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A finite element method
using singular functions: interface problems
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Abstract. The solution of the interface problem is only in H'+%(Q) with o > 0 pos-
sibly close to zero and, hence, it is difficult to be approximated accurately. This paper
studies an accurate numerical method on quasi-uniform grids for two-dimensional in-
terface problems. The method makes use of a singular function representation of the
solution, dual singular functions, and an extraction formula for stress intensity factors.
Using continuous piecewise linear elements on quasi-uniform grids, our finite element ap-
proximation is shown to be optimal, O(h), accurate in the H! norm. This is confirmed
by numerical experiments for interface problems with o < 0.1. An O(h'*®) error bound
in the L2 norm is also established by the standard duality argument. For small c, this
improvement over the H! error bound is negligible. However, numerical tests presented
in this paper indicate that the L2 norm accuracy is much better than the theoretical error
bound.
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1. Introduction

Let © be an open, bounded polygonal domain in R?. Consider the
following model interface problem

~V - (aVu)=f in Q,

1.1
u=0 on 09, (L1)

where the diffusion coefficient a(z) is a given piecewise constant function
and f is a given function in L?(2). (Here and thereafter we use the standard
notation and definition of the Sobolev spaces.)

It is well-known that the solution of (1.1) is in H'**(Q) with o > 0
possibly close to zero (see [15]). Such low regularity of the solution makes
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lower order finite element approximations on quasi-uniform grids inaccu-
rate. There were several approaches in the literatures for overcoming this
difficulty, for example, local mesh refinement (see [1, 19]) and the p (or
hp) version of the finite element method (see [20, 21]). To achieve optimal
convergence of lower order finite elements on quasi-uniform grids, a class of
finite element methods studied by various researchers is to make use of the
singular function representation of the solution. This includes the singular
function method (see, e.g., [10, 8]), the dual singular function method (see
[9, 2, 3]), and the multigrid version of the dual singular function method
(see [4]).

Solutions of many partial differential equations have singular function
representations: a decomposition as the sum of regular and singular parts
of the solution. Moreover, the singular part has an explicit form and the
unknown coefficient of the singular part, the so-called stress intensity fac-
tor, is given by the extraction formula depending on the given data and the
original solution. The singular and dual singular function methods augment
approximation spaces by using the singular and/or dual singular functions.
As an alternative, in this paper we develop, analyze, and test an accurate
finite element method that also uses both the singular and dual singular
functions. Differing from other methods of this type, our method aims for
approximation of the regular part of the solution that is much smoother
than the solution itself. Once the regular part of the solution is computed,
then the stress intensity factors and the solution itself can be calculated
with negligible cost and without degrading accuracy. So the key of our
method is to derive a well-posed and smoother problem for the regular part
of the solution. This is done by developing a new extraction formula for the
stress intensity factors in terms of the regular part of the solution, which
is similar to but more complicated than our previous work [6] for Poisson
problems with corner singularities. Since this new problem is H? regular
in each sub-domain, we show that the standard continuous piecewise linear
finite element approximation on quasi-uniform grids has optimal, O(h), ac-
curacy in the H' norm. This, in turn, implies that approximations to the
stress intensity factors and the original solution are O(h) accurate in the
absolute value and the H' norm, respectively. This theoretical prediction is
confirmed by numerical results for interface problems in H'* with o < 0.1
and with singular points at either corner or interior.

To establish the L? norm error bound, we adapt the standard duality
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argument. In order to achieve an extra order accuracy in the L? norm, it
requires that the properly chosen adjoint problem has the full H? regularity
and yields the L? norm of the error. At this stage, we are unable to find an
adjoint problem satisfying both the requirements. Hence, we use an adjoint
problem with a simplified right-hand side that naturally gives the L? norm
of the error but has only H'*® regularity. With this choice, we can only
prove O(h'*®) error bound in the L? norm. For small a > 0, obviously
this theoretical error bound improves only a little over the H! norm error
bound. Since the regular part of the solution is piecewise H?2, it is possible
that the approximation accuracy in the L? norm is much better than the
theoretical bound. One of the purposes of this paper is to demonstrate
numerically that this is indeed true.

