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§1. Introduction

Consider a rarefied monoatomic gas composed of a large number of (say,
N) molecules moving in space according to the law of classical mechanics and
colliding in pairs from time to time. Assume that the motion is specified by
giving the intermolecular forces, which are supposed to be given by pair forces
only. Let Nu(t, x)dx be the number of molecules with velocities belonging to
dx at time t. Then the time evolution of the density u(t, x) in the spatially
homogeneous case is given by the following Boltzmann equation:

@y PG = ¥ut, ) -, Dut, )

_(0,1z)><(0,2n)><R3
x |x = y|I(]x - y|, 6) sin d0dedy,

where x’ and y’ stand for the velocities after collision of molecules with velocities
x and y, I is the differential scattering cross section and 6(€) is the collatitude
(the longitude) which measures the scattering angle formed by y—x and y'—x'.

When the pair forces are determined by the power-law potential proportional
to p~4 (Maxwellian molecules), |x — y|I(|x — y|, 6) becomes a function of 6 alone;
here p is the distance of the colliding molecules. For these materials, see Uhlen-
beck and Ford [17]. In this case Tanaka [14] constructed the associated Markov
process by making use of the stochastic integral equation based upon a Poisson
random measure.

The purpose of this paper is to prove the propagation of chaos for two-
dimensional analogous model of non-cutoff type by using similar stochastic inte-
gral equations.

Propagation of chaos was first discovered by Kac [7] for a model of the
Maxwellian gas of cutoff type. The statement of propagation of chaos for (1.1)
in the sense of Kac is that if u,=u,(t, x,..., X,) is the solution of the forward
equation of n-molecules
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with chaotic initial data f,= f®:--® f (n-fold outer product of a probability den-
sity f on R3), then, for each m 2 1, the marginal density u,,, in x,,..., X,, of u,(t,
Xi,-.-» X,) Splits as n—oo into the m-fold product of the solution u=u(t, x) of
(1.1) with u(0, x)=f(x). This statement was verified by McKean [9][10],
Johnson [5], Ueno [16], Tanaka [13], Griinbaum [3] and recently by McKean
[11], Berresford [1] in various cases. However these results are restricted to the
cutoff case; the methods are more or less analytic and do not seem to work for the
non-cutoff case.

The emphasis of this paper is on the non-cutoff type. We deal with the
following two-dimensional model analogous to Maxwellian molecules, which is
still of non-cutoff type. We consider a number of molecules moving on the
plane according to the pair forces determined by the potential proportional to
p~2. The Boltzmann equation is

(2) 40— (@, ¥ut, ) - ut, ut, )x—yldrdy, xeR?,

R1xR2

where r is the impact parameter which measures the distance from the direction
given by y —x; the colliding angle 6 € (—r, =) is determined by the relation

-1/2
(1.3) 0=sgnr-{l—(1+—l)—c—jfw> }n;

the velocities x’ ‘and y’ after collision of molecules with velocities x and y are
expressed by

,_ Xty L XxX=y Xty _p x—y
=T F Ry 7R

with the rotation R of angle 6:

cosf —sinf
(14) R = .
sin 6 cos 6

x) C5(R¥) denotes the space of real C=-functions on R* with compact supports, throughout.
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By (1.3) we have |x — y|dr=Q(6)df with some positive (even) function Q(6) having
the singularity at 6=0:

Q(0) ~ const. |9|73/2, 0-0.
Therefore the equation (1.2) yields

1.5 Do (e e v - ut, Dut, y)}0(@0)dy,

(-n,n)xR2

where Q(d6) is a measure on (—r, 7) satisfying
(1.6) 0(d0) = 00)d0, 0® 20, | 16l0(d6) < o,
Si Q(do) = o0 (non-cutoff).

The non-cutoff property makes the situation difficult and even the existence of the
solutions of (1.5) seems to be unknown.

In this paper we consider only probability measure solutions of the follow-
ing equation:

)  ISHED0Z o [ o) g QWO dx)ut, dy),

(-n,m)xR2xR2

peCF(R?).

As in Tanaka [14] a Markov process {X(f), t=0} associated with (1.7) can be
constructed as the solution of the stochastic integral equation

(1.8) X = X0)+ Ss a(X(s—), Y(s, @), O)p(dsdbda),

where p(w, dsdfda) is a Poisson random measure on R} x(—mn, m) x (0, 1] with
mean measure dsQ(df)da, S,=[0, t]x(—=, n)x (0, 1], a(x, y, f)=x'—x and
{Y(¢), t=0} is a process defined on (0, 1] such that Y(¢) has the same distribution
as that of X(t—) for each fixed t. In the same way (even simpler) as in [14] the
existence and the uniqueness (in the law sense) of solutions of (1.8) can be proved
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under the assumption that the initial distribution f has finite first absolute moment.
Denote by P, the probability measure on the path space of the Markov process
{X(t), t=0}. Next we consider the Markov process X,={(X,(?),..., X, (1),
t=20} of n-particles with generator given-by

(1.9) G = 5 |7 Wy i 3) = U(20)0(0),

n iljl-x
x = (X4,..., X,)€ER?", Y€ C‘(’)"(RZ")‘,

, Xi+x; X;—X; , X;i+Xx;
xi= 2 I +R' 2 J, xl= d

J

_ R Xi—X
2 R 2

Let the Markov process X, start with initial distribution f®-+-® f and, for a posi-
tive integer m (<n), denote by P,,, the probability measure on the path space of
{(X(D,..., X,(1)), t=0}. Then our main result is stated as follows.

If S |x]2*2 f(dx) < oo for some § > 0, then for each m
RZ

(1.10) Py — P;®@-@P,, n- oo.

(1.10) implies the propagation of chaos: The (marginal) distribution u,,,(t)
of (X,(),..., X,(t)) splits as n—co into the m-fold product of the probability
distribution u(t) of X(¢).

The main part of the paper is § 6 in which the proof of (1.10) is given. The
preceding sections are preparations for this. In §2 we introduce a metric p
between probability distributions in R? and prove some properties of p which
will be used in §6. We list some general (known) properties of Poisson random
measures in §3. §4 and §5 are for the existence and the uniqueness of the solu-
tions of the stochastic integral equations associated with (1.7), (1.9), and some
moment estimates of the solutions. As an immediate consequence of the results
in §6 the law of large numbers is stated in §7, and finally in §8 a remark to the
one-dimensional analogous model is given.

The author wishes to express his thanks to Professor H. Tanaka for valuable
advices and constant encouragement.

§2. A metric between probability distributions in R?2

Let 2 be the class of all probability distributions f in R? with S 2|x| f(dx)
< o0, and define ‘

@1) pho= inf [ Ix—yinaxay, fge2,

fi9
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where o , is the class of probability distributions h in R* with h(4 x R?)=f(A)
and h(R? x A)=g(A4), A€ #(R?). An alternative expression of p is

(2.2) p(f, 9) =inf E{|X - Y[}, f,ge2,

where the infimum is taken over all pairs of R2-valued random variables X and
Y defined on a suitable probability space (2, #, P) whose probability distribu-
tions are f and g, respectively.

It is easily proved that p gives a metric on £, and so in this section we discuss
some other properties of p for the later use.

Let 2,={fe?:f(Ix|£L)=1}. For any fe P, we define a probability
measure f; € 2, by the relation

[ yon@={ i@
for any bounded continuous function i in R2, where

Y(x), Ix| £ L,
Yi(x) =
Y(Lx/|x]), x| > L.

