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The aim of this paper is to give a new approach for considering the
question concerning the oscillatory criteria for differential equations with devia-
ting argument.

We will deal with the differential equation

(E) L,y(t) + h(t, y(0()), y' (0(®)), ..., y" De(®)) =0, n>1

where h:J x R"> R, ¢:J—>R, a;:J >(0,0),i=0, 1, ...., n, are continuous
functions, J = [t,, ), and

Loy(®) = ao(®y(®),  Liy(®) = a;(0)(Li,y(@®)), i=12,....,n.

Under a solution y(t) of (E) we will understand a solution existing on some ray
[T,, o) and such that

sup {|y(®)|:t; St <o} >0 forany ¢, 2T,.

The following basic assumptions will be used:

1. f arl(dt =o00,i=1,2,....,n—1;
2. yoh(t, Yo, Y15 ---» Yu—q) >0 for all teJ and any y;eR, i=0, 1, ....,

n—1,y,#0;
3. yoh(t, Yo, V1s---s Yn—1) <O for all teJ and any y;eR, i=0, 1, ....,
n—1,y,#0;

4. lim ¢@(t) = o0 as t — oo.

DEFINITION 1. A solution y(t) of (E) will be called oscillatory if there exists
an increasing sequence {t;}2, such that lim,t;=oc0 and y() =0, i=1,
2, ..... A solution y(t) of (E) will be called nonoscillatory if it is not oscil-
latory, ie. there exists T, = T, such that y(t) >0 or y(f) <0 on the interval
[T, o).

It follows from the assumptions 1.-4. and from the equation (E) that to
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each nonoscillatory solution y(t) of (E) there exists such a number T, = T, that
on the interval [T, ) each quasiderivative L,y(t), i=0, 1, ...., n has a
constant sign and therefore, L;y(t), i=0, 1, ...., n — 1 are monotone functions
on [T}, o), so that lim,,, L;y(¢), i=0, 1, ...., n — 1 exist in the extended sense,
ie. lim,,, |L;y(t)] is finite or o0, i=0, 1, ...., n— 1. Then for the nonoscil-
latory solutions the following two cases are possible:

a) lim,, |L;y(t)| =0 forall i=0,1,.....,n—1.
We note that in this case, if lim,_, ,|L,_; y(t)|=c0, then lim,_ | L;y(t)|]= oo for
i=0,1,....,n—2andsgn L, ,y(t)=sgn L;y(t),i=0,1,....,n—2.

b) There exists ke {0,1,...,n—1} such that lim,,,L,y(f) is finite,
lim,,, L;y(t) = co-sgny(t), i=0,1,...., k— 1, and lim,,  L;y(t) =0, i =k + 1,
e, n— 10

REMARK 1. The case a) cannot occur if the assumptions 1., 2., 4., are
satisfied. Indeed, in such a case for a nonoscillatory solution y(t), y(t) # 0 on
[T,, ), we have y(t)L,y(t) <0 which implies that |L,_,y(t)| is nonincreasing
and therefore lim,_ L,_, y(¢) is finite. Thus, k <n — 1.

REMARK 2. The number k in the case b) is uniquely determined and is
such that (see [1, Lemma 2 and Lemma 5])

i) if the assumption 2. holds true, then
(=1)*y@Ly@®) >0,i=k+1,....,n—1,for t > T, and n even,
(= D)'y@)L;y(t)>0,i=k+1,....,n—1, for t > T, and n odd;

ii) if the assumption 3. holds true, then
(=1)y@)L;y(t)>0,i=k+1,....,n—1,for t > T, and n even,
(—1)*'y()Ly@) >0,i=k+1,....,n— 1, for t > T, and n odd.

DEerFINITION 2. We will say that a nonoscillatory solution y(t) of (E) be-
longs to the class V, if the case a) occurs, i.e. lim,., L;y(t) = co-sgn y(t), i =0, 1,
....,n— 1. We will say that a nonoscillatory solution y(¢) of (E) belongs to the
class V,, ke {0, 1,..., n — 1}, if the case b) occurs.

Evidently the classes ¥, k=0, 1, ...., n, are disjoint and each nonoscil-
latory solution of (E) belongs to one and only one class V;.

