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The Haar wavelets and the Haar scaling function
in weighted LP spaces with Agy’m weights

Mitsuo 1ZUKI

(Received January 20, 2006; Revised April 12, 2006)

Abstract. The new class of weights called Agy’m weights is introduced. We prove that
a characterization and an unconditional basis of the weighted LP space LP(R", w(z)dx)
with w € Agy’m (1 < p < o0) are given by the Haar wavelets and the Haar scaling
function. As an application of these results, we establish a greedy basis by using the
Haar wavelets and the Haar scaling function again.
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1. Introduction
The relations between wavelets and weighted L? spaces
LP(w) := LP(R™, w(x)dx) (1 <p < o0)

have been considered in [ABM], [GK], [Ka] and [L]. In particular, H.A.
Aimar, A.L. Bernardis and F.J. Martin-Reyes proved that some characteri-
zations of LP(w) with w € A, and an unconditional basis for it are given by
1-regular wavelets (e.g., the Meyer wavelets, the Daubechies wavelets etc.)
([ABM]). They also proved that the similar results followed for the case of
the Haar wavelets replacing A, weights by Agy weights. On the other hand,
in 1994, P.G. Lemarié-Rieusset considered for the case of Daubechies’. He
proved that a characterization of LP(w) and an unconditional basis for it
were given by using not only the wavelet but also the scaling function which
constructed the wavelet for the case of w € A%,OC ([L]). Let us remark that
the class of Ag’" weights was first defined by V.S. Rychkov in 2001 ([R]).
We don’t explain in detail, however, we shall point out that he gives some
interesting results about Ag’c weights and weighted function spaces with
them. We prove that the similar results to P.G. Lemarié-Rieusset’s hold for
the case of Haar’s replacing A;OC weights by Agy’m weights, first defined in
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this article, on the basis of the idea of [ABM].

Let us explain the outline of this article. We describe briefly the basic
concept of wavelets associated with an MRA in Section 2. In Section 3, we
introduce four classes of weights, namely, A,, Agy, A};’C and Agy’m. Also
we give some examples of them respectively. Section 4 consists of the main
results and the proof of them. We show that a characterization and an
unconditional basis of the weighted LP space with Agy’m weights are given
by the Haar wavelets and the Haar scaling function. Using these results, we
establish the greedy basis in the weighted LP space with A%Y"™ weights by
the Haar wavelets and the Haar scaling function again in Section 5. So to
speak, our weighted wavelet (and scaling function) method is valid for the
results of [ABM] and [L], too. We explain them in Section 6.

Lastly, we would like to remark on the studies of greedy bases briefly.
[CDH], [GH], [KT] and [Ky] give the remarkable results respectively. We
shall point out, however, that they consider only for non-weighted cases.
This article studies greedy bases in the weighted LP space with four kinds
of weights.

2. Wavelets

Definition 2.1 (wavelet set, wavelet basis and wavelet) Let {1}~ 7! be
a sequence of functions belong to L?(dz) := L*(R", dz). We define

¢ p(x) = 22 (W — k) = 22 (Vg — Ky, ..., Pan — k)
(x = (1, ..., ) € R")

foreach e = 1,2,...,2" -1, 5 € Z and k = (k1, ..., k,) € Z". The

sequence {1)° zijl is called a wavelet set if {¢]¢,k: e=1,2,...,2" — 1,
j € Z,k € Z"} is an orthonormal basis in L?(dz). Then we say that
{wik: e=1,2,...,2"~1,j €Z, k € Z"} is a wavelet basis in L?(dx) and

that any ¢ is a wavelet.
Let f € L?(dr) and {°}2_ 7" be a wavelet set. We obtain the wavelet
expansion of f

2"—-1 oo

F=Y" > D (fuspes, in L*(dx)

e=1 j=—o0 kezZ"
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and Parseval’s equality

2"—1 oo

Il = (32 30 D0 15 v )

e=1 j=—o0 keZ"

Here (f, wjek : fRn (x)dzx. By above two equalities, we see that
the L%-norm of f is characterlzed by the wavelet coefficients (f, ¢§k>
(e=1,2,...,2" =1, €Z, keZ").

We can construct wavelets which have various properties by the proper
way of constructions. The remarkable feature of wavelets, which have a
proper smoothness, a proper decay or a compact support, give characteri-
zations and unconditional bases of various function spaces, such as Hardy
spaces, Sobolev spaces etc. (W], [HW], [M], [G], [GM], [D]).

Additionally, we shall point out that a sequence of closed subspaces of
L?(dz) called MRA gives wavelets.

Definition 2.2 (MRA) An MRA (multiresolution analysis) is a sequence
{V;},ez of closed subspaces of L?(dz) such that

(a) V; CVjqq forall j €Z.

(b) Uz V; = L3(da).

(c) ﬂjeZVj = {0}. .

(d) f € Vjholds if and only if f(277z) € Vj for all j € Z.

(e)

(f)

f € V holds if and only if f(x — k) € V for every k € Z"™.
There exists a function ¢ € Vp, called a scaling function of {V;};cz,
such that the system {¢(x — m)}ezn is an orthonormal basis in Vj.

Given an MRA {V;};cz, there exists a wavelet set {¢°}?_7' such that
{w?,k: e=1,2,...,2" — 1, k € Z"} is an orthonormal basis in W for all
j € Z, where W; means the orthogonal complement of V; in Vi1 (cf. [M,
Chapter 3] or [W, Chapter 5]). Taking suitable MRAs enables us to obtain
wavelets which have various properties. Let us introduce the Haar wavelets
and the Haar scaling function which play an important role in this paper.

