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Abstract. We define elementary automorphisms of the n-dimentional vector group

over an algebraically closed field of positive characteristic and show that they generate

the automorphism group of the vector group. We also give a necessary and su‰cient

computational condition for a d-tuple of p-polynomials to be a component of an n-tuple

of p-polynomials defining an automorphism of the vector group.

1. Introduction

Let k be a field and p its characteristic. Let k denote an algebraic closure

of k. We consider the direct product kn of the additive group k to be an

algebraic group, which is denoted by Gn
a . We call Gn

a an n-dimensional vector

group. Let End Gn
a and Aut Gn

a denote the k-endomorphism ring and the

k-automorphism group of the algebraic group Gn
a respectively. For every ring

R, let MnðRÞ be the ring of n� n matrices with components in R.

For 1a ia n, let li ¼ ðli1; . . . ; linÞ be a homomorphism from Ga to Gn
a ,

where lii ¼ 1 A End Ga and lij ¼ 0 A End Ga for j0 i. Let pi : G
n
a ! Ga be

the projections. Then
Pn

i¼1 li � pi is the identity on Gn
a . Let f be a homo-

morphism from Gn
a to Gd

a . Then we may write f ¼ ðp1 � f; . . . ; pd � fÞ, and we

have

pi � f ¼ pi � f �
Xn
j¼1

lj � pj

 !
¼
Xn
j¼1

ðpi � f � ljÞ � pj ð1Þ

for every 1a ia d. Let fij ¼ pi � f � lj for every 1a ia d and 1a ja n. If

n ¼ d, then a mapping f 7! ðfijÞ is a ring isomorphism from End Gn
a onto

MnðEnd GaÞ.
Suppose that p ¼ 0. Then every k-endomorphism of Ga is given by a

linear polynomial [2, Proposition 12.2], so that End Ga is isomorphic to k.

Denote by GLnðkÞ the unit group MnðkÞ� of the ring MnðkÞ. Then we have
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End Gn
a ¼ MnðkÞ and Aut Gn

a ¼ GLnðkÞ. Suppose p > 0. We call a polyno-

mial of the form

Xn
i¼1

X
rb0

cirT
pr

i ð2Þ

with cir A k a p-polynomial in n variables. Every k-endomorphism of Ga is

given by a p-polynomial in one variable [2, Proposition 12.2] (in the case where

k is algebraically closed, [1, VII, § 20.3, Lemma A]). Hence every homo-

morphism c : Gn
a ! Gd

a is given by a d-tuple ð f1; . . . ; fdÞ of p-polynomials in

n variables, namely cðxÞ ¼ ð f1ðxÞ; . . . ; fdðxÞÞ for any x A Gn
a . In particular,

Aut Ga is isomorphic to GL1ðkÞ. However Aut Gn
a with nb 2 is larger than

GLnðkÞ.
From now on, we assume that k is an algebraically closed field of

characteristic p > 0. In this paper, first, we give a subgroup of Aut Gn
a

such that the subgroup and GLnðkÞ generate Aut Gn
a (Theorem 1). Second,

we say that a d-tuple c1 ¼ ð f1; . . . ; fdÞ of p-polynomials is a component of an

automorphism of Gn
a if there exists an ðn� dÞ-tuple c2 ¼ ð fdþ1; . . . ; fnÞ of p-

polynomials such that ðc1;c2Þ ¼ ð f1; . . . ; fd ; fdþ1; . . . ; fnÞ is an automorphism

of Gn
a . We give a necessary and su‰cient condition for a d-tuple of p-

polynomials to be a component of an automorphism of Gn
a (Theorem 2).

