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§1. Introduction

By K. Miyazaki [4] a linear operator T from a Banach space E into another
Banach space F is said to be (p, q; r)-absolutely summing for 1<p, q, r<oo if
there exists a constant ¢ such that for every finite sequence {x;} in E the inequality

{Z(l‘“"”“llTx Il*)“}”"<c Sup (2 | <xiy x">[)Mr
Ix’I1<1 i
is satisfied. Here {|| Tx;|*} denotes the non-increasing rearrangement of {|| Tx;|},
and as usual {Z( .)9}1/a and (Zl .|)1/r are supposed to mean sup for g=o0

and r=w respectlvely Espe01ally, (p, p; r)-absolutely summing operators are
exactly (p, r)-absolutely summing operators which were defined by B. Mitjagin
and A. Petczynski [3] and (p, p; p)-absolutely summing operators coincide
with absolutely p-summing operators which are due to A. Pietsch [6]. The con-
jugates of absolutely p-summing operators have been investigated by several
authors and especially characterized by J. S. Cohen [1] as strongly p’-summing
operators where 1/p+1/p’=1. The purpose of this paper is to investigate the
conjugates of (p, q; r)-absolutely summing operators.

We shall introduce the notion of (r; p, g)-strongly summing operators and
show that the conjugates of (p, q; r)-absolutely summing operators are (v'; p’,
q')-strongly summing operators where 1/p+1/p’=1/q+1/q'=1/r+1/r'=1 and
that the converse holds under a certain assumption. As a consequence of this
result, we shall characterize the conjugates of (p, g)-absolutely summing operators.

The author would like to thank Professor S. T6gd for his valuable com-
ments in preparing this paper.

§2. Conjugates of (p, q; r)-absolutely summing operators

Let E and F be Banach spaces and let E' and F’ be their continuous dual
spaces. Let K be the real or complex field.

For 1<p<oo a sequence {x;} with values in E is called weakly p-summable
provided for any x’ € E’ the sequence {<x;, x'>} belongs to I,. The space I, (E)
of weakly p-summable sequences is a normed space with the norm
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sup, (2, [<xp x> (1 <p <o),
ep({xi}) =1 Ixi=1 i=1
sup || e

For 1<p<oo a sequence {x;} with values in E is called strongly p-summable
([1D) provided for every sequence {x;} € l,(E)(1/p+1/p’'=1) the series g:l <X;
x;> converges. The space [,{E) of strongly p-summable sequences is a normed
space with the norm

®

ap({xi}) = sup . l <Xj X;> .
epr (xi<1 =1

For 1<p, <0 a sequence {x;} with values in E is called (p, g)-absolutely sum-
mable provided the sequence {|x;||} belongs to I,,. The space I, {E} of (p,
q)-absolutely summable sequences is a quasi-normed space with the quasi-norm

(St (1<q<),
ap,q({xi}) = .
sup i1/7]x/| * (4 = ),

where {||x;]|*} denotes the non-increasing rearrangement of {||x;]|}.

For 1<p, q, r<oo an operator Tmapping E into F is called (p, q; r)-absolute-
ly summing in K. Miyazaki [4] provided there exists a constant ¢>0 such that
for every finite sequence {x;} in E the inequality

o, ({Tx:}) < ce({x;})

is satisfied. The smallest number ¢ for which the above inequality is satisfied is
denoted by II,,. (T). In particular, (p,p;r)-absolutely summing operators
are exactly (p, r)-absolutely summing operators which were defined by B. Mitjagin
and A. Petczynski [3] and (p, p; p)-absolutely summing operators coincide with
absolutely p-summing operators which are due to A. Pietsch [6].

We now introduce the notion of (r; p, g)-strongly summing operators in
the following

DEFINITION. For 1<p, q, r<oo we call an operator T mapping E into F
(r; p, q)-strongly summing provided there exists a constant ¢>0 such that for
every finite sequence {x;} in E the inequality

o ({Tx;}) < cap ({x:})

is satisfied. The smallest number ¢ for which the above inequality is satisfied
is called the (r; p, q)-strongly summing norm of T and denoted by D,,, (T).
In particular we say (r; p, p)-strongly summing operators to be (r, p)-



Conjugates of (p, ¢; r)-Absolutely Summing Operators 129

strongly summing operators and denote D,,, (T) by D, (T).

(p, p)-strongly summing operators are exactly strongly p-summing operators
which were introduced by J. S. Cohen [1].

