

- t
+ Z Wi 2m 41 —m—1/2+Q§\2[) =V2X(A+1) log o
0<2j+2m<2(N+1) n
(5.7)

On the other hand, from Lemma 5.1 we get
I -1/2 = §(C —log¢)

X {(c —log) 2+ Y ppd(C - logs>—k/2} + Ry _1/2(5.8)

1<2j+k<2N
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where in the sum k > 4 or j > 1. Moreover from Lemma 5.1 and

m—1
Livi = Z bne&TH(C —1og &)+ by Ly
(=1
where
(G+1)!
b = 0, b - ]., bm - — I
1 ! T Em e )(Em A 2) - (—m+ 0
(~1)m1 (G + !
bm = >2 y
(m —1)! (m22)
we obtain
1) . _
i1 -m= Z q]('J)K§]+1+J(C - 10g§)1 Ky bnRjt1 —1 (5.9)
1<J+K<N+1

where q](.IJ)K are constants and in the sum K > 2 or J > 1. Since

Liyi —me12= Z b€ HC —log &)™ A £ by I ~1/2
=1

where
A G+D7
" Cm 12 (—m+3/2) - (Fm = 12+ 0)

(—m+1/2)(—m+3/2)---(—=1/2)’

we get from Lemma 5.1

Livi 12
= Y O —10g) T 4 bRy _ypa (5.10)
1<2J+K<2(N+1)

)

where qj(.zJK are constants and in the sum K > 4 or J > 1. Indeed in

Iii1 —m—1/2 the coefficient by + b/ (j41) of &1 (C'—log £€)~1/2 vanishes.
From (5.7) through (5.10) we have

O EE D D R O

1<j+k<3(N+1)
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t
+¢$:\QMA+Dbg;f(5H)

where gj;, are constants, in the sum £ >4 or j > 1,

OF =Ry 10+ > Wj 2m—10mRj41 -1
0<2j+2m—1<2(N+1)
+ Z Wi ombm i1 —1/2 + 95\3)7
0<2j+2m<2(N+1)
and
’QE\?;)‘ < Kﬁ)]f\]logf\l_N (K](\:;’) : a constant).
Now, put

Q) = ¢71(C ~log )"/
-1
x{1+ 3 qjk»sjw—log&)(?’—k)“} af,

1<j+k<3(N+1)

7 V22 A+ 1)logt/w_ .

1+ 0y

Then from (5.11) we obtain
£(C —log&) ™2
xib Y - log§><“>/2} —U (5.12)
1<j+k<3(N+1)

and
|Q§3)| < K](é)|log£|3/2_N (K](\;l) : a constant),
t
U~ +2XA+1)log —.
w_

Since (5.12) is similar to (2.11) of [21], we follow the discussion of [21] after
this and get (2.3).

Finally if @ < —2, then we have (4.7) which is similar to (16) and
(16%) of [13]. Therefore for getting (2.4) and (2.5) it suffices to follow the
discussion of [13] after those. Thus the proof is complete. O
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Proof of Theorem 2.3. Define (yo, 20) as (5.1) in the case B > B;. Then
2o is increasing in B for fixed T and A, and (yo, 20) is a point lying above
z = z1(y) in the yz plane. Therefore if we define an orbit z = z(y) of (2.15)
passing (yo, z0) from (2.13), then this lies above z = z1(y). On the other
hand, it follows from the discussion of Sections 3 and 4 that z = z(y) is
represented as (3.9) in the neighborhood of y = 0 and (4.5), (4.6), and (4.7)
in the neighborhood of y = —o0.
Now applying (2.13) to (3.9), we have

[1+ > YYD (hlog Y + C)}" =

m+n>0

|& - eten

and from the integration of both sides

Y[l + D b Y™y VO ) (hlog Y + 0)}”} =D
m—+n>0

where i, byn, and I' are constants. Therefore we obtain
t—o0 asy—0 (namelyY — 0)

and from Smith’s lemma (Lemma 1 of [13])

Y = IO+ [1 + ) et (hlogt + C)}"]
m+n>0

where ¢, are constants and (A + 1)h, hlogI' + C are replaced with h, C
respectively. Hence from (3.9) we get

x(t) = Kt [1 + ) Epnt® O (hlog t + C)}"}
m+n>0
where Z,,, are constants. Furthermore putting

"
a(A+1)’

k=m—

we have
n=—aA+1)(k—m)<[-a(X+ 1)k

and (2.6) in the neighborhood of t = oco.
Moreover we have (2.2) through (2.5) in the neighborhood of y = —o0
as in the proof of Theorem 2.2. O
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Proof of Theorem 2.4. In the case B < Bi, (yo, 20) defined as (5.1) and
the orbit z = z(y) of (2.15) passing (yo, 20) lie below z = z;1(y). Moreover
from Fig. 1, we get