Let &, be the set of all Lipschitz continuous functions ¢: R2—R! with Lipschitz
constant <1, ¢(0)=0 and ¢(x)=¢(Lx/|x|) for |x|>L. Then we can prove the
following

ProrposiTION 2.1. For given ¢>0 and L>0, there exist a positive constant
K=K(e, L) and a finite subset ®%, of @, such that

@y pho)sKmax | o00fo) - | o]

+o(fif) +p9, 9+ fige?.
Proor. First we prove that
4 e =Kswp|( o@f@n={ owg@n ]+
pedy, R R

Choose a countable family {{,},>, which is dense in C§(R?) with respect to the
uniform topology, and put

o0

a(f, 9 = £ 57| | weos@ = wg@n| a1]

=1 2 R2 R2

for f, ge #,. Then 2, is a compact metric space with this metric d and we can
easily show that d-convergence is equivalent to p-convergence in £,.. Since
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p(f, g)/d(f, g) is a continuous function on the compact set (2. x 2.).={(f, 9)
€ P x P p(f, g)=¢/4}, there exists a positive constant K, =K (¢, L) such that
p(f, 9 =K, d(f, g) for (f, g)e(P.x2.),. Hence we have

(2.5) p(f, 9) < K, d(f, g) + ¢/4
for any f, ge #,. Because of the relation
a5 3 [( voran - veog@| + o4
n=1 R2 R2

for some m=m(e), we have

a(f, 9 s | weosn = | wixg(an + o4

with ye=3"m  +y, e CF(R?), where + is chosen according to

{ ns@n - wioog@ zo or <o

If we put
dy(x)

o¢(x) = (Y*(x) — ¥*(0))/M, M = max ;

xeR2

9

then ¢*(x) is a Lipschitz continuous function with Lipschitz constant <1, ¢%0)
=0 and we have

(2.6) a9 sM[{ oasn - otagan |+

Inserting (2.6) to (2.5) and taking K=K, - M, we have

w9 sK[ | or@ @ - ewa@n ]+

for each f, g € 22, and hence

P a0 K[| or0f@n | or0ogan ]+ o2

for any f, ge 2 which implies (2.4). Finally if we choose a finite subset ®%
={¢4..., p,} of &, so that min ma)i|<p(x)—<pk(x)|<e/(4K) for any ped®,,
s

1sksn |x|=

then (2.3) follows immediately from (2.4).

PROPOSITION 2.2.  For given e>0 there exists a transition function P% (x,
B), xe R?, Be #(R?) (f, g € #) which has the following properties.
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(2.7) P% ,(x, B) is a (Borel) measurable function of (x,f, g)eR2xP xP
for each fixed B e #(R?).

(2.8) P% ,(x,-.)is a probability measure on R? for each fixed (x, f, g).

29) { f@oPy B =g,  Bea®?.

(2.10) .0, .lx = 17 @0Ps o d9) S 05, 9) + o

If f and g are fixed, then it is evident that there exists P4 ,(x, -) satisfying
(2.8) ~(2.10). The crucial point of this proposition is how to choose a transi-
tion function which is measurable as stated in (2.7). This might be rather techni-
cal matter, and its exact construction is somewhat complicated as will be given
below. First we prepare an elementary lemma.

LemMMA 2.3. Let (2, #, P) be a probability space and (A, o) be a
measurable space. Let X, and Y, be R%-valued random variables on (2, #,
P) such that X,(w) and Y,(w) are o ®F-measurable. Then there exists a
(regular) conditional probability distribution P,(x, .) of Y, given X, such that
P;(x, A) is o/ Q@ B(R?)-measurable for each fixed Ae B(R?).

Proor. For each integer n=1 and for any lattice point (I, m) e Z2, we set
C,(l, m)=[I27", (I+1)27")x [m2™", (m+1)2~*) and denote by C,(x) the cube
containing x. We put

P{X,eC,(x), Y, e A}

PG D = =y

Ae #(R?),

10 = | VOPPE dy),  weCHRY.

Then P7%(x) is o ® Z(R?)-measurable, and so the set

E, = {(A4, x)e A x R2: lim ¥(x) exists}

is also measurable. Using the convergence theorem of martingales, we can prove
that the A-section E} ={xeR?: (4, x)e E,} has full f;-measure, where f; is the
probability distribution of X,. Taking a countable family {,}, k=1, which is
dense in CF(R?) with respect to the uniform topology, we put E= n,,,E,, and
E*=n5,E},. Then Ee & ®%Z(R?) and f;(E*)=1. Moreover for each (4, x)
€ E there exists a unique measure P,(x, .) which is defined by

[ V0P, dy) = lim | WOIPP, dy), W e CER?).
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We next define P,;(x, .) for (4, x)&E to be an arbitrarily fixed probability measure
P(.) on R?, and finally redefine P,(x, -)=P(.) for (4, x) such that P,(x, R?)#1.
Thus constructed P,(x, .) is the conditional probability distribution we were
looking for. '

Now we prove Proposition 2.2. For any ¢>0 which is fixed throughout the
proof, we put

N(e, f) = min {neN: Sm)”m F(dx) < ¢/8},

P,.={feP: N, f) = n}, nzl.

Then each 2, is a Borel set and £ is the disjoint sum U ,,,#, Therefore it is
sufficient to prove that, for each pair (m, n), there exists P% (x, B) satisfying
(2.7)~(2.10) when (f, g) is restricted to 2,x 2,.

Let ¢ be a Borel isomorphism: RZ—R!; it is fixed throughout the proof.
Define a probability distribution f* in R! by f*(4)=f(£"1(A4)), Ae #(R"), let
X*(a) be the right continuous inverse of the distribution function of f*, and put
X (a)=¢"1(XF(@)). Then X («) is an f-distributed, R2-valued random variable
defined on the probability space ((0, 1], da); it is also a measurable function of
(f, ®)e 2 x (0, 1], because

((f 0): X0 E (= o0, D} = {(f, D XF@) S 1}
= {(f 0: f*(~o0, D 2 )
= {(f, 9 fE (~o0, D 2 ).

From now on we assume that fe #,, and ge 2,, m and n being fixed. Let
N =max(m, n) and put
~ Xf(a)y |Xf(°‘)| <N,
Xf(a) =
0, |X (@) > N.

Taking a positive constant J, we also put
X4(@) = [X ()]s

where [x];=(kd, 16) for x € c,(k, [)=[kd, (k+1)8)x [18, (I+1)5). Then the map-
ping 2,,x(0, 113 (f, @)= X%(a) e I is Borel measurable. Here I' is the finite set
defined by

I'=Ts={y=(ko, I0) : cs(k, ) n (x| = N) # ¢}.

Next for 7> 0 which will be determined later and for each Borel subset 4 of (0, 1]
we denote by [4], the Borel set 4 n (0, t,), where
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ty=inf{t>0:[4 n (0, ]| = |A].}.®

Putting A}={ae(0, 1]: X4(a)=y} for yel and A= U, [A}],, we define
X5 () by

X4 (0) = X3()x4(@).
Since | X4(0) — X 4%(o)] S (N ++/ 2 8)x (), we have
@.11) S 1X3(a) — X4(@)da < (N + /2 8)(1 — |A])

S(N+J28)#ID) 1
< (N +/28) 2N + 26)?-1/82.

Moreover, the mapping 2, x(0, 1]2(f, 9)»X%*(x)eI" is Borel measurable;
in fact, the set {(f, «): y(«)=1} is measurable, since it is equal to

u {(f, @): ae[4}7]:}
,\ejr{(f’ ®): a€ A}, |4} n (0, ]| < |A%]}

I

Il

{0 @: X360 = 9, § s < (§ i xsnar) |

We can also define X2'* for g € 2, and prove that it has similar properties. De-
note by f%7(g%7) the probability distribution of X% (X%%) and put 2%
={f%": fe 2,}, Pt={g%": ge2,}. Then obviously £} and 2! are
finite sets. It is also obvious that for each pair (f*, g*) from 2% x 2% there ex-
ists a transition function Q # ,#(u, .) satisfying the following conditions.

(@), F @0 ) = g*C).

Gy . lu = ol @0 e etu, dv) = p(s*, ).

Because the mapping 2, X 2,3(f, )~ (f%°, g**) e 2% x 2% is measurable,
0 (u, BY=Q s« s.-(u, B) is jointly measurable in (f, g, u)€ 2,,x 2,xR? for
each Be #(R?). Next we apply Lemma 2.3 to have a conditional probability
distribution R(x, .) of X% given X, which has the following properties.

(iii) Ry(x, B) is Borel measurable in (f, x) € 2, x R? for each Be #(R?).

@) S@RG ) =147,

x) |A| denotes the Lebesgue measure of 4, and r.=max {nr: nt<r} for a real number r.
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Using Lemma 2.3 for X2-* and X,, we can also choose a conditional probability
distribution R (v, -) of X, given X such that

(v) Ry(v, B) is Borel measurable in (g, v)e #,x R? for each Be #(R?).
o) | 0% @R, ) = o).

