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§1. Introduction

Homogenization of diffusion processes in R* has been investigated by Ben-
soussan, Lions and Papanicolaou [1] and Bensoussan [2]. The purpose of this
paper is to remark that some of their methods can also be adapted to a similar
problem for certain one-dimensional discontinuous Markov processes in which
the limit process yields a stable process.

Let 7., y_ and « be constants such that y,, y. =0, y,+y_-> 0 and 1 <a<?2.
Suppose we are given a(x, y) and b(x), and consider the operator 4, defined by

WD A0 =7 (64 9) = ) = £ @)t 2)v() dy+ BES ()

for smooth functions f, where

y+/yett,  y>0,
(1.2) v(y) =
y-/lyl=*t, y<O.

We make the following assumptions for the coefficients a(x, y) and b(x).

(1.3a) a(x, y) is a non-negative bounded C'-function on R? with a(x, 0) >0,
and is a periodic function of x with period 1 for fixed y.
(1.3b) b(x) is a real valued periodic continuous function on R with period 1.

Under the above assumptions there exists a Markov process {X,(t)} governed
by A, and having almost all sample paths in W, the space of real valued right
continuous functions on R, =[0, co) with left limits. W is equiped with the
Skorohod topology. Then our problem is this: Under suitable conditions on
a(x, y) and b(x) does the process, after the scalings t—¢/e* and x—¢x, converge
in the law sense to some process as ¢ | 0?7 So we are interested in the Markov
process with generator 4,, ¢>0, given by

(1.4) A4.f(x) = ga_ow{f(x +y) = f(x) — f'(x)y}a(e™'x, e 1y)v(y)dy
+ &7t p(e1x) f(x)
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for smooth functions. We denote by P# the probability measure on W for the
Markov process starting at x and governed by 4,. Then the problem is also
stated as follows. Under what conditions on a(x, y) and b(x) does P converge
to some probability measure P§ in Wase | 0?

We think of {X, (), #=0} as a Markov process on the one-dimensional
torus T=R/Z, denote by m(dx) the (unique) invariant probability measure of
the process and introduce the following conditions.

(L.5) There exist the limits: a, = liim y ! Syc‘z(z)dz, where
y—=tow 0
1
a(y) = atx, ym(ax).

(1.6) S:b(x)m(dx)=0.

Then our main result is that, under the conditions (1.3), (1.5) and (1.6), P}
converges to P§ as ¢ | 0 where P§ denotes the probability measure on W for the
stable process with generator given by

(1.7) Lof(x) = mﬁj{f(x +3) = f(x) = £y} ()dy

+ a_gfm{ﬂx +3) = f(x) = £ ()p}v(p)dy.

§2. Some properties of the Markov process governed by 4,

In this section we find an invariant measure »(.) of the Markov process
{X,(¢)} when considered on the torus T, and then seek a periodic solution of

1

—A,u=f for a periodic f with g fdm=0. We introduce several spaces of
0

functions.

Co(R) =the space of real valued continuous functions on R vanishing at
infinity.

C3(R) =the space of functions /'€ Co(R) such that f and f” exist and be-
long to Cy(R).

C,(R) =the space of real valued, bounded and uniformly continuous func-
tions on R.

B(R) =the space of real valued functions on R, bounded and Borel meas-
urable.

Similar notations for the spaces of functions on R? are used, and the supremum
norm of a function in any one of these spaces is denoted by |-[|. We also write
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0=0/0s and D=0/0x.
Given v(y) as in (1.2), we consider the operaor L defined by

L1x) = |7 (ftn 1@ =1 Gy

for smooth functions. The transition density p(z, x, y) of the stable process
governed by L is given by

(2.1a) p@t, x,y) =p(t, y—x)

@2.1b)  p(t, x) = %gw e-ixigmcotlEI*(1+ih senO4f + >0, x e R,

-0

where co = — (y, +y-)'(2—a) cos(na/2) Ja(a— 1) >0and A= (y, —y_) tan(na/2)/
(y++7y-). The associated semigroup and the Green operator are defined for
feB(R) by

5760 = (" f0Ite, v = Dy, G410 = e Sy, 1> 0, 2> 0.

We also consider the space-time forms of these operators which will be denoted
by the corresponding German letters:

Si(s, x) = S'(s + 1, x), GH(s, x) = S:e“’@f(s. x)dt, 1>0, fe B(R?).

