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§1. Introduction

In paper [14], Mustafid and Kubo have obtained a description of the

asymptotic distribution for symmetric statistics based on samples of identically
distributed independent random elements X, 4, ..., X, ,,

(1.1) Y=o ) h(Xs,s -5 Xns) s
1< < <s§<n

in terms of multiple Poisson-Wiener-Ito integrals, where h, is a symmetric
function. Central limit theorems of symmetric statistics (1.1) have been obtained
by several authors. See e.g., Dynkin and Mandelbaum [7] and Mandelbaum
and Taqqu [13]. They obtained the asymptotic distribution of (1.1) in terms
of multiple Wiener-Ito integrals under a suitable normalization. A problem
of limiting distribution of symmetric statistics is closely related to that of
U-statistics or von Mises statistics. An alternative approach to the limiting
distribution is due to Dehling, Denker and Philipp [5], [6] and Dehling [4].
They described limiting distributions in terms of multiple stochastic integrals
with respect to Kiefer processes.

The aim of this paper is to generalize the result of Mustafid and Kubo’s
paper [14] to the non-identically distributed independent random elements case.
Even in the simple case when the symmetric statistics are symmetric poly-
nomials, investigations in this direction have been considered by some authors.
Teicher [16] described the asymptotic distribution of symmetric polynomials in
terms of Hermite polynomials and in the other limiting distribution, Avram and
Taqqu [1] described the asymptotic distribution in terms of a multiple integral
with respect to a Lévy process. The results of this paper are stated in Section 3.
In Section 2, we recall some results on convergence properties of Radon
measures and Poisson random measures. In Section 4, we present examples.

§2. Convergence in distribution

Let X be a locally compact second countable Hausdorff space. Let &/
denote the topological Borel field in X and # the ring of all bounded (i.e.
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relatively compact) sets in /. A measure 4 on (X, /) is called a Radon
measure if A(B) < oo for all Be #. Let #(X) be the family of all Radon
measures on X. Let €(X) be the space of all bounded continuous functions on
X and J(X) be the space of all continuous functions on ¥ with compact
support. By a vague topology of #(X) we mean the weakest topology under
which

Le MX)-ASf) = J f(x)di(x)e R
x

is continuous for f € #°(X). We use some basic properties of Radon measures
written in [14] and refer to Kallenberg [12] for further details.

Let A be a Radon measure on (X, /). We define a class of bounded sets
%, by

B, = {Be B; A(0B) =0},

where 0B denotes the boundary of B. A random measure {P,(B) = P,(w, B),
Be 3} is called a Poisson random measure with intensity A, if for any natural
number p, any disjoint sets By, ..., B, € # and any non-negative integers q, ...,

qpa
Pr(P}.(Bl) =415 P).(Bp) = qp)

1
=———ABy)"... A(B,)" exp[—A(B,) — - — AB,)] .
q:!...q,!
A sequence of random elements X, converges to X in distribution sense and
is denoted as X, Lx , if the distribution v, of X, converges weakly to the distri-

bution v of X, that is,

lim ff (x) dv,(x) = jf (x) dv(x) ,
for any f € €(%).

Let X, 1, ..., X, (1 <k, < 0),n=1,2, ..., be sequences of independent
random elements on X with distributions v, ;, ..., v,, € #(X), respectively.
We assume the following:

(A1) A, =Y%, v, converges vaguely to a A € .#(X) without atoms as n — oo,

(A.2) lim max v, ;(K) =0 for any compact set K .

LemMa 2.1 ([12]). For v, vy, v,, ...€ M(X), the following two statements
are equivalent:

(i) v, converges vaguely to v as n — oo,

(ii) lim v,(B) = v(B) for all Be 4, .

n—oo



A limit theorem of symmetric statistics 161

We define a sequence of random point measures {M,} by
2.1) M, =Yk 6,

where o, is the Dirac measure at x. Then the following theorem is seen by
Corollary 7.5 of Kallenberg [12] and Theorem of Polak [15].