Our aims are to state the conditions which guarantee that lim,,, L, y(¢t) =0
for each solution y(t)e V,, ke {0, 1,...,n — 1} and to state the conditions which
guarantee that the class V;, ke {0,1,...,n — 1}, is empty. For the case ¢(t) =t
these problems were discussed in [1] and for the case ¢(t) # ¢t in [2], [3], [4]
and others.

Letto < c <t <. Denote
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t Sy Si-1
Pyt,c)=1, P(t, c) = J ai'(s,)ds, j aE‘(Sz)dsr'J a; '(s)ds;,
(1)
1= 1, 2, . , N — 1 3
t Sn-1
Qn(ts C) =1 s Qj(t’ C) = J‘ a;—ll(sn—l )dsn—l J a;EZ(Sn—Z)dSn—Z
V)
J ail(spds;, j=12,....,n—1.
It is easy to see ([1, Lemma 3]) that
lim P(t, c) = o0, lim Q,(t, c) = w0, i=12....,n—1
t—=o0 t—0o0
and
. Q'(ta C) . .
lim =2 =0, O<i<j<n,
t—o0 Qi(ta C) =
Pyt ¢)

lim =0, 0<i<jgn—-1.
o B, ) !

LemMA 1 ([1, Lemma 4]). Let z(t) be such that z(t) # 0 on [t,, o0) and
L,z(t) exists on [t,, c©) and suppose that z(t)L,z(t) £ 0 on [t,, o), where the
equality may hold at isolated points eventually. Let the assumption 1. be valid.
Let ke{0,1,...,n— 1} from b). Then there exists a T, = t, such that

sgn z(t) =sgn L,z(t) for t=T,.
If n+ k is even, then |L,z(t)| increases on [T, o) and there exist two constants
0 < ¢, < c, such that for t > T,
0<cy <|Lz(t)) <cy
and
fim LoZ®

o0 Pilt, €) 2

0<c < _— =
=0 Pes1(t, ©)

If n+k is odd, then |L,z(t)| decreases on [T,, ) and there exists a constant
¢ > 0 such that, for t > T,, 0 < |L,z(t)| < ¢ and

. Lgz(t)
lim =2
-0 Pi(t, €)

L
c, lim 02()

0< _ =
- o0 Pit1(t, €)

LemMMA 2 ([1, Lemma 6]). Let z(t) be such that z(t) #0 on [t,, ) and
L,z(t) exists on [t,, o) and suppose that z(t)L,z(t) =0 for t =t, where the
equality may hold at isolated points eventually. Let 1. be valid. Then there
exists T, = t, such that the following is true:
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If ke{0,1,...,n— 1} is the number from b), then sgn z(t) = sgn L,z(t) for
t>T,. If n+k is odd, then |L z(t)| increases and there exist two positive
constants c,, ¢, such that

0 < ¢y <|Lgz(t)l < c, for t>T,

and

i 90070
o Bt

If n + k is even, then |L,z(t)| decreases and there exists a positive constant
c3 such that

. ao(t)z(?)
lim ———=
100 Pri1(t, €)

0<ey <

0 < |Lgz(t)] < c5 for t>T,,

lim 20020 _

-0 Py (8 C)

= Jimw Bift, ©)

LemMa 3. Let y(t)e V;, ke {0,1,...,n—1}. Then

ao(t)y(®) _ .. _
@ o Rt e 0T

If ¢, # 0, then there exist constants oy, > 0, . > 0 and T, > t, such that

a P(t, ¢ <1y < ByPi(t, )

@ s =POIET e > e

Proor. This follows from I'Hospital’s rule, Lemma 1 and Lemma 2.

