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Semi-implicit schemes with multilevel wavelet-like
incremental unknowns for solving reaction diffusion equation

Yu-Jiang Wu, Xing-Xing JIA and An-Long SHE
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Abstract. Our aim in this paper is to present two types of semi-implicit schemes based
on multilevel wavelet-like incremental unknowns (WIU) for solving a one-dimension-
al reaction-diffusion equation with a polynomial growth nonlinearity. The stability of
schemes is proved which also shows the advantage over explicit and implicit schemes in
the same conceptual framework of multilevel WIU. Numerical examples are provided to
test the efficiency of the new schemes.
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1. Introduction

A method with incremental unknowns has been developed as a means to
approximate inertial manifolds when finite differences are used. They play
evidently an important role in the study of the long time behavior of the
solutions of partial differential equations and in fact they produce a new
and different efficient concept in finite differences which are fundamental
and useful in the field of numerical solution of partial differential equations
(see e.g. [5,10,12]).

Much effort about the method with incremental unknowns has been
devoted in the past to the approximation of the linear elliptic equations
and also some nonlinear differential equations or even dissipative evolu-
tion equations, among them are Navier-Stokes equations in dimension two,
Kuramoto-Sivashinsky equations and convection-diffusion equations etc.
(See also [2,6,7,9,13] and the references therein.)

Wavelet-like incremental unknowns deserve special stress because they
enjoy the L? orthogonality property between different levels of unknowns.
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This makes the method with multilevel wavelet-like incremental unknowns
particularly appropriate for the approximation of evolution equation (see
e.g. [3,4]). The purpose of this paper is to establish two semi-implicit
schemes with multilevel WIU methods for some one-dimensional reaction
diffusion equation, especially for an equation with a polynomial growth
nonlinearity of arbitrary order.

The article is organized as follows. In Section 2 we present the reaction-
diffusion equation and its finite difference discretization. Then in Section 3
we recall the definition of the WIU and the multilevel discretization in
space. Two types of new semi-implicit schemes based on multilevel WIU
are established and some numerical results are shown in Section 4. Finally
in Section 5 we develop the stability study of the schemes.

2. Equation and discretization

In general case, we denote by 2 an open bounded set of R™ with bound-
ary I' = 9€). Consider the following initial-boundary value problem involv-
ing a scalar function u = u(x,t); u satisfies

ou :
i vAu+g(z, u) =0, inQ, (2.1)
u(z, 0) = up(x), in Q.

together with one of the following boundary conditions.
(i) Dirichlet type boundary condition

ulr = 0. (2.2a)

(i) Neumann type boundary condition

ou
n ) =0. (2.20)

(iii) Periodic type boundary condition
Q=(0,1)", wuis Q-periodic. (2.2¢)
Here the function ¢g: 2 x R — R is measurable in = and of class C! in

s satisfying

{ There exists ¢ > 2 and v; >0 (i =0, 1, 2, 3) such that (2.3)

11817 =0 < gz, 5)s < Yo|s|? + 73, Vs € RT, a.e. x € Q.
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and
There exists v4 > 0 such that (2.4)
gi(z, s) > —y4, VseRT, a.e. xz €. '
Remark 1 The Chafee-Infante equation which reads
0
a—?—Au—i—auS—ﬁu:O, (o, B> 0) (2.5)

is a simple example of (2.1).

Our attention should be paid to a special one-dimensional example
which is a reaction-diffusion equation with initial-boundary value condi-
tions

%*VAU‘FQ(U) =0, inQ=(0,1),
u(z, 0) = up(x), in Q, (2.6)
ulp = 0.

where g(s) = Z?q:?)l bjs’, bag—1 > 0. (See, e.g., [4,8].)
Under suitable condition, we know there exist two constants ¢y, co > 0
such that

1
g(s)s > §b2q_182q —c1, (2.7)
g(s)? < 2b2q_154q72 + co. (2.8)

If the spatial variable = of the equation is discretized by finite difference
with mesh size hq = 1/(22N+1), where N € N, N denoting positive integer,
we have

oU,
=+ vAUa+g(Ua) =0, (2.9)

where U, is the vector of approximate values of u at the grid points,
U; € deN, and Ay is a regular matrix of order 2¢N. Denoting by ug
the discretized step function with nodal values: u¢ = Uy(i) ~ u(ihg),
i=1,2,...,2%N, we have for the convection term with central difference
scheme the equality

Agud =

1 4 d . d
ﬁ(uiﬂ — 2ui +uiq).
a
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Ordering ugl, i=1,2,...,2%N in its natural way, we see that Ay is tri-
diagonal.

