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The purpose of this paper is, first, to determine the equations of compact
Riemann surfaces of genus three, considering these surfaces as coverings of the

Riemann sphere. We obtain Theorem 1 which asserts that the equations are given
by

3 = 72(x)y — y3(x) = 0.

Here y,(x) is a polynomial of degree 3 or less than 3, and y;(x) is a polynomial
of degree 5 or 4. Both of them depend on Weierstrass points.

Next, we construct a basis of differentials of the first kind for these Riemann
surfaces. Using these results, we investigate Weierstrass points of these Riemann
surfaces. Our main interest is to determine Riemann surfaces which have exactly
12 Weierstrass points. The number 12 is the smallest one for all the non-hyper-
elliptic compact Riemann surfaces of genus three. We obtain Theorem 2 which
asserts that Riemann surfaces having just 12 Weierstrass points are exactly two
and these equations in homogeneous coordinates are given by

€)) xt+yt+24=0
and
(2) x4 + y4 + Z4+ 3(x2y2 + y222 + 22x2) — 0.

§1. Preliminaries

Given any point P on a compact Riemann surface of genus g (>1), there are
exactly g orders which can be specified

1=n1<n2 <“'<n3<2g

such that there does not exist any meromorphic function on the surface whose only
singularity is a pole of order n; (1<i<g) at P.

These g orders are called the gaps at P. A point whose gap sequence con-
tains an integer greater than g is called a Weierstrass point.
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Lemma 1 (Hurwitz [3]). For surfaces of genus g=0 or g=1 there are
no Weierstrass points. If g>2 there always exist Weierstrass points. The
number N of Weierstrass points satisfies the inequality:

29+2<N<(@g—1Dglg+1.
If N is equal to 2g+2, then the surfaces are hyperelliptic and vice versa.

LemMA 2 (Schmidt [8]). Let {u; (1<i<g)} be a basis of integrals of the
first kind on a compact Riemann surface R of genus g. Let u be an integral of
the first kind on R. Put

duy, . dug
du du
4, = : :
duy  d°u,
du? du?

Then A,(du)?@*D/2 is q differential form of degree g(g+1)/2, i.e., if t is another
integral, we have

A (du) 19+DI12 = A (df)?E+1)2,

We call this form the Wronskian of R. Let the divisor of the Wronskian of R
be

div {A,(du) @D/} = m Py + -+ m,P,.
Then P,,..., P, are all Weierstrass points on R and we have
my +-+m, = (g — Dg(g +1).

LeMMA 3. Let R be a non-hyperelliptic Riemann surface of genus 3.
Let P be an arbitrary Weierstrass point on R. For the gap sequence of P there
are following two cases:

1) n,=1,n,=2, ny =4,
2 ng=1n,=2,n;=35
and the multiplicity m of P is one for the case (1) and two for the case (2).
ProoF. Since the multiplicity is given by the formula ([3], p. 408)
m=ng+n,+n3;—g(g+12=ny+n,+n;—6,

we have m=1in (1) and m=2 in (2).
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§2. Equations of Riemann surfaces

Let R be a compact Riemann surface of genus three. We assume that R
is non-hyperelliptic. We shall give a canonical form of equation of R. By
lemmas in § 1, we know that there exist Weierstrass points on R. Let P be one of
them. Then there exists a meromorphic function on R which has P as an only
singularity of a pole of order three. We denote the function by x. The function
x is considered as a mapping of R onto the Riemann x-sphere. We see that R
is conformally equivalent to a three-sheeted covering surface over the Riemann
x-sphere, and we assume that the point P of R is over the point co at infinity.
We denote the point by P..

Let K be the field of meromorphic functions on R. Then K is an algebraic
extension of degree 3 over the rational function field C(x) such that [K: C(x)]
=deg(3P,) (=3). Let y be another function of K which has P, as an only
singularity of a pole of order 4 or 5. Then we see that K= C(x, y) and we have
an irreducible equation in x and y:

Po(x)y3 + pi(x)y? + pa(x)y + ps(x) = 0.

