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1. Introduction

In the previous papers [ 3, 4], the author has given a method to determine
the potential force g(x) so that the period of the periodic solution of the equa-
tion

dz
(1.1) S g@=0

may be an arbitrary given continuous function of the amplitude of the ve-
locity or an arbitrary given continuously differentiable function of the ampli-
tude.

Let R be the maximum velocity (i.e. the amplitude of the velocity) and
let ¢« and b be respectively the positive maximum and negative minimum dis-
placement of ». Let r1/2 and 7,/2 be respectively the times required to reach
the state of the positive maximum displacement « and the state of the nega-
tive minimum displacement b from the equilibrium point x=0.

In his paper [1], Z. Opial called the quantities +; and r, respectively the
positive half-period and the negative half-period, and discussed the various
relations between these half-periods and the potential force g(x).

The half periods r; (=1, 2) are the functions of R. Further the positive
half-period ; and the negative half-period +; are also respectively the functions
of the positive maximum displacement ¢ and the negative minimum displace-
ment b.

Opial has proved under very mild conditions that g(x) is uniquely fixed if
71=%1(a) and 7,=1%,(b) are given. But he has not given a method to determine
g(») for which any solution of (1.1) has the given arbitrary #.(«) and #,(3).

In the present paper, by means of the techniques used in his previous
papers [ 2, 3, 4], the author will give a method to determine g(x) so that either

1° 7, and 7, may be respectively arbitrary given continuous funections
#;(R) and #3(R), or

2° 7, and 7, may be respectively arbitrary given continuously differenti-
able functions #,(e¢) and #;(b) whose derivatives fulfill the Lipschitz condition.

The problem of “tautochronism” [1] is to determine g(x) so that #,(R) and
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7,(R) may be constants. The answer to this problem is readily derived from
our general results.

As is seen in the previous papers [2, 3, 4], the potential force g(x) is
characterized by the odd function S(X) and the even function 7(X)V. In the
previous papers [ 3, 47, it has been shown that the continuous behavior of the
period determines the even function T'(X) but it does not give any affection
to the odd function S(X)V. In the present paper, it will be shown that the
odd function S(X) is characterized by the difference of two half-periods. Evi-
dently the period is a sum of both half-periods. Thus we can say that the
even function 7(X) and the odd function S(X) by two of which the potential
force g(x) is determined are respectively characterized by the sum and the
difference of two half-periods.

2. Preliminary theorems

The works of the present paper are based on the theorems in the paper
[3] and the lemma in the paper [4]. So, for the convenience of the readers,
they are restated in the present paragraph.

Tueorem A. Given the integral equation

R TX) o
@.1) | X =B R=0)
If f(R) is continuous, the continuous solution T(X) of (2.1), tf it ewists, is
uniquely determined by f(R) and given by
2 d f(R)

X
(2.2) T(X)=  dx So WR(ZR X>0).
Conversely, if the function T(X) defined by (2.2) is continuous, then this func-
tion is actually a solution of (2.1) for a continuous f(R).

If f(R) € Ck for R=0, then the function T(X) given by

2 2 x f®
@.3) 100 = fO+ X[ e (X=0)
which s derived from (2.2) by integration by parts, is the unique solution of
2.1).

Taeorem B.  In case g(x) 1is continuous in the neighborhood of x=0 and
differentiable at x=0, if any solution of the equation (1.1) near x=x=0 (-=
d/dt) oscillates around x=x=0 with a bounded period, then

1° the period o (=0) is expressed as

(2.4) o =2(R),

1) For instance, see Theorem B of the present paper.
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where R 1s the maximum velocity (namely the amplitude of the velocity)

rdx ‘
(2'5) R: T[W]x=0},
and
(2.6) LR)eCr, L0)=wy>0;

2° the function g(x) satisfies the functional equation

@.7) g{-g;'—gf[lw(unz“(u)]du}: i’: . 1+S(X?§+T(ﬂ’

where S(X) is a continuous odd function and T(X) is a continuous even func-
tion such that T7(0)=0 and

1 d (X QR)—w
wy  dX VX% —R?

(2.8) TX)= RdAR for X >0.