2. Generators of the automorphism group

Let s : k ! k be a ring homomorphism. Let BðiÞ ¼ ðs iðbstÞÞ for B ¼
ðbstÞ A MnðkÞ, where s i means the iteration of s with itself i times and s0 is

the identity. The set of formal power series
P

ib0 Ais
i is a ring under the

additon and multiplication defined as follows:

Xy
i¼0

Ais
i þ
Xy
i¼0

Bis
i ¼

Xy
i¼0

ðAi þ BiÞs i; ð3Þ

Xy
i¼0

Ais
i
Xy
j¼0

Bjs
j ¼

Xy
m¼0

X
iþj¼m

AiB
ðiÞ
j

 !
sm: ð4Þ

Let MnðkÞ½½s�� denote this ring. It is immediate that A ¼
Py

i¼0 Ais
i belongs

to the unit group MnðkÞ½½s��� if and only if A0 A GLnðkÞ. Let MnðkÞ½s� be a

subset of MnðkÞ½½s�� that consists of formal power series
P

ib0 Ais
i such that

Ai ¼ 0 for all but finite i. Then MnðkÞ½s� is a subring of MnðkÞ½½s��. We

consider the case where s is the Frobenius map F , namely F ðtÞ ¼ tp for

t A k. There exists a ring isomorphism F from End Gn
a onto MnðkÞ½F � sending
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an n-tuple ð f1; . . . ; fnÞ of p-polynomials fiðTÞ ¼
P

aijrT
pr

j in n variables toP
r ArF

r, where Ar is a matrix in MnðkÞ whose ij-component is aijr for every

rb 0. The inverse F�1 of F is given as follows:

F�1ðAÞðx1; . . . ; xnÞ ¼ ðx1; . . . ; xnÞ tA for A A MnðkÞ; ð5Þ

F�1ðFÞðx1; . . . ; xnÞ ¼ ðFðx1Þ; . . . ;F ðxnÞÞ; ð6Þ

where tA is the transpose of A. Hence we can identify the ring End Gn
a with

the subring MnðkÞ½F � of MnðkÞ½½F ��. Thus

Aut Gn
a ¼ fA A MnðkÞ½½F ��� jA;A�1 A MnðkÞ½F �g: ð7Þ

Let Sn be the symmetric group of degree n. For t A Sn, let rðtÞ ¼
ðditð jÞÞ A GLnðkÞ, where d is the Kronecker delta. Then r : Sn ! GLnðkÞ is

an injective homomorphism. Let t̂t ¼ F�1ðrðtÞÞ. Then, for ðx1; . . . ; xnÞ A Gn
a ,

t̂tðx1; . . . ; xnÞ ¼ ðxt�1ð1Þ; . . . ; xt�1ðnÞÞ: ð8Þ

Hence t̂t is regarded as an n-tuple ðTt�1ð1Þ; . . . ;Tt�1ðnÞÞ of p-polynomials in n

variables.

Lemma 1. Let

A ¼ A0 �
Xm
i¼1

AiF
i ð9Þ

be an endomorphism of Gn
a , where A0 A GLnðkÞ is a diagonal matrix and

Ai A MnðkÞ for 1a iam. If Ai is nilpotent and upper (resp. lower) trian-

gular for every ib 1, then A A Aut Gn
a and

A�1 ¼ A�1
0 þ

Xmn

j¼1

BjF
j ð10Þ

for some upper (resp. lower) triangular nilpotent matrices Bj.

Proof. Let

t ¼ 1 2 � � � n

n n� 1 � � � 1

� �
A Sn: ð11Þ

Suppose that Ai is nilpotent and lower triangular for every ib 1. Then

t̂t�1At̂t ¼ rðtÞ�1
A0rðtÞ �

Xm
i¼1

rðtÞ�1
AirðtÞF i: ð12Þ
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Besides, rðtÞ�1
A0rðtÞ is diagonal, and all rðtÞ�1