If we consider {&'} on the space C,(R?), then it is a strongly continuous semi-
group; we denote by £ the generator of this semigroup. Obviously 2(8) >
C3(R?) and 2f=(0+L)f for fe C3(R?). The following lemma can be easily
proved by making use of D"p(t, x)=D"p(1,¢"/*x)~ iz | Dnp(1, x)| < const
X |x|~*m p>0 (similar results are also found in [8]).

LeMMA 1. (i) For any fe B(R?), D&* exists and is given by
Dp&4(s, 1) = = ("7 emits +1,)Dpt, y — x) dudy,
from which it follows that
@2) 10641 S el fl e =r(1 =) |Dp(t, x)ldx.

(ii) For any B satisfying 0< f <o — 1 there exists a constant c, depending only on
o and B such that

| DG (s, x;) — DB (s, x5)| £ A~ 1P/2|f|[|x; — x,|?, fe B(R?).
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Given a(x, y) and b(x) satisfying (1.3), we consider the operator 4, defined
by (1.1) for smooth functions. The existence of the Markov process governed
by 4, is essentially known; in fact it can be constructed by a routine method.
But we sketch the construction here because we want to have some further
results such as Proposition 3.

First we construct the Markov process governed by

A7) = |7 (704 9) = 70 = £ pbao(r V) + bo(f ()
where aq(x, y)=a(x, y)/a(x, 0) and bo(x)=b(x)/a(x, 0). We put

) = {7 {766+ 9) = S =7 @y }as (5, ) () dy + bo(3)f (),
al(x’ y) = aO(x! J’) - 1.

If ue2(2) and so if u=6%, feCy(R?), then Due C,(R?) by Lemma I
and hence AueC,(R?), admitting the following estimate by virtue of
2.2):

(2.3) IAull = 14G*]| < (Iboll + 2¢3)e, A== DIe|f|l,
€3 = S_mlyl sup|a; (x, y) [v(y)dy .

Thus we can define A on 2(L) by Au=Lu+ Au for ue2(L). If 1 is suffi-
ciently large, then | A®G*| <1 by (2.3) and hence u=G*(I— AG*)~1{ gives us
the unique solution in 2(N)=2(L) of the equation (A—Wu=7f, fe Cy(R?).
Again by (2.3) we see that U is the smallest closed extension of the operator
0+ A restricted on C3(R?). Then it follows that 2 has the strong negative
property, that is, f e 2(U) and {(s,, xo) =max 2f(s, x)>0 imply that Af(s,, xo)
<0, because 0+ 4 has the same propert(;"xi’relncg(Rz) (for example, see [6]).
Therefore there exists a unique strongly continuous sub-Markov semigroup
{2} on Cy(R?) with generator . Clearly, {T*} is associated with the unique
strongly continuous sub-Markov semigroup {7¢} on Cy(R) in such a way that
I!(s,x)=T"'f(x) where f(x)=f(s+¢, x). The associated Markov process
X={W, w(t), P*, xeR} is nothing but the one governed by 4.

As in [7] we can prove that X has the strong Feller property. Denote by
P(t, x,-) the transition function of the process X and put

855, x) = T emar (7 (s +,0)P0, x, dy), eBRY).

Then for all sufficiently large 4,
2.9 K4 = 6*(I1 — AGH~1f, fe B(R?).
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In fact this follows from the following two remarks: (a) (2.4) holds for feC,
(R?), and (b) if {f,}2, is a uniformly bounded sequence of functions in
B(R?) converging pointwisely to f, then using Lemma 1 we can prove that
K%, and G*(I— A6G*)~'{, converge pointwisely to K*j and G*(I— AG*)~1j,
respectively, as n—oo. Putting f=1 in (2.4), we obtain |*1=1/1 which
means that X is conservative. If we put
85, 0 = |7 I tt0.0(6)e* )P = 5, %, dy), fe BR)

then

(7 10)Pa, 5, dy) = K900, ) = 641 - 464900, %),

provided that A is sufficiently large. This formula implies the strong Feller
property of X since the last member of the above is continuous in x by (ii)
of Lemma 1. {T*} is also a strongly continuous semigroup on the space C,
(R); we denote by A the generator of this semigroup. Then by Lemma 1 the
domain 2, of 4 is contained in C}(R), the space of functions belonging to
C,(R) together with their first derivatives.

Now the Markov process X, governed by A4, is obtained from X={W,
w(t), P*, xe R} by making time substitution z—1t(¢), where 7 is the inverse

function of S' ds/a(w(s), 0). Since a(x, y) and b(x) are periodic functions of x
with period f for each fixed y, both X and X, induce the Markov processes X
and X, on the torus T respectively in the natural way. For example, X has
the transition function P(¢, X,-) given by P(t, %, U)=P(s, x, U), U={yeR;
y+neU for some nin Z}.