2(y) — oo asy — —o0

and from Lemma 4.3, z(y) is represented as (4.5), (4.6), and (4.7) in the
neighborhood of y = —oco. Here, notice that z(y) is not a single valued
function of y. On the other hand, it follows from (2.13) that if z(y) > 0,
then y is an increasing function of ¢ and if z(y) < 0, a decreasing function
of t. Therefore as t decreases, z(y) — oo and as ¢ increases, z(y) — —o0.
Noticing this, we follow the line of the calculations done in the proof of
Theorem 2.2 and have the desired representations of the solution z = z(t)
of (E). Thus the proof is complete. O

Here, let us obtain the theorems of the case A < —1 from those of the
case A > 0.

Proof of Theorems 2.5 and 2.6. Suppose A > 0 in (E) and adopt a trans-
formation

xr = , t=-— (5.13)

for (E) (cf. [11]). Then we get

~ / ~
w" = —r A2yt ( = i, A=—-\— 1>. (5.14)
T

Since A > 0, we have
A< —1.

Moreover applying (5.13) to (I), we obtain the initial condition

where

-1 A
T’ T’

Indeed we get

2 (t) = —w'(7)7 + w(T)
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from (5.13).
Now, put

By =A- BT.

Then B = By, B > Bj, and B < Bj are equivalent to B = El, B < Bl,
and B > Bj respectively. Moreover, put

Wy = —.
W

Then w_ <t < 00 and w_ <t < wy are equivalent to wy > 7 > 0 and
w4 > T > w_ respectively. Furthermore we have

t—w:w+~;T<1—|—w+~_T+--'>,
T —W_ T —W_
W_l,_—t: ) (1— — +>’
w

uxf)::{@+-—(@+-7)kz(%)::{@_-+(T-@_)yz(%).

Noticing these, we obtain analytical expressions of solutions of (5.14)
from (2.1) through (2.10). For completing the proof, it suffices to denote
Bi, 7, w, @1, X as Bo, t, x, wi, A respectively. ]

6. OnthecaseT =0

In this section, suppose T' = 0 in the initial condition (I). Then recalling
our theorems, we conclude that a solution of (E) satisfying (I) is represented
only as (2.12). Therefore if A > 0, then there exists no solution of the initial
value problem (E) and (I). So we suppose A < —1 and state the answer of
(E) and (I) as follows:

Corollary 6.1 If 1/a\ ¢ N and aX > 1, then there exists uniquely a
solution x = x(t) of (E) and (I) such that

14+«

#(t) = A+ Bt = o

D S e (6.1)
m+n>1

in the neighborhood of t = 0. Here Xy, are constants with xo, = 0 (n =
2,3,...).
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Proof.  Substitute (2.12) of the case 1/aX ¢ N into (E). Then we get

Z (@A + n)(aAm 4 1 — 1)z, t T
m+n>0

1+«
:—Ko‘t""\<1+ > xmnt‘m””) :
m+n>0

Since 1/aX ¢ N, the series appearing here are regarded as double power
series of t** and t. Therefore we have

Z (adm + n)(adm + 1 — 1)zt
m+n>0
=—K" = Y KPp_y p(zyn: M <m—1, N <n)temtn
m+n>1

(6.2)

where Py,—1 n(zyn: M < m — 1, N < n) are polynomials of x)/y with
M <m—1, N <n and is equal to 0 if m = 0. Putting (m, n) = (1, 0), we
get

Ka

10 = CaMar—1)

In the case (m, n) = (0, 1), (6.2) becomes a trivial equation and none of
Tymn 18 determined. If m +n > 1, then we have

Zon =0 (n > 2),
K*Py_1 p(zyn: M <m—1, N <n)

if 0.
(adm +n)(adm +n —1) hm =

Tmn =

Therefore xq; is arbitrary, but the other x,,, are determined uniquely from
zyn with M <m — 1, N <n. Hence we obtain

Ka
t)=K<1— 775@)‘ t E L‘aAm—’—n 6.3
z(t) { a(al —1) +rort+ Lmn (6.3)
m4n>1

Ka
/t :K _ ta/\fl
20 = K{ - S

+ Z (oz)\m—l—n)xmnto‘)‘er”_l}. (6.4)

m+n>0
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Since aA > 1, we get
SL‘/(O) == Kl‘ol
and from (I)
B
K=A = —.
y 201 A

Thus we have (6.1). Since Z,,, are uniquely determined, the existence of
(6.1) is unique. This completes the proof. O

Corollary 6.2 Suppose that 1/aX ¢ N and 0 < aX < 1. Then there
exists a solution x = x(t) of (E) and (I) if and only if B = oco. Moreover
x(t) is represented as

A1+a

—A_ a o aim+n )
(1) a}\(a)\_l)t +Ct+ D Tyt (6.5)

m—+n>1

in the neighborhood of t = 0 where Ty, are the same as of Corollary 6.1
and C' is an arbitrary constant.