AirðtÞ are upper triangular and

nilpotent. Hence we may assume that Ai is upper triangular and nilpotent for

every ib 1. Since A0 A GLnðkÞ, we have A A MnðkÞ½½F ���. Let

B ¼ A�1 ¼
Xy
j¼0

BjF
j: ð13Þ

It su‰ces to show that there exists an integer j0 > 0 such that Bj ¼ O for any

j > j0. Let Bj ¼ 0 for j < 0. Then the condition AB ¼ En implies

B0 ¼ A�1
0 ; ð14Þ

A0Bj ¼ A1B
ð1Þ
j�1 þ � � � þ AmB

ðmÞ
j�m for jb 1: ð15Þ

We can show that Bj is nilpotent and upper triangular for every ib 1 by

induction, and that Blmþ1; . . . ;Bðlþ1Þm are the sums of at most m products of at

least l þ 1 upper triangular nilpotent matrices by induction on l. Thus Bj ¼ O

if j > mn. r

Let

Pn
u ¼

Xm
i¼0

AiF
i

����0am < y;A0 A GLnðkÞ is diagonal and

A1; . . . ;Am are nilpotent and upper triangular

( )
; ð16Þ

Pn
l ¼

Xm
i¼0

AiF
i

����0am < y;A0 A GLnðkÞ is diagonal and

A1; . . . ;Am are nilpotent and lower triangular

( )
; ð17Þ

where F 0 is the identity. From Lemma 1 and the argument in its proof, we

obtain the following result:

Corollary 1. Pn
u and Pn

l are subgroups of Aut Gn
a . Furthermore, if

t A Sn is given by (11), then Pn
u ¼ t̂t�1Pn

l t̂t.

Definition 1. When nb 2, we call A A GLnðkÞUPn
l an elementary

automorphism of the vector group Gn
a .

We recall the discussion in [1, § 20.4]. Let f be a non-zero p-polynomial

of the form
Pn

i¼1

P
rb0 cirT

pr

i , which is regarded as a homomorphism from Gn
a

to Ga. We define the pricipal part Pð f Þ, Nv f and Deg f of the polynomial

f as follows. Let fiðTiÞ ¼
P

rb0 cirT
pr

i for 1a ia n. For each 1a ia n

such that fi 0 0, let rðiÞ be the integer that satisfies prðiÞ ¼ deg fi and cðiÞ the

leading coe‰cient of fi. For each 1a ia n such that fi ¼ 0, let rðiÞ ¼ 0 and

cðiÞ ¼ 0. Then let
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Pð f Þ ¼
Xn
i¼1

cðiÞT prðiÞ

i ; ð18Þ

Nvð f Þ ¼afi j fi 0 0g; ð19Þ

and Degð f Þ ¼
Xn
i¼1

rðiÞ: ð20Þ

It is clear that f is a linear polynomial if Degð f Þ ¼ 0. Assume that

Nvð f Þb 2 and Degð f Þ > 0. First, we consider the case where

rð1Þb � � �b rðnÞ: ð21Þ

Then, by assumption, there exist 1am < m 0 a n such that cðmÞ0 0 and

cðm 0Þ0 0. Since k is algebraically closed, we can choose an element a A kn

such that Pð f ÞðaÞ ¼ 0 with a1 ¼ � � � ¼ am�1 ¼ 0 and am 0 0, and define the p-

polynomials gj as follows:

giðTÞ ¼ Ti for i < m; ð22Þ

gmðTÞ ¼ amTm; ð23Þ

and gjðTÞ ¼ Tj þ ajT
prðmÞ�rð jÞ

m for j > m: ð24Þ

Then fðxÞ ¼ ðg1ðxÞ; . . . ; gnðxÞÞ is an elementary automorphism of Gn
a . Define