Definition 2.3 (the Haar wavelet set, the Haar wavelet and the Haar scal-
ing function) Let E := {0, 1}"\ {(0, ..., 0)}, ! := X[0,1/2) — X[1/2,1)»
PO = X[, 1) and

ve() = [ o)

i=1
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(e=(e1,...,en) €EE, v = (x1,...,x,) €R"),

where xr means the characteristic function of a measurable set F. We say
that the sequence {1°}.ck is the Haar wavelet set and that any ¢ is the
Haar wavelet. Additionally we call the function xjo 1)» the Haar scaling
function.

On the other hand, we shall also remark that there are well-known
examples of smooth wavelets such as the Meyer wavelets which belong to
Schwartz class, the Daubechies wavelets which belong to C"(R"™) for some
r € N and have compact support, and so forth.

3. Weights

A weight on R" is a function w defined on R™ such that w > 0 a.e. R"
and w € L{ (R™). Let w be a weight on R” and 1 < p < oo without notices
in the following of this paper. We shall explain some notations here in order
to introduce four classes of weights.

Notation 3.1
a) We define a dyadic cube Q; for j € Z and k = (k1,...,ky) € Z" by
]7

n

Qi = [277k:i, 277 (ki + 1)) .

i=1

(b) We write w(E) := [, w(x)dz for a measurable set £ C R". And |E|
means the Lebesgue measure of F.

Definition 3.2 (four classes of weights)
(a) We define the class of weights A, which consists of all weights w sat-
isfying

1 p—1
Ay(w) := sup — / AR < 0,
p( ) Q:curl))e ‘Q| |Q| y>

and say that w € A, is an A, weight.
(b) We define the class of weights Agy which consists of all weights w
satisfying
1

p—1
AY (w) = sup —— w(y) Ve Vdy)" < oo,

Qjk |ij| (Qj7 )<
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and say that w € Agy is an Agy weight.
(c) We define the class of weights A;,OC which consists of all weights w
satisfying

1 —1
Al () := sup — / AR < 0,
v () o Q1Y |Q| y)

:cube

and say that w € A}DOC is an A;,OC weight.

(d) Let m € Z. We define the class of weights A%"™ which consists of all
weights w satisfying

Agy’m(w) = sup

w(Qj k)
Q<2 VQJ ot

-1

1 /-1 g,y
X | —— w(y) P dy < 00,
<|Qj,k! Qi ( )

and say that w € A3Y"™ is an AY"™ weight.

The class of A;DOC weights is defined by V.S. Rychkov. This class is
independent of the upper bound for the cube size used in its definitions.
Namely, we can replace |Q| < 1 by |Q| < r in Definition 3.2 (c) for any
0 < r < oo ([R]). Thus, we obtain the following inclusion relations between
above four classes of weights:

o AWML AL (1 € 7).

o A, C Ay, Alc

o Ay, Alc C AT (m € 7).
However, notice that the signs of equality are not satisfied for each inclusion
relations, i.e., strictly speaking, above all three ”C” mean ” ;Cé”. These facts
become clear by giving some examples in the following Example 3.3:

Example 3.3 We consider only in the case of n = 1 for convenience.
(a) Let —1 < a < p—1. Then, we have |z|* € A, (cf. [To]).
(b) Let -1 < a, B<p—1 (a+# ). We define a function wy as follows:

% (z>0)
wo(x) := 0 (z=0)
jz|? (z <0)

Then, it follows that wy € A3 \ A,.
(c) Let 7€ R\ {0}. Then, we obtain ¢l ¢ A;,OC \ A4,.
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(d) Let meZ,s>1andreR\{0}. Then it follows that

S e g ) € A A
keZ

4. The Haar wavelets and the Haar scaling function in weighted
LP spaces

To state the main result Theorem 4.2, we shall introduce some nota-
tions.

Notation 4.1

(a) We denote @y (z):= po.x(x) = (e — k) and Qg := Qo =TT, [kis ki+1)
for each k € Z™.

(b) We write xj = Q(jn)/ZXQj,k for each j € Z and k € Z".

(¢) N means the set of natural numbers. And we denote Z := NU {0}.

(d) p’ means the conjugate exponent of p, that is, p’ satisfies p~t4p' =t =1.

Theorem 4.2 (Main Result) Let {¢°}ccr be the Haar wavelet set, ¢ :=

X[0.1)n (i.e., the Haar scaling function), p be a positive Borel measure on

R™, finite on compact sets, m € Z and 1 < p < co. Then, the following

three conditions are equivalent:

(I1) w is absolutely continuous with regard to the Lebesgue measure. And
there exists a w € AY™ such that du(x) = w(z)dz.

(I2) We define

1/p

Myun(F) = (D2 F s lm il o)

keznr
(3 S v

+ ‘
e€E j=m keZn

2) 1/2‘
Then, there exist two constants 0 < ¢ < C < oo independent of f such
that CHfHLP(d,u) < Mp,mm(f) < C||f||LP(d;L) for all f € LP(du) :=
LP(R™, du(z)). Namely My um(-) defines the equivalent norm to

|- zp(du) on LP(du). And p(Qjx) >0 for all j > m and k € Z".
(I3) The sequence

Lo(dp)

{omp: k€Z"yU{Yj e € B, j>m, keZ"}

forms an unconditional basis for LP(du). And
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{(omp) ke Z"y U{(Y5) e € B, j>m, ke Z"} C LP(du)”.

Here LP(du)* means the dual space of LP(du) and

(Pmk)"(f) = - f@)pmp(x)de  (f € LP(dp)).

It is known that there are several equivalent definitions of an uncondi-
tional basis in a Banach space ([KS], [LT]). We shall remark that we adopt
the definition of an unconditional basis by [W, Chapter 7] in this paper.

Definition 4.3 (unconditional convergence, unconditional basis) Let A

be a countable index set, {z;, }mea be a sequence of elements in a Banach

space X and {Zj}rea be a sequence of elements in X*, where X* is the

dual space of X.