THEOREM 1. Let the conditions 1.—4. be satisfied. Let G(t, u): [to, 00) X
[0, c0) = R, be continuous and nondecreasing in u for each fixed t and such that

(5) Ih(ta Yo Yi1» "'7yn—1)| g G(t! |}’o|)

Sor all (yo, Y1s---> Yu-1) € R". Moreover, let ke{0,1,...,n — 1} and suppose
that

|
+1(5 )G ’ _
(6) J; a,(s) Qi+1(5, 1) < 2ol ())pk(qJ(s) c))ds

for all t = T, such that ¢(s) > c for s > T,, ¢ =ty and for each a > 0, or

® 1
™ lim sup J. QO(s, t)G<;®pk(<p(S), C)> ds >0

t—o0

for each a > 0. Then for each y(t) € Vi we have lim,,, L, y(t) =0
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Proor. Let y(t)eV,, ke{0,1,...,n—1} and let lim,  L,y(t) = ¢, #0.
Then, respecting the fact that lim,, L;y(t)=0, i=k+1, ...., n—1, inte-
gration of the equation (E) gives

Qx+1(s,t)ds, t2=T,

y

® L=+ (—1y f Mo o))
e aa(s)
where j(t) = (y(2), y'(®), ..., y* " V(¢)). Let T,>t, be such that y(t) has a con-
stant sign for ¢t = T, and such that sgn y(t) = sgn L, y(t) for t = T,. Letu2T,
be such that ¢(t) = T, for t 2 u. Then for s 2t = u = T, we have sgn y(¢(s)) =
sgn y(T,) = sgn L,y(t). Multiplying the preceding equality by sgn y(T;) we get

* |h(s, §(@(9)]

sgn Y(T)(Lyy(t) — ¢) = (=1 j a.) Oi+1(s, t)ds
fort =z uor
©1h ~
L = = RN g5 0.
Using (5) and (4) and the monotonicity of G we have _
) [Ley(2) — el 2 J oG )Qm(s )G( e ( ) ———Pi(o(s), C)> ds

for t =z u. The expression on the left hand side is bounded, but this contradicts
the assumption (6). If the assumption (7) is satisfied, then we get once more a
contradiction because lim,_,., |L,y(t) — ¢,| = 0.

THEOREM 2. Let all assumptions of Theorem 1 be satisfied. Then in the
case that the condition 2. holds true the sets V, are empty for n + k even. In the
case that the assumption 3. holds true the sets V, are empty for n + k odd.

Proor. From Theorem 1 we see that for y()e V,, ke {0,1,...,n— 1},
lim,,., |L,y() = 0. But from Lemma 1 it follows that |L,y(t)| increases if
n+k is even and from Lemma 2 it follows that |L,y(t)| increases if n + k is
odd. This leads to a contradiction.

Let us denote

y(t) =sup {s2ty: () St} forall t=t,
and
m(t) = max {y(1), ¢}, t=t,.

Thus m(t) = t. From the continuity of ¢(t) we have ¢(s) >t for s > y(t), and
@(s) =t for s 2 m(t), t =t,. Evidently lim,,,m(t) = o©
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REMARK 3. It follows from the definition of the classes ¥, k€ {0, 1,...,
n —1}, that for any y(t) € ¥, lim,., L,_, y(¢) is finite. Thus

t—o0

(10) lim f a9 h(s, Fp(e))Ids = 0.
t

Taking the assumption (5) into the consideration we have

(11) lim f a7 ($)G(s, [y(@(e)ds = 0.
t—o0 t

Our following considerations are now based on this fact.
Let the assumptions of Theorem 1 be satisfied. Then lim,,, L,y(t) = 0 for
y(t)e Vi, ke {0,1,...,n— 1}, and therefore from (8) we have

9]

(12 Ly@= (-1 f ;' (5)Qu+1(s, Dh(s, F@($))yds, t=T,,

t
where T, is such that
(13) sgn L, y(t) = sgn y(t) = sgn y(p(s)), s2¢t2T,.
If the condition 2. is satisfied, then
sgn y(t) = sgn L, y(t) = sgn h(s, §(o(s)), s=2t=T,.

Therefore in this case (—1)" %! = 41,
If the condition 3. is satisfied, then

sgn y(t) = sgn Lyy(t) = —sgn h(s, j(@(s))), s2t2T,.