Choosing first §=¢/16,/2 and then 7>0 so that

(N + /2 8)-(2N + 26)?-1/5% < ¢/16,

we put
P (x, B) = SRzSRzR J(x, du)D; (u, dv)R (v, B).

From the construction it is clear that P% ,(x, .) satisfies (2.7) and (2.8) for (f,
g, X)€P,,x P,xR2, The relations (2.9) and (2.10) are also valid because

[ sa@ops By = § { r@orx, dudu dR,o,B)

= g(B)
and

Smgnzlx = YIf(dx)P§ 4(x, dy)
SN RNCE E e eI
f(dx)R ((x, du)Q'M(u, du)iiq(v, dy)

= [ J - ulr@orx dwy+§ § = oo, . o

+{ { o= ylg*<o)R,, dy)
R2JR2
={ %@ - Xg@lda + piro7, 92 + {1 X8°@) - X @ld
<o(f, 9) + 2] 1X,@ = X§@lda + 21X, = X3 @ld

< of, 9) +2{[ 1X,@ - X @l + {12 00) - X3@)lda

1
+ SOIX‘}(oc) - X}"(a)lda} + similar terms
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<p(f,g)+4{e/8+ /2 "¢/16/2 +¢/16}

=p(f, 9) + e

Here we have used (i), (ii), (iv), (vi) and (2.11). The proof of Proposition 2.2
is completed.

§3. Poisson random measures

In this section we state preliminalies from Poisson random measures for later
sections.

Given a o-finite measure space (S, 4) in which each single point set is measur-
able, we denote by .#,(S) the space of all measures ¢ on S which are expressed
as (at most) countable sums of d-measures and satisfying u(4)<oo for any A-
finite set A. Here a d-measure means a probability measure on S with unit mass
at some point of S. Let (Q, &, P) be a probability space.

DEFINITION. A mapping p: Q—.#,(S) is called a Poisson random measure
with mean measure A, if the following two conditions are satisfied.

(i) p(A) is #F-measurable for each A-finite set A.

(i) For any disjoint A-finite sets A,,..., A4,

P{p(A) =npj=1,.,k = jrjlz(Aj)w exp {—A(4,)}/n;!,

n.=0,1,2,....

J

Here p(A)=p(w, A) is a short for (p(w)) (A4).

The existence of a Poisson random measure with given mean measure is well-
known.

In this paper we are concerned only with the case S=R} xS and di=
dtu(do), where {y,, t =0} are o-finite measures on some measurable space (S, &).
Suppose that an increasing family {&,, t=0} of sub-o-fields is given in (Q, &, P).
A real valued function a(t, o, w) defined on R} xSxQ is called &,-predictable,
if a(t, o, ) is A "-measurable; here ¢ is the (smallest) sub-o-field on R1 xS x Q
generated by all functions a(t, o, w) satisfying the following conditions.

(i) a(, -, -)is ®F -measurable for each fixed ¢ e R1.

(ii)) a(., 6, w) is left-continuous for each fixed (¢, w)e S x Q.

A Poisson random measure p on Rl xS defined on (@, &, P) is said to be &#,-
adapted, if (i) p(4) is &#,measurable for each A e Z([0, t]x S), te R}, and (ii)
for each t=0 the o-field induced by {p(4), 4 € Z((t, ) x S)} is independent of
&, [If pis such a Poisson random measure with mean measure di=dtu,(do)
and if an & -predictable a(t, g, w) satisfies
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G.1) E{ S |a(s,a,w)|us(da)ds}<oo, teRl,
[0,t]1%xS
then
3.2) S a(s, o, w)p(dsdo) — S a(s, o, w)udo)ds
[0,11x5S [0,11xS

is an & ,martingale, and in particular

E{ S as, o, w)p(dsda)} =E{ S as, o, w)us(da)ds}.

[0,t]1xS [0,t1%xS

The following martingale characterization of & ,adapted Poisson random
measures is well-known.

THEOREM 3.1 (for example, see [18]). Let p be a mapping: Q- .#,(R1xS)
and assume that p(w, {t} x S)=0 or 1 for any te R} with probability one. Let
{F,, t=0} be an increasing family of sub-o-fields of &#. Then, (3.2) is an
& ~-martingale for any & .-predictable a(t, o, ®) satisfying (3.1) if and only
if pis an & ~adapted Poisson random measure with mean measure di=dtu(do).

§4. Stochastic integral equation and the Markov process associated with
(1.7

Given a measure Q(df) on (—m, =) satisfying (1.6), we consider the equation

@ ISEEDZ o) - pI0W@OuG, dxue, dy),

(-n,m)XR2xR2

_x+y xX—y _
x > + R 5 , R

cosf —sinf
, ¢ € CF(R?),
sin 6 cos 6

and construct a Markov process associated with (4.1)=(1.7) making use of the
stochastic integral equation as in H. Tanaka [14].

We put a(x, y, 0)=x"—x, S=(—n, 1) x(0, 1] and S,=[0, t]xS. Taking
a suitable probability space (Q, &, P) with an increasing family of sub-o-fields
{#,}, we suppose that there is given an & ,-adapted Poisson random measure
p(w, dsdfde) on Rl xS with mean measure dsQ(df)da. Given an % ,-measur-
able random variable X(0) with values in R2, we consider the stochastic integral
equation

4.2) X =X©0) + Ss a(X(s—), Y(s, a), O)p(dsdbda), t20.
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If there exist an & ,-adapted process {X(t, w), t=0} on R? and a process {Y(t, «),
t=0} defined on the probability space ((0, 1], de) such that (i) Y(t) has the same
probability distribution as that of X(t—)Elifg X(t—e¢) for each t and (ii) (4.2)
holds with probability one, then {X(¢, w)} is called an # -adapted solution of (4.2).
The stochastic integral equation of this type was treated by [14] in the case of the
3-dimensional Maxwellian molecules. Owing to the estimates

laCx, y, 0)1 < |sin 5| (1xI+1y 1)
(4.3)
la(x, y, ) —a(xy, y1, 0)| = (sing—‘(lx—xllﬂy-yxl),

the method of [14] can be applied, even in a much simpler way, to prove the
following

THEOREM 4.1. Let f be a probability distribution belonging to 2, and
assume that X(0) is an & y-measurable, f-distributed, R*-valued random vari-
able. Then there exists an &F,adapted solution X(t) of (4.2) satisfying
St E{|X(s)|}ds< o for t<oo. The uniqueness in the law sense holds: If {X(t)}
a(r)xd {X()} are F-adapted solutions of (4.2) with the same initial distribution
fe 2 and satisfying the above integrability condition, then {X(t)} and {X(f)}
are equivalent, that is, they have the same finite dimensional distributions.
The probability distribution u(t) of X(t) solves (4.1) with u(0)=f.

We make a remark about the stochastic integral equation (4.2). Given
fe 2, we denote by u(t) the solution of (4.1) with u(0)=f constructed in Theorem
4.1. Let {Y(t, o, ), t=0} be any & ,-predictable process such that, for each
fixed t and w, the probability distribution of Y(¢, w, -) as a random variable on the
probability space ((0, 1], da) is u(t) (=u(t—)). Owing to (4.3), the stochastic
integral equation

4.4) R = X0 + SS a(X(s—), Y(s, o, @), 0)p(dsdOde)

can easily be solved by iteration for any & ,-measurable X(0) with E{]£(0)|} < .

THEOREM 4.2. Let X(0) and {Y(t, o, ), t=0} be as above, and {X(t), t =0}
the solution of (4.4). Then any finite dimensional probability distribution’of
{X(1), t=0} is determined only by f and the probability distribution of X(0),
that is, it is independent of the choice of X(0) and {Y(t, w, ), =0} as far as they
satisfy the stated conditions. In particular, if X(0) is f-distributed, then {X(1)}
is equivalent to {X(t)} of Theorem 4.1.