(a) We say that the series > 4
if the series > 7, Tq(;) converges in X forallo : N — A altoland

Ty, is unconditionally convergent in X

onto map.
(b)  We call {&y,, Zmm }mea an unconditional basis in X if the following three

conditions are satisfied:

(1) {zm,Zm}mea is a biorthogonal system, i.e., Zy(xym) = Oy, . Here
Om . means Kronecker’s delta, that is, 0, = 1 and 6,, 5, = 0 if

(ii) span{xm}meAX = X, where span{z,, }me4 means the set of finite
linear combinations of elements in {Z, }mea.

(iii) There exists a constant 0 < C' < oo such that |3, c 5 Zm (@) 2m HX
< C||z||x for every z € X and every finite subset B C A.

Remark 4.4 Let A be a countable index set and {z,, &y }mea be an

unconditional basis in a Banach space X.

(a) ([W, Theorem 7.7 (i)]) The series > 4 T () converges uncondi-
tionally in X to x for every x € X.

(b) ([W, Remark 7.2]) We see that the functionals {Zy}rea C X* are
determined by the vectors {@,; }mea C X from two conditions (i) and
(ii) in Definition 4.3 (b). Thus we often say that {x,}mea is an
unconditional basis in X.

We will prove the equivalence of three conditions (I1), (I2) and (I3) in
Theorem 4.2 in the rest of this section. Before starting the proof, let us
remark the following facts:
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o Omi(z)=20m120(2m1) for all m € Z and k € Z".
e Let w be a weight on R™. Then, w € Agy’m if and only if w(27™x) €
Agy,o for all m € Z.
o (@MZFEM), g = (f k) and (2PZFEML), 08 ) = (f, 05
foreverye€ E, m e Z, k € Z" and j > m.
Thus we see that we have only to prove Theorem 4.2 for the case of
m = 0. We will give the proof referring to the statements of [ABM] and
partly using the results of [V].

4.1. Proof of (I1) = (12)
First of all, we assume (I1). It is clear that u(Q;x) = w(Q; ) > 0 for
all j € Z, and k € Z".

Lemma 4.5 It follows that

(X1t eullenll o)

keZn

for all f € LP(w).

1/p
< AWO(W)YP|| Fl 1o

Proof of Lemma 4.5. By straightforward calculations, Hélder’s inequality
and |Qx| =1 for all k € Z", we have

Z [(fs erdllerll Loy |”

kezn
= > W el llenlfan,
keZm
= S|, s ety ] [ ooty
) [Pw(z)dx - w(z) YP-1g Pt w
S,gz;/k'f( () (/Q («) ) w(@o
<Ady0(w) Z/ |f () |Pw(z)dz
kezn K
= A0 W) | £

O

Lemma 4.6 There exists a constant 0 < C1 < oo independent of f such
that for all f € LP(w),
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Proof of Lemma 4.6. We shall follow the lines of [M] using Khintchine’s
inequality.

(ZZZU%MM)]

e€E j=0 keZn

< Cill fll e w)

P(w)

Proposition 4.7 (Khintchine’s inequality, cf. [Z]) Let Q be the product
set {—1, 1} and du(w) be the Bernoulli probability measure on Q for w =
{{w }AeA w(A) = :l:l} € Q, obtained by taking the product of the mea-
sures on each factor which give a mass of 1/2 to each of the points —1 and
1. Then, for all 1 < p < oo, there exist two constants 0 < Cp1 < Cpa < 00

such that for all {a(X)}ren C C,
1/p
Oy @A |a<A>|2> <(/ S e[ )
N\ 2
<Cppo (Aga(x)y ) :
Now we define
S 3) S) SERIZTRNNE

e€E j=0 kczZn

for each e = {ef,: e € E,j € Zy, k € Z"} € Q := {e = {e5ktein: €)=
+1}. Denoting bS o o= (f, ¥ )¢5, We can express

T) = Z Z Z 5§,kb§,k($)

e€E j=0 kczZn

By Khintchine’s inequality, there exists a constant 0 < ag < oo such that

w(XY Y o)
e€FE j=0 kezn
/‘ZZ Z €5 b5 (@ ‘ dv(e) ae. xz €R"

ecFE j=0 kezZn

for all f € LP(w), where dr(e) denotes the Bernoulli probability measure
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on (). Since 1/);?7,{2 = Xj,k2, we have

(Z3 31 sl

Lpr
eeEjAOkeZn (w)

:/ ZZZW’ ) w(z)de

e€E j=0 kcZn

o [A, S S cuttele)| vl bl

e€E j=0 keZn

—aaﬂ/{/\Tf>wm>m}ww>
= a0 [ Ty

On the other hand, supp T-(f-xq,) C [1i-;[li, li+1] for any | € Z". Besides
there exists a unique /(x) € Z" such that x € Q) for all z € R™. Hence
we have

Tf@)P =] 3 T - xe) @)

lezn

- ‘Tf(f ’ XQz(z))(x)Vj < Z ‘TE(f : XQz)(m) P

lezm

Thus we obtain

171 < [ 3120 x@) @) Puta)da

lezn

—Z/HWX@)WU

lezn

= ST X))

lezm
Now we define w; (I € Z™) to fulfill the following two conditions:
o wi(x)=w(m(x1), ..., m,(xn)) if z € [[}-[li, li +2), where for v € Z
and t € [v, v+ 2),
(l) = t (tev,v+1))
T 2w+ 1)t (tev+1,v+2)

e FEach wj is a 2Z"-periodic function on R".
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Then we have Agy(wl) < 3"”Agy’o(w) foralll € Z" (|R, Proof of Lemma 1.1]
or [L, Proof of Proposition 2 (ii)]). To estimate ||T.(f - x@,) |l zr(w) We apply
the following theorem:

Theorem 4.8 ([V, Theorem 4.1]) Let v € Agy. Then, there exist two
constants 0 < by < by < 0o depending only on Agy(v) and p such that

bl <|(Z 3 3l viadimnel?) |

ecF j=—o0 keZ™
< billgllzr(w)

Lp(dx)

for all g € LP(v), where Aj}, := ((1/|Qj,

Remark 4.9

(a) A. Volberg gives the above result for the case of v € A, and one-
variable. We can extend it to the case of v € Agy and several-variables
by the exactly same arguments in [V].