In this case (—1)" **! = —1.
a) Consider the case that y(tf) >0 for t = T, and let k> 0. Then from

(12) we get
(14) Ly = J . a, ' (5) Qi1 (s, OIh(s, y(@())lds,  t=T,

in both cases 2. and 3. An integration of (14) between u and v, T, < u < v and
the application of Fubini’s theorem give

(15) Lk-ly(v)—Lk—1Y(u)=f a, ' (s)|h(s, F(@(s))| J a;c' () Qi+ (s, )dtds

u

+ J a, " (s)lh(s, f’((ﬂ(ﬂ))lj a ' (1) Q1 (s, )dtds .

v

Taking into consideration that L,_,y(f) > 0 and that both terms on the right
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hand side are nonnegative, we get

(16) Ly1y(v) 2 f a, (s)|h(s, i(w(S)))lJ.uaE (O)Qx+1 (s, t)dtds

v

forv>u= T, From the definition of Q,.(s, t) it follows that for t S v £ s

(17) Oi+1(5, 1) 2 Qa0 1)
Using this fact we see from (16) that

u v

(18) Ly 2 f "4 (0Qens 0 e r a7 () h(s, F@E))Ids -

Repeating this procedure (k — 1)-times, we get

v 1 tie-1
Loy(v) 2 J ai'(ty) J‘ az'(ty) f a (1) Qp1 (b1 5 t)dtdty_y - dt

(19)
J a, (S)lh(s, Jl@@E))lds, T, su<v.

v

Denote

(20) R, (v, u) = j ai'(ty) J 1 azt(ty) J - a5 () Qs (t—1» YWy,

u u u

where dw, = dtdt,_,---dt,. Then we have
21 Loy(v) 2 Ry, u)J a; ' (S)lh(s, JoG))ds, T, Su<v.

Taking into consideration (5), monotonicity of G and the properties of m(t), we
have

(*

(22) Loy®) 2 Ry(v,u) | a, " (5)G(s, [y(o(s))])ds

Ju

(* o0

Z Ry(v, u) a, ' (5)G(s, |y(@(s)))ds

Jm(v)

(* o0

= Ry(v, u) a, ' ()G(s, ag* (@(s))| Lo y((s))l)ds -

Jm(v)

Note that ¢(s) = v for s = m(v) so that |Lyy(@(s))| = |Loy(v)| because |Loy(t)| is
nondecreasing. Then since G(t, z) is nondecreasing in z,

(23) G(s, ag (@) Loy(@(s)]) = G(s, ag* (0(s))| Loy(@)]) ,
and (22) implies that
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(24 Loy0) 2 Riv,w) | a,'(5)G(s, a0" (@) Loy(v))ds, T,Su<v.

m(v)

Respecting once more the monotonicity of G(t, z) in z, we have

a, ' ()G(s, ag" (@(5)| Loy (@))) 2 a," (5)G(s, ag ' (9(s)) Ry(v, 1)
X f o a, ' (1)G(z, a5 (¢(7))| Loy (v)])d7)

or

0

J a, ' (s)G(s, a—l((P(s))lLOY(U)l)ngf a, "' (5)G(s, ag" (@(s)) Ry (v, u)

o "
x f:) 671 (DG (z, 45 ()| Loy(®))do)ds

Let us denote

25) po) = JT) a7 (G5, a3 (@) Loy(®))ds

Then we get

06  p0)z f:) a7 (966, a3 @O R0 WpW)ds, T, Su<v.

Taking (5), (23) and (26) into consideration, we obtain

o

a, ' (s)| (s, 7(o(s)))lds = f a, ' (5)G(s, |y(@(s)))ds

m(v)

o0

Ly-1y(m(v)) = J

m(v)

2 fm a, ' ()G(s, ag " (@(s))| Loy (v)))ds = p(v)

m(v)
and 0 = lim,_, L,_, y(m(v)) = lim,_, p(v) = 0. Thus

(27) lim p(v) = 0

b) Consider the case that y(t) <0 for t > T, and k > 0. Then from (12)
we get

[eo]

(28) —Lyy(@) = j 4, () Qi1 (s, OGS, Flo()lds,  t= T,

in both cases 2. and 3. An integration between u and v, T, < u <v, and the
application of Fubini’s theorem give
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Ly y(®) + Loy y() = f a7 () ks, F(@ ()] f " 5 (0Quns (s, )dds

+ J ay " (s)|h(s, 5(e(s)))l J v a; () Qs (s, t)dtds .

v

Because L,_, y(u) < 0 and both terms on the right hand side are nonnegative,
we have