The paper is organized as follows. Section 2 introduces the two-dimen-
sional interface problem, its singular function representation of the solution,
and an extraction formula for the stress intensity factors. Section 3 derives
the variational problem for the regular part of the solution via a newly devel-
oped extraction formula and establishes its well-posedness by the Fredholm
alternative. Section 4 introduces the finite element method and estimates
error bounds in both the H' and L? norms. Finally, numerical results are
presented in Section 5.

2. Interface singularities

Let ©; (j = 1,..., J) be open, polygonal subdomains of {2 and let
{Qj}}le be a partition of the domain 2

J
NQ;=0 fori#j and UQj:Q.
j=1

Let Qx = U}]:1 ;. Assume that the diffusion coefficient a is piecewise
constant with respect to the partition

a(r) =a; >0 inQ; (2.1)

for j =1,..., J. Let I';; = 0Q; N 092 denote the common edge of §2; and
2; and let n; be the outward unit normal vector to the boundary 0f2; of
;. Then problem (1.1) can be rewritten as: find v € H}(£2) such that

—a;Au=f in§y (2.2)
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for j =1, ..., J with interface conditions
0 0
der | tajee| =0 (2.3)
8ni Ty anj Ty

for i, j =1, ..., J such that I';; # 0 (see [13]).

For simplicity of presentation, assume that there is only one interface
vertex p located at the origin. Extension to the domain with a finite number
of reentrant corners [6] and interface vertices is straightforward. For inter-
face problems, it is well-known that the solution has a singular function
representation (see [13, 14, 15, 16, 17]).

Let Qpy, Qmy, - .., 4y, be the subdomains sharing p as a common
vertex. Let § > 0 be a small number such that p is the only vertex of the
subdomians inside the disc D(p, §) centered at p with radius §. When p
belongs to the boundary of the domain €2, let polar coordinates (r, ) be
chosen so that D(p, §) N Qp,, = {(r,0): 0 < 7 <, wi—1 < 0 < w;} for
1 < ¢ < I, where wg = 0, and w; = w be the angle between the two edges
of 0} emanating from p. When p belongs to the interior of the domain
Q, the subdomians {Qmi}i[:1 completely surround p. So we may have the
polar coordinates such that wp = 0 and w; = 27. Let A\x = (ay)? and O (0)
for £k > 1 be, respectively, the positive eigenvalues and the corresponding
eigenfunctions of the Sturm-Liouville problem at the vertex: in subintervals
(wi_l, wi) (Z = 1, ey I)

—-0"(0) = \O(0), (2.4)
on interfaces w; (i=1,..., I —1)

lim ©(0) = lim+@(9) and

0—w; 0—w;

am, lim ©'(0) = ap,,, 91im+ o'(0), (2.5)

9*&4)7: —»u}i
and on boundaries § =0, § = w or 27
lim ©(f) = lim ©(A) =0 ifpe 09, 2.6
Jim ©(9) = lim ©(9) if p (2.6)
lim ©(F) = lim ©(F) and
0—0+ 0—(2m)—
Am,y 0£%1+ O'(0) = am, , ﬁlg?r)f o'(0) ifpeqQ, (2.7)
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where the eigenfunctions are normalized as follows

Lo if j =k
Z/Z o ©:(0)O(0)d0 = b = 4~ LI (2.8)
oy ’ 0 if j #k.

Let aq <--- < ay be all a;s that satisfy 0 < oy < 1. Define the singular
functions and the dual singular functions by

si(r, 0) =r*0;(0) and s_i(r, 0) =r “O;(0), (2.9)

respectively. Note that s; and s_; are twice differentiable and harmonic in
each subdomain ; (As; = As_; = 0 in ;). It is easy to see that for
1=1,...,1

sp€ H'T5(Q,,) and s_; € H'7 Q) (2.10)
for any € > 0. On the interface I'ypym;,; = 0y, N Oy, ,, the second
equation in (2.5) implies

0s Os

i H— F A —0, (2.11)
8nmi Fmimi+1 8nmi+1 Fmimi+1
Os_ Os_

gt + g, e ~0. (2.12)
O, Drmimiy M Dimgmig

Set

B(ri;re) ={(r, 0): r1 <r <re and
0<f<winQ and B(r;)= B(0;r).