Proor. Take a partition 4 of a finite interval [0, T]: O=t,<t;<-.-<t,
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=T, and put 4(0)=0, A()=t,_, for t,_,<t<t, (1Lk<n). We consider the
stochastic equation

2,0 = 2O + | _aR,AO), Y6, 0, ), Op(dsddds),  0StST

As in [6] for the diffusion case, we can prove that E{|X(t)— X ,()[}—0 as |4|

= max (t,—t,_,)—0 for 0=t<T. Since for s<t
15k=<n

E{exp l(éa XA(‘))"?S}
= exp[i(¢, X4(s) + g {expi(¢, a(X 4(4()), y, 0)) — 1}deQ(dO)u(z, dy)],
(s,t]1x (-m,n) X R2

any finite dimensional probability distribution of {X,(f), 0<t< T} does not de-
pend upon the choice of {Y(t, w, @)} and hence the same holds for {X(¢), 0<t
<T}. The proof is finished.

Let {X(#), t=0} be an & ,-adapted solution of (4.2) with initial distribution
fe 2. Thenitis a Markov process associated with (1.7) in the sense of McKean
[8]. In fact, if u(t, .)=P{X(t)e-} and if P(t, x, -) denotes the probability dis-
tribution, at time ¢, of the solution X(7) of (4.4) with initial value X(0)=x, then

@5 Ptx )= Plsxd)Pult-s5,) 0Ssst,
(4.6) P{X()e A|F} = Pt —s, X(5), A), a.s.,, 0=Ss=t, AeZ(R?),
and u(?) is a solution of (4.1) with initial distribution f.

The following estimate (4.7) will be used in §6.

LEMMA 4.3. Assume thatS |x|2*9f(dx) < o0 for some 6=0 and let
R2

{X(), t=0} be an F,~adapted solution of (4.2) with an f-distributed initial value
X(0). Then

4.7 E{|X()|***} = E{|X(0)|**%}exp(2¢*3°M1), 120,

where M = S“

-n

sin%lQ(dB). When =0, we have E{|X(#)|2} = E{|X(0)|?}.

ProoF. Define {X,(1), 120}, k=0, 1, 2,..., by
{X'o(t):‘ X©

X)) = XO + | _a(Xyos(-), Yy (s, 0), O)p(dsdoda), k21,
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where {Y,_,(s, ), s=0, 2 € (0, 1]} is chosen so that (i) it is Borel measurable in
the pair (s, «) and (ii) Y,_,(s, -) has the same probability distribution as that of
Xi-1(s—) for each s. Then, by the same method as in the proof of Theorem A
of [14], we can prove that a suitable choice of the sequence {Y,(s, ®)};=, implies
the almost sure convergence of {X,(f)}io to a solution X(¢) of (4.2). There-
fore (4.7) follows immediately from

(4.8) E{|X,(0**%} < E{|X(0)|***}exp(2**3°M1), 120,k20

which can be proved in the following way. Using the transformation formula
of the stochastic integrals

PUD) = PXO) + | {0(Xu-1(5=) + 8K (5=, Yimss. 00, 0)
— ¢(Xy- 15— D}p(dsdoded, k20,

with @(x)=|x]|2*?, we have

E{|1X\(0|**%}

< EUXOP + E{] [ 1Xie1(6-) + aXim1 5=, Yoo, ), )12+

- ‘Xk-l(S—)|2+6

dsQ(d0)dal
S EIXO12) +257M (| B{1X,-,(91**}ds
which yields (4.8). In the above we have used the estimate
“9) |1 + aCx, 3, 2+ — 1x[2+|
< la(x, y, O)(lx + aCx, y, O}l + [x)*+*
< [sin [ (xl + 1y D@Ix] + 1y
<2240 sin & |1l + 1y D)2+
< 2430 sin 5[ (1x]279 + [y [29).

Finally, when §=0, we have

E{IX(01?} — E{|X(0)I*}
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= E{Ss [1X(s—) + a(X(s=), ¥(s, a), O)f* — |X(s-)|21dsQ(d0)da]

{IX'12 = [x]2}Q(d0)u(s, dx)u(s, dy)

(-m;®m)xR2x R2

=% S {1x"12+1y'12 = xI2 = y|}@(dB)u(s, dx)u(s, dy)

(-m,m)xR2 x R2

=0.

The proof is finished.

§5. n-particle motion

In this section we consider the time evolution of the velocities of n-particles.
It is described as a Markov process on R2" determined by the forward equation:

5D d<u@ ), w0)> = <u@, ), 6¥()>

=5 [ O X 3 3 = U} QO dxy.dx,),
(—m,m)xR2"

X = (Xp,..., X)) ER2", Y e CR(R?),

Xi+ X; Xi—X; ., _Xitx; X;—X
7 TR TS =T R
R=R(0) given by (1.4), and Q(d0) is the measure on (—m=, =) satisfying (1.6).
On a suitable probability space (R, #, #,, P) we can construct a Markov
process associated with (5.1) by solving the following stochastic integral equation:

where xj = J with the rotation

(5.2) X{1)=X(0) + ;SU a(X(s—), Xj(s—), 0)pi(dsdf), 1=i=n,
JF t

where U,=[0, t]x(—m, n), a(x;, x;, 0)=x;—x; and {p;(dtdb), 1<i, j<n} is a
system of & ,-adapted Poisson random measures on R} X (—=, ) with common
mean measure dtQ(d6)/n satisfying the following properties.

(5.3) {Pi{(dtd6), i < j} is an independent family.
(5.4) PiI) = pjD), i #j, for I'e BRL x (-, n)).

THEOREM 5.1. Let {p;(dtdf), 1<i, j<n} be as above, and assume that
X(0), 1<i<n, are F,-measurable independent R2-valued random variables
with common probability distribution f in 2. Then we have the following
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assertions. :

(i) There exists a unique F~adapted solution X,(t)=(X,(0),..., X,(1)
of (5.2), and the probability distribution u(t,.) of X,(t) satisfies (5.1) for
¥ e C(R?™).

Gi) If nglxlz“‘"‘f(dx) < % for some & 20, then
(5.5) E{IX(0]*>*%} < E{|X(0)|**3}exp(24*3°M1), t>0, 1Zi<n,

where M=S" I sin —%‘ Q(dB). In the case 6=0, we have

1K1 = 3 IX0)

Proor. (i) The existence and the uniqueness of the solution follow from
the general theory of stochastic differential equations due to K. It6 [4]. In fact,
if we put for 15i<n

X1 = X(0)
{ X1 = X(0) + ‘./;.SU a(X¥(s—), X4(s—), 0)p;(dsdf), k=0,

then we can prove that Xk(r)=(X%(1), .., X%(t)) converges uniformly on each finite
t-interval as k—oco with probability one, and that the limit X,(f)=(X,(?),...,
X,(1) is the unique &,-adapted solution of (5.2). The last part of (i) follows
from

l//(X.n(t)) = ‘P(X,.(O)) + igjgu {‘//(Yl(s_)a, 1\7:(5—), ) le(s—)v 3 A_,,,(S—))
— (X, (s—))}Pij(dsdb),
where y € C3(R?"); here we have put Xi(s—)=X,(s—)+a(X{(s=), X;(s—), 0)

and Xj(s—)=X,(s—)—a(X(s—), X;(s—), 0).
(ii) Using the formula

OXE ) = oK (O) + 5§, {0(Re(s=) + a(R¥(s=), Xifs=), 0)

~ @(X¥(s—))} Pi(dsd0).
with @(x)=|x|2*? and then noting (4.9), we have

E{|IX}¥ 1 ()]2*%}

< BRI+ + 207200 L5 (! B2 + 1%3()12+9) ds
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< E{|X(0)|2+} + 24+“M§'E{|Xf(s)|2+é}ds, k2 0.
0

Therefore we obtain
E{|X¥+1(1)|2%%} < E{|X0)|2**} exp (24*39M1),

and hence (5.5). When 6=0, we use
o(X (1) = p(X0)) + ;igu {p(X(s=) + a(X(s—), X(s—), 0)
- ‘P()—(i(s*))}ﬁij(deG), l<ign,

with ¢(x)=|x|2, and obtain

21X - 31X

=3

i<j

+ 2 [ A% + aXs =), X (s-), O — |K(s=)I7} pdsdo)

[, 1Xis=) + aXi(s=), X 5=, 012 = |Xls =12} p(dsd)

= 2§, 0% 6-) + a®is-), X s, 07 — X s

+ X (s-) + a(X (s =), Xi(s=), O)I2 — |X (s—)I} bi(dsdf)

z «SU {IXiG )12 + 1X(s=)I2 = 1 X (s )12 — |X (s —)|?} Bi(dsd)

=0.