Lemma 2. P(¢, & O) is strictly positive for any t>0, XeT and non-empty
open set UinT.

ProOF. We may assume that y,>0. For open sets U and V in R, we
write U—— V when P(s, x, V)>0 for any se(0, ] and xeU. Then, U, -
U, U, clearly implies U, 5 U,. For U=(a, b) and V'=(c, d), we write
U<V whena<b<c<d. We alsowrite U<V whenU<V and d—a <d, where
o is a fixed positive constant such that ay(x, y)>1/2 holds for any ye(—4,0).
First we claim that U<V implies that U—V for some positive . In fact, if
f is a non-negative C*-function on R such that supp (f) < the closure of ¥ and
0<f <1onV,then

PG, %, V)t 2 TSIt — {7 f0x + pao(x, »v()dy, 10, xeU,

= 2’15'“'1y+gyf(z)dz >0,xeU,
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which implies that U—tV for some ¢ >0 since the above convergence is uniform
in x. Next, assume that U<V and the both lengths of U and V are less than
6. Then we can find open intervals U,,..., U, such that U<U,<---<U,<V,
and hence U-°,U, ti,... =,V for some positive #o,---,¢,. Therefore, if
U<V and if both lengths of U and V" are less than ¢, then U—F for some
t>0. In terms of the process on T this result can now be stated as follows:
with self-evident notation, if Uand ¥ are open intervals in T of lengths less than
5, then U—t, ¥V for some t>0. FromU—t>V —s, J—t,....t, V we have
Onrt+n-1)s 7 for some ¢, s >0 and for any integer n=>1. This clearly proves the
lemma.

Since X has the strong Feller property, it has the same property in the
strict sense by a theorem of Mokobodzki ([5]). This combined with Lemma 2

implies that there exist a unique invariant probability measure m,(.) of X and
positive constants c, and ¢ such that

(2.5) 17f — mo(H)Il < cae™e>*Ifll, 2> 0, fe B(T),

where mo(f)=ST fdm, (see [9]). It then follows that m(dx)=cmy(dx)/

a(x, 0) with ¢= {S mo(dx)/a(x, 0)}~! is the unique invariant probability
~ T
measure for X,, and we finally obtain the following proposition.

ProposiTION 3. (i) There exists a unique invariant probability measure
m(.) of X,.
(ii) If f is a periodic continuous function on R with period 1 and satisfying
Slfdm=0, then u = Sm T!(fla( -, 0))dt exists, belongs to 2,(<=CL(R)) and is a
pgriodic solution of — 1‘;)1 u=f, or more precisely, of —a( -, 0)Au=f.

§3. The main theorem and the proof

Given a(x, y) and b(x) satisfying (1.3), we consider the operator A, defined
by (1.4) for each ¢>0. By the preceeding section there exists a Markov process
X, governed by 4,. Denote by P¥ the probability measure on the path space
W induced by this process starting at x.

THEOREM. In addition to (1.3), we assume that (1.5) and (1.6) are satisfied.
Then, PY converges to P§ as ¢ | 0, where P is the probability measure on W of the
stable process governed by L, of (1.7) and starting at x.

We prove this theorem by making use of the calculus of stochastic integrals
asin [1] and [2]. For each ¢>0 and x€R the path functions of the process
X, starting at x can be constructed on a suitable probability space as a solution
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X,(t) of the stochastic integral equation (3.1) below. More precisely, on
a suitable probability space (2, #, P) with an increasing family {#,},5, of
sub-g-fields we can find (i) an {#,}-adapted Poisson random measure N(dtdy)
on R, x R with characteristic measure dtv(y)dy, and (ii) an {&,}-adapted right
continuous process {X,(z)} on R with left limits, in such a way that

Gl X =x+ sg;y_" o(e 1 X,(s — ), &~ Ly)M(dsdy)
4ot S' b(e~ 1 X,(5))ds
0

holds with probability one, where M(dsdy)= N(dsdy)—dsv(y)dy and o(x, y)
is defined by

inf{y" > 0: S“’v(z)dz > Sw'a(x, v(z)dz}  fory >0,
(3.2) o(x,y) = ’ ’
sup{y’ <0: Si v(z)dz >Sy a(x, z)v(z)dz} for y < 0.