Define a family of cut-off functions of r for a fixed w as follows

1 n (%)
15¢ 8 4
n(r) = 1_6{1_5_<p_;_) (2.13)
2/4 3 174 5 . =/pR
S 5 GR )} ma(Fen)
L 0 in Q\ B(pR),

where p is a parameter in (0, 2] and R < §/2 is a fixed number.
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Remark 2.1 It is easy to check that 1, € C?() satisfies the following
inequalities

Ml <1, [0rmp| < Cp~!, and |Orrmp| < Cp~?, (2.14)

where 0, and 0, denote the respective first and second order partial dif-
ferential operators with respect to r. Similarly, 0y and 9y are the partial
differential operators with respect to §. Here and thereafter, we use C' with
or without subscripts in this paper to denote a generic positive constant,
possibly different at different occurrences, that is independent of p and the
mesh size h introduced in subsequent sections but may depend on the do-
main ).

Remark 2.2 The singular functions s; and the dual singular functions
s_;, both given in (2.9), are defined in each subdomain €; and infinitely
differentiable there. However, their values and derivatives may not be de-
fined on the interfaces I';; = 0€2;N0S2;, so we need to notify that some of the
inner products or norms of functions containing such singular functions or
their derivatives are the summation of their values on each subdomain €;.
For that reason we indicate the situation by using subindex {25, as follows;

(@A (Mpsk), 25 Das = > (a;A(mp5%), M25-1),
j

and

1AGzs ), = D 1AM,
i

Similarly, we use the subindex to emphasize the smaller supports in the
norms and inner products as in |[|A(n2s5-1)|| p(ri2r) oF (2, A(125-1)) B(R:2R)
in the Section 3 and thereafter. Although we use these subindices to reduce
the possible confusion or to emphasize the smaller supports but will omit or
use only one of them to avoid possible confusion by the overuses, if necessary

([5))-
Using the cut-off function defined above, the solution of (2.2) has the
following singular function representation

L

u=w+ Z KinpS1, (2.15)
1=1
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where w € H?(Q;) for 1 < j < .J is the regular part of the solution and ;
for 1 <1 < L is the so-called stress intensity factors. The stress intensity
factors can be expressed in terms of the following extraction formula (see,

e.g., [5]):

I
1
Rp = 2—04 Z_Zl /Qm- [f77p5—l + amiuA(npS—z)]d% (2~16)

where €,,,, are the subdomains sharing p as a common vertex. Moreover,
the following regularity estimate holds

L 7
S sl + Y llwlmze,) < Clliflreg)- (2.17)
=1 =1

We end this section with a modification of Green’s theorem for the regular
part of the solution.

Lemma 2.1 Let w € H*(Q;) be the regular part of the solution in (2.15),
then

Z/ a;Vw - Vodr = — Z/ (V-a;Vw)vdz, (2.18)
i j

for any v € HL(Q).

Proof. On each subdomain €2}, since a; is a constant, it is then easy to see

that
/,

for w € H%*(Q;) and v € H(Q). Note that n,s, satisfies the interface
condition in (2.3) and, hence, so does the regular part of the solution, w.
Then summing (2.19) over j = 1, ..., J and using the interface condition
for w, we have (2.18). O

a;Vw - Vudr = / aja—wvds — / (V-a;Vw)vdx (2.19)
; 9Q; On, Q

J J

3. Well-posed variational problem for w

This section is the core of the method, which derives a variational prob-
lem for the regular part of the solution and proves its well-posedness. The
key step of the derivation is to establish a new extraction formula for the
stress intensity factors in terms of w (see Lemma 3.1).