(b) Applying Theorem 4.8 and Khintchine’s inequality gives another proof
of [ABM, Theorem 6 (H2) = (H3)] (Theorem 6.3 in this paper).

! )U(Qj,k))l/p-

By Theorem 4.8, there exist two constants 0 < b; = b;(AS""(w), p) <
oo (i =0, 1) such that

IT=(f - x@ e ) = IT=(f - X@) lp ()
1/2

< b (Z Z > T - xq), Jk>Aj’ka’k‘2) ‘Lp(d:r)

e€FE j=—o0 keZ"

1/2

:bo_l <ZZZ} f Xde)]k ]kX]k‘ ) ‘Lp(dx

e€E j=0 keZn

1/2

<n|(X Z S e ¥ Aiwal’) ‘Lp(da:)

bo o f - XQu e (wy)
=bo bl f - xQull o (w)

for all [ € Z™, where A;}, := ((1/|Qj7k|)w(ijk))l/p. Therefore we obtain

[03)3p Sl NG

ecE j=0 kezn
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a0t [ 3 WIS X )

Q lezn

SRR KZCED S TR

lezn

_ . —1p —p p
=ap by qufHLp(w). 0

Lemma 4.10 There exists a constant 0 < Cy < 0o independent of f such
that for all f € LP(w),

1/
Call oy < (D214 oMol l”)

kezn
- . o\ 1/2
+ H <ZZ Z ‘<f’ wj,k)Xj,k‘ ) ’
ecF j=0 keZ™
< (Agy,()(w)l/p + Cl)HfHLp(w).
Proof of Lemma 4.10.  The right hand side inequality follows clearly from

Lemma 4.5 and Lemma 4.6. So we have only to prove the left hand side
inequality. By the duality, we have

11120y = sup{I(f, 9)I: g € L2(da) with gl 1/ < 1}

for all f € LP(w) N L?(dz). On the other hand, f can be expanded as
follows:

F= (frondentd > > (f 5, in L(dx)

kezn ecE j=0 kezZn

LP(w)

because {py: k € Z"}U{y$,: e € E, j € Z, k € Z"} forms an orthonormal
basis for L?(dx). Thus, for all g € L%(dx) with ||g||Lp/(w,1/<p,l>) <1, we
have

2 ) < | D2 0 wdlions )] + D2 D0 D0 0 w505 90

kezm ecE j=0 kezZn"

To begin with, we consider the first sum in the right hand side. By
fRn or(7)%dr = 1 and Hélder’s inequality, we get

| Goadona]=| T thedte ] [ ey

kezZm kezZm
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:/ Z (f, er)er(z)w(x) /- (g, <Pk>90k($)w(x)71/p)dx
" kezn
1/p
w
H Z 9> Pk )Pk )

SH 2 (f, S%Wkwl/p‘
kezr
(Z” £ exyorw' P, dﬂc> (Z” 9, Pk)Prw 1/‘””Lp dx))l/p/

LP(dx)

kezn kezn

1/ \N1/p’

=( 316 ool l”) - (X lo e loell o srin| )
kezm kezn

Now we have w~ /(-1 ¢ Az,y’o because of w € A3". Therefore by the
proof of Lemma 4.5, we obtain
p’) 1/p'

dy,0(,,~1/(~1)\1/p' .
< A% (VD)1 /p

(3 |t9: @)l -1/
kezm

91l L’ (up-1/ -1
dy,0,, ~1/(p—1)\1/p/
SAp, (w™ /PP

Thus we have the estimate

DINTAERIEN)

kezn
/ 1/p
< A;/yvo(w*l/(pfl))l/p (Z ‘(f, 90k>H90k||LP(w)}p> '
kezn

Next we consider the second sum. By Schwarz’s inequality and Hoélder’s
inequality, it follows that

T S )

ecE j=0 kezn

4ZiZMﬁmwmAmwwﬂ

ecE j=0 kezn"

/ ZZ Z w]k X]k x) - (g, 1/1;k>)(j,k(£6)‘daj

e€E j=0 kcZn

< [(ZX S0 vaxewl)”

e€E j=0 keZn
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x (iiiiié 253\<g,¢§$>Xjﬁ<x>f)]/2dx

ecE j=0 kezZn"

H(ZZZ‘ﬁ ng‘) Up‘

ecFE j=0 keZn

H(ZZZ‘Q, ik ng|> —1/p

Lr(dx)

e€E j=0 keZn ' (dr)
S [0 3p oI IACHIHG IS
e€E j=0 keZn
H(ZZ Z‘ 9, Vi XJk' )1/2‘ ~1/(p-1))

ecFE j=0 keZ™

Note that w=/®=1) ¢ A;},y’o because of w € A3, Hence by Lemma 4.6,
there exists a constant 0 < a1 < oo independent of f and g such that

H (Z i > g U5a) s 2)1/2‘

ecE j=0 kezZn

L' (w=1/(r=1))

= a1||g||LP'(w*1/(p71)) < ai.