The condition (1.3a) implies that o(x,y) is a periodic function in x with period
land |o(x, y)| Sconst.|y|. It is remarked that (Q, #, P; #,) and N(dtdy)
may depend upon e.

LEMMA 4. For each x the family {P¥, 0<e=1} of probability measures on
the space W is tight.

ProoF. For 6>0and n=1 we put

¥'3(X,) =sup max  sup [X;(s) — X, ()],

13iSr ti~-1$5,t<t;

#i(X,) = inf max sup |X,(s) — X, (9],
1SisSr ty-1Ss,t<t;
where both the supremum and the infimum are taken over all partitions 4 of
[0, n]: 0=ty,<t,<:--<t,=n such that d<t;—¢;_; <26, 1<i<r. Then, by
Theorem 15.2 in [3] it is enough to prove that the following tightness criterion
is satisfied

(a) lim sup P{sup |X,(®)|>!} =0 foranyn 2 1,
1—0 0<egs1 0st=n

(3.3)
(b) lilm sup P{#3(X,) >n}t =0 foranyn=land n>0.
610 O<est

By (1.5) and Proposition 3 there exists a periodic solution ¢(x)€2, of —4,¢
=b. We put Y, (t)=X,(t) +ep(¢ ' X,(t)) and then apply the transformation
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formula of stochastic integrals*’ to obtain

B4 Y0 = X0 + 0610 + (| /X ls = )dX()

+ T {ep(e7 1 X(9)) — 20 (67 X (s )

— @'(e7 1 X, (s =) (X,(s) — X, (s —))}
—x+ep(elx) +e S;Sf o, M(dsdy)
+ cg;gf o' (=1 X, (s —)) o, M(dsdy)

+o 7 (o) + 0) - ol XG-)

— 0@ Xls =)o) Midsdy) + &+ b1 X,(s)) ds
+ gmot! S;‘P'(S"Xa(s))b(s“Xg(S))dS

+ € S;S:O {o(E 1X,(s) + 0,)
— @(e X, (5)) — @' (e7 ' X(5)) o, }dsv(y)dy
= x + ep(e1x) + S'O S’pr(s, s, y)M(dsdy) ,
where o, =0a(e"'X,(s—), e"'y) and p(e, ¢, y) is an.{F,}-predictable process
defined by

pe, t,y) =0(st,p) + pi(e t, ),
pi(et,y) =ea(e”' X, (t—), &7'y),
pa(e t,y) = ep(e”' X (t—) + o (7' X, (t—), &7'y))
—ep(e X, (t-)).
The condition (1.3a) implies that |o(x, y) .l Zconst.|y| and hence

(3.5) lp(e, &, )1, 1pi(e, 6, p), 1pa(e, b, p)| S calyl:

Therefore we have

*) Usually the transformation formula is valid for a C?function ¢. The present case in
which o2, (CCL(R)) can be treated by approximating ¢ by smooth functions if
necessary.
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P{ sup | X, ()| > 1}
0<t=<n

< P{sup 1§ (7 o, s, y)M@sdy)| > 1~ 1x1 - 201}

0stsSn

< EU (7 o s, )M@sdn 110 - 1x1 - 2101)

< [E{S; Smél (e, 5, y) | 2dsv(y)dy} /2

+28(["( 0G5 ldsv(nan) I = 1x1 - 2lel)

< const. n/(I — |x| = 2| ol),
which proves (a) of (3.3). Next for 8 > 0 we define
Z .0 = Z0M0 - Z30 + 220,

t

Z00 = SO Sm”m(e, s, y)N(dsdy),

t

S >op1(8, s, y)dsv(y)dy,

22w =
0 Jixl

t

Z3)e) = S S p(e, s, y)M(dsdy),
|<6é

0Jly

and also Z,(¢), Z{V(t), Z{2)(¢), Z{3)(¢) similarly using p instead of p,.
£0>0 and fix it for a while. For ¢=¢, we use (3.1) to obtain

WX, S WHZE) + v HZE) + v HZEY)
+ vy [ o1z as),
and hence
(3.6)  P{WX)>n} £ PIWHZY) > n'} + P{¥3(Z3) > n/2}
S P YZD) > '} + 4 E{| Z3)(m) |}
S PO YZD) > '} + csn ! (027912,

where c¢s=4c,(2—a)"12(y,+7y-)'/? and

w=2n=2es( 1y o)y +e bl

ly

t
20w = e, (| §IM |y | N(dsdy) .