822 S. Kim, Z. Cai, J. Pyo and S. Kong

Lemma 3.1 The stress intensity factors k; for 1 <1 < L can be expressed
in terms of w corresponding to p < 1 by the following extraction formula

I
1
= 2, ;/m [fn25-1 + am, wA(n25-1)]dz, (3.1)

where Sy, are the subdomains sharing p as a common vertex.
Proof.  On each Q;, applying —aA to the equation in (2.15) with p <1
and using the first equation in (1.1) give

L
f=—-alAw— Z kralA(npsk), on each Q.
k=1
Multiplying by 725_;, integrating over the each subdomain €2; and summa-
tion yield
L

(f, mes—i)ay = —(alw, ms_)ay — Y _ kr(aA(Npsk), M25—1)ay-
k=1

Similar arguments as the proof of Lemma 2.2 in [6] to each subdomains €2;
and their sum leads to
(alw, 7728—1)92 = (aw, A(UQS—Z))QE’

since the diffusion coefficient a is piecewise constant and the dual singu-
lar function s_; and w satisfy the interface conditions by (2.12) and the
comment in the proof of Lemma 2.1.

Now, to establish the extraction formula in (3.1) it suffices to show that

(@A(psk), mes—1)oy = —2udi, (3.2)
where dj;, is the Kronecker delta. To this end, a straightforward calculation
using (2.4) gives

A(%Sk) = A(nprak @k(e))

= ((2ak + 1)r°"“_167n17p + ro"“OTTnp)Gk(G).
It then follows from properties of the dual singular function and the cut-off

functions, the fact that 7o = 1in [pR/2, pR] for p < 1, and the orthogonality
property in (2.8) that

(aA(1pSk), M25—1)0s,
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/ / (20 + 1)r 10,17, + Oy )1~ 10,(8)Oy(8)rdrdb
wo R/2

pR wr
/ (204, + 1)0rmp + 170remp) 7 ’“_‘”dr/ a0y (0)0,(0)do
p

wo

R/2
/ (2ax + 1)0rm, + r(?rrnp) Ry,
pR

which implies (3.2) for k # I. For k =1, (3.2) follows from the fact that

/R/2 [(20q + 1)0rnp + 10remp | dr = [200m,(r) + rarnp(r)]zgﬁ

=—2q4.
This completes the proof of the lemma. O

Substituting the singular function representation of u in (2.15) into
the model equation in (2.2), multiplying by a test function v € HZ(Q),
integrating over domain €2, and using Lemma 2.1 yield

L
/ aVw - Vodx — Z Kl / al(n,s;) - vdx = / fudx.
Q = Jos Q

Using the extraction formula of ; in (3.1) and regrouping terms give

/Qan - Voudx
n i ZLal (i/ ' amiWA(Uzs—z)dﬂﬁ) / alA(nps;) - vdx
/ fodxr + Z Z/ fres_ ld:v / al(n,s;) - vdz.

Define the bilinear and linear forms by

a(w, v) = (aVw, Vo)

L
_ Z QLal(aw’ A(m2s—1))ag (aA(nps1), v)as,  (3.3)
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and

L
0) = (£, )+ 3 5= (. msi) @b (ps). v (3.4)
=1

respectively. Then the variational problem for the regular part of the solu-
tion is to find w € HJ () such that

a(w, v) = g(v) Yo e H(Q). (3.5)

Remark 3.1 Since s, € HIT%=¢(Q,,.) and s_; € H™¢(Q,,,) for any
e > 0 and A(n2s_;) and A(n,s;) equal zero around the vertex p, the integrals
in both (3.3) and (3.4) are well-defined. The second terms in the respective
bilinear and linear forms provide a singular correction so that w € H?(£;).

In the remainder of this section, we establish the well-posedness of
problem (3.5) by the use of the Fredholm alternative (see, e.g., [11]) in
H} (). To this end, note first that the singular and dual singular functions
have the following forms (see [18])

s; = r* (¢ sin oy + dy; cos o) and
s =1 Y cysinoyl + di;cosagf)  in Qyy,,
where coefficients ¢;; and dj; depend on the diffusion coefficient a. A lengthy
and elementary calculation (see [6] for a similar but simpler computa-

tion) gives the following upper bounds of 12s_; and 7,s; on the respective
B(R;2R) and B(pR).