3. DMultilevel wavelet-like incremental unknowns

Recalling [3,4], we introduce the wavelet-like incremental unknowns into
equation (2.9).

We separate evenly the unknowns into two parts according to the grid
(ugi corresponding to coarse grid, or ugifl to complementary grid), and the
first separation of new variables is obtained by defining

d d
d _ Y21 T Uy

Yo, = 3
2 . _
. . i=1,2,...,2¢7IN.
d_ Ugi—q — Ug;
Z2i—1 = 9

Inversely, we have

d d d
Us: = . — 2 - . _
2 %Zd b =12, 27N (3.1)
Ugi1 = 29i—1 1 Y2
: 7 o T — (nd ,d d d ,d
We reorder Uy into Uy by letting Ug = (u§, ug, ..., Uapy ULy USs -y
ung_l)T and denote

— Y, d d d d .d d T
Ug= <Zd = (Y25 YL -+ s Yaans 215 255 o Zpay_1) -

We see that Uy = Pdﬁd, (~fd = S4U4. Here we know that P; is a permutation
matrix of order 29N, and that Sy is a transfer matrix of order 2N with the
following form

Iy —14_
S, = ( d—1 d 1> '
Ig—r Ig—
where I;_; is the identity matrix of order 2471 N. We can easily see that

Sd_1 = (1/2)ST. Substituting Uy = P3S4Uy into the finite difference equa-
tion (2.9) and multiplying the equation by (P;S;)T, we have

8(Pde)TPdeUd
ot
Thanks to the observations that PgPd = 1y, S:{Sd = 21y, Pg and g

+ v(P1Sg)T AgPySaU g + (P3Sq) T g(PaSqUq4) = 0.
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commute, we obtain

ou — 77
28—td + v(PySq)" AaPaSaUa + (PaSa)" g(PaSaU4) = 0, (32)

which expresses the finite difference scheme obtained when 2-level wavelet-
like incremental unknowns are used.

The next level of wavelet-like incremental unknowns on Yy can be in-
troduced by repeating the same procedure. We now separate Yy into two
parts and denote that

= Yq 1 d—1  d—1 d—1 _d—1 _d—1 d—1 \T
Yd_(Zd_l =(Ys 5 Ys s eees Ygans B9 5 24 e Pedn o) -

Similar to (3.1) we define

d d—1 d—1
.= . — 2
{yfl Y TR g 9i2N, (3.3)

Ysio = 2452 T Ysi >
Therefore, we obtain the equality Yy = Py_1S4-1Y 4, where P;_; is a per-
mutation matrix of order 29~ N and

I _Id2>
Sy 1= .
-1 <Id2 Ij—o

As usual, we should set

Yq1
_ ~ P, 0
Ug—1= Zld_l’ , Pii= < % ! I 1> ;
7 -
NG d

"S,V . Sa_1 0
d—1 — 0 \/Eld_l )

such that ﬁg_lﬁd_l =14, §5_1§d—1 = 21; and Ud = ﬁd_lg’d_lﬁd_l. Sub-
stituting Uy = Py_1S4-1Uq_1 into (3.2) and multiplying the equation by
(Py-1S4-1)T, we can also obtain
U g1
924
ot
here S = Pdelgd_lgd_l.

+ Z/STAdSUd_l + STg(SUd—l) =0,
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Repeating the same procedure d times, we obtain finally the finite dif-
ference scheme when (d + 1)-level wavelet-like incremental unknowns are
used.
daﬁo

28t

+vST A48T, + STg(SU()) =0, (3.4)
where S = ﬁdgd e ]5151. P, are permutation matrices with similar struc-
ture but different order, S; are transfer matrixes with similar structure but
different order, and

Ly -Lv O

~ S 0
= = | 1I_ I
g ( \/ﬂk‘) lol 101 \/gfk ’

where k = (2¢ —2)N, 1 =d,d—1, ..., 1.