Conversely, given any function 2(R) for which (2.6) holds, if the even func-
tion T(X) defined by (2.8) is continuous, then the function g(x) which is deter-
mined by the functional equation (2.7) for an arbitrary continuous odd func-
tion S(X) and for the continuous even function T(X) defined by (2.8), is continu-
ous in the neighborhood of x=0 and is differentiable at x=0. Furthermore,
Jor this g(x), any solution of the equation (1.1) near x=1x=0 oscillates around
x=x=0 with the given period o=2L2(R).

In case 2(R) € Ck for R=0, the relation (2.8) can be replaced by

2.9) rX) =+ XS: v;éz(l—e)ﬂ‘z

o

dR for X=0,

whose right member is continuous. Consequently, for any given £(R) € Ck with
2(0)=w,>0, there always exists a continuous potential force g(x) which is dif-
ferentiable at x=0 and for which any solution of (1.1) near x=x=0 oscillates
around x=x=0 with the given period o=L(R).

Turorem C. Given an integral equation

2}7(1 SX \1/;(—211_(11{{)2 F[ ;7: S: {1+ T(U)}du] dR (@ >0),

2.10) TX)=
where F(a) is a given function defined on I[0, 1] (1>0) satisfying the Lipschitz
condition :
(2.11) |Fl@)—F)| <L|d —d’| for Vd,d €l (L>0).

Let

(2.12) M=max |F(a)|.
acl
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Then the integral equation (2.10) has, on J[0, a], one and only one continuous
solution T(X) such that

(2.13) |T(X)| <K for VvXe],
where

) 27l 4«
214)  «=max mm[ olie Mo

2Lw0(1 +/c) {‘/1+ 16’“[7‘:;(}‘(412'*"’6) —1}]

k being a positive constant less than unity and K is any value of non-negative
k=<1 for which the minimum of the right member of (2.14) equals «.

Theorem A and Theorem B are respectively Theorem 1 and Theorem 2
of [3] and Theorem C is the Lemma of [4] in the case where S(X)=0.

3. The relations between g(x) and 7;(R) (=1, 2)

Corresponding to Theorem B, we have

Taeorem 1. In case g(x) 1s continuous in the meighborhood of x=0 and
differentiable at x=0, 1f any solution of the equation (1.1) near x=x=0 oscil-
lates around x=1x=0 with a bounded period, then

1° the half-periods v, and 7, are expressed as

3.1) 7 =T;(R) (i=1,2),

where R is the maximum velocity
([ dx
=@l
and

(3.2) Ti(R) €Cr, T:i(0)=m= 220- >0 (G=1,2);

2° the positive maximum displacement a and the negative minimum dis-
placement b of x are connected with R as

To R
- 780 [1+ V,(w)]dy,
(3.3)
b= —mg [1+ V,(w)]du

and the function g(x) satisfies the functional equations
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(3.4)

¢ = o n s v} = - Ty

for X=0,

where V1(X) and V,(X) are the continuous functions such that V,(0)=V;(0)=0
and

(3.5) Vi(X) = 71_ ig #:(R)— To

5 RAR  for X >0

dX ), YX?2—R?
(i=1,2);
3" if t(R) € Ck (i=1, 2), (8.5) can be written as
X ~/
(3.6) Vi(X) = % . XS \/;('Z(R) dR for X>0
0
(i=1,2)

Conversely, given t;(R) € Ck (i =1, 2) such that %;(0) =+,+0 (i=1, 2) and
either V:(X) (i=1, 2) determined by (3.5) are continuous or #;(R) € Ck (i=1, 2),
there exists a unique continuous potential force g(x) which is differentiable at
x=0 and for which any solution of (1.1) near x=x=0 oscillates around x=x=0
with the given half-periods 7;(R) (i=1, 2). In this case, the funmction g(x) is
determined by the functional equations (3.4) for V;(X) (i=1, 2) determined by
(3.5) or (3.6).

Proor. If we write the equation (1.1) in a simultaneous form as

dx _
gdt s

A

3.7

then the periodic solutions of (1.1) are represented by the closed orbits
(8.8) —;— y* + G (x) = const.

in the phase plane, where

3.9) 6 x) = S:g(u)du.