Here po(x), pi(x), po(x) and ps(x) are polynomials in x. We can assume that
po(x) is a non-zero constant, since y is integral over C[x]. Hence we assume
that py(x) is equal to one and moreover we may assume that p,(x) is equal to zero.
We rewrite the above equation

Y3 =700y — y3(x) =0

with polynomials y, and y; in x. Now, let ¢t be a local parameter at P,,. Then
we can express the functions x and y in

X =1/ 4.,
y=1/t* or y=1/p.
If y=1/t4, then we have y3=¢"12 and
PoX)y = 1730274 poe | pa(x) =173 e

Here n,=degy,(x) and ny=degy;(x). We obtain that n,<2 and ny=4. If
y=1/t5, then we have y3=¢"15 and

CpX)y = 1735 p (X)) = 173 4

We obtain that n,<3 and n;=5. Thus we have the following theorem:
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THEOREM 1. If the gap sequence at P, is {1, 2, 5}, then the equation of
R is given by
*) y? = 72(x)y = 73(x) = 0,
where
(€3] y2(x) = agx? + a;x + a,, y3(x) = x* + byx3 + byx? + b3x + b,.
If the gap sequence at P, is {1,2,4}, then the equation of R is given by (x) with
(#%) 72(%) = aox® +-+-+ a3, y3(x) = x> + byx* +---+ bs.

Of course, in both cases, the coefficients a’s and b’s must satisfy certain
relations which come from the fact that R must be of genus 3.

Now, by the formula of Riemann-Hurwitz:
29 —2=n(29' -2)+V

we have V=10. Here V means the total sum of all ramification indices. The
Newton polygon shows that the ramification index of P, over x=o00 is two.
Hence we have the following five cases:

P Py Pp- Py P3 Po. Py P P> P3
[ P
: y P
(1) ; ; ; : (ii) : : ! ' : !
Por I R
@w X0 X1 Xo X3 @D. X0 X1 X X3 X4
Po Py Py P Py Po Py Py P; Ps
[ Pz | P [ P | P [ P
(i) [ | ! (iv) L J P
! H ' ' | ' ' ] ' ' H N H H
I bbb
[*2] Xo N1 X2 X3 Ay A5, v} X0 % SN 0 N ) Xy X3 X
Poo Po PZ P4 PG
| ", T P [ P | P
: | | : [ . |
(v) ) [ ) ) . V )
] ] 1 ] ] ] ] 4
A
R
w0 X0 WX Xo X3 Xy X5 X6, A7
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It is convenient to normalize the positions of ramification points as follows:
0, Xg =0, x; =1, x5 =t,..., X7 = tg.

It is worthwhile to express above coefficients of y,(x) and y;(x) in terms of t,,..., t5
and tg, since the number of parameters ¢ is equal to the dimension of the space
of moduli of compact Riemann surfaces of genus three.

First, we shall investigate in case (i). If the gap sequence at P is {1, 2, 5},
then we have

V3= 7(x)y —73(x) =0
with (¥) and the discriminant of the equation is given by
A(x) = 4y3(x) — 27T93(x).

Then, x=0, 1, ¢, and ¢, are zeros of A(x), and y has triple roots at these points.
Therefore, we have

b, =0, a, =0,
1+b,++b,=0, ag+a; +a, =0,
4+ by} 4+ by =0, aot} + asty + a; =0,
5+ b3+ +b,=0, aoty +at, +a, = 0.

Hence we have a,=a,=a,=0 and the equation comes to be
() y=x(x—D(x—t)(x —t).
If the gap sequence at P, is {1, 2, 4}, then we have
(*%) ¥ = 72:(x)y — 73(x) =0
with (##). By the same reasoning as above, we have
Y =x(x—=Dx—1)(x = 1)(x = 0)

with a constant ¢. Here ¢ must be equal to one of these values 0, 1, ¢, and ¢,,
since otherwise this equation does not represent a Riemann surface of genus
three.

Secondly, we shall investigate in case (v). Let the gap sequence at P is
{1, 2, 5}. Then we have

A(x) = = 27x(x — 1) (x — t;) - (x — tg)

for the discriminant and we obtain the following relations:
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) 4a3—27b3 =0,

(@) dag+ a; + ay)® —27(1 + b, ++--+ by)* =0,

B)  Maof +agty + @) — 27(th + byt +-+ b2 =0,
(é) daot? + aytg + ay)® — 27(tk + bytd +---+ b,2) = 0.