)

4. Schemes and numerical computation

We now propose some schemes based on the utilization of the incre-
mental unknowns introduced above.
The equation (3.4) with d = 1 has the form
ZW + VSd Pd AgP;SqU g + Sd g(SdUd) =0.

According to simple computation we can find

STo(ST ) = <zg<yd> + 0<|Zd|2>> | (4.1)

O(1Zal)
By neglecting the terms O(]Z4]?) and O(]Z4]), we obtain
oU, —
Qa—td +vSTPT AgPySqU 4 + 2 (g(oyd)> =0.
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The form of the equation (3.4) with d = 2 is

U 41
92 d—
ot

Using the same approximation as in (4.1), we can set the approximate equa-
tion to be

+vSTA4SUa1 + S§_ PL ST 9(SalUa) = 0.

U 4 = Yy
22¢ + VSTAdSUd_l + 22 9(Ya-1) =0.
ot 0
This technique is called a nonlinear Galerkin method [4,12].
Finally, with the use of the nonlinear Galerkin method, the (d+ 1)-level
incremental unknowns equation (3.4) is approximated by

2d% (?) +vST A48Ty + 22 (9%/0)> = 0. (4.2)

As for time discretization of (4.2), we now propose two new schemes
which are based on fully discretized explicit and implicit schemes when
forward differences and backward differences in time are used. The results
are two kinds of semi-implicit schemes.

Scheme I Semi-implicit scheme with Y-implicit and Z-explicit compo-

nents
od Y7L+1_Y'0n T yntl J g(Ybn)
— (ZO"H—Z”) +vS AdS( Ozn )+2 ( 0 > = 0.

Scheme II Semi-implicit scheme with Y-explicit and Z-implicit compo-

nents
2d (yntl _yn . Yo a (9(Y3")
(R s ()« () 0

New schemes generalize obviously the schemes presented in [4]. Stability
conditions for the new schemes will be given in the next section. The
effective implementation of the semi-implicit schemes requires about half
computation of that of the implicit scheme. Especially, the product of
ST A4S with a vector can be obtained without giving the explicit form of S.

Now let us show some numerical results in numerical experiments which
even include the ones for certain two-dimensional problems.
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Table 1. (7 =1/8-2%/(2 +29) - h?)
k (t = k7) | Exact Sol. Explicit Implicit Semi-Implicit(IT)

1 0.0355 0.0354 0.0354 0.0354

0.1690 0.1690 0.1689 0.1690
10 0.3602 0.3603 0.3603 0.3603
15 0.5827 0.5852 0.5852 0.5852
20 0.8416 0.8493 0.8493 0.8493
25 1.1429 1.1525 1.1524 1.1524
30 1.4935 1.5012 1.5010 1.5010

Table 2. (7 = 1/3000)
k (t = k1) | Exact Sol. Explicit Implicit Semi-Implicit(IT)

1 0.0481 0.0842 0.0479 0.0482
5) 0.1690 0.1690 0.1689 0.1690
10 0.3602 0.3603 0.3603 0.3603
15 0.5827 0.5852 0.5852 0.5852
20 0.8416 0.8493 0.8493 0.8493
25 1.1429 1.1525 1.1524 1.1524
30 1.4935 1.5012 1.5010 1.5010

For one-dimensional problem, the test equation is given below

ou 9%u

— —2— 1 =0 0 1

It (%24- +u <z <l1,
u=et—1 z =0,
u=ett -1 x =1,
u=e*—1 t=0.

It is easy to check that the exact solution is u = e*** — 1. The numerical
experiment is carried out by taking N = 4, d = 3, and h = 1/33. (See
Table 1.)

The second experiment is carried out by taking 7 = 1/3000. (Note that
the approximate values obtained by the explicit schemes are multiplied by
1078 in order to compare with the other values.) (See Table 2.)