Hence we have

(3.10) —;—R2=G(a)=(7’(b) b<0<a, R>0)
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and
_ol\° dx

e 2§ VRZ—20(x)
3.11) A

T2 S VR?—2G(x)

If we put
(3.12) x= SX[l +S() + T()]du,
0
then
A 214500 + T,

from which, by (2.7), follows

g () —g% —=X.
Consequently, by (3.9) and (3.12), it holds that
(3.13) G(x) = %*Xz.
Comparing this with (3.10), from (3.12), we have

a=

RN OR (ORI

(3.14)

wo (% u u)ldu
b=—go-| "1 +S@+Tw]d

- S [1—S@) + Tw)]dy,

because G'(x)=g(x)50 for x50 as is seen from (2.7).
By the substitution (3.12) and (3.14), the formulas (3.11) can be rewritten
as follows:

R 1+S(X)+ T(X) ax,

’n:%l(R):&S

0 VRZ —
(3.15) Z R 1—-8(X)+ T(X )
T2=72(R)—*_ So YR?— -
Let us put
016 { Vi(X)=S8(X)+ T(X),
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then (8.15) can be written as

3.17) = E(R) = Sf %R;fi(%} dX  (i=1,2).

This can be rewritten also in the forms

= 7(R) = g:/z [1+Vi(Reosp)ldp  (=1,2)

(0]
T
From this readily follows (3.2).
By the substitution (3.16), the equalities (3.3) and (3.4) follow respective-

ly from (3.14) and (2.7).
Since S(X), T(X) € Cx and S(0)=T(0)=0, it is evident that

Vi(X), Vo(X)eCx, Vi(0)="V,(0)=0.
By (3.2), the equalities (3.17) can be written as
SR Vi(X)

(3.18) dX = 7’;— [&:(R)—7] (=1,2).

o VRZ—X?
These are of the form (2.1). Therefore, applying the formulas (2.2) and (2.3)
to (8.18), we have (3.5) and (3.6).

The converse parts of the theorem are proved as follows.

For the continuous functions V;(X) (i=1, 2) determined by (3.5) or (3.6),
let us determine the function g(x) by (3.4) as follows:

for x>0,
X x
(3.19) g(x)ZZ—O-”mKX')", xzjﬁo—go [(1+71(w)]du (X=0);
for x <0,
T, X T (X
(3200 g@=— " {ipn s o SO (14 Vo(w)]du (X=0).

Then, for either of (3.19) and (3.20), it holds that
d
g(x): % =X,

from which follows (3.13). Then, by means of the latter equalities of (3.19)
and (3.20), we have (3.3) similarly as (3.14).

For any solution of (1.1) with g(x) determined by (3.19) and (8.20), the
half-periods 7; (=1, 2) are given by (3.11). Then, substituting (3.13), (3.3) and
the latter equalities of (3.19) and (8.20) into (3.11), we have

27 SR 1+7:(X)

(3.21) = VR X =12

T
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This is (3.17) themselves. Thus, for continuous V;(X) (i=1, 2) determined by
(3.5) or (3.6),
T = f'; (R) (L = 1, 2)

The uniqueness of g(x) follows readily from the uniqueness of V;(X) (i=
1, 2).
Thus the theorem has been proved completely.

TueoreM 2. Assume that the function g(x) satisfies the conditions as fol-
lows:

(1) gx) € C; for x=0 in the neighborhood of x=0;

(i) g@®)>0 for x>0 and g(0)=0;
(iii) g(x) ts right differentiable at x=0 and its right derivative at x=0 does
not vanish.
Then the positive half-period t, is defined for any solution of (1.1) near x=x=
0 and 1°, 2° and 3° of Theorem 1 are all valid so far as vy and Vi(X) are con-
cerned.

Conversely, for any given T1(R) € Cr such that 71(0)=v,5=0 and either Vi(X)
determined by (3.5) is continuous or #,(R) € Ck, there exists a unique g(x) for
x>0 which satisfies the conditions (1)-(iii) and for which the positive hal f-period
of any solution of (1.1) is 71(R).

If we replace the conditions (i)-(iii) by those as follows:

(i) gx) € C; for x<0 in the neighborhood of x=0;

(i) gx)<0 for x<0 and g(0)=0;
(iii") g(=) s left differentiable at x=0 and its left derivative at x=0 does
not vanish,
then the similar results stated above hold all for the negative half-period v, and
V(X)) instead of the positive half-period v, and V,(X).