This completes the proof.

§6. Propagation of chaos
Let f be a probability measure in R2 belonging to £, that is, X |x]f(dx)
_— — R2
<oo. For a given positive integer n, let X,(t)=(X,(?),..., X,(t)) be a Markov

process with génerator

[ Wi s Xl %) = W(}0(0),

Gy =1y

i<j

x = (xy,..., X,) € R2", Y eCP(R?")

and with initial distribution f®---® f (n-fold product); it was constructed in §5
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as a solution of (5.2). For fixed positive integer m (<n), we denote by )_(,,,,,,(t)
the first m coordinates of X,(f). Then almost all sample paths of X,,,h, belong to
the space W, of all R2™-valued right continuous functions on R} having left
limits. On this space we consider the Skorohod topology induced by the metric

Sm(w, W) = 3 —2Ik {inf [ sup |w(®) — wA@)| + sup [t—A@)|IA1},
k=1 0stsk 0stsk
w, W€ W,,

where the infimum is taken over all homeomorphisms A: [0, k]—[0, k] with
M0)=0 and A(k)=k. Then the topological Borel field &, of W,, coincides with
the o-field generated by cylinder sets. We denote by P,,, the probability measure
on (W,, #,,) induced by the process X,,,. We also consider the Markov process
X ={X(t), t=0} associated with (4.1) having initial distribution f, and denote by
P, the probability measure on (W, #,) induced by X. We have the following
propagation of chaos.

THEOREM 6.1. Assume that Smlxl“"f(dx)<oo for some 6>0. Then for
each fixed m=1

—_—m—
Pm]n_)Pf®“'®Pf as n-— .

For the proof, it is enough to show the following theorem, which is slightly
stronger.

THEOREM 6.2. Let f be the same as in Theorem 6.1 and m be a fixed posi-
tive integer. Then for any ¢>0 and T>O0 there exists a positive integer ng
(=m) such that the following statement holds: If n=n,, then on a suitable prob-
ability space we can construct

(i) n independent solutions X (t),..., X,(t) of (4.2) with initial distribu-

tion f, and

(i) a solution (X,(0),..., X,(f) of (5.2) with initial distribution f® @ f
such that

E{ sup |X() — X\)l} <&, lsism.
0StsT

The proof of Theorem 6.2 is divided into some steps. Let n (=m) be fixed.
On a suitable probability space (Q, #, P) we choose an independent family
{p;(dtdfda), 1=i, j<n} of Poisson random measures on R} x(—mx, ) x (0, 1/n]
with common mean measure dtQ(df)da, and independent, identically f-distributed
random variables {X0), 1Li<n}. We also assume that {X0), 1<i<n} and
{p;j(dtdfdax), 1 <i, j<n} are independent. If we put
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F,=0({X(0), pij(A), 1=i,j < n; Ae B0, t]x(—n, n)x(0, 1/n])}),
then p;(dtdfda), 1<i, j<n, are F,-adapted. We define
B pi(D), i<,
piI) = L
p;iI), 1>/
FG.@(RiX(—ﬂ, TC)X(O, 1/"])9 1-_<-i,j§n,

and also
pIlN) = jilpij(l j)’ pl) = Zn:lﬁij(J j)) 1gign
< I=

for I'e #(RYx(—m, 1)x (0, 1]), where I';={(t, 0, a)e R} x(—mn, m)x(0, 1/n]:
(t,0,a+(j—1)/n)el'}. Note that p(dtdfda), | £i<n, are independent, F,-
adapted Poisson random measures on Rl x(—mn, n) x(0, 1] with common mean
measure dtQ(df)da, and that

Pi(dtd6) = pi(dtdf-(0, 1/n]), 1<i,j<n

are &#,-adapted Poisson random measures on R} x(—mr, n) with mean measure
dtQ(df)/n. Therefore, from the results in § 5, there exists a unique % ,-adapted
solution X,(t)=(X,(1),..., X,(t)) of

6D XO=XO+ (| aX(-), X(s-), Opdsde), 1=izn
JFL t

For the proof of Theorem 6.2 it is convenient to express (6.1) in the following
form:

(6.2) Xt = X(0) + Ss a(X(s—), X(s—, , a), 0)p(dsdoda), 1<ighn,

where X(t, w, a)=X(t) for ael;=((j—1)/n, j/n]. Let u(t) be the probability
distribution at time ¢ of the Markov process with initial distribution f which is
associated with (4.1). Then we can prove the following

LEMMA 6.3. Let X (), 1Zi<n, X(t, w, «) and u(t)'be the same as above.
Then for any ¢>0 there exists a process Y¥(t, o, ) habiny the following proper-
ties.

(6.3) Yi(t, w, a) is F,-predictable.
(6.4) The probability distribution of Yi(t, w, .) is u(t—) for fixed w.

1 __
65 E{[ 1X(—, 0,2) - Y, 0, 0lda} < E(p(f (1, w), ut-)) + 3,
where f(t—, w) is the probability distribution of X(t—, w,.) on ae(0, 1] for
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each fixed .

Proor. Take a Borel isomorphism ¢: R2—R!. Since f(t—, w) and u(t—)
belong to £, we can apply Proposition 2.2 to have a transition func-
tion P%(,— 4, u—(X, B), x € R?, Be #(R?) satisfying (2.7)~(2.10). X(t—, w, «),
a€l;, is the constant X ;(t—) for fixed (t, ). Therefore we may consider

Pyt o, .) = Pf’(t-—,w),u(t—)(x_j(t—)’ ), I=sj=sn,

as probability measures in R2. Denote by Y¥(t, w, f), B (0, 1], the right con-
tinuous inverse function of the distribution function Pi(t, w, &~1((— o0, x]))
and put

Ye(t, o, @) = ENYH(E o, ne—j+ 1)),  ael;

Then Y:(t, w, o) satisfies (6.3)~(6.5). In fact, (6.3) is clear from the construc-
tion, and as for the rest we use (2.9), (2.10) and the relation

nl{ael;; Yit, 0, x) eI'}|* = Pi(t, o, I'), I' e Z(R?),

to obtain

| {xe O, 11; ¥*(t, , @)eT} | = - 3 Py, , I)

=1
= szP;""’"’)’“(")(x’ Dft—, w; dx)
=ut-,T),
and

S;IX_(t——, w, &) — Yi(t, o, o) | do = i:

Jj=1

= X @)-r1Pi, 0, ay)
=, Jx = 31PHe- (6 AT, @, d)

< p(f(t—, w), u(t-)) +e.
Therefore the lemma is proved.

Using this process Y(t, w, @) we consider the following integral equations:

66) X=X+ aX(s-), Y5, 0, 0), Op(dsdodn), 15 isn,

%) |A] denotes the Lebesgue measure of Ac(0, 1].
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By Theorem 4.2, for each i, there exists a unique #,-adapted solution {X(1),
t=0} of (6.6) which is equivalent in the law sense to the Markov process associated
with (4.1) having initial distribution f.

LemMmA 6.4. {X (1), t=0}, 1<i<n, are independent.
Proofr. For each i we define
pA= | 156, Y5, 0, )pidsdods), A€ SR x(—7, )X R?).
Rix(-m,m)x(0,1]
Then {pf(dtdfdy), 1<i<n} are %,adapted random measures on R} x(—m,

7) x R? with the common mean measure dtQ(dO)u(t, dy):

EG} = E{ | 16 0, Y46, 0, 0)do@(d0)ds)

Ry X (=m,m)%(0,1]

- S 14(5, 0, Y)u(s, dy)Q(d0)ds.