Thus we obtain

D) DD SIRTRITN]
ecFE j=0 keZn
<o (EX Sl wsnl)

ecE j=0 kezZn

LP(w)'

Consequently it follows that

£ 112 () < max{ AT (w ™/ =Y gy}

(1 eolieelmwl?)

keZn

+H<ZZ Z’ I b5k ng| )1/2‘

ecFE j=0 kezn

Lp w)}

Following the density of LP(w) N L?(dz) in LP(w), the above inequality is
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satisfied for all f € LP(w). O

4.2. Proof of (I12) = (I3)

In this subsection, we give the proof of (I2) = (I3) of Theorem 4.2.
First of all, we show that (¢y)", (¢5,)" € LP(dp)" for all e € E, j € Z4
and k € Z". Following (I2), there exists a constant 0 < C3 < oo such
that My, ,0(f) < C3||f|lpr(ay) for all f € LP(du). Besides we see that 0 <
1(Qr)s 1(Qj k) < co. Then we have

00" (Dl = 45 elloelzscan - e
1/
< ( > @K)\I@K”Ll’(du)‘p) ’

KEZ”
< Mypo(f) - 1(Q) P
< Capa(@Qn) ™ P £l Lo(apy-

On the other hand, we get

-l Qy)

-1
Lr(dp)

B (/RnRﬂ w;,k>Xj,k($)’pdu(x))l/p (@ (Qy ) )

: </R” (Z i Z 162 ¢§,K>XJ,K(9U)‘2>l/z'pdu(ﬂc)>l/p
(23 S0 thxl)”

AEE J=0keZ"
—jn/2 -1
2T ()
‘ AeE J=0keZ™

2IR(Qy)
Lp(dp)

< Myppo(f) - 2792 u(Qyx) P

< 032_Jn/2N(Qj,k)_l/pHf”LP(dp)-

Consequently we have proved (p5)*, (¢5,)" € LP(du)*.

In order to prove that the sequence {¢y: k € Z"} U {5, e € E, j €
Zy, k € Z"} forms an unconditional basis for LP(du), we shall check the
following two conditions:

(I) There exists a constant 0 < C4 < oo independent of f, A and B such
that |74 5 fllLr(an) < CullfllLr(ap) for all f € LP(dp) and all finite sub-
sets ACZ" and B C E xZy x Z", where Ty gf := > pcalf, Or)or+

Z(e,j,k)eB<f’ ¢§,k> Jek

|51 (D] = [ VS IxGel oo | - x5
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(1) LP(du)=span{ps: k€ 27} Uspan{it,: e € B, j € Ly, ke zy .

We show the condition (I) first. By the assumption (I2), there exists a
constant 0 < C5 < oo independent of f, A and B such that C5||Ta 5 f|| 1 (ap)
< Mppo(Ta,f). Since {pg: k € Z"}U{y5 1 e € E,j € Zy, k € Z"} forms
an orthonormal system for L?(dz), we obtain

1/p
Myuo(Taf) = (30 ellewlownl”)
keA

1/2
(X 10 vl
(e,j,k)EB L (dp)
P\ /P
< (ZI(f, i)kl e (ap) | )
keA
(23 X 0w
ecE j=0 keZ™ P (dp)
:Mp,u, (f)
< Cs|| fll e (ap-

Consequently, we have showed [|Ta, g fl|1r () < C5 C’3Hf|\Lp(du).
Lastly we check (II). We shall prove that

I Tupf) =
A/Z",B}I%Xz+xzn D,14,0 (f ABf) 0,

since Cs| f —Ta,BfLr(dp) < Mppo(f —Tapf) for all f € LP(du) from the
hypothesis (I2). Now we define

My(f) = (Z (f, s%)\lcpkllm(duﬂp)l/p

kezn
1/2

(% S i)
c€E j—0 keZn Lr(dp)
Then we have Mp%o(f — TA,Bf) = My(f — TA7Bf) + Mo(f — TA’Bf).
We omit the detail because it is obvious that the orthonormality of the
system {pp: k € Z"} U {¢j€k e€ E, j€Zy, k€ Z"} with regard to the
L%-product, the boundedness of M;(f —Ta pf) (i =1, 2) and Lebesgue’s
dominated convergence theorem give us the desired result. O

and  Moy(f
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4.3. Proof of (I3) = (I1)

In the end of this section, we prove (I3) = (I1) of Theorem 4.2. Since
the hypothesis (I3) states that {¢y: k € Z"}U{y5 : e € E, j €Ly, k €Z"}
forms an unconditional basis for LP(du), we have the following Lemma from
the arguments in [ABM]:

Lemma 4.11 (cf. [ABM, Proof of Theorem 4 (D1) = (D2), Step a and
Step b]) w is equivalent to the Lebesgue measure. Namely, u(E) = 0 if
and only if |E| =0 for all bounded Borel set E C R™.

Using Lemma 4.11 and Radon-Nikodym theorem, there exists a unique
w € Ll (dz) such that du(z) = w(x)dz.
Finally we prove w € Agy,o' We define

j—1
Sif = (fendee+t > > > (f Ui (JEN),

kezn e€F 1=0 keZn
Pif =Y _(f vix)ein (€L
kezn

Lemma 4.12 [t follows that S;f = P;f a.e. R" for all j € N and f €
L?(dz).

Proof of Lemma 4.12.  We see that for every j € N,

2 X
span{yy: k € Z"}L ()

- L?(dz)
@Span{wik:eeE,lzo, ,...,7—1, keZ"}

2 T
= span{yp;i: k € Z”}L (d ),
in the sense of subspaces in L?(dz). Hence we have S;f = P;f in L?(dx)
for all f € L?(dx). Thus we get |Sjf(x) — Pjf(x)|*> = 0 a.e. z € R" since
Jgn |Sjf(x) = Pjf(x)[*dz = 0. Namely we have showed S;f(z) = P;f(z)
a.e. x € R™ U