Proor. When g(x) satisfies (i)-(iii), we construct a function 2(x) so that

3.22) h(x) = {g(x) for x>0,
—g(—=x) for x=<0.

Then A(x) is continuous in the neighborhood of x =0 and is differentiable at
x=0, and furthermore

xh(x) >0 for x=0 and A (0)50.
Then, by the Lemma® of [37], any solution of the equation

d?x

(3.23) 7 h(x)=0

1) The Lemma of [3] reads:
If g(x) is continuous in the neighborhood of x=0 and differentiable at x=0, a necessary and suf-
ficient condition in order that any solution of the equation (1.1) lying near x=4%=0 may oscillate
around x=x=0 with a bounded period, is that xg(x) >0 for =0, g(0)=0 and g’(0)==0.
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near x=x=0 oscillates around x=x=0 with a bounded period. Moreover, by
(8.22), for x>0, any solution of (1.1) is also a solution of (3.23) and vice versa.
Thus, by Theorem 1 applied to (3.23), we see that the positive half-period =,
is defined for any solution of (1.1) near x=x%=0 and 1°, 2° and 3° of Theorem
1 are all valid so far as ~; and V;(X) are concerned.

Conversely, let us suppose there is given 7, (R) € Cr such that #,(0) =7,%+
0 and either ¥,(X) determined by (8.5) is continuous or #,(R) € Ck. Let us take
%3(R) =7%,(R). Then, by Theorem 1 and the Lemma of [3], there exists g(x)
which satisfies the conditions:

g (%) € C; in the neighborhood of x =0;

g (%) is differentiable at x =0;

xg (%) >0 for x+0 and g'(0)+0,
and for which both half-periods of any solution of (1.1) are #;(R). Evidently
this g(x) satisfies (i)-(iii) for x=0.

Now, for any g(x) which satisfies (i)-(iii) and for which the positive half-
period of any solution of (1.1) is given #;(R), (3.5) or (3.6) holds for i=1 by the
fact proved in the beginning. Consequently V,(X) is uniquely determined by
71(R) only. Then, by the first of (3.4), g(x) is uniquely determined for x>0 by
71(R) only. Thus we see the uniqueness of g(x) which satisfies (i)-(iii) and for
which the positive half-period of any solution of (1.1) is given 7,(R).

The second half of the theorem can be proved likewise.

Tueorem 3. If the positive half-period of any solution of (1.1) with g(x)
satisfying (1)-(iil) of Theorem 2 is constant, then, in the neighborhood of x=0,

T

(3.24) g(x):<A>2x for x=0,

C

where c 18 a constant to which the positive half-period is equal.
The similar equality holds also for x <0 when the negative hal f-period of
any solution of (1.1) with g(x) satisfying (i')-(iii") of Theorem 2 is constant.
If the half-periods of any solution of (1.1) with g(x) satisfying the condi-
tions:
g (x) € C; in the neighborhood of x = 0;
g (x) 1s differentiable at x = 0;
xg (x) >0 for x+0,

are both constant, then both half-periods are equal to each other and
2
g ) = (%) x

i the neighborhood of x =0, where ¢ 1is a constant to which both half-periods
are equal.

This theorem readily follows from (8.2), (8.4) and (3.5).
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The last part of Theorem 3 is our answer to the problem of “tautochron-
ism” stated in §1.

4. The relations between g(x) and (2:(a), 72(b))
Making use of Theorem C, we obtain

Tueorem 4. In case g(x) is continuous in the neighborhood of x=0 and
differentiable at x=0, if any solution of the equation (1.1) near x=x=0 oscil-
lates around x=x=0 with a bounded period, then

1° the half-periods +; and v, are expressed as

(41) T1=1711 (a) and To =71y (b),

where a and b are respectively the positive maximum and negative mintmum
displacements of x and

4.2) 0@, B®C, aO=r="9>0 (=1,2);
2° a and b are connected with the maximum velocity R as (8.3) and the

Sunction g(x) satisfies the functional equations (3.4), where V1i(X) and Vy(X) are
the continuous functions such that V,(0)="V,(0)=0 and

1 4 SX fl[;—"gf{l + Vl(u,)}du] e

|

J'VI(X)— o Ax ), T RdR for X >0,
4.3) I

l 1 d sz[—Togo {1+V2(u)}du]—70

E\VZ(X):?. Ix So X —R? RAR for X >0;

3° if 21(a) and 2,(b) are continuously differentiable, (4.8) can be written as

» V,(X) =%XS:%V_L%W [{—t"—gf {1 + Vl(u)}du]dR for X>0,
' Vo(X) = — %ng-%z—f;{—%’—g:{l + Vz(u)}du]dR for X >0.