R} X (=n,m)xR2
Since the equation (6.6) can be written in the form
X(t) = X{0) + a(X{s—), y, O)pi(dsdbdy), 1sis<n,
[0,t]1%(—nr,m)XR2

for the proof of Lemma 6.4, it is enough to show that {p¥(dtdfdy), 1<i<n}
are independent Poisson random measures. Put S=3Y7_,S; (direct sum) for
S;=(—m, ®)x R?, and define p*(4)=X 1 ,pf(4), 4,;=An(RLxS;), for each
Borel set AcR!xS. Since

a(s, 0, a, w) = xp(0, Y(5, w, a))

is & -predictable for B;e Z((—n, n)x R?) and {p/(dtdfda), 1<i<n} are inde-
pendent #,-adapted Poisson random measures with mean measure dtQ(df)da,

£ [ w6 Y6, 0, a)p(dsdvan)
= rornxs,

= [ %00 Y5, 0, a)dag(dtras)

[0,t1xS;

is #,-martingale. Hence, for B=Y ", B;,

p*([0, t] x B) — S;u(s, B)Q(df)ds
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=2 { | w@ etsavdy) = | a0 yucs, dy)oeasrash

[0,e]% S [0,:1%S;

= i‘;{ S x50, Y*(s, o, «))p(dsdfda)

[0,11xS;

- S 10 0, Y¥(5, @, 2))daQ(d6)ds)

[0,1]1x58;

is also #,martingale. Therefore Theorem 3.1 implies that {p¥(dtdfdy), 1<i
<n} are independent Poisson random measures. This implies the independence
of {X(t), 120}, 1ZiZn.

To estimate the difference between X (t) of (6.6) and X(f) of (6.2), it is con-
venient to consider the following auxiliary stochastic integral equations:

(6'7) Xz(t) = XL(O) + S a(X~i(s_)) YE(Sy , a)! 0)51(d5d0da), 1 é i é n.

S
By Theorem 4.2, (6.7) has a unique solution which is equivalent in the law sense
to {X(1)}.

LEMMA 6.5. For each T>0 and an integer m>0, there exists a positive
constant c, independent of n and e, such that

E{sup |X) — XD} Sc'n"V2, 1Zism
O0sStsT
Proor. By the smoothness of a(x, y, 6) expressed in (4.3) and the defini-

tion of Poisson random measures {p/(dtdfda), 1<i<n} and {p(dtdfdax), 1Zi
<n}, we have

(6.8) X0 — X0

< | 1=, Y65 @, 9, 0)- a(Res =), Y65, , 0), O)|pidsd0da)

[0,t]1x(=n,m) X ((i—1)/n,1]

+ 2 [ 1a0-), Y6 @, 1+ (G = DI, O)lpi(dsdod)

[0,t1x(-n,m)%(0,1/n]

+ 3 S la(Rs=), Y¥(s, &, & + (j — 1)/n), 0)|p;(dsdda)

Jj<i
[0,t1%(—n,m)%(0,1/n]

< 1XGs—) = Ki(s =) [sin 5 | p(dsadaz)
Se
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+ 3 S [1X,(s =) +1¥*(s, @, @+ (j=1)/m)]-[sin 5| p,(dsdodo)

J<i
[0,t}1x(—m,m)%(0,1/n]

+ 2 | 0RGo+17 (s, 0, 2+ G- DI [sin 5| pddsdode

Jj<i
[0,t]%(—n,n)x(0,1/n]

for each 1<i<m. Taking the expectation of both sides of (6.8) and putting
M =S" sin%’ Q(d0), we have

E{|X(n—X(1)}

S EQX() =X ds+ " (' E(lx ()] + |%i(o)l s

+ 2Mj§iS;E{S;x,j(a)|Y5(s, w, a)|da}ds.
Therefore Schwarz’s inequality implies that
EX(0 - %01} = M’ EIX() - X(5)lHds
+ 2mMpt/2t-n~t + 2mMpt/2t-nm 12,
here we put u=E{{7i(0)|2}=SRz|x|2f(dx). Hence we have

(6.9) E{IX(0) — X (DI} < c,exp(cyt) n~1/2

for 1<i<m by Gronwall’s inequality, where ¢, and c, are positive constants
depending only on m, M and f. Taking the supremum of (6.8) for 0<¢t<T and
using (6.9), we have

(6.10) E{sup |X(1) — X (0]} S csexp(c,T)-n~1/2
0stsT

for each 1<i<m. (c; and c, are positive constants depending on m, M and
f.) Thus the lemma is proved.

Next let us estimate the quantity E{ sup lX (=X ()} for a given T>O0.

For this purpose it is essential to prove the followmg lemma.

LEMMA 6.6. For fixed 1< j<k=n and @€ ®i*, there exists a positive
constant ¢’ depending only on M and f such that

x) See §2 for terminology.
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(6.11) IE{@o(X (Ne(X (1)} — M2(D)] < ¢’ exp(c't)- n=9/2(2+0),
where My())=E{@(X@)} (={ _o0u(t, ),

Proor. Take a new Poisson random measure
ﬁ{([‘) = tgjl_’ki(rt) + ij(rj), e (R} x(—m=n, m)x(0, 1]),

on R} x(—m=n, )% (0, 1] with mean measure dtQ(df)da, where I';={(t, 6, a)e
Rix(—m, m)x(0,1]; (¢, 6, a+(i—1)/n)el'}. We consider the stochastic in-
tegral equation:

(6.12) Xi() = X(0) + gs a(Xi(s—), Y(s, o, a), 0)pl(dsd0dx).

The existence and the uniqueness of & ,-adapted solution are easily proved. We
will notice that the probability distribution of X{(f) is the same as that of X,()
(and of X(#)), and that X{(¢) is independent of X () because the Poisson random
measures pj and p; are independent. (See the argument used in the proof of
Lemma 6.4.) Therefore Mf,(t)=E{(p()? j(t))(p(X"i(t))}, and hence

(6.13) IE{o(X (0)p(Xy(1)} — MZ(1)|
= [E{o(X (1)) ((Xy(1) — (X))}
< [E(X,012) - E{| X0 - X{(012}]1/2

for p e #3. Next applying the transformation formula of stochastic integrals
for

X0 - X0 = | a®@e-)- =), 0, 0)pdsdoda)

[0,1]1x(~m,m)*x ((0,11-1j)

+ | a@s-), Yo @, a4 (= 1), 0)p,(dsdbde)
[0,t1x(—n,n)X(0,1/n]

= | a®is-), Y5, @, a+ (- D), Op(dsdod),

[0,1]%(-m,n)%(0,1/n]

we obtain

RAOER 0
= | 0% - Ri6-) + aRis-) - i(s-), 0, O)F

[0,11x(~=,7)%((0,1]-1;)
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— |1 Xi(s—) = X{(s—)|?} Pu(dsdbda)

+ {IX(s—) — Xi(s=) + a(Xy(s=), Y(s, @, a + (j — D/n), )|
[0,11%(—n,7)x(0,1/n] )

= 1Xu(s—) = Xi(s—)I2} B (dsdOdar)

+ {IX(s—) — Xi(s—) — a(Xi(s =), Y*(s, 0, &+ (j = D)/n), O)]2
[0,71x(=7, %) (0, 1/n]

- |Xk(s_) - X{(S")lz}pkj(deOdd)
< S |Ru(s—)— Rils—)I?- | sin & | py(dsd0da)
Se

+ [4{IX (s =)I2+1Y(s, @, a+(j—1)/m)|2}

[0,t1x(==,®)*x (0,1/n]

+1%u(s—) - Xi(s—)I2]. [sin &

Prj(dsdOdo)

+ [4{IXi(s )12 +1Ys, o, a+(j+1)/n)|?}
[0,11X(~%,7) (0, 1/n]

+1%u(s=) — Ri(s—)I2]- | sin 5| pe(dsdbde);
in the above we have used

||x +a(x, 0, 6)|2 — |x|2[ = Isin%lz.lxlz,

A

|12+ aCx, », 012~ 121?| < la(x, 7, O)I{la(x, v, O)| +2121}
< |sin & |(xl+1yDUx1+ 1y 1+212D)
< (0x12+1y19+ 1217} sin G|

Therefore we obtain
E{| X1 - Xi(n1*}

< 3M (] B - Z{)17)ds + aMn™ (| EQZO1+ 1Z{)12)ds

+ SMS;E{S:)(,J(a)-lY‘(s, , oz)l’da}ds.