Now we suppose that n>1 and that N is a norm or a quasi-norm on K”.
If (x4,..., x,) € E® we write

— ’ ’
) =
"(xl (R3] xn)”N ns’]i:glN(<x”x > ey <xmx >)s
X

"(xl,“'s x")”N = Ssup N(<x13 x,1>a--~, <xm x‘n>)'
Ix3l<1

Then we have the following two lemmas.
LeEMMA 1. Let M be a quasi-norm on K™ which satisfies
M®{4}) < ¢, max |4
1<i<n

or a certain positive number Cy and for every A} eK". Let ¢, be a positive
p i 0 4
number which satisﬁes

M({2+ w}) < eolM({4:}) + M{p:})]
for any {4;}, {w;} e K*. Then for every (x4,..., x;)e(E)",

1(seees XDIM < € SUP M(<Xy, X4 >,..., <X X,>).
Xt
X{€

Proor. Let (x4,..., x;)€(E)". Let (x4,...,x7)e(E")" and ||x?||<1. . Then
for any ¢>0 there exists an element (x,,..., x,) € E* with ||x;|| <1 such that

max | <xj}, x? —Jgx;>| < gfcoeq
1<i<n

where J; denotes the canonical injection of E into E”, since the canonical image
of the unit ball of E is o(E", E’)-dense in the unit ball of E”. Therefore we have

M(<xy, X[ >,y <Xy X4>)
< coM(<x', Jgx1>,.ny <Xby JpX,>)
+eoM(<xy, x| —Jgx1>,..., <Xh, Xh—Jgx,>)
< coM(<Xy, X1> 500y <Xy X5>)+CoC4 lrggisxn | <xi, x? —Jgx;>|
i

< C°||S‘?|§1M(<xl’ X >0, <X, X5>)+eE,
Xi

which shows that
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(X5 XM <o SUP M(<X1, X\ >4eey <Xy X5>).
[ETIESS
LeEMMA 2. Let M be a quasi-norm on K" which satisfies
M{4;}) < ¢, max |4
1<i<n

for a certain positive number ¢, and for every {;} € K" and let c, be a positive
number which satisfies

M({4;+p}) < co[lM({2:}) + M({m:})]

for any {4}, {u;} €K". Let N be a norm on K*. Let T: E-»F be a linear
operator such that for a certain positive number ¢ and for every (x,..., X,) € E*

"(Txla"" Txn)"M < c"(xla'--a xn)"N .
Then for T": E"—>F" and for every (x/,..., x%) e (E")",
I(T"x7,..., T"*XDIM < cgell (x5, xp)lIn -

Proor. Let (y4,..., y,)€(E)" and | yj|| <1. Then for any (xy,..., x,) € E"
we have

M(<T'yy,Jgx1>,eeey <T'yh, Jgx,>)
= M(<Txy, y1>,00e, <Txp y3>)
< (Tx g, Tx) M
< ofl(Xgseees Xp)lln -
Therefore, if ||(xy,..., X))y <1, then
M(<T'yy, Jgx1>,eey <T'yh, Jpx,>) < c.

Now let (x1,..., x?) e (E")" and ||(x/,..., x2)|[y<1. Then for any ¢>0 there exists
an element (x,..., x,) € E* with |[(x,..., x,)|ly <1 such that

max | <T'yj, x] —Jgx;>| < gfcoey s
1<i<n

since the set {(JgXi,..., JgX,) €(E")": [(x1,..., X)|n<1} is o((E")", (E")")-dense
in the set {(x%,..., x2) e (E")": |(x],..., x2)|Iy<1} ([7]). Consequently

M(<T'yy, x| >,..., <T'y4, x >)
S coM(<T 'y, Jgx1> ey <T'yhy Jgxp>)

+eoM(<T'yy, X[ —Jgx1 >0y <T'yi, X0 —Jgx,>)
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< coc+cocy lnsl?sxn | < T’ y4, x¥ —Jgx;>|

< coc+e.
Hence, if [|(xY,..., x!)lly <1, then

M(<yy, T"X] >,..., <yh T"x1>) < cqc,
which implies that for any (x/,..., x?) e (E")"
M(<yy, T"'x| >,..., < Y5, T"X5>) < cocll (X505 XDy -
Therefore by Lemma 1 we have the desired inequality
ICT"XY,..., T"*xDIM < cBell (x50 xP)lIn -

THEOREM 1. Let 1<p,q,r<oo. If an operator T:E—-F is (p,q;r)-
absolutely summing, then T": E"-F" is (p, q; r)-absolutely summing and

,,(T") <max(22/7,22/9)I1, ,.(T).
Proor. If n>1, we define M and N respectively by
M(hyerss 2) = (3 1917713 *0)1 /0
i=1

and

N(hiseess ) = (X I
in the case where 1<q, r<oo. Then, since
M({A;+p;}) < max (21/7, 2119 M{A}) +M{u:})],
M@{A)) < (E i/7=1)1/a max |3,
i=1 1<i<n
ap,q({xi} lSiSn) = "(xlr-'a xn)"M
and

e({x:} 1<i<n) = 1(X15eees X)lIns

the statement in this case is an immediate consequence of Lemma 2. The other
cases can be shown similarly.