Lemma 3.2 For any 0 < p <1, we have that

IA(2s—)|| p(rary < CR™ (3.6)
and that

Inpsill or) < C(PR)™H and | A(npsi)llpor) < C(PR)M ™. (3.7)

To obtain the continuity and coercivity bounds of the bilinear form, we
further need the well-known Poincaré-Friedrichs inequality

[oll < Cf[Voll (3.8)
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and, particularly (see, e.g., [6]),

2wR
lvllB(r2R) < THVUH (3.9)

for any v € H(Q).

Lemma 3.3 For 0 < p <1, there exist positive constants Cy, C1, and Cy
such that

C
CollglF < a(o, 6) + 5 ll0l> V6 € H(Q) (3.10)
and that

a(¢, ) < Celldllull¥lly ¥ ¢, v € Hy(Q). (3.11)

Proof. For any ¢ and 1 in H}(S), it follows from the Cauchy-Schwarz
inequality, Lemma 3.2, and (3.9) that

1
2—061(6@7 A(n25-1)) B(ri2r) (@AMps1), V) B(oR)
=2
a
< oo 1802 Dl ser2ml| A1) 5om 191l 52l 5m)
2_12 pal 5,2 pal
< O lsmamlllsem < CFlslIvVel,  (312)

where a = maxi<j<s{a;}. Now, the inequality in (3.11) is an immedi-
ate consequence of the Cauchy-Schwarz inequality and (3.12). Let a =
mini<j<s{a;}, by using (3.12) with ¢» = ¢ and the e-inequality, we have
that, for any € > 0

=2 ay
(9, 9) > allVo|* ~ O (30 5 ) 19l sram V4l
l

a2 P Ca’ p
> (=R (S0 1wel= T (S50 elnany

Choosing
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gives that
a6, 9) 2 2196l - 2 (302 o?
T2 aR? ~ '
Now, (3.10) follows from the Poincaré-Friedrichs inequality in (3.8). O
Now, consider the following bilinear form
a#(wa ’U) = a(w, U) + M(wv U)

for p > 0. Let T),: H}(Q) — H~1(Q) be the corresponding operator of
the bilinear form a, (-, ), where H~1(2) is the dual space of H}(f2) with
standard dual norm denoted by || - ||—1.

Theorem 3.1 For 0 < p <1, we have that
(1) problem (3.5) has a unique solution w in H}(Q) with w € H*(Q;) for

all g;
(2) there exists a positive constant v suth that
a(¢, ¥
Yol < sup (@, ) (3.13)

veri@ 1¥lh
for any ¢ € H}(Q).

Proof. 1t follows from Lemma 3.3 that T),: H}(Q) — H () is a regular
operator (i.e., it is one-to-one and onto and its inverse is bounded) for p >
C1R~2 where C] is given in Lemma 2.1 and its Fredholm index independent
of p is zero. Hence, Ty satisfies the Fredholm alternative: either T is
regular or Tpw = 0 has a nontrivial solution. Since g is in H~(Q), to show
the existence and uniqueness of problem (3.5), it suffices to prove that the
second case does not hold. To this end, we note that

a(w, v) = (Tyw, v) =0 VYov € H(Q).

For any v € D§°(12), integrating by parts and using Lemma 2.1 and the
interface condition in (2.11) give

0=a(w, v)

1

2—&[ aw, A(n25-1))ax (V- (aV(n,51)), v)

Mh

=—(V-(aVuw),
=1
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=— <V . aV{w + g 2%4[(&10, A(n25-1))0s (npsl)}v U> ;

which, together with the fact that D§°(Q) is dense in H}(€2), implies
V-aVw =0 in Q.

Here, o = w + Y1, (1/2a;)(aw, A(n2s_;))(1,51). Since @ vanishes on the
boundary,  is identically zero on 2. Hence, w is a linear combination of
npsk. Because A(nas_;) = 0 on B(R) and the support of 1,s;, C B(R), we

have

(anpsk, A(1m25-1))0s =0 VE.