Conversely, given ,(a) € Ci such that #,(0) =71,50 and z,'(a) fulfills the
Lipschitz condition, there exists a unique g(x) for x=0 which satisfies the con-
ditions (1)-(iii) of Theorem 2 and for which the positive half-period is the given
t1(a). In this case, g(x) is determined for x=0 by the first functional equation
of (3.4) for Vi(X) determined by the unique solution of the first of (4.4).

Given ,(b) € C} such that t2(0)=7,70 and ;'(b) fulfills the Lipschitz condi-
tion, there exists a unique g(x) for x=<<0 which satisfies the conditions (i’)-(iii")
of Theorem 2 and for which the negative-half period is the given T.(b). In this
case, g(x) s determined for x=< 0 by the second functional equation of (3.4) for
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Vo(X) determined by the unique solution of the second of (4.4).

Given both t1(a) € Cy and ,(b) € C5 such that #,(0)=2,0)=7,50 and both of
2 (a) and £,/(b) fulfill the Lipschitz condition, there exists a unique continuous
potential force g(x) which is differentiable at x=0 and for which any solution
of (1.1) near x=x=0 oscillates around x=x=0 with the given half-periods t,(a)
and ©2(b). In this case, the function g(x) is determined by two functional equa-
tions of (8.4) for Vi(X) and Vy(X) determined by the unique solutions of (4.4).

Proor. The conclusions 1°~3° follow readily from 1°~3° of Theorem 1
by the substitution (3.3).

The equations (4.4) are evidently of the form of (2.10). Therefore, by
Theorem C, each equation of (4.4) has one and only one solution in the neigh-
borhood of X=0 provided #,'(«) or £,'(b) satisfies the Lipschitz condition respec-
tively.

Then the converse parts of the theorem readily follows from Theorems 1
and 2.

This theorem gives not only the uniqueness of g(x) but also a method to
determine g(x) in the case where #,(¢) and #,(b) are both given.

5. Characterization of the odd function S(X) in (2.7)

As is seen in the proof of Theorem 1, two equations of (3.15) are valid
for two half-periods, where S(X) and 7(X) are the functions connected with
gx) by (2.7).

By (3.2), (3.15) can be written as

(5.1) ’ -
o 2 (R 1-SCOETO).
m=n®= | e

From these readily follow

R S(X) o e
5.2 e X [0 — 2B,
(5.3) g: —JRTZ()_QXZ AX = 5= [2(R) — 0],

since 7;(R) + 73 (R) = w = 2(R). The equations (5.2) and (5.3) are of the form
(2.1). Therefore, by Theorem A, we have

(5.4) S(X):_;? d Sle(\/%—_figf)

TdX
1 d (¥ QR —w

RdR (X >0),

(5.5) T(X)=
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The equation (5.5) is (2.8) itself in Theorem B.
In case #(R) € Ck (=1, 2), by Theorem A, (5.4) can be written as follows:

_ 1 (X B LR
(5.6) 00 =5 x| O R ar (xz0)
From (5.4), it readily follows that #,(R) =%,(R) implies S(X)=0. Asis
stated in [3], S(X)=0 implies that g(x) determined by (2.7) is odd.
Thus we have

Tueorem 5. If g(x) s continuous in the neighborhood of x=0 and differ-
entiable at x=0 and further any solution of (1.1) near x=x=0 oscillates around
x=x=0 with a bounded period, then g(x) satisfies the functional equation

[ON) X . 27{ X
15~ So L1+ 50+ T} ==~ 55y 775

where S(X) is a continuous odd function such that (5.4) or (5.6) holds and T(X)
18 a continuous even function such that T(0)=0 and (2.8) or (2.9) holds.

Tueorem 6. Under the same assumptions as Theorem 5, if both half-
periods of any solution of (1.1) are always equal to each other, then g(x) is odd
and vice versa.

The converse is evident from the symmetry of the closed orbits (3.8).
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