Lemma 4.13 ([HW, Lemma 2.7 in Chapter 5]) Let X be a Banach space
and {x;}jen be an unconditional basis for X. Then, there exists a unique
sequence { fj(z)}jen C C for every x € X such that x =3,y fi(z)z; con-
verges unconditionally in X. Additionally we define Sp(x):=>_,cn B fj(2)z;
for every B = {Bj}jen C C with |B;| <1 (j € N). Then, Sz(x) converges
unconditionally in X, and {Sg}s is uniformly bounded on X.
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Now we define

1 (0<i<j—-1)
ﬁj'_{o (1>9)

for each j € N. Then we can denote

Sif =Y (fr oo+ 3. > B Uit (f € LP(w)).

kezn ecl =0 kezZn

Hence, using Lemma 4.13, S;(f) converges unconditionally in L”(w) for all
f € LP(w) and j € N. We also obtain that {S;}en is uniformly bounded
on LP(w). On the other hand, we have

Pof =Y _(f o) WmLZZ D0 (f il (f € LP(w)).
kezn ecl 1=0 kezZn
Thus, it follows that Py(f) converges unconditionally in LP(w) for all f €
LP(w) and that Py is bounded on LP(w) by using Lemma 4.13 similarly.
Consequently we obtain the uniformly weak type (p, p) inequality with re-
spect to w(x)dx for {P}} ez, . Namely there exists a constant 0 < C5 < 00
such that

w({o € R": [P f(2)] > 51" < Cs|lfllogu)

for all j € Zy, f € LP(w) N L?(dz) and 0 < s < co. We consider a dyadic
cube @ with |Q| = 2*7” for a fixed j € Zy. We define o.(z) := (w(z) +

5)_1/(p_1) and o.(Q fQ oe(y)dy for every € > 0. Then we get
Pj (o-xq) ( / 2" X, (®)XxQ,. () - (0:xq) (y)dy
keZm
_an/ o=(y)dy
Q

= |Q|_105(Q) a.e. T € Q.
Since o.x; € LP(w) N L?(dx), we have
n 1
s w({z € R": [Pi(o:x)(@)] > s})'"* < CslloexollLow)
Now notice that

w({z € R": [Pj(0:xq)(2)] > 5}) = w({z € Q: Q|7 0:(Q) > s})
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and [|oex Q|| (w) (fQ |loe(y) Pw(y)dy) Y7 Therefore defining s5 := 0.(Q)
x(|Q| + 6)~ for any fixed § > 0, we have |Q|1o.(Q) > ss and

w(@Q) =w({z € Q: Q| '0:(Q) > ss})
< 5Oy /Q o2 ()P () dy

—35_}70513/@(?11(24)—!-6)p/(pl)w(y)dy

<o [ o+

=C57(1Q] +0)Po=(Q) 7.

Hence it follows that w(Q) < C5?|Q[Po-(Q)' P when § — 0. Additionally
letting ¢ — 0, we have w(Q) < C’5P\Q|p(fQw(y)_l/(p_l)dy)l_p, ie., we
obtain

-1

)~H g < CsP.
IQI/ DI

Consequently we have proved w € Agy,o' O

5. The greedy bases in LP(w) with w € Agy s

The theory of greedy approximations on several non-weighted function
spaces has been studied so far ([CDH], [GH], [KT], [Ky]). In this section, we
give the greedy basis of LP(w) with w € AS"™ using our result Theorem 4.2.

5.1. Definitions and statement of the result

Let us begin with introducing two kinds of bases.

Let X be a Banach space and {z}}72, be a Schauder basis in X such
that [|zgx]|x = 1 for all & € N. Then there exists a unique sequence
{ex(x)}52, € C such that o = 77 | cp(x)xy in X for all z € X.

Definition 5.1 (greedy basis) We call {z}, a greedy basis for X if
there exists a constant 0 < C' < oo such that for every € X there exists a
permutation p of N which satisfies

lcp) ()] 2 lep) ()] = > [eyvy (o)
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N
e T

for every N € N, where Xy := {EieA oz o € CoHEAS N, A C N}.

Definition 5.2 (democratic basis) We say that {z;}7, is a democratic
basis for X if there exists a constant 0 < D < oo independent of P and @
such that || .cpary < DHZkeQ x| for any finite subsets P, @ C N
with the same cardinality 1P = Q.

Theorem 5.3 we describe next is the key to the proof of Theorem 5.5
which is the main result of this section:

Theorem 5.3 ([KT, Theorem 1]) {x4}72, is a greedy basis if and only if
1t 18 an unconditional and democratic basis.

Remark 5.4 ([KT, Section 3]) S.V. Konyagin and V.N. Temlyakov give
some examples of bases, which are not democratic but unconditional, or
which are not unconditional but democratic.

The following is the conclusion of this section:

Theorem 5.5 Let {1°}ccr be the Haar wavelet set, o := x[o.1)n (i.e., the
Haar scaling function), m € Z, 1 < p < 0o and w € Agy’m. We define

. Pm,k _ _
Bk = __rmk 9 WN/Qw(ka) 1/p90m7k
lem,kll Lo (w)
e
and <5, = ot = 27 Q)P
Skl e () ’

Then, the sequence {@pm i k € Z"} U {1’/;]-’,6: e€ E,j>m,keZ"} forms
a greedy basis for LP(w).

5.2. Two lemmas
We prepare the following two Lemmas which we will need in the next
subsection.

Lemma 5.6 LetmeZ,1<p<ooandw € Agy’m. Then, w satisfies the
dyadic reverse doubling condition, i.e., there exists a constant 1 < d < o0
independent of I and I' such that dw(I') < w(I) for all dyadic cubes I, I’
satisfying I' G I.
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The proof of Lemma 5.6 is found in [GR, Section II. 1, p. 141] or [Ta, Proof
of Corollary 1.1]. Additionally, we can get the following Lemma by easy
calculations.

Lemma 5.7 Given 0 < a, b < oo, it follows that 20=P)/P(q1/P 4 pl/P) <
(a+b)1/p < aMP+b'/P. In particular, the right hand side equality sign holds
if and only if a =0 or b= 0. On the other hand, the left hand side equality
sign holds if and only if a = b.