Proof. In the similar way, we get (6.3), (6.4) and K = A. From a\ < 1
and (6.4) we have

2'(0) = oo.

Therefore if we put C' = Axg;, then we obtain (6.5) and the proof is com-
plete. O

Suppose 1/aX € N in the following corollary:

Corollary 6.3 There exists a solution x = x(t) of (E) and (1) if and only
if B = o00. Furthermore if 0 < aX < 1, then the existence of x(t) is unique
and x(t) has a representation

A1+a

a alk
— + E 1 .
a(a\ — l)t £ a(logt) (6.6)

k=2

z(t)=A

in the neighborhood of t = 0 where qi(logt) = Apr(logt). If ah = 1, then
x(t) is represented as

z(t) = A+ t(C — A" logt) + Z thqr(logt) (6.7)
k=2
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in the neighborhood of t = 0 where C' is an arbitrary constant.

Proof. Substitute (2.12) of the case 1/aX € N into (E). Then we obtain

D M () + (200 — 1)pr(s) + adk(ark — 1)py(s)}
k=1

o0
= K=Y tMWKOP_ (gl <k —1) (6.8)
k=2

where s = logt, " = d/ds, and Py_1(p;: | < k — 1) are polynomials of p;(s)
with [ < k — 1. Hence if £k = 1, then we get

P1(s) + (2aX — 1)p1(s) + ar(aX — 1)pyi(s) = =K. (6.9)

On the other hand, we have degpi(s) < [@)] and aX <1 from 1/a) € N.
Hence if aX < 1, then we obtain

degp1(s) = 0.
Namely pi(s) is a constant and from (6.9) we get
Ko
pi(s) = _m-
If aX =1, then we have
degpi(s) < 1.
So we put
pi(s) =as+b (a, b are constants)
and obtain
a=—-K*"
Hence we get
pi(s) = —K%s +b.

Moreover if k£ > 2, then from (6.8) we have a second order inhomoge-
neous linear differential equation

Pr(s) + (2ark — 1)pr(s) + ak(a k — 1)pi(s)
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= —KaPk_l(pl: l S k — 1)

Solving this and recalling that pg(s) are polynomials of s, we obtain
pr(s) =K ‘“{e““’“‘”t / Pooi(q: 1 < k — 1)e~(@—Ds g

— eo"\kt/Pk_l(ql: I1<k-— 1)60‘)‘de3}.

Therefore if we determine b, then pg(s) are uniquely determined.
Owing to the above discussion, we get

2(t) = K{1 _ M(g_wtw + ita)‘kpk(s)} (6.10)
2(0) = ~ BTt RS i (s) + ()

if o\ < 1, and -
x(t) = K{l +t(b— K%s) +§tkpk(s)} (6.11)

'(t) = —K™" + K(b— K%) + Kitk_l{kpk(s) + pr(s)}
k=2

if A = 1. Thus we have
2'(0) = o0

in both cases. Finally applying z(0) = A to (6.10), (6.11), and putting
C = Kb in (6.11), we obtain (6.6), (6.7). Now the proof is complete. O

Since C' is arbitrary, we conclude from (6.5) and (6.7) that the initial
value problem (E) and (I) has infinitely many solutions in the case 1/a\ ¢
N, 0 < a)X < 1, and the case aX = 1. Moreover it follows from Theorem 2.6
that the solutions got in the above corollaries are continuable to t = w4 (0 <
wy < 00) and represented as (2.7) through (2.10), since these solutions are
obtained from (2.12).

Finally let us consider the Blasius problem introduced in Section 1. In
[2] it has been already shown that the solution g(u) of this problem exists.
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Putting

in (E), we have this problem. Therefore we get the representation of g(u) in
the neighborhood of v = 0 from Corollary 6.1, while this was obtained also
in [2]. In addition we have the representation of g(u) in the neighborhood
of u =1 from (2.8) (where w; = 1). From this we obtain an asymptotic
expression

gu) ~2(1—u) asu—1-0.
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