r 0ðiÞ and c 0ðiÞ for f � f in the same manner as rðiÞ and cðiÞ for f , so that

Pð f � fÞ ¼
Xn
j¼1

c 0ð jÞT pr 0 ð jÞ

j : ð25Þ

Then the degree of the polynomial f � fðTÞ ¼
P

j fjðgjðTÞÞ in Tm is at most

prðmÞ and the coe‰cient of T prðmÞ
m is Pð f ÞðaÞ ¼ 0, that is,

Pð f � fÞ ¼ c 0ðmÞT pr 0ðmÞ

m þ
X
j0m

cð jÞT prð jÞ

j ð26Þ

with r 0ðmÞ < rðmÞ. Therefore

Nvð f � fÞaNvð f Þ; ð27Þ

and Degð f � fÞ < Degð f Þ: ð28Þ

In the case where the inequality (21) does not hold, let t A Sn be the

permutation such that rðtð1ÞÞb � � �b rðtðnÞÞ. Then, there exists an elemen-

tary automorphism f 0 of Gn
a such that
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Nvð f � t̂t � f 0ÞaNvð f � t̂tÞ ¼ Nv f ; ð29Þ

and Degð f � t̂t � f 0Þ < Degð f � t̂tÞ ¼ Deg f : ð30Þ

Lemma 2. Let f ðT1; . . . ;TnÞ be a non-zero p-polynomial in n variables with

nb 2. For every 1a na n, there exist a finite number of elementary auto-

morphisms f1; . . . ; fl such that f � f1 � � � � � fl is a p-polynomial in Tn. If the

polynomial f is irreducible additionally, then there exists an elementary auto-

morphism flþ1 such that f � f1 � � � � � fl � flþ1ðTÞ ¼ Tn.

Proof. Unless Nvð f Þ ¼ 1 or Degð f Þ ¼ 0, we can find a permutation

t A Sn and an elementary automorphism f 0 of Gn
a described above such that

Nvð f � fÞaNvð f Þ and Degð f � fÞ < Degð f Þ, where f ¼ t̂t � f 0 is a com-

posite of two elementary automorphisms. Thus there exist a finite number

of automorphisms f1; . . . ; fl�1 of Gn
a such that f 0 ¼ f � f1 � � � � � fl�1 satisfies

either Nvð f 0Þ ¼ 1 or Degð f 0Þ ¼ 0. If Nvð f 0Þ ¼ 1 and f 0 is a polynomial in

Tj, let fl be the transposition ð j; nÞ A Sn or the identity mapping according as

j0 n or j ¼ n. If Degð f 0Þ ¼ 0 and hence f 0 ¼
Pn

i¼1 biTi, then let flðxÞ ¼
ð
P

j a1jxj; . . . ;
P

j anjxjÞ, where ðaijÞ A GLnðkÞ is a matrix satisfying
P

i biaij ¼
djn. Then f � f1 � � � � � fl is a p-polynomial in Tn.

If f is irreducible, then f � f1 � � � � � fl is an irreducible p-polynomial in

Tn. Since an irreducible p-polynomial in one variable is linear, we have

f � f1 � � � � � flðTÞ ¼ aTn ð31Þ

for some a A k �. Hence let

flþ1ðTÞ ¼ ðT1; . . . ;Tn�1; a
�1Tn;Tnþ1; . . . ;TnÞ: ð32Þ

The following two Lemmas will be used later:

Lemma 3. If fðxÞ ¼ ð f1ðxÞ; . . . ; fnðxÞÞ A Aut Gn
a , then fi is irreducible for

every i.

Proof. The map sending f A k½T1; . . . ;Tn� to f � f A k½T1; . . . ;Tn� is an

isomorphism of k-algebras whose inverse is f 7! f � f�1. Now

f � f�1ðTÞ ¼ ð f1 � f�1ðTÞ; . . . ; fn � f�1ðTÞÞ ¼ ðT1; . . . ;TnÞ: ð33Þ

Hence fi is irreducible for every i.

Lemma 4. Let X1 and X2 be objects of a category C and f : X2 ! X2 a

morphism. Suppose that there exists the product X1 � X2 such that the pro-

jection pr2 : X1 � X2 ! X2 is an epimorphism. Then, f is an isomorphism if
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and only if ðidX1
� pr1; f � pr2Þ with components idX1

� pr1 and f � pr2 is an

isomorphism, in which case ðidX1
� pr1; f � pr2Þ

�1 ¼ ðidX1
� pr1; f �1 � pr2Þ.