This implies that w is identically zero on .

To show the validity of the inf-sup condition in (3.13), we use the fact
that the inverse of Ty is bounded; i.e., there exists a positive constant -y
such that

_ 1
175 -1 (@) — @) < 5
This implies that, for any ¢ € H} (),

el < |Todlr = sup U2,
vert@) Yl

which completes the proof of (3.13) and, hence, the theorem. O

Corollary 3.1 Let w and k; be the solution of (3.5) and the stress inten-
sity factors defined in (3.1), respectively. For 0 < p <1,

L
u=w+ Z KiMpS1 (3.14)
=1

is the solution of (2.2).

4. Finite Element Approximation

This section analyzes the standard finite element approximation to w
based on the variational problem in (3.5). The analysis is similar to that
in [6] but is more involved in details. To this end, let 7 be a partition
of the domain () into triangular finite elements; i.e., Q = Ugeg, K with
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h = max{diam K: K € 7,}. Assume that any K € 7} is a subset of Q;
or KNQ; = () and the triangulation 7j is regular. Let V} be continuous
piecewise linear finite element space; i.e.,

Vi, = {on € C°Q): dnlx € Pi(K), VK € Ty, ¢ = 0 on 90}

C Ho (%),
where P;(K) is the space of linear functions on K. It is well-known that
inf (|l¢ — ¢nll + hlo — ¢nl1) < Cah™*|dlli1e0 (4.1)
PrhE€Vh

for any ¢ € HZ(Q) N HF(Q) and 0 < ¢ < 1. (4.1) is also valid on the
subdomain 2;. The finite element approximation to w is to seek wy, € Vj,
such that

a(wp, v) = g(v) Yv € V. (4.2)

To establish the L? norm error bound, we employ the standard duality
argument. However, the standard choice of the adjoint problem does not
yield an upper bound of the L? norm error in terms of the corresponding
bilinear form. Instead, we choose the following adjoint problem with a
simplified right-hand side

a(v, 2) = (w —wp, v) Vv € Hy(Q). (4.3)

Lemma 4.1 For 0 < p < 1, problem (4.3) has a unique solution z in
HE(Q). Moreover, the solution z is in H'T*1=¢(Q) for any ¢ > 0 and
satisfies the reqularity estimate

12ll1+an—= < Cllw — wp]]. (4.4)

Proof. Similar proof as that of Theorem 3.1 shows that the adjoint problem
in (4.3) has a unique solution in H}(Q) and that there exists a positive
constant 4" such that

a(g, ¢
Yl¢lh < sup (9, ¥) Vip € HY(Q).
semi) 9l
Let z be the solution of (4.3), by the Cauchy-Schwarz inequality we then
have that

1
[zl < = sup

a(9, z)

T peHl(Q) ¢l
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1 — 1
_ sup (w Wh, d)) <=

=— w — wp|. 4.5
sk v T (*5)

It is easy to check that the solution, 2 € H}(f2), of problem (4.3) satisfies

V-aVz=— ; %(aA(npsl), 2)as A(n2s_;) — (w —wp) = g1. (4.6)

Since g1 is in L?(2), then z is in H!T*17¢(Q) for any € > 0 and satisfies

12ll1+a1—e < Cllgal-
Now, the regularity bound in (4.4) follows from the triangle and Cauchy-
Schwarz inequalities, (4.5), and Lemma 3.2 that
o1l <C (G |0 (9).2) o200 |1 A (250 szl — )
<Cllw—wpl-
This proves the inequality in (4.4) and, hence, the lemma. O

The next theorem establishes error bounds of the finite element approx-
imation in the L? and H! norms.