THEOREM 2.2. In order that M, given by (2.1) converges in distribution to a
Poisson random measure with intensity A as n — o0, it is necessary and sufficient
that

lim Yk, Pr{éy (B)=1}=Ai(B), Bea,,

n—o

lim max Pr{dy (B)=1}=0, Be %, .

n-*oo ]

§3. The asymptotic distribution of symmetric statistics

In this section we generalize the results of Mustafid and Kubo’s paper [14]
to the case of non-identically distributed independent random elements. Let
X1 ovos X, (1 <k, <0),n=1,2, ..., be sequences of independent random
elements on X as in Section 2 which satisfy the assumptions (A.1) and (A.2).
For a symmetric function h,(x,, ..., x,), we define symmetric statistics based on
samples X, 1, ..., Xy, n=1,2,..., by

h(Xo 5,5 -5 Xns) fork <k,,

O',:’(hk) = 1<sy<<sp<kyn

0 fork >k, .

NotaTioN 1. Denote by A(¥) the set of all sequences h = {h};5o of
continuous symmetric functions which satisfy the following conditions:
(K.1) there exists a compact set K such that for any k > 1

hi(xy5 ..., %) =0 if (xy,..., %) ¢ K,
(K.2) there exists a constant H > 1 such that for any k > 0
ho(xy, ..., x) < H*1,

By the same method as in [14], we investigate the asymptotic distribution
of the symmetric statistics

3.1 Y,(h) = Y no oi(hy) s
for h=(hy, hy,...)€ A (X). We will show that the limiting distribution is
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expressed in terms of multiple Poisson-Wiener-Ito integrals with respect to a
Poisson random measure P, with intensity ;

1
(3.2) W(h) = Z:;o Al f . J\hk(xb---axk) dP; (x,) - dPy(x) .

For the Radon measure 1, let &(X) be the space of all sequences of
symmetric step functions h = {h},>, of special forms as follow: there exist a
natural number p > 1 and disjoint sets By, ..., B, € %, such that each h, is
expressed in the form

he k=0,
h(x*) = hi,.... i,‘XBil(xl)' . XB,—k(xk) 1<k<p,
1<ijeen iLr<p
0 p<k,
where coefficients h; ;. 1 <ij, ...., i < p, are symmetric and h; __; =0, if

iy = i, with some s # t. We denote
xk=(x;,...,x)€eX and dA¥(x*)=dA(x,) - dA(x).

As in [14], for a given Radon measure v, we define a norm ||h|, of a sequence
of symmetric functions h = {h; };>, by

R 1 1
1R7 = Xm0 L34 =55 ]). Tt

x j - f (o, 3y, 2 dvI (eI v i),

where k A [ is the minimum of k and . We define a norm || || by
3.3) Il = lim “h”}.,,<2 lim ], > ”h“z> .

NotaTioN 2. Denote by #(¥) the set of all sequences h = {h;};»o Which
can be appro_ximated by elements of &(X) with respect to the norm |- |, that is,
for any h e 5#(X) and any ¢ > 0, there exists an h® € &(¥) such that

lh —h%| <e.

By the same way as in [14], we have the following estimation of the
covariance,
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Elo¢(h)al'(g)] <
1<) <" <sp<kp 1<r << <k,

X ElmXp s -vs Xns ) X5 s X )|
=8N EMX, s> X X, v X))

n,Sj+y°
X Gi( X sy -5 Xnyspp X, X )l

XTUEL RO R R e

it 1 1 1

X Elhk(Xn,sl’ ety Xn,sj, Xn,sjﬂa X Xn,sk)
X Gi(Xn,sp5 -5 Xnspp X X )

n,850 NS 00 DnSpe-g

< Vknl 1 1 l
I ) TR I Y

X J - thk(x’} Y g, 2 ) dA () d AT () d Ay (2 )
for k, > k, k, > I and that

Elo(h)ol'(g)| =0,

for k, <k or k,<I, where the sum ) * is extended over all different s,
1<i<k+!—jsuch that 1 <s, < <s5;<k,, 1<s;,; < <s<k, and
1 <S4y < < S441-j < k,. Then we have

1 1 1
(G4 EIGOP < Xheo X g1 =5 7

x j e flh,,(x", YO, 29 dAi(x)dAk I (pF ) dak ()
< |k, .

From the definition of multiple Poisson-Wiener-Ito integrals, for h € &(%), (3.2)
can be expressed by

1
W(h) = Zf=1 F L<i z hil ..... ikPA(Bi,)' v P}.(Bik) s

iyyeesig <P

(cf. [10], [11] and [14]). The symmetric statistics Y,(h) for h € &(¥) can be also
expressed by

Y;l(h) = Z£=l hil ..... i XB; (Xn,sl) *r XB; (Xn,sk) .
1 1 "

<s<-<s§ <k, 1 <iyyenny ix<p
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LemMa 3.1. For he &(%),
1

k' 1<iy,e.., he<p

Y,(h) 5wk =i, hi,.... PiB) - Py(B,)

[ PYN
as n — oo.