Proof. Hom-sets homðXi;XiÞ and homðX1 � X2;X1 � X2Þ are monoids

with respect to their compositions. We will show that g : homðX2;X2Þ !
homðX1 � X2;X1 � X2Þ that sends f to ðidX1

� pr1; f � pr2Þ is an injective

monoid homomorphism. Since

ðidX1
� pr1; f � pr2Þ � ðidX1

� pr1; g � pr2Þ ¼ ðidX1
� pr1; f � g � pr2Þ; ð34Þ

g is a monoid homomorphism. Since pr2 is an epimorphism, f 7! f � pr2 is

an injective mapping from homðX2;X2Þ to homðX1 � X2;X2Þ. Moreover

f 0 7! ðidX1
� pr1; f 0Þ is an injective mapping from homðX1 � X2;X2Þ to

homðX1 � X2;X1 � X2Þ. Hence g is injective.

For T ¼ ðT1; . . . ;TnÞ, x ¼ ðx1; . . . ; xnÞ A kn and 1a ia n, we write T ðiÞ

and xðiÞ for ðTi; . . . ;TnÞ and ðxi; . . . ; xnÞ respectively.

Definition 2. Let nb 2 and 1a da n. For 1a ia n, a d-tuple

ð f1; . . . ; fdÞ of p-polynomials in k½T1; . . . ;Tn� is said to be sweepable in Ti

if fj A k½T ðiÞ� for 1a ja d and f1 is irreducible.

In particular, a d-tuple ð f1; . . . ; fdÞ of p-polynomials is sweepable in T1 if

and only if f1 is irreducible.

Lemma 5. Let nb 2 and 1a da n. Suppose that f ¼ ð f1; . . . ; fdÞ is

sweepable in Ti for an integer 1a i < n. Then there exist a finite number of

elementary automorphisms f1; . . . ; fl of G
n�iþ1
a and an elementary automorphism

h of Gd
a such that

h � f � fðT ðiÞÞ ¼ ðTi; h2ðT ðiþ1ÞÞ; . . . ; hdðT ðiþ1ÞÞÞ; ð35Þ

where f is the composite f1 � � � � � fl and h2; . . . ; hd are p-polynomials.

Proof. An irreducible p-polynomial in one variable is linear. Hence, by

Lemmas 2 and 3, there exists f A Aut Gn�iþ1
a that is a composite of finite

number of elementary automorphisms and that satisfies

f1 � fðT ðiÞÞ ¼ Ti: ð36Þ

Then, for j > 1, we may write

fj � fðT ðiÞÞ ¼ gjðTiÞ þ hjðT ðiþ1ÞÞ; ð37Þ

where gj A k½Ti� and hj A k½T ðiþ1Þ� are p-polynomials. Define h A Aut Gd
a by

hðx1; . . . ; xdÞ ¼ ðx1; x2 � g2ðx1Þ; . . . ; xd � gdðx1ÞÞ; ð38Þ

which is desired.
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Theorem 1. Let nb 2. Then Aut Gn
a is generated by GLnðkÞUPn

l .

Proof. Let f ¼ ð f1; . . . ; fnÞ A Aut Gn
a , where fi are p-polynomials in n

variables. By Lemma 3, the n-tuple ð f1; . . . ; fnÞ is sweepable in T1. Hence,

by Lemma 5, there exist elementary automorphisms c1; . . . ;cl , h of Gn
a such

that the composite x ¼ h � f � c satisfies

xðxÞ ¼ ðx1; f 0
2 ðx 0Þ; . . . ; f 0

n ðx 0ÞÞ; ð39Þ

where c ¼ c1 � � � � � cl and x 0 ¼ ðx2; . . . ; xnÞ. Let x 0 ¼ ð f 0
2 ; . . . ; f

0
n Þ. Then, it

follows from Lemma 4 that x 0 belongs to Aut Gn�1
a .