Theorem 4.1 For0 < p <1, there exists a positive constant hg such that
for all h < hy (4.2) has a unique solution wy, in Vy. Moreover, let w €
H?() be the solution of (3.5), then we have the following error estimates

lw — w1 < C Al f]] (4.7)
and for any e > 0
lw —wp|| < CRIF=E| £ (4.8)

Proof. We first establish error bounds in (4.7) and (4.8) for any solution
to problem (4.2) that may exist. Then, for f = 0, the uniqueness of the
solution to problem (3.5) and the error bound in (4.7) imply that w, = 0.
Hence, (4.2) has a unique solution wy, in V}, since it is a finite dimensional
problem with the same number of unknowns and equations.

To establish error bounds, note first the orthogonality property

alw—wp,v) =0 Yv eV, (4.9)

By choosing v = w — wy, in equation (4.3) and using the orthogonality
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property in (4.9) and the continuity bound in (3.11), we have that
lw —wp||* = a(w — wp, 2)
=a(w —wp, z—Ipz) < Cllw — w1z — Inz|1  (4.10)

where Iz € V3, is the nodal interpolant of z. By the approximation property
and the regularity estimate in (4.4), we have

Iz = Inzln < Ch™ % [l2[l11a1 e < CAM 75w — wal|
which, combining with (4.10), gives
|lw —wi|| < C AT F||lw — wp|1. (4.11)

Now, it follows from Lemma 3.3, orthogonality property (4.9), and inequal-
ity (4.11) that for any v € V},
Collw — wp|[3<a(w — wp, w — wy) + CLR™2||w — wp||?
=a(w — wp, w —v) + C1R™?||w — wy||*
<Cllw = wlli|w = vll + CRT2A* 17 |w — wy| I3,
which, together with (4.1) and (2.17), implies the validity of error bound

(4.7) for sufficiently small h. Error bound (4.8) is a direct consequence of
(4.11) and (4.7). This completes the proof of the theorem. O

Remark 4.1 By using a delicate analysis as in [6], the ¢ in the L? norm
estimate can be removed

lw = wn| < ChIF|£]]. (4.12)

Remark 4.2 Approximations to the stress intensity factors and the solu-
tion of (2.2) can be computed according to (3.1) and (3.14) as follows

1 1
Kip = Tm(awh’ A(n25-1)) B(r:2R) + 2_oq(f’ 125 _1) B(2R) (4.13)

and

up = wh + Y KLATpSE (4.14)
.

respectively. It is easy to show that

ki = kup| < O £]], (4.15)
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(1,1)

92 0
0,0
O (0, 0)
(_17 _1)

Fig. 1. A T'-shaped domain partitioned into three squares and its partitions.

for all [ and that

lu—uplly < Ch|If| and flu—un| < CHF|f]]. (4.16)

Remark 4.3 The system of algebraic equations arising from (4.2) consists
of the standard coefficient matrix from the diffusion operator and a pertur-
bation from the integral terms which are only nonzero on a strip away from
the interface vertex. The perturbation is rank one and the algebraic system
can be solved by the Sherman-Morrison formula or the standard multigrid
method applied to nonsymmetric problems (see [7]).

5. Numerical experiment

Since the variational problem in (3.5) for w is not a standard elliptic
problem, the error estimates on the finite element approximation developed
in the previous section are quite limited. For example, it requires the mesh
size to be sufficiently small and the L? norm error bound seems pessimistic.
The purpose of this section is to present numerical results that either con-
form to the theory or show numerically that those limitations are probably
not real.

The first numerical test is on an interface problem with a corner sin-
gular point. Consider the I'-shaped domain with vertices (1, 1), (-1, 1),
(-1, —1), (0, —=1), (0, 0), and (1, 0), and partition the domain into three
squares 21, o, and 23 as depicted in Fig. 1. Let the diffusion coefficient
a(x) be piecewise constant, i.e., a(x) = a; on 2;, taking values
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ap =ag3=1 and a9 = 100.