Remark 2 We can give also some examples for the semi-implicit schemes
to solve two-dimensional equations. The nonlinear equation gives g(u) =
—u + u? with a right-hand side function f(z, y, t) = (sin(7x) sin(7y)e~%)3.
Here we show two figures of the approximate computation of the solutions
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Table 3. Comparison of CPU Time and Error

Scheme | (d =2) CPU Time Error (d=3) CPU Time  Error
Explicit 402 2.3E-3 403 1.05E-2
Scheme I 302 2.5E-3 319 1.03E-2
Implicit 65 4.3E-3 76 1.21E-2
Scheme 1T 68 2.3E-3 80 1.07E-2
Fig. 1. Case d =2 7 = 0.01 for approx sol. Fig. 2. Case d = 3 7 = 0.01 for approx sol.
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Fig. 3. Case d =2 7 = 0.01 for error. Fig. 4. Case d = 3 7 = 0.01 for error.
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(see Fig. 1 and Fig. 2) and two figures of error curves (see Fig. 3 and Fig. 4).
Table 3 gives comparison of the CPU time (in second) and the maximum
error for the 4 schemes. More details will be given elsewhere.

Stability analysis

Let V;,, be the function space spanned by the basis functions wy,, in,,
i=1,2,...,2¢N, and
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oo ihg < < (i + 1)hg,
hasihq 0, otherwise.

d
up, () be a step function in Vy,, and up,(z) = 212:]1\7 up, (tha)wh,, in,, T €
Q). We introduce the finite difference operator

Vi d(x) = hidw(x + ha) — $(z),

and endow Vy,, with the scalar product ((up,, vn,))h, = (Vhythy, Vi, Uhy)s
where (-, -) is the scalar product in L2(Q). We set || - [|n, = {((+, - ))n, }'/?
and observe that || - ||, and | - | are Hilbert norms on V,,. Using the
space Vy,,, we can write the finite difference discretization schemes (2.9) in
variational form as

6 u 7 -~ ~
( g:d, u) +v((uny, @), + (g(un,), @) =0, Y € Vy,.

If we choose @ = wp,, in,, we can recover (2.9). We now separate space

Vh, into two spaces )V, and Zj, according to the definition of wavelet-like
incremental unknowns.

Let Y, be the function space spanned by the basis functions oy, 2i,,
i=1,2,...,29 1N, and

1, (20 —1)hg <z < (2i+1)hg,
Yony, 2ihy = 0

otherwise.
24-1N
Una(®) = > ny(2iha)ong2ing, T € Q Yy, € Yy
i=1

Let Zj, be the function space spanned by the basis functions Xop, (2i—1)hy
i=1,2,...,29 1N, and

X2hg, (2i—1)hg = Why, (2i—1)hg — Why, 2ihy
1, (2 — 1)hg < x < 2ihg,
-1, 2ihg<z< (2i 4+ 1)hg.
2d-1N
Zhg(2) = Z 21y ((2¢ — Dha)Xony,2i-1)hgs T € Qs Van, € Zpy,.
i=1

By decomposition, we have

Vhe = Vhg © Zhy- (5.1)
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So, the approximate solution ujy, € V, is separated into two parts

uhd - yhd + Zhd? yhd € yhd7 zhd S Zhd-

We can easily recover (3.1) by above decomposition.
With (5.1), we see that (3.2) is identical to

8 U Y ~ ~

( g:d’ y) +V((yhd +zhd> y))hd + (g(yhd +Zhd)7 y) :07 v Yy e yhd,
0z, . B i i

( 8?7 z) + v ((yn, + 2y 2)hy + (9(uny + 20,), 2) =0, ¥ Z € Zp,.

The method with multilevel incremental unknowns can be recovered in a
similar fashion. We decompose ), into YV, = IV, , © 2Zp,_,, | = d, d —
1, ..., 1. Therefore, for any function uy, € V;,, we can write it as up, =
Yho + 2, With yp, € Vpy, and 2 € Z2 = 23, @ Zp, @ --- @ Zp,. The function
space Yy, is of course spanned by the step functions with step size hy =
2¢hg, and the orthogonality between Vho and Z holds true

(y,2) =0, Vyelh, VzeZ

Therefore, equation (4.2) is identical to

8 U 77 ~ ~

( gltw, y) +v((Yny + 2, 9)hy + (9(Yno), 9) =0, YV G € Y,
0z _ R i

(§> Z) +v((yny + 2 2y =0, VZEZ.