If n ¼ 2, then f 0
2 ðT2Þ ¼ aT2 with a A k �, since f 0

2 A Aut Ga. Hence

f ¼ h�1 � A � c�1, where Aðx1; x2Þ ¼ ðx1; ax2Þ. Now that Theorem 1 holds

when n ¼ 2, we can proceed by induction on n. Assume that Aut Gn�1
a is

generated by GLn�1ðkÞUPn�1
l . Then x 0 ¼ x 0

1 � � � � � x
0
m, where x 0

i are elemen-

tary automorphisms of Gn�1
a . Let xiðxÞ ¼ ðx1; x 0

i ðx 0ÞÞ. Then xi are elementary

automorphisms of Gn
a and x ¼ x1 � � � � � xm. Since x ¼ h � f � c, f is a com-

posite of elementary automorphisms of Gn
a . r

3. Components of an automorphism

We say that a d-tuple c1 ¼ ð f1; . . . ; fdÞ of p-polynomials is a component of

an automorphism of Gn
a if there exists an ðn� dÞ-tuple c2 ¼ ð fdþ1; . . . ; fnÞ such

that ðc1;c2Þ ¼ ð f1; . . . ; fd ; fdþ1; . . . ; fnÞ is an automorphism of Gn
a .

It is false that every homomorphism from Gn
a to Gd

a is a component of an

automorphism of Gn
a . We give a necessary and su‰cient condition for a d-

tuple of p-polynomials to be a component of an automorphism of Gn
a . Clearly

an n-tuple f ¼ ð f1; . . . ; fnÞ of p-polynomials in n variables is a component of

an automorphism of Gn
a if and only if f A Aut Gn

a . The following theorem

gives a computational criterion for the n-tuple f to belong to Aut Gn
a in

particular.

Theorem 2. Let nb 2 be an integer, d an integer with 1a da n,

and f1; . . . ; fd A k½T1; . . . ;Tn� p-polynomials. A d-tuple f ¼ ð f1; . . . ; fdÞ is a

component of an automorphism of Gn
a if and only if there exists a sequence

ð f ð1Þ; . . . ; f ðdÞÞ of ðd � i þ 1Þ-tuples f ðiÞ of p-polynomials in k½T ðiÞ� that satisfies
the following:

(1) f ð1Þ ¼ f

(2) f ðiÞ are sweepable in Ti for 1a ia d

(3) There exist fi A Aut Gn�iþ1
a and h 0

i A Aut Gd�iþ1
a such that

h 0
i � f ðiÞ � fiðT ðiÞÞ ¼ ðTi; f

ðiþ1ÞðT ðiþ1ÞÞÞ ð40Þ

for 1a ia d.
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In particular, a single ð f1Þ is a component of an automorphism of Gn
a if and only

if f1 is irreducible.

Proof. We already know that if an n-tuple ð f1; . . . ; fnÞ of p-polynomials

defines an automorphism of Gn
a , then each fi is irreducible by Lemma 3.

First, assume that f is a component of an automorphism of Gn
a . Let

h
ð1Þ
i ¼ fi for 1a ia d. Then there exist p-polynomials h

ð1Þ
dþ1; . . . ; h

ð1Þ
n such that

hð1Þ ¼ ðhð1Þ1 ; . . . ; h
ð1Þ
n Þ A Aut Gn

a . By Lemma 3, hð1Þ is sweepable in T1. Hence,

by Lemma 5, there exists an automorphism f1; h1 A Aut Gn
a such that

h1 � hð1Þ � f1ðTÞ ¼ ðT1; h
ð2Þ
2 ðT ð2ÞÞ; . . . ; hð2Þn ðT ð2ÞÞÞ: ð41Þ

By Lemma 4, hð2ÞðT ð2ÞÞ ¼ ðhð2Þ2 ðT ð2ÞÞ; . . . ; hð2Þn ðT ð2ÞÞÞ belongs to Aut Gn�1
a .