ProoF. We consider the family of indicator functions xp,, ...., xs,- Then
for each n> 1, X, ;= (xp,(X1,1), ..., x8,(Xn 1)), 1 <i<k,, is an independent p-
dimensional Bernoulli array which satisfies the following

lim 2?21 Pr(XBj(Xn,i) = 1) = lim Zi";l vn,i(B;) = A(B)) , i=1...,p,

n—oo n—oo

lim max Pr(yp,(X,,;) = 1) = lim max v, ;(B) =0,

n—o j,i n—w j,i

by Lemma 2.1 together with (A.1) and (A.2). Therefore, by Theorem 2.2,

(Z:";l 18,(Xni) s i XBP(Xn,i)> 5 (Py(By), .., P,(B,))

as n — oo, where P,(B;) are independent Poisson random variables with means
AB;), j=1,...., p. The assertion of the lemma follows from Corollary 5.1 of
Billingsley [2].

Similarly to the proof of Theorem 4.1 in [14], we have the following
theorem.

THEOREM 3.2. For he (%), Y,(h) > W(h) as n - .

Proor. By Lemma 3.1 and (3.4), the estimation

fim |E{exp[itY,(w)]} — E{exp [itW (1)1}

n—o

< Tim | E{exp [itY,())]} — E{exp [it¥,(h%)1}| + lim |E{exp [it¥,(h")]}

n—o n—o

— E{exp [itW(h*)1}| + |E{exp [itW(h*)]} — E{exp [itW(h)]}|
< lim Jt|llh — h*|l;, + [t EIW(h®) — W(h)|

<2|t|||lh — h®|| < 2|t|e
is shown, for h® € &(¥X) with |h — h?| <e&. Since & > 0 can be chosen aribitrary,

the characteristic function of Y,(h) converges to that of W(h). Thus we see the
assertion.
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Let h = {I}i»o be in A (X¥). Then we can choose a compact set K with
A(0K) = 0 which satisfies (K.1). For a given ¢ (0 < ¢ < 1), let L be so large as

(3.5) S Yk, mHHHZU(K) + 1re O < ¢

We may suppose that the topology of X is given by a metric d(-,-). Since h,,
1 <k < L, are continuous and have compact supports, there exists a 6 > 0 such
that

Ihi(x*) — b(PM) < e(AK) + D72F if  max d(x;, y;) <90

1<i<k
holds for any k, 1 <k < L. Then there exist disjoint sets B;e #,, 1 <i<p,
such that diam(B,) < 8, A(B,) < gL‘Z(i(K) +1)"2LH"2L-2 and (J2, B, = K (cf.

[14]). Furthermore, by (A.1), there exists a natural number N such that for
anyn>N,1<i<p,

(3.6  A(K)<AK)+1 and A(B)<eL 2(A(K)+ 1)"2LH 22
Choose an element x € B; for each i. For k,1 <k <p A L, put

0 _ fh(x®, .., x%) if i’s are all different ,
foertie = 0 otherwise .

Fork>p A L,puth; ., =0. Define h; for k > 1 by

,,,,,

(3.7) h,ﬁ(x") = . Z hi, ..... ikXB,»l(xl)'“XBik(xk)

<ipyeenig<Pp

and define h§ = hy. According to the proof of Theorem 4.3 in [14], we have
the following lemma.

LEmMMA 3.3. Let h = {h}so be in A (X). Then the function hi(x*) given
by (3.7) satisfies that for x’ € B; x - x B,

2e(MK) + 1)"L  distinct i;’s,
H**) (K i otherwise .

J"'Il(hk — B,y hldaT Iy ) < {

THEOREM 3.4. The space A (%) is included in #(X). Hence,
Y,(hSWHh as n- oo,
for any h e A (%).