Before presenting the stability theory, let us introduce some lemmas.
(See, e.g., [3,4,11])
Lemma 1 For every function up € Vy,
Valun| < llunlln < g g lunl. with $y(h) = 5
U u —|u wi = —.
hl > hilh > Sl(h) hls 1 9
Lemma 2 For every function yn, € Vh,,
S2(ho)|yhol% < |ynol?s  with S2(ho) = ho,

L= 1
S1(ho, ha)llYnollng < lynol,  with Si(ho, ha) = 3V hoha,

where |Yp,|oo 15 the mazimum (L) norm of yp, .
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Lemma 3 For given time step 7, let us define a qg-mesh ratio by
T T
r(q) = max{h—?l, F}
then we have r(q) = 7'/h371 (g <3) or7/h? (q>3).
Thus, we have the stability theorem for Scheme I.
Theorem 1 Assuming that 7 < Kq for some Kq fixed, we set

1
By = \u2d|2 + —(201 + 02K0)|Q|.

2v
If the g-mesh ratio r(q) satisfies
2d(q—1) }

< mln{ — 7
(Q) 4V 252(1 qu 1

then we have the following estimate for any n > 0: ]uhd|2 |yho|2 + 2% <
By.

Proof. We write the semi-implicit scheme in its variational form

{ e =y )+ (e + 2 ), + (9 (l), §) =0,

5.2
(2" — 2 2) + Tl/((y;z;-l + 2", 2))n, = 0. (5-2)

Let § = 2y"+1 7 = 22"t we have

20yptt —yhs yp Y 4 2 (e + 2w )y

+27(g(yp), yp) =0,
(2" — 2", ) 4 QTV((yZ:—l + 2", "), = 0.

d

Adding these two relations, since 2(a — b, a) = |a|?> — |b|?> + |a — b|? we obtain
o R e e T e P R E A e A
F2ru (Yt + 2 gt 2 ) hy + 27 (g (i), ypt ) =0,

Denoting A = |yn+1\2 - |y}71‘0|2 + |2"*12 — |2"|? for simplicity, we have

A+ [yt =y P 4 |7 =
+2rv((yh " + 2" g 2 )

(= ),

d
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+27(g9(un) yn ™ = i) + 27 (9(why ), viy) = 0.

Since
2ru((2"H = 2"yt + 2 ),
< 2ru|lyptt 4+ 2" | 127 = 2y
2Tv
S S (hd) ” n+1 + Zn+1th|Zn+1 . Zn’
T2y 1 12 1 2
( )2 ”yn+ + Zn+ ||hd + |Zn+ - zn| )
27(9(Yhy)s Unt ' — uiy) < 271g(yi)| lypt =y, |
< P lg(yn )P + [yt — i 12
Hence

A+27‘V( — )H ”H—i-z"HH%Ld

+27(9(Yny)s Yny) — 7219wk * < 0.
Using Lemmas 1 and 3, the condition satisfied by r(gq) implies
A 20vlyp ™ 4+ 2P 4 27 (g(yny ) wi,) — Tl (R S 0.

Using inequalities (2.7), (2.8) and Lemma 2, we have

n n n n 1 n
(9Why)s Uny) = /Qg(yho)yhodw > §b2q—1/g(yh0)2pdx —c1|]. (5.3)
and

Plg(yh )P <202, /Q W) 2de + e Q)

<2023, Jyp 202 /Q (W)X da + 7220

27’2b2q 1

R 2p—2 n \2p 2
~ 9d(q— 1)h3 1| ho’ /Q(yho) dx 4+ 7%c|9. (5.4)

Therefore, we have

A—|—27’V|yn+1 n+1|2
27bog—1

R S 292 n \2q 2
2da—1) T T Yo )/Q(yho) dx <27c1|Q+77¢2|Q|.

+Tb2q_1 (1 —
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We are now ready to prove the Theorem by induction:
e k=0 is obvious since |y, |*+ [2°]* < Bo.
e Assuming the conclusion is correct up to k = n, we then have |yj |* +
|Zn‘2 < Bo.
e For k =n+ 1, using the inequality satisfied by r(¢), we obtain
4 17 a2 — 122 2y
< (2e17 4 7).