5.3. Proof of Theorem 5.5
The proof of Theorem 5.5 we give here is based on [CDH, the proof of
Lemma 4.1]. Following Theorem 4.2 (I3) and Theorem 5.3, it is enough to
prove that {Gm,: k € Z"} U{y¢;,: e € E, j > m, k € Z"} is democratic.
We see that {¢nx: k € Z"U{yY5, e € E, j > m, k € Z"} forms an
unconditional basis for LP(w) by Theorem 4.2 (I3). Thus we can write

F= 2 ame(Déma+ YD > Wl
kezn ecl j=m keZn
for all f € LP(w), where
am k() = {fs Pmi) lemrllorwy,  5u(F) = (fs U505kl Lo (w)-
Using Theorem 4.2 (12), we have

el oy < (310 @mad loman

1/p
w”)
kezm

(Z i Z (f, ?/)f,k>Xj,k|2>1/2

ecE j=m keZ"

~ (3 lamatnl)"”

kezn

+

LP(w)

s 1/2
+@ZZMMW%WWWLM
ecE j=m keZ" w
< Ol | (- (1)

Let us denote ¢ := @; and %Q = Q/Ej,k for a dyadic cube Q = Q.
Now we take finite subsets A; C {Qmi: k € Z"}, E; C E and B; C
{Qjr:J > m, k € Z"} (i =1, 2) satisfying 41 + §(E1 x By) = f42 +
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#(E9 x By) arbitrarily, and set g := DoreA, PIT D cer, 2oieB, {ZJ\EJ and h :=
ZI€A2 o1+ Ze€E2 ZJGBQ e ;. Using (1) and 1 < §F; < {EF =2"—1, we

obtain
<Z Z lw(J 1/pXJ|2)1/2

gl oy < (BADYP + ‘
ecFE, JeB;

LP(w)
= ($A1)"7 + (4B1)/?

() ue)

J'eBq J! JeEB;
< (AP + (20 - )P (3B

1/p

1/p

(v  uwa) @

J'eBq J’ JeB;

For each x € U cp, J, Ji(z) denotes the minimal dyadic cube in By with
regard to the inclusion relation that contains z. Then we get

Z w(J) 2Py (z) < Zw )2/, (3)
JeB

where Jy := Jy(z), J, is a dyadic cube satisfying J,_1 C J, and 2"|J,_1| =
|J.| for every r € N. By Lemma 5.6, we obtain

w(Jy) > dw(Jp—1) > -+ > d"w(Jo) = d"w(Ji(z))

for all » € N. Thus we have

w —2/p < Z —2/p _ ng(Jl(a:))_2/p, (4)
r=0

where Cp := (1 —d~ 2/1’)7 . Following (3) and (4), we obtain
2
[ (3wt am) s
Usen, 7' “JeB,

< /U (Cow(J1(m))d/p)pﬂw(x)dx

JeBy J

_ ol /u w(Ji(2) " w(z)de. (5)

JeBy J
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Now we set J := {m € UJeBl J Ji(z) = J} for each J € Bi. Then, since
J C Jand Usen, 7 = Ujep, J; it follows that

/ w(Jl(x))lw(:r)dac—/ ~w(Jl(aU))7111)(%')61:13
U U

JeBy J JeB1 J
:/ ~w(J)_lw(a:)d:U
UJeBl J
< Z / da
JeB;
=1Bi. (6)

Following (2)—(6), we have
cllglltrwy < (FANYP + CoV/2(2" — 1)2(4Ey) /P (4B1) VP

In addition, using Lemma 5.7, there exists a constant 0 < (7 < oo inde-
pendent of g, Ay, E1 and By such that

lgll ey < C1{#A1 + #(E1 X Bl)}l/p- (7)

On the other hand, applying (1) to h = EIEAQ o1+ ZeeEQ ZJEBQ %J
and using 1 < §Fs < §F = 2" — 1, we have

<Z Z‘w ~1/py, >1/2

e€FE> JEBs

Cllhl Loy = (BA2)YP +

Lr(w)
= ($42)"/P + (4E5)*/?

' </UJIEB 7 <J§ w(.) pr(y))p/Qw(y)dy> v

> (IﬁAQ)l/p + (2n . 1)71/p(ﬁE2)1/p
» 1/p
(2w rw) ) ®)

J'€By J JEB>y
For each y € J;cp, /, J2(y) denotes the minimal dyadic cube in By with
regard to the inclusion relation that contains y. Then we have

(3 w2 = w(nw) ™ )

JEBy
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Now using the same argument as (3)—(4), replacing "By, —2/p and J;(z)”
by ” By, —1 and Ja(y)” respectively, we get

3" w() " xaly) < Chw(a(y) (10)
JEB>

where C{ is a constant depending on only p and d. Following (8)—(10), we
obtain

Cl|| o) = (FA2)P + (27 = 1)7VP(3E,) /P
1/p
- ( [ ary w(J)li<y>w<y>dy)
Usen, /' JEBy
= (§A2)V/P 4+ (2" — 1) VP (§E,) /P

(S wnt

JEBy J
— ($42)/7 4+ Cy P (2 — 1) VP(8Ey) /P (4B,) VP

w(y)dy) o

By Lemma 5.7, there exists a constant 0 < Cy < oo independent of h, As,
F5 and By such that

Collhll to(wy > {§42 + §(E2 x Ba)}'/P. (11)

Following ﬁAl + ﬂ(El X Bl) = ﬁAQ + ﬁ(EQ X B2)7 (7) and (11), we get
19l p(w) < C1C2||hl|Lp(w). Consequently we have proved that {Py,x: k €
7"y Uiy e € B, j > m, k € Z"} is democratic. O

6. Further results

As we described in Section 1, H.A. Aimar et al. and P.G. Lemarié-
Rieusset give the important results on characterizations and unconditional
bases of weighted LP spaces (1 < p < oo) respectively ([ABM], [L]). We
will introduce their results and state that we can obtain three conclusions
about greedy bases in weighted LP spaces by applying the same arguments
as Subsection 5.5 to them respectively.