Proor. For a given h e #'(¥), let h® = {hi}2_, be given by (3.7). By (3.5),
(3.6) and Lemma 3.3, we have
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e _ o k/\l_____l______
”h —h "}2.,, = Zk,l=0 Zi=0 (k _ _])'(l _ ])|]|

X f"'jl(hk — h)(xd, Y (hy — ), 217

x dAN(x))dAy ™ (y* ) dA, (2 )

inr AK) + )72

< Z£J=0 ZJ':O m(‘ngln(K)J + SHkH_ZL,{n(K)kH—j—l)

1 .
2 © © k_/\l _ k+1+2 /1 K k+1—j
+2Y R Zl-o =0 ““-—“__‘—_(k A=)y H (An(K))
< (46 + g)e + 2.
Thus we see the first assertion in the theorem. The second assertion is obvious
from Theorem 3.2.

REMARK. Let X, 1, ..., Xps, (1 <k, < 00), n=1,2,...., be sequences of
non-identically distributed independent random elements on X such that M, given
by (2.1) converges in distribution to a Poisson random measure with intensity i
without atoms as n— . Then for h € X (%), Y,(h) LS W(h) as n - co.

Proor. By Theorem 2.2 and Lemma 2.1, we have the assumptions (A.1)
and (A.2). Hence, the assertion of the remark follows from Theorem 3.4.

§4. Examples

ExaMPLE 4.1. Symmetric polynomials for indicator functions. Let X, ;,

vy Xpx, 1 <k,<00), n=1, 2, ...., be sequences of non-identically distri-

buted independent random elements on X as in Section 2 which satisfy the
assumptions (A.1) and (A.2). For a given set B € %,, define an h = {I; }; >, by

hy=1
{hk(x") = wyp(xy) xp(x) for o> —1 and k>1.

The symmetric statistics (3.1) can be written as the sums of symmetric
polynomials

Yn(h) = ’I:;l wk Z XB(Xn,s,) e XB(Xn,s,‘) .

1<s; < <s<kn
By the representation of Y,(h) in the form

Y.(h) = {"21 {1 + (UXB(Xn,i)}
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(cf. [7] and [8]), we have
log Y’I(h) = ?;1 log {1 + wXB(Xn,i)} = log (1 + CD)M,,(B) b

where M, is the random measure given by (2.1). Then by Lemma 2.1 and
Theorem 2.2,

log Y,(h) ilog 1+ wPy(B) as n—> .

Therefore,
k
Y5 (1 + @@ = T T PB)(PyB) — 1) (ByB) — k + 1)
and

a1
18(Xns,) " 18(Xn,s,) > 17 PAB)(Po(B) — 1) (P3(B) — k + 1)

1<sy < <sp <k,

as n— o0,

ExaMpLE 4.2. Non-interacting particle system. Consider a stochastic non-
interacting particles travelling in d-dimensional Euclidean space RY. The par-
ticles can overtake and meet each other without delay. Let X; be the initial
position (non-random) of the ith particle and V; be its constant velocity (but
random) which are identically distributed independent d-dimensional random
variables (cf. [3], [17] and [18]). Put X;(t) = X; + V;t, the position of the ith
particle at time t. We assume the following:

(4.1) simultaneously expand the cube I and increase the number of particles
keeping the density A constant (0 < A < 0), ie. for any cube I, limy,,, {the
number of X; e I}/|I| = A, where |I| is the volume of I.

(4.2) the distribution of V] is absolutely continuous with respect to the Lebes-
gue measure on R with the density g(u) which is almost everywhere continuous
and bounded on every bounded d-dimensional interval.

For any given d-dimensional interval J, define
viil)) =vI[(J — Xp)/t] = Pr[V; e J — X))/t].

By the assumptions (4.1) and (4.2), we know that the sequence {X;(t)} satisfies
the following

4.3) lim Y ; v, () = A1,

t—a0

44) lim max v (I)=0,

t—o 1
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for any cube I (see [3] and [17]). Then by Lemma 2.1, (4.3) implies that
Y v,.; converges to A-Lebesgue measure vaguely .

Therefore, the sequence {X;(f)} satisfies the assumptions (A.1) and (A.2) in
Section 2. Thus we have the following theorem:

THEOREM 4.3. Qnder the assumptions (4.1) and (4.2), we have for
h = (hOa h1> h2’ ) € f(Rd)

ZI(:;O Z hk(Xsl(t)’ RRE Xsk(t))

1<s) < <s <o
ico 1
“’Zk=oﬁ o (X e, X )dPy (X)) dP(xy)

ast— oo.
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