Ly®2 J " a6 lhGs, o) J 0 (00 s, O)deds

v

Repeating the similar consideration as was done in the case y(t) > 0, we get

—Loy(v) 2 Ry (v, u) j ) a, ' s)lhGs, Jle))lds, T, =u<v,
and
—Loy(v) = Ry(v, u) a, 1 (5)G(s, ag (@(5))| Lo y(@(s)))ds

m(v)

and finally

29) [Loy®) 2 Rie,w) | ar* ()G, a5 (@) Loy@))ds, T, Su<v,

m(v)

and
J,:,» a7 (96, a5 (9| Loy()ds 2 f:) a7 (9)G(s, a5 (9 () Rylv, 1)
x f“:) 67 (0G5, a5 (9(@)| Lay©))dr)ds
Denoting
(30) a0) = f“:) a7 ($)G(s, a5 (9($)| Loy ®))ds
we get

(€29) q(v) 2 J i a, (5)G(s, ag' (@(s))Ri(v, Wq(v))ds, T,Su<v.

m(v)

Similar considerations as in the case p(v) give us that

(32) lim g(v) = 0.

v

Thus for —Lyy(v) = |Loy(v)| and q(v) in the case that y(t) <O for t = T, we
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have the same inequalities as for [L,y(v)| and p(v) in the case that y(t) > O for
t2T,.

THEOREM 3. Let all assumptions of Theorem 1 be satisfied. Moreover,
suppose that for all fixed t 2 t,

(33) yiG(t, y) nondecreasing for y >0
and that for ke {1,2,...,n— 1}

0

(34) lim sup R, (v, u) a; (s)c1G(s, agt(p(s))c)ds > 1
v m(v)
Jor some ¢ > 0. Then the set V, is empty.
ProoF. Let y(t)e V¥, ke{l,2,...,n—1}. Taking the fact that lim,,,
|Loy(v)] = oo into consideration, we see that for ¢ > 0 there exists v, >u 2T,
such that |L,y(v)] > ¢ for all v > v;. Then from (24) (or (29)) and (33) we get

12 R0 [ et 0apt (o) 02 @I
o PRIPTO)R

for all v > v,. But this leads to a contradiction with (34).

THEOREM 4. Let all assumptions of Theorem 1 be satisfied. Moreover,
suppose that for all fixed t 2 t,
(39) y1G@, y) nonincreasing for y >0
and that for ke {1,2,...,n— 1}
(36) lim sup J a, 1(s)c1G(s, Ry(v, u)ag*((s))c)ds > 1
v m(v)

for some ¢ > 0. Then the set V is empty.

Proor. Let y(t)e V;, ke {1,2,...,n —1}. Taking into consideration that
lim,_, p(v) = 0 (lim,_, g(v) = 0) and p(v) > 0 (g(v) > 0) for all v > u, we see that
to ¢ > 0 there exists v, >u = T, such that ¢ > p(v) (c > q(v)) for all v > v,.
Then from (26) ((31)) we get

N G(s, a5 (¢(s)) Ru(v,
= Lo

m(v)
f ® G(s, a5 (@(8))Ry(v, u)c)

>

o 1 90" @ENRw 1) =05 R (0, e

for all v > v,. But this leads to a contradiction with (36).
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DeFINITION 3. We will say that the equation (E) has property A if in
the case that n is even all solutions of (E) are oscillatory and in the case that
n is odd each solution y(t) of (E) is either oscillatory or lim,,  L;y(t) =0,
i=0,1,.....,n— 1.

DErFINITION 4. We will say that the equation (E) has property B if for n
even each solution y(f) of (E) is either oscillatory or lim,., L;y(t) =0, i =0, 1,
.., h—1 or belongs to the class V,, ie. lim,, |L;y(t)) =00, i=0, 1, ....,
n — 1, and if for n odd each solution y(t) of (E) is oscillatory or belongs to the
class V,

Now we can state the summary result.

THEOREM 5. Let all assumptions of Theorem 1 be satisfied. a) If 2. holds
true and if (33) and (34) (or (35) and (36)) hold for k=1, 2, ...., n — 1, then the
equation (E) has property A.

b) If 3. holds true and if (33) and (36) (or (35) and (36)) hold for k =1, 2,
...., n — 1, then the equation (E) has property B.
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