6.1. The greedy bases in LP(w) with w € A, or w € Agy
Let us begin with the definition of 1-regular functions.

Definition 6.1 (1-regular function) A function f on R" is 1-regular if for
every m € N there exists a constant 0 < C,, < oo such that [0%f(z)| <
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Cp(1 4 |z|)™™ for all z € R and for all o = (ai, ..., o) € Z4" with
la| < 1. Here 0% := T[]}, 0% /0z}" and |a| :== Y 1" | o

We shall remark that we can construct a wavelet set which consists of
1-regular wavelets for a given MRA which has a 1-regular scaling function
(cf. [M, Chapter 3] or [W, Chapter 5]).

Now we are ready to describe two results of [ABM]:

Theorem 6.2 ([ABM, Theorem 4]) Let1 < p < oo, p be a positive Borel

measure on R"™, finite on compact sets and {@De}gifl be a wavelet set such

that each ¢ is 1-reqular. Then, the following conditions are equivalent:

(D1) The sequence {7[);,19: e=1,2...,2"—-1,5 € Z, k € Z"} forms
an unconditional basis for LP(du), and {( ]ek)* e=1,2...,2" —
1,j€Z, keZ"} C LP(dp)*.

(D2) w is absolutely continuous with regard to the Lebesgue measure. In
addition, there exists a w € Ay such that du(x) = w(x)dx.

(D3) 195 llpgauy > 0 for alle = 1,2,...,2" =1, j € Z and k € Z".
Additionally there exist two constants 0 < ¢ < C < oo independent
of f such that for every f € LP(du),

2"—1 oo

(X% Sl wgu)”

e=1 j=—o0 keZ"

Lo < ‘
Lr(dp)

< Ol fllze(aw-

(D4) wu(Qjx) >0 forall j € Z and k € Z™. And there exist two constants
0 < ¢ < C < oo independent of f such that for every f € LP(du),

M1 oo 12
C||f||LP(du) < ‘ (Z Z Z ‘(fa §,k>Xj,k|2>
e=1 j=—oo keZn Lr(du)
< Ol fll Lo (aw-

Theorem 6.3 (J[ABM, Theorem 6]) Let1 < p < oo, u be a positive Borel

measure on R™, finite on compact sets and {¢°}.cp be the Haar wavelet set.

Then, the following conditions are equivalent:

(H1) The sequence {¢$,: e € E, j € Z, k € Z"} forms an unconditional
basis for LP(dp). Additionally, {(1$,)": e € E,j € Z, k € Z"} C
LP(dp)*.

(H2) p is absolutely continuous with regard to the Lebesgue measure. In
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addition, there exists a w € Agy such that dp(z) = w(x)dx.

(H3) u(Qjx) >0 for all j € Z and k € Z™. Additionally, there exist two
constants 0 < ¢ < C < oo independent of f such that for every f €
LP(dp),

(X3 Sl wod)”

ecE j=—o0 keZ™
< Cfllze(dp)-

Applying the same arguments as Subsection 5.5 to above two theorems

el Lo < ‘
Lr(dp)

respectively, we can obtain the following two results about greedy bases in
LP(w). Here let us mention that both of Theorem 6.2 and Theorem 6.3
state that one sequence given by the wavelets, which forms an orthonormal
basis in L?(dz), becomes an unconditional basis for LP(w). Hence we don’t
need Lemma 5.7 in order to obtain the following two conclusions.

Corollary 6.4 Let 1 < p < oo, w € Ay, and {¢° 2111 be a wavelet set
such that each ¥° is 1-regular. Then, the sequence {T/Jej,ki e=1,2,...,2"—
1,j €Z, k € Z"} forms a greedy basis for LP(w).

Corollary 6.5 Letl <p < oo, w € Agy and {Y°}ecr be the Haar wavelet

set. Then, the sequence {@gm: ecE,jeZ, keZ"} forms a greedy basis
for LP(w).

6.2. The greedy bases in LP(w) with w € Alpf’c

P.G. Lemarié-Rieusset gives the next result. He proved it in the case of
one-variable, however, it is true in the case of several-variables with obvious
modifications.

Theorem 6.6 (cf. [L, Proposition 2 (ii)]) Let1 < p < oo, w be a weight
on R" m € Z, ¢ be the Daubechies scaling function and {z/ze}gifl be the
Daubechies wavelet set. Then, the following conditions are equivalent:

(E1) The sequence {omp:k € Z"} U{¢§; e = 1,2,...,2" =1, j >

m, k € Z"} forms an unconditional basis for LP(w).

(E2) We define

/
Moo £) = (32 7. emidlemlimnl?)

keZn
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2" —1 oo ) /2
(Z Z Z ’<f7 w;,kb(j,k‘ )

+ ‘
e=1 j=mkeZn

LP(w) '

Then, there exist two constants 0 < ¢ < C < oo such that c|| f|| p(w) <

My wm(f) < Cllfllrw) for all f € LP(w).
(E3) w e Ape.

We obtain the following conclusion by applying the arguments in Sub-
section 5.5 to Theorem 6.6 directly:

Corollary 6.7 Let1 < p < o0, w € A}DOC, m € Z, ¢ be the Daubechies
scaling function and {y° ?;Il be the Daubechies wavelet set. Then, the
sequence {@m i k € Z"} U{qu\gjyk: e=1,2,...,2" —1,5 >m, k € Z"}
forms a greedy basis for LP(w).
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