We consider these relations in more detail. Let x=1 be a point of {0, 1, t,,..., t5}.
We must have a point of R whose ramification index is just one over the point t
over the Riemann sphere. Let the double root of y at 7 be  and put X =x—r,
Y=y—pB. Then we have

Y3+ 38Y2 — agX2Y — agt + a)XY
—{X*+ (4t + b)) X3 + (672 + 3by7T + b, + aof)X?
+ (473 + 3b 72 + 2b,7 + by + (2aet + a)B)X} = 0.
If B=0, then the Newton polygon shows that if
473 + 3b,72 + 2b,t + by %0,
our case reduces to (iv) and if
413 + 3b 12 + 2b,T + by =0,

our case reduces to (iv) with some restrictions. If S0, then the Newton polygon
shows that if

413 + 3b,72 + 2b,T + by + (2aT + a)B =0,
we must have
2apt+a; =0
and
612+ 3byt1+ by, + agf =0.

Hence we have again 473 +3b,12+2b,t+ b;=0, and so our case reduces to (iv).
Therefore, in our case we must have generally

B+0 and 413+ 3b;7% + 2b,T + by + (Qagt + a,)f % 0.
Let the gap sequence at P, is {1, 2, 4}. Then we have
A(x) = = 27x(x — D (x — 1) (x = 15) =+ (x — t6) (x — o) (x — a5)

for the discriminant. Here «,, a, are suitable complex numbers. We have, first,
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the following relations:

1) 4a3 — 27b2 =0,

¥) Xaog+a, +ay+az)>—27(1 + by + by + by + b, + bs)> =0,
(§) 4(aptd +-+ a3)® —27(t] + bty +---+ bs)2 =0,

(§) 4(agt + -+ az)® — 27(tZ + byt¢ + -+ bs)? =0.

We consider these relations in more detail. Over the point T on the Riemann
sphere we must have a point of R whose ramification index is just one. Let the
double root of y at 7 be f and put X=x—1, Y=y—f. Then we have

Y33BY2 — aoX3Y — (Baot + a)X2Y — (3ayt% + 2a,7 + a,)XY
—{X5+ (5t + b))X*+ (1012 + 4b,;7t + b, + aof)X3
+ (1073 + 6b,72 + 3b,7 + b3 + (3a,T + a,)f)X?
+ (5% + 4b,73 + 3b,1% + 2b3T + b, + (Bagt? + 2a,7 + a,)B)X}
=0.

We claim that «, is equal to a,. In fact, if a; > a, then by the Newton polygon
we see that there are ramification points over o; and «,. This is a contradiction.
Therefore, we have

©) A@) =0, ie.,
4(ape® + a0 + a0 + az)® — 27(05 + byo* + -+ bs)?2 =0,
(10)  A@=0,ie.,
12(age® + a,02 + a,a + a3)?>(Bage? + 2a,a + a,)
— 54(¢® + by + -+ bs)(5a* + 4b,a3 + -+ by) = 0.

We must remark here y,(a) %0 (consequently y;(a)x0).
If =0, then the Newton polygon shows that if

5t% + 4b,73 + 3b,12 + 2b3T + b,y % 0,
our case reduces to (iv) and if
5t% + 4b,t3 + 3b,1% + 2b31 + by = 0,

our case reduces to (iv) with some restrictions. If f0, then the Newton polygon
shows that if
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514 + 4b,73 + 3b,72 4 2b3T + by + (3a7? + 24,7 + a,)f =0,
we must have
3aot12+2a,1+a, =0
and
107> + 4b; 72 + 3b,7 + b3 + (3aot + a,)f = 0.

Hence again we have 5t*+4b,13+3b,72+2b371+b,=0, and so our case reduces
to (iv). Therefore we must have generally

fx0 and 5t*+4by13 4+ by + (Bapt® +2a;7+ay)fx0

in our case.
To express a’s and b’s by t,,..., t; we must investigate the Jacobian of (1),...,
(10). Namely, put

F{ay, ay, a,, as, by, by, bs, by, bs, a, 7;)
= 4(ay73 + a,71? + a,1; + as)® — 27(t} + byt + - + bs)?
for 1,=0, 1,=1, 13=1,,..., 1=t (1<i<8), and put
Fy(ay, ay, a,, as, by, by, by, by, bs, a) = A(®),
Fio(ag, a;, ay, as, by, by, b3, by, bs, 2) = 4'(a).
Then we see that the Jacobian

D(Fla-"a FA’ FS’-"9 F9’ FIO)
D(ay,..., as, by,..., bs, a)

cannot be identically zero. Thus we can express a’s and b’s by t,,..., t¢ at those
points which are not zeros of the Jacobian. To investigate a’s and b’s or t,..., t4
on the Teichmiiller space is interesting. However we will not discuss this problem
in this paper.