Using Holder’s inequality and the estimates (4.7), we have



Propagation of Chaos for Boltzmann-like Equation 505

E{ X0 - X2} < 3MS;E{IXI:(S) — Xi(s)12}ds + 8Mpt-n~1
+ 8Mv2/(2+6)t - exp (24+36Mt) .‘n—J/(2+6) ,
where we put ,u=SR2|xlz f(dx) and v=SRZIx|2“ f(dx). Hence there exist posi-
tive constants ¢5; and ¢, depending only on M and f such that
E{|X () — X{(H)|?} < csexp(cet) n=%(2*d)
Combining this with (6.13), we obtain
IE{p(X (0)o(X(1))} — M2(D)] < ¢’ exp(c't)- n=3/2(2+9)
with ¢’ =max {(csu)1/2, ce/2}, which implies the lemma.
LemMMA 6.7. For each T>0 and >0,

E{ sup |X(1) — X(n)]} S K, n=%/42%0) 4 "¢,
0sIST

where K, is a positive constant depending on M, f, T and ¢, and ¢" is a positive
constant depending on M, f and T.

Proor. Using the smoothness of a(x, y, 8), we have

(6.14) |X (1) — X (1)
= Ss la(X(s—), X(s—, o, ®), 0) — a(X(s—), Y¥s, w, a), 0)|p(dsdOdax)
< | 0%~ 6)1 + X6, 0, @)= Vs, 0, @)]-|sin & | 5(dsdode).

By the relation (6.5) we have

E{|X(0) — X0}

< M[ BIR(s-) - Xis)l + [ X6, 0, 2) = Y45, o, a)ldujds
< M{ E(X (=) = X (sl + p(F (s, @), u(s—)}ds + Mis,
where f(s—, w) and u(s—) are probability distributions of X(s—, w, .) on (0, 1]

and X(s—) on Q respectively. Let f(s—, w) be the probability distribution of
X(s—, o, a), where X(s—, o, )=X(s—) forael;, 1<j<n. Then
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E{p(f(s—, ), u(s—))}
s E{R(f(s—, ), f(s—, o)} + E{p(f(s—, w), u(s=))}

= 71{,; E{|X(s—)— X (s -} + E{p(J(s —, ), u(s—-))},
and so
(6.15) E{| X (- X))}

< M{| BRI - R+ o 3, 1%, - X s

+ MS;E{p( F(s—, w), u(s—))}ds + M.

Put d(X(1), X(1))= X", E{|IX,()— X,(»)|} and sum up (6.15) in i. Then Gron-
wall’s inequality says that

n

6.16) d(X(t), X(1) < M{z S;E{p( T(s—, o), u(s—))}ds + nza} exp (2M1).

i=1

Inserting (6.16) to (6.15), we have

(6.17)  E{|X(1) — X(I}

< M{ BUX(9 - R(@l)ds + M| E(p(T(s—, ), u(s=)}ds

+ Mzg;{S:E{p(f(v—, ), u(v—))}dv + se} -exp (2Ms)ds

+ Mte.

Therefore for the estimate of the quantity E{|X,(t)—X,(#)|} it is enough to calcu-
late E{p(f(s—, w), u(s—))}, 0<s<T. Proposition 2.1 implies that there exists
a constant K= K(e, L) such that

E{p(J(s—, w), u(s—))}
< K-E{max Bmtp(x)f(s—, o, dx) — Smcp(x)u(s—-, dx)]}

oedy,

+ E{p(f(s—, @), f(s—, @)D} + plu(s—), u(s=)p) + .

Since
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E(p(f = o). = o)} S E{| %1/~ o, d0)
1 27(s—
< {7, Ix126-, o, dx}

= E{p oy B8 =
and similarly p(u(s—), u(s—);) S /L, we can choose large L=L(e) so that
E{p(f(s—, »), u(s—))}
< K-E{max Um(p(x) F(s—, o, dx) — Sthp(x)u(s—, dx)]} +3e.

Pedy
Thus we can write
6.18)  E(p(7(s—, o), u(s=0} < K"E{ |5 3 0% (s=) =My (s-)|} + 3¢

for ¢ € @3, where K’ is a positive constant depending only on ¢ and the number
of elements of @5, and M (s—)=E{p(X(s—))}. By Lemma 6.6, (6.18) and the
relation - '

g

én_léE{lXJ(s—)I’H 3| Eo® 5o (Ruts -0} - MiGs-)|

|+ £ o s-n-My-)| '}

=1

we have
(6.19) S;E{p(i(s—, ), u(s—))}ds

t
§S K'(u-n=' + c'exp(c’s) - n=9/2(2¥8))1/245 + 3¢t
(1]

S K'cyexp(cgt) - n™%4 (21 + 3¢t

for some positive constants ¢; and cg depending only on M and f. Inserting
(6.19) to (6.17) we have

EQX() - X)) < M| BUX(5) - Rdo)hds

+ K’ cgexp(c,ot) - n=%/4C2+8) 4 ¢ exp(cyat) e,

and .hence we obtain
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(6.20) E{IX(n - X} < K"c13exp(cl4t)'n“d/f(2+5) + cysexp(cigt) e

here, and from now on, ¢y, ¢,o,... are used for positive constants which are in-
dependent of ¢ and. n. Taking the supremum of (6.14) for 0<t<T and using
(6.19) and (6.20), we obtain

(6.21) E{ sup |X,(1) - X(»)}

0=tsT

< K'-cyqexp(c;sT) n~%4C2*9 4 ¢ gexp(cy0T) ¢,
which proves the lemma.

The proof of Theorem 6.2 is now completed, because by Lemma 6.5 and
6.7 there exist a constant K,>0 depending on M, f, T, m and ¢ and a constant
¢ depending only on M, f and T such that

E{ sup |X,(t) — X (1)} £ K, - n78/42+8) 4 G.¢,
0sSt=sT

§7. Law of large numbers

In this section we deal with the empirical distribution, of n molecules, de-
fined by

]n(t9 , ) = —’l{jgl 6Xj(l,w)(’)9 t % 0.

Here (X,(1),..., X,(t)) denotes the Markov process determined by the forward
equation (5.1). Let it be defined as the solution of (6.1), assuming that the

initial distribution is f®---® f with S [x|2+% f(dx)<oo for some 6>0. f,(¢,
R2

w, .) is nothing but f(t, , .) of Lemma 6.3. As. in § 6, we consider the auxiliary
process (X,(1),..., X,(1)) defined by (6.7). Then, we have proved the following
estimates in (6.11) and (6.20): For any ¢>0 and n, there exist positive constants
¢, C,, €3 dependingon M and f and a positive constant K, depending on ¢ such
that

(7.1)  |E{@X )X 1)} — M2(D] < L2 ¢ exp(c 1) n~2/2(2+0),
peCy(R?), 1=j#ksn,
(1.2)  E{IX (1) — X0} < K, coexp(cat) - n~8/42*9) + ciexp(cst) e,

I1=sj=n,

where M ,,(t)=E{<p(X~ FO)) <=SR2¢(x)u(t, dx)) and L, is the Lipschitz constant
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of o.

Using the above inequalities, we can prove the following law of large num-
bers.

THEOREM 7.1. Assume that SR2|x|2+"f(dx)<oo for some 5>0. Then,
ft, o, ) — u(t,.) (in prababiliiy), n— o,
where u(t) is the solution of (1.7) (=(4.1)) with u(0)=f.

ProoF. For ¢ € CZ(R?) we estimate

3 L@=E{|] oWt o d-{ eut |}
- 4 £ o -]

<1
n j

S E(lo(X ()~ o)} +E{ |2 & o(X 0)-M,0) [}

1

nj
=1(¢) + L(9).

By (7.2) the first term I,(¢) has the estiméte

(7.4) I(@) £ L,{K, c,exp(cyt)-n~%/4(2*8) 4 c exp(cst)- €} .

On the other hand, using the relation
E{|= £ 0,0 - M|}
n =1 (p J L4

<51 B EUeE 012 + 55 5 1E(0(X,0)0 (R0} - M30)|
and (7.1), we have
(7.5) I(9)> S L2{u-n~! + cyexp(cyt)- n~%2(2+0}
where ;¢=Sm|x|2 f(dx). Inserting (7.4) and (7.5) to (7.3), we obtain
(7.6) I @) S Ly c(n, )
c(n, &) = K, cexp(cyt) n~%/42+9) 4 c.exp(cat)-e
+{unt + clexp(clt)'n“"/z(”")»}l/z.