THEOREM 2. Let 1<p,q,r<oo. If an operator T: E~F is(p,q; r)-abso-
lutely summing, then its conjugate operator T': F'—>E' is (*'; p, q')-strongly
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summing and
D, »(T') < max (22/», 221901, ,..(T)
where 1/p+1/p’=1/q+1/q'=1/r+1/r'=1.

Proor. Let Tell,,(E,F). Then by the previous theorem T" eIl ,.(E",
F") and I, (T")<max(22/?, 22/9)1,,.(T). Hence, if {yj};<ic, is a finite
sequence in F’ and if {x} € [(E"), we have

3 <Tyi x> | < Il

< ap.q({T”x?} 1Sisn)°l,,',q'({y5} 1<izn)

<, (Te,({x] ey o ({yi})

< max (22/7, 22/, .. (T)e,({x} Dy o ({(¥i}) ,
since

{Emid i, < 1L 1p,q M} 1y o
for {¢;}el, and {n;} €l, , ([5]). Therefore,
o.({T'yi}) < max (22/7, 221911, ;. (T, ({ ¥i}) 5

which shows that T'e€ D, (F',E’) and D, , (T")<max(22/7,22/9)II, .. (T).

REMARK 1. The converse of Theorem 2 holds under the assumption that
l,,{F} and I, {F'} are topologically isomorphic.

PRrROOF. Assume that
a;,q({y}}) Sdp',q'({y}}) S]m";’.q({ylj})

for a certain positive number M and for all {yj}el, {F'}=1, {F} where a} ,
denotes the norm of the dual space 1, {F}’ of I, {F}. Let T'e€D,,, (F', E').
Then for an arbitrary finite sequence {x;},<;<, in E and for any { y;} €, ,{F'}
we have

i1<Txiay;>l= i<xi’ lei>l
s b=
<o, ({T'yi} 1<icw)&({*i} 1<i<n)

<Dy, (T o ({yiDe({x}) -

Therefore, by our assumption we have
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n

“p,q({Txi})S sup | Z<Txi’ y;> I
ap’ g (UM 151

<MDy ((Te{x:}),
which shows that Te IT, ;,(E, F) and
Hp,q;r(T) < MDr’;p’,q’(T’)

as was asserted.
Since I,{F}' and [, {F'} are isometrically isomorphic for 1<p<oo, as an
immediate consequence of Theorem 2 and Remark 1 we have the following

THEOREM 3. Let 1<p, gq<oo. An operator T: E-F is (p, q)-absolutely
summing if and only if its conjugate operator T': F'—E' is (q’, p')-strongly
summing. In this case I1, (T)=D, ,(T’).

ExamPLEs. (1) Since for 1<g<r<p<oo the identity operator I from
C[0,1] into L, 0,1) is (p, q;r)-absolutely summing and not (g, r)-absolutely
summing ([4]), its conjugate operator I’ from L,(0, 1) into M[0, 1] is (+'; p’, q')-
strongly summing and not (', ¢')-strongly summing by Theorems 2 and 3. Here
M[O0, 1] denotes the Banach space of complex regular Borel measures on [0, 1].

(2) Since for 1<r<p<co the identity operator, I from C[0, 1] into L0, 1)
is (p, r)-absolutely summing ([4]), its conjugate operator I’ from L,(0, 1) into
M[O0, 1] is (7', p’)-strongly summing. ‘

(3) It is known ([2]) that the identity operator in I, is (2, 1)-absolutely
summing. The operator is not absolutely p-summing for 1 <p<oo, which is a
consequence of Dvoretzky-Rogers Theorem ([6]). Therefore, the identity
operator in I is (o0, 2)-strongly summing, but not strongly 2-summing by Theorem
3.

§3. Operators whose conjugates are (p, q; r)-absolutely summing

The properties of operators whose conjugates are (p, q; r)-absolutely sum-
ming can be developed by similar discussions as in Section 2.

THEOREM 4. Let 1<p, q,r<oo. If T: E—F is an operator whose con-
jugate T': F'>E' is (p, q; r)-absolutely summing, then T is (r'; p’, q')-strongly
summing and D, (T)<II, .. (T").

The proof is similar to that of Theorem 2.

REMARK 2. The converse of Theorem 4 holds under the assumption that
l, AE} and I, {E'} are topologically isomorphic.
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This can be shown as in Remark 1.
As an immediate consequence of Theorem 4 and Remark 2 we have

THEOREM 5. Let 1<p<oo and 1<g<o. An operator T: E-F is (q',
p))-strongly summing if and only if its conjugate operator T': F'—E' is (p, q)-
absolutely summing. In this case Dy ,(T)=1I, (T").
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