That is
’yz,;-1|2_|_’2n+1|2
< n |2 n|2 9 2 Q
< o (R 2+ R+ e + ar)l
1 n+1 1
< 0 2 02 (1
_(1—|—27'V> (’yh0| +|z‘)+1+27'y +1—|—27’l/
1 1
- 4y \(2 10
+ A5 2m0)? +-t (1+271/)”)( 1T 4 o) Q|
1 n+1
< 0 |2 02
<(1g) (bl +12P)
1 1
+ (201 + 02K0)|Q’

1+2v1-1/(1+21v)
1
< [y 2+ 12 + o (21 + e2K0) |2
Therefore, we obtain the estimate

up |* = |yp, I + 12" < Bo.

As for the stability condition of Scheme II, we have

Theorem 2 Assuming that k < Kq for some Kq fixed, we set
1
By = ‘u2d|2 + ;(Cl + C2K0)|Q|.
If the g-mesh ratio r(q) satisfies

od 2d(q—1)

r(q) < min{—, 7},
(Q) 8v 4b2q71Bi]71
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then we have the following estimate for any n > 0: \uhd|2 ]yh0|2 +1]2"? <
B;.

Proof. We write the semi-implicit scheme in its variational form

{ (Yt =y, §) + oy + 2, ?)hd +rlaGR D) =0

( il z", 2) + TV((Z/ZO + ZnJrla z )hd =
Let § = 2y”+1 7 = 22"t we have

20p = yitos ypt ) 4+ 2rv((uhy + 2" gt )y
+27(g(yh,), yitt) =0.
2(,27”rl - 2", z”“) + 270 ((yp, + PR z”“))hd =0.
Adding these relations, we have
o R e e T e P R F S A
+2rv((ypy + 2"yt 4+ 2" ), + 27 (9 (k) w ) = 0.

Denoting also A = |yp'[2 — [ypt 2 4 [2" 1|2 — [2"[2, we have

A+lyptt —yp P+ 2" =2

( n+1 —|—Zn+1,y2:1 +Zn+1))hd

(ylfjl — Yo YU+ 2" )y
+27(g9(ui) vt — ui) + 27(9(ui) why) = 0.

Since

2rv (g = yrs vt + 2" ),
n+1

< 2rwllyptt + 2wl — vyl
2TV

< _ n+1+zn+1 n+1_ n
27’21) 1 1

< Gy (how )2 1V ™t + 2"k, + !y"+ — il

n+1 n+1

27(9(Who)s Yy — Yho) < 2719 (o)l |Yh,

< 27°|g(yp,)* + \y”“ — |2

- yh()’
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Hence
A+ 271/(1 — 47—”) |yt + 212
2dp2 ) " 7ho a
+27(g(yh, ) i) — 27°1g(yh)I* < 0.
Using Lemma 1 and the inequality satisfied by ¢-mesh ratio, we obtain
At 20vyptt 4+ 22 21 (g(yR), wiy) — 2701w )P < 0.
According to (5.3) and (5.4), we have

A+ 27V|y,?;r1 4 22
4’7’b2p_1

+7bop—1 (1— 42%1_1) hg_l

ik, #172) / (g )?0dz < 27er | +2722|€2).
Q
We are now also by induction to prove the theorem:
e k=0 is obvious since |y, |*+[2°]* < Bi.
e Assuming the conclusion is correct up to & = n, we then have ]yﬁOP +
‘Zn‘2 < Bl.
e For k =n+ 1, using the condition satisfied by r(q), we see that

et P+ 27—

+ 27’1/@2;_1 + 2" < 217 + 2c27%)9).

> = 12"

That is
[Wha ' F+ 2"
< R 1) ¢ e + 20l
= (1 +12w>n+1(’y20‘2 SRR v 1+ 1 +127'1/
* m I ﬁmw + 26770
< (1 +12w>n+1(!y20|2 +12°P) + %(2@ +205K0)|9

1
<y l? + 12°P + — e+ c2K0) 9.
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Therefore, we obtain the estimate

[uh, [ = lyh,|* + 12"]* < B

O

Concluding Remarks We can compare our schemes with two ordinary
schemes with WIU; namely,
Explicit Scheme:

24 (Y§H -y T Yo | oa (9(Y3)
2 () wustas (3) < (709) o

Implicit Scheme:

4.