637

Take
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For 0<g<g, we use (5.4) to obtain

WX,) S W HZ)+ 7 3(ep(e ' X,(2)

SHYUZD) + VUZP) + ¥ HZP) + 26000,
and hence as in (3.6) We have

(3.7 P{W3(X,) > n} S P{W3(ZD) > 0"} + esn ' (nf27%) 12,

where n"=2”1n—2{c458| 50 [y 1v(y)dy +eollel}. Now, (b) of (3.3) follows
>
from (3.6) and (3.7). Thye proof is finished.

LEMMA 5. For any C®-function f with compact support and 0 < s <t we have
t
E(X0)#.} - [0 = E{{| LofXumdzl &} + o1,

where o(1) means that the expectation of its absolute value tends to O with ¢
uniformly in s and t on each finite interval.

ProOF. We use the same notations as in the proof of Lemma 4. For a
C=-function f with compact support and for 0 <s <z we have from (3.4)

E{f(Y,())|F} — f(Y.(5))
=E U:Sl{f“ﬂ(’) + p)—f(Y.(1) —f'(Yg(r»p}drv(y)dym},

p=pr,y),

and hence
E(f(X,(1) | £} —f(X(s)
- e[| |7 v + 0 - 7o
—  (X(e)p}dev(r)dy |7, | + o(1)
= [ {7 (@ + p) - r K@) = S XL} vy | 7,
+ o(1) + the remainder term, p1=pi(e 1, 9).

Writing the remainder term explicitly and noting that f is smooth enough, we
can see that the remainder term is also o(1) as ¢ | 0.. Thus we can write
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(3.8) E(/XM)|F} - fX(9))
= £ (7 (@ + ) - 10
— S XA )V ()dy | 7, |
+ E{[' g0, X driF b+ o),

where

o&m) =" (fn+) = 1) = /' Dy }HaCE, &y)
—aely)}v(y)dy.

Since Slg(é, nym(d&)=0, the function ¢ defined by
0

W& m = TlaC-, 0)dr, g() = g (-, ),
satisfies — 4,¥ (., n)=g(-, n) for each n by Proposition 3. Since f is a C®-func-
tion with compact support, the function y/(¢, 1) has enough smoothness property

so that we can apply the transformation formula of stochastic integrals to
V(e 1 X,(2), X,(2)), and we have

(3.9 e E{(Y (e X,(1), X.() | F} — Y (7' X (s), Xo(s))

- eE{Srlp,,(e“XE(r), 1 y)b(e"XB(‘r))dﬂ.?,}

- B{{' a0, X(pdr1 2}

+eB[ ({7 e X @ + o0 X + )
— Y X (D) + 7 py, X(D)

= WX, X()p i} drv()dy |7,

The last term of the above is equal to
EU;S: (W1 X, (1) +y, X.(1) + ey) — ¥(e 1 X, (1) + y, X, (1))

— Y, (1 X,(1), X, (1))ey}a(e X, (2), y) drv(y) dy m],
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which yields o(1) as ¢ | 0 after elementary calculations. Therefore, from (3.9)
we have

E{| g X,(0), X2 de|#,f = 0(1), £ 10,
which combined with (3.8) yields
EXW) %) = K(5))
= £[{'” o+ - )

— L (X, (0)y}alety)dov(y)dy lfs] +o(1)

= E{S' Lof(Xe(t))dtlﬁs} +o(1).

Here we have used the assumption (1.5).. The proof is finished.

The proof of the theorem is now completed as follows. If &, denotes the
coordinate o-fields o { w(t): t<s} in W, then Lemma 5 states that for any C*-
function f with compact support and for 0 <s'<?

E(f@)| @) — () = Ex{{ Lasow(o)ar| @} + o(1).

Then, for 0<s<s, <t<t, and a #,-measurable bounded continuous function
@(w) on W we have

310 B, - t)-'gi‘/'(w(r))dm(w) - =97 {7 s droon)
= Ex{e - 07 (" ani = 970 (e (M Loson@anoon)
+ o(1).
Suppose that P} converges to some limit P§ as ¢ | 0 via a subsequence ¢, >¢, >

-+ 1 0. In (3.10) we make first ¢ | O via this subsequence and then s, | s, ¢, | .
Then the result yields

I 12} — fw(s) = Es {| Loswar 2}, as.,

and hence Pj must be the measure of the stable process governed by L, as was
to be proved.
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Here is an example in which (1.6) is satisfied. Assume that y,=y_>0,
y)=a(l—x, —y)and b(x)= —b(1 —x). Then, (T\b)(x)=—(T4b)(1 —x)

and so (1.6) is satisfied.
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