Using the metric d in & defined in §2, for any ¢’ >0 we have
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P70, @), u®) > £} S E(d,( ), u(0)}

g%éﬂ {f w1 @ ax = | e, an|} a 1]
) —QI—E(ka-co:, ) A1,

where {,};>, is a countable family which is dense in C§(R?) with respect to the
uniform topology. On the other hand, from the expression of ¢(n, &) we see that
there exist ¢,>0, n=1, 2,..., such that ¢(n, ¢,)—0 as n—o0. Thus, by the domi-
nated convergence theorem we have

lim P{d(],(t, ), u(t)) > &'} < ‘ -lim z L[, c(n e)) A1]=0,

n—w k=1

completing the proof.

REMARK. The above convergence is also true under p-metric. In fact,
using Proposition 2.1, for any ¢’ >0, e>0 and L>0 we have

P{p(7(t, ), u(t) > &'} S L E{p(7, 1, o), u®)}

< —17E{K max_|SRz(p(x)f,,(t, o, dx)—-SRzgo(x)u(t, dx)l ‘

QedL

[y}

Pt @), (ults 0D + pw(@), W) +o

s H[& = L)+ Bl 3 1%,017 f+ 4| Ix17ut do) +o

0ed],

1|:K 3 c(n, a)+Lu+s]

9edL,

which implies the p-convergence of f,(t, w).

§8. Remarks to the one-dimensional analogous problem

Let us consider the following one-dimensional analogy of Boltzmann-type
equation:
@D 2EX (g, e, y)-ul, Dut, )OO, xeR?,
) " (0,2m)xR! "

x' = xcosf — ysinf, y' = xsinf + ycosb,
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(8.2) 0(d9) = Q(6)d6, Q(0) = Q2 — 6) >0, ‘SZ"@Q(do) <.

If Q(d6)=d0/2xr, then (8.1) is the well-known Kac’s one-dimensional model
of Maxwellian gas. This is the case in which Kac first considered the propaga-
tion of chaos. ‘ ' B

The purpose of this section is to remark that the case gan(d6)= oo can also

be treated by the method of stochastic integral equations as we have done for the
two-dimensional case. The discussions here are much simpler owing to the follow-
ing inequality (8.3).

Let f=1, and f, g be one-dimensional probability distributions with the finite
f-th absolute moments. Denote by F~! and G~! the right continuous inverse
of distribution functions of f and g, respectively, and by #, , the class of all two-
dimensional probability distributions whose marginal ones are f and g. Then
we have

(8.3) SllF“(x) — G I(x)Pdx < S Ix — yPPh(dxdy),  hest,,.
4] R2

The above inequality (8.3) for =2 was used by H. Tanaka [15] in the study
of the trend to the equilibrium for Kac’s model; for several dimensional case some
basic properties of the quantity e(f, g) itself, defined by the infimum of the right
hand side of the inequality (8.3), was investigated in H. Murata and H. Tanaka
[12]. The inequality (8.3) is probably known, but for completeness we will re-
mark that the inequality (8.3) is an immediate consequence of the following
identity (G. Dall’Aglio [2]).

@4 | Ix-Phaxdy)
| (F)+ G = 2H(x, x}dx, =1,
=0 BB =D (x = P-G0) - HCx, y)dxdy

+0 =D _ (= 5P {F) - Hx, hdxdy, B> 1.
Here F, G and H are probability distribution functions of f, g and h, respectively.

Proof of (8.4): Let ¢ be a function on R? with the following properties.

(i) ¢ is a non-negative, continuous function on R2, vanishing on the
diagonal.

(ii) ¢@eC? off diagonal and ¢, <0.

(iii) For each x € R! the following (finite) limits exist:
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@i(x, x=) =limep(x, x — &), @(x—, x) = ﬁf},’ Pa(x — & x)™.
el 0 £
Then we have

o= | —onodds+ | ot y<x

y<s<t<x y<t<x

and a similar relation for x<y. Hence by Fubini’s theorem we can write
8.5 | oCx »hidxdy)

- S — 045(t, s)dtds S h(dxdy) + S — y5(t, 5)deds S h(dxdy)

t>s YSs t<s xSt
x>t y>s

+§ (pl(t,t—)dtg h(dxdy)+g (pz(t—,t)dtg h(dxdy)
R1! Rl

yst

x>t

= | =01 91{G) - Ha, s))duds

t<s

+ S — @u(t, ) {F(t) — H(t, s)}dtds

+ SRl[(Pl(L t—){G(0) — H@, )} + ¢,(t—, ) {F(1) — H(t, n}]dt.

Putting ¢(x, y)=|x—y|f in (8.5), we obtain (8.4).

Proof of (8.3): If H,(x, y) denotes the joint distribution function of the
random variables F~! and G~! on the probability space ((0, 1], dx), then we
have

[ Jx = yat x, 3) = {1109 - 6100,
R 0

H(x, y) = min (F(x), G(y)) 2 H(x, y)

for any H corresponding to he 5, , and then from the identity (8.4) we obtain
(8.3).

As in (1.7) we consider

2
*) ¢y, ¢, and ¢y, denote the partial derivatives %go(x, »), %go(x, ») and aﬁ—aygo(x, y), re-
spectively.
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@.6) ISuld 0> {o(x)— p(}QMOu(, dxyult, dy),

(0,2r)xR1xR!

peCF(RY).

The Markov process X () associated with (8.6) is given by the following stochastic
integral equation:

8.7) X(H)=X0) + Ss a(X(s—), Y(s—, a), 0)p(dsdbda),

where {Y(¢), t=0} is a process defined on the probability space ((0, 1], de) and
such that the probability distribution of Y(f) is equal to that of X(¢) for each fixed
t=20, S,=[0, t]x (0, 2n) x (0, 1], a(x, y, ) =x'—x and p is an F,adapted
Poisson random measure on R} x (0, 27) x (0, 1] with mean measure dsQ(d0)do.

A merit in one-dimensional case is that we can choose Y(t—, «) to be the right
continuous inverse of the distribution function of X(t—).

THEOREM 8.1. Let f be the probability distribution with S 1|x|f(dx)< 0,
R
and assume that X(0) is f-distributed and & ,-measurable. Then there exists
a unique F ~adapted solution X(t) of (8.7) such that St E{|X(s)|}ds< oo for each
' 0

t<oo. Therefore the probability distribution u(t) of X(t) is a solution of (8.6)
with u(0)=f.

Proor. We put
[ Xo(t) = X(0)

Xk+1() = X(0) + Ss a(X¥s—), Y¥(s—, a), O)p(dsdbda),  k = 0,

where Y*(s—, a) is the right continuous inverse of the distribution function of
X*(s—), k=0. We notice that

88) | 1V56=, 0 = Y1, )lda S B{IXG-) - X)), k21,
0
by the inequality (8.3). Using first the estimates

la(x, , 0)] < 2sin-5-(1x|+ 1y,
(8.9)
laCx, ¥, 0)—a(x, y 1, 0)] S 2sinS-(x—x,]+1y =y,

and then by (8.8), we have
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(8.10) E{|X**'(t) — X*(Ol}

< MS'[E{lX"(s—-) — Xk 1(s—))} + S IY¥s—, @) — Y*1(s—, a)lda}ds
1]

1
0
< 2m{" E1X4(s) - X+ 1))

for k=1, and

E{|X'(n) — X°(O} = 2MtE{|X(0)|},

where M=2S“sin 8.0(a0). Therefore

0

E{|X**1(f) = X (1)|} £ E{|X(0)|} - MO+ [(k + 1)!,
and hence by (8.10) we have

E{OEUET |X¥* () — XM0l} £ E{IXO)I}-@MT)* ! [(k + D!

for each fixed T>0. Therefore {X*(f)}3, converges uniformly on each finite
t-interval with probability one, and the limit X(¢) is an % ,-adapted solution of
(8.7). The uniqueness can be proved similarly. The last assertion can also be
proved by making use of the transformation formula for stochastic integrals.

The propagation of chaos for this model can also be proved as in § 6, again
with some simplification.
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