Repeating the same argument, we see that there exist fi; hi A Aut Gn�iþ1
a such

that

hi � hðiÞ � fiðT ðiÞÞ ¼ ðTi; h
ðiþ1Þ
iþ1 ðT ðiþ1ÞÞ; . . . ; hðiþ1Þ

n ðT ðiþ1ÞÞÞ ð42Þ

for 1a ia d. Write hi ¼ ðhii; . . . ; hinÞ and hðiÞ ¼ ðhðiÞi ; . . . ; h
ðiÞ
n Þ, and let h 0

i ¼
ðhii; . . . ; hidÞ and ðh 0ÞðiÞ ¼ ðhðiÞi ; . . . ; h

ðiÞ
d Þ. Then ðh 0ÞðiÞðT ðiÞÞ is sweepable in Ti.

Moreover we have ðh 0Þð1Þ ¼ f ð1Þ and

h 0
i � ðh 0ÞðiÞ � fiðT ðiÞÞ ¼ ðTi; ðh 0Þðiþ1ÞðT ðiþ1ÞÞÞ; ð43Þ

since hij depend only on xi and xj . Therefore we may take ðh 0ÞðiÞ as f ðiÞ.

Conversely, assume there exists fi A Aut Gn�iþ1
a such that

f ðiÞ � fiðT ðiÞÞ

¼ ðTi; g
ðiþ1Þ
iþ1 ðTiÞ þ f

ðiþ1Þ
iþ1 ðT ðiþ1ÞÞ; . . . ; gðiþ1Þ

d ðTiÞ þ f
ðiþ1Þ
d ðT ðiþ1ÞÞÞ: ð44Þ

Define h 0
i A Aut Gd�iþ1

a by

h 0
i ðxi; . . . ; xdÞ ¼ ðxi; xiþ1 � g

ðiþ1Þ
iþ1 ðxiÞ; . . . ; xd � g

ðiþ1Þ
d ðxiÞÞ: ð45Þ

Then we have h 0
i � f ðiÞ � fiðT ðiÞÞ ¼ ðTi; f

ðiþ1ÞðT ðiþ1ÞÞÞ. Define hi A Aut Gd
a and

ci A Aut Gn
a as follows:

hiðx1; . . . ; xdÞ ¼ ðx1; . . . ; xi�1; h
0
i ðxi; . . . ; xdÞÞ; ð46Þ

ciðx1; . . . ; xnÞ ¼ ðx1; . . . ; xi�1; fiðxðiÞÞÞ: ð47Þ

We can show by induction on i that

hi � � � � � h1 � f ð1Þ � c1 � � � � � ciðTÞ ¼ ðT1; . . . ;Ti; f
ðiþ1ÞðT ðiþ1ÞÞÞ: ð48Þ

In particular,

hd � � � � � h1 � f ð1Þ � c1 � � � � � cdðTÞ ¼ ðT1; . . . ;TdÞ: ð49Þ
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Let h ¼ hd � � � � � h1, and c ¼ c1 � � � � � cd . Then ðh � f ð1Þ � cðTÞ;Tdþ1; . . . ;TnÞ
defines the identity mapping on Gn

a . Let xðxÞ ¼ ðh�1ðx1; . . . ; xdÞ; xdþ1; . . . ; xnÞ.
Then x A Aut Gn

a and xðTÞ ¼ ð f ð1Þ � cðTÞ;Tdþ1; . . . ;TnÞ. Hence

x � c�1ðTÞ ¼ ð f ð1ÞðTÞ; hdþ1ðTÞ; . . . ; hnðTÞÞ; ð50Þ

where c�1ðTÞ ¼ ðh1ðTÞ; . . . ; hnðTÞÞ. Therefore f ð1Þ is a component of an

automorphism of Gn
a .
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