Then the corresponding interface problem (1.1) has only one interface vertex
at the origin, and its only singular function has the form of

s =1%0(0) (5.1)

with a = 0.089658901772145... and O(6) = C;sin(ab) + D; cos(ad) on Q;
for i = 1,2,3. Let n2 be the cut-off function defined in Section 2 with
R =1/8. Choose the right-hand side function in (2.2) to be

f=ai(= ol — g + (@22~ 120) + Alms) o O

so that the exact solution is
U= Wp + NpS,

where 7, is the cut-off function with R =1/8 and 0 < p <1 and w, is the
regular part of the solution having the form of

1
wy = —(z—2*)(y* —y*) + (2 —mp)s on

aj
fori=1, 2, 3.

Table 1 reports numerical results of the discretization error of the reg-
ular part of the solution in the respective L?, L>, and H' norms for p =
1. Even though the errors change with respect to various values of p, the
difference is insignificant. It seems that the finite element approximation
is not restricted to the small mesh size. As predicted in the theory, the
method achieves the optimal accuracy, O(h), in the H! norm. The order of
the accuracy in the L? norm established in Theorem 4.1 for this example is
less than 1.1. But numerical results depicted in all these three tables clearly
show that it is most likely to be around 2 despite some oscillation. We also
report numerical results on the approximation to the stress intensity factor.

Similar observations as above hold true for the interface problem having
interior interface points, which is presented in the next example. Consider
an interface problem defined on a square [—1, 1] x [—1, 1] with an interior
singular point at the origin. Let the domain be partitioned into four squares
Qq, Qo, Q3, and 4 as depicted in Fig. 2 and let the piecewise constant
diffusion coefficient a(z) = a; on ; take values

ai=az=1, as =100, and a4 = 200.
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Lrd 2% [ 2% | 27 ] 2% [ 2 [ 2% ]
L? | 5.0549e-03 || 1.8321e-03 || 4.8524e-04 || 1.1252e-04 || 2.1761e-05 || 5.84033e-06
Order 1.4642 1.9167 2.1085 2.3704 1.897623
L% || 3.2061e-02 || 1.9981e-02 || 1.4292e-03 || 1.2309e-03 || 1.5529e-04 || 6.32335e-05
Order 0.6822 3.8053 0.2156 2.9866 1.296204
H' || 1.2451e-01 | 6.1012e-02 || 1.7750e-02 || 9.1545¢-03 || 4.2923e-03 || 2.1391e-03
Order 1.0291 1.7812 0.9552 1.0927 1.004734
K 1.8632 1.3415 1.0399 1.0207 1.0035 1.00111
Order 1.337809 3.0097425 0.946758 2.564204 1.656795
Table 1. Discretization Error for p = 1.0
(_17 1) (L 1)
Qo 04
Q3 Q4
(_17 _1> (17 _1)
Fig. 2. A square partitioned into four squares.

Then this problem has only one interface vertex at the origin, and its only
singular function has the form of

s =r*09(0),

with o = 0.109946076427188... and O(0) = C;sin(af) + D; cos(af) on Q;

(¢

1,2,3,4). Let 2 and 7, be the same cut-off functions as in the

previous example and choose the right-hand side function in (2.2) to be

f=—ai(

6

)

aj

so that the exact solution has the form of

where w), is the regular part of the solution having the form of

2y~ y") (e 22~ 127) + Alms)) on O,
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-5 —6 -7 —8 -9
Ll o2 ] 2% [ 277 ] 2t | 2 |
L? || 3.4046e-03 || 1.4409e-03 || 3.5434e-04 | 8.4647e-05 | 1.50076e-05
Order 1.240520 2.023764 2.065624 2.495766
L™ || 2.3212e-02 || 1.4278e-02 || 1.0331e-03 || 8.7804e-04 || 1.1126e-04
Order 0.701081 3.788762 0.234623 2.980337
H' || 9.8171e-02 || 4.9687¢-02 || 1.4708e-02 || 7.6175e-03 || 3.5761e-03
Order 0.982431 1.756231 0.949243 1.090958
K 1.77842 1.29826 1.03691 1.01819 1.00316
Order 1.383978 3.014487 1.020866 2.525149
Table 2. Discretization Error for interface p =1
1
w, = a—(x — 2 =y + (2 — np)s on £
for ¢ =1, 2, 3, 4. Numerical results with p = 1 are reported in Table 2.
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