20 (VP YN o (YO (905
?(Z()n+1_Z(3,L>+VS AdS<Z0n+1>+2 < 00 >:0

Since we have 27/(2 4+ 2%) < 1 and By < My (see, e.g., in [4]), the
bound of g-mesh ratio r(q) satisfied for Scheme I in Theorem 1 is
greater than that for Explicit Scheme. Therefore, Scheme I has an
improved stability comparing with Explicit Scheme.

Even By and My are essentially identical, the bound of g-mesh ratio
r(q) satisfied for Scheme II in Theorem 2 is possibly greater than that
for Explicit Scheme. The stability condition of Scheme II is at least
the same better as that of Explicit Scheme.

When nonlinear effect is strong, i.e., the dominant conditions satisfied
by g-mesh ratio r(q) for Schemes I and IT are r(g) <249=1/2by, B3
and r(q) < 2%a-1/ 4b2q_1B3_1 respectively, these conditions are com-
parable when compared with Implicit Scheme. However, the compu-
tational process of our two semi-implicit schemes is evidently not so
complex than that of Implicit Scheme.

The numerical results confirm our theoretical conclusion.

Acknowledgment The authors are indebted to two anonymous referees

for valuable comments on an earlier version of the manuscript.

References

Chafee N. and Infante E., A bifurcation problem for a nonlinear parabolic equation.
J. Appl. Anal. 4 (1974), 17-37.

Chehab J.P. and Temam R., Incremental unknowns for solving nonlinear eigenvalue
problems: new multiresolution methods. Numer. Meth. PDEs 11 (1995), 199-228.



728

Y. Wu, X. Jia and A. She

Chen M. and Temam R., Nonlinear Galerkin method in finite difference case and
wavelet-like incremental unknowns. Numer. Math. 64 (1993), 271-294.

Chen M. and Temam R., Nonlinear Galerkin method with multilevel incremental
unknowns. in: R.P. Agarwal ed, Contributions in Numerical Mathematics, WSSIAA
2 (1993), 151-164.

Dubois T., Jauberteau F. and Temam R., Incremental unknowns, multilevel methods
and the numerical simulation of turbulence. Comput. Meth. Appl. Mech. Engrg. 159
(1998), 123-1809.

Dubois T., Jauberteau F. and Temam R., Dynamic Multilevel Methods and the
Numerical Simulation of Turbulence. Cambridge University Press, 1999.

Huang J.-Q. and Wu Y.-J., On stability and estimates for a class of weighted s
emi-implicit schemes of the incremental unknowns methods. Numer. Math. Sin. 27
(2005), 183-198.

Marion M., Approximate inertial manifolds for reaction-diffusion equations in high
space dimension. J. Dyn. Diff. Equ. 1 (1989), 245-267.

Song L.-J. and Wu Y.-J., Incremental unknowns method for solving three-
dimensional convection-diffusion equations. Numer. Math. J. Chinese Univ. (En-
glish Ser.) 16 (2007), 14-27.

Temam R., Inertial manifolds and multigrid methods. STAM J. Math. Anal. 21
(1990), 154-178.

Temam R., Infinite Dimensional Dynamical Systems in Mechanics and Physics.
(Second Edition), Springer-Verlag, New York, 1997.

Temam R., Stability analysis of nonlinear Galerkin method. Math. Comput. 57
(1991), 477-505.

Wu Y.-J. and Sun L., A priori estimates of incremental unknowns methods on a
class of special nonuniform meshes for three dimensional problems. Chin. J. Engin.
Math. 21 (2004), 51-54.

Y. Wu

School of Mathematics and Statistics
Lanzhou University

Lanzhou 730000, China

X. Jia

School of Mathematics and Statistics
Lanzhou University

Lanzhou 730000, China

A. She

School of Mathematics and Statistics
Lanzhou University

Lanzhou 730000, China