§3. Weierstrass points
We take Riemann surfaces defined by
Y= 12(%)y — y3(x) =0
with (#) in §2. The discriminant A(x) is given by
A(x) = 4y3(x) — 2773(x)
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= —=27x(x — D)(x — 1)) (x — tg)
and the zeros of A(x) are common zeros of
%, 9) =y = 72(x)y — 73(x),
S(x, y) = 3y% — 12(x).
Then we have
div(f) =Py + P, + P, +--+ P, — 8P,
div(dx) =Py + P, + P,, +---4+ P, — 4P,
div(x) = 2Py + Py — 3P,
div(y) =P, + P, + P, + P, — 4P,.

Here, Py is the regular point over x=0 and s,, s,, s; and s, are zeros of the
polynomial y,(x).
Put

o, = dx/f,, w,=xdx|f, ;= ydx|/f,

Then w,, w, and w; are differentials of the first kind and are linearly independent
over C, i.e., a basis of differentials.
If we take

Y} = 72(x)y —73(x) =0
with (##) in §2. The discriminant 4(x) is given by
A(x) = 4y3(x) — 2T93(x)
= =2Tx(x — D(x —t)(x = t5) -+ (x — tg) (x — )2,

For x=a, there is a double root y=pf. Then there are two points P,, P, over «
which correspond to these values x=a, y=f. We denote the third point by
P,. Then we have

div(f,) = Py + P; + P, +---+ P, + P, + P, — 10P_,
div(dx) =Py + P, + P, +---+ P, — 4P_,

div(x—a) =P, + P, + PZ — 3P,

div(y — B) =P, + P, + P, + P + P, — 5P,

Here x,, k, and k5 with a double root « are five roots of f(x, §)=0.
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Put
;= (x —o)dx/f,, w,=(x—a)dx/f,, w3=(y— p)dx/f,.

Then w,, w, and w; are differentials of the first kind and are linearly independent
over C, i.e., a basis of differentials.

In the former, i.e., in the case that the gap sequence at P is {1, 2, 5}, the
Wronskian is

1/1, x/fy vl
W=\ =£lfy  =xfII% Sy = yfIIf} |-dx)e.
G:/f3 Ga/f3 Gs/f3

Here
Gy = —fify+2f),
Gy = (=xff, — 2(f, — xS}
Gy =0"fy =y, =20 Sy — v 5
Then by a simple calculation, we have
W= y"f)dx]f,)°
and we have
Y'f3 = 9v3¥3 + 37295 — 6v2y3)y?
+ (4393 — 29292 — 695" + 9y3¥3)y
+ (0373 — 2927275 + 3v273732) -

In the latter, i.e., in the case that the gap sequence at P is {1, 2, 4}, the
Wronskian is given by

x-alf, G- - Bl
W=|Kix, Wf}  Kix 0If3 Ks(x, p)If3 |- (dx)°.
Hix, nIfy  Ha(x IS5 Hy(x, y)If3
Here,
Ki(x, y) =f, = (x = 0)f},
Ka(x, y) = 20x — o) f, — (x — 9f},
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Ki(x, ) =yf,— = Bf}
and
Hi(x, )= = (x =) f,fy = 2(f, = (x =) [}) [},
Hy(x, y) = 2f, = (x =0 f)f, = 2x = ) 2fy = (x = ) f3) [},
Hy(x, ) ="f, = = BDSL =20 f, = (v = B ) 5
Then by a simple calculation, we have
W={(x—a)?y" —2y'(x — o) + 2y — )} 3 -(dx/f,)°
and we have
{Gx—)?2y" = 2y'(x =) + 2(y — B} S3
= (x — 0)’[(Oy373 + 37273 — 6¥2y3)y?
+ (49395 — 29202 — 695 + 9v3¥3)y
+ (33 — 2927295 + 37,9373)]
= 2(x — &) [(97372 + 37273)y?
+ (49372 + 95720y + (3v27372 + ¥2¥5)]
+2(y = B)f5-

ExAMPLE 1. y3—y—x*=0.

We have w, =dx/f,, w,=xdx/f,, w;=ydx/f, and the Wronskian is
W= y"f}dx]f,)°
= 12x%(y? + 1)*(dx/f,)°.
Hence we obtain
div W = 24P + 2(P, + Py + Py — 3P,) + 2{div(y + i) + div(y — i)}
= 2P, + 2(Py, + Py + Pg)
+ 2{(GP;y + P2+ P3 + P) + (P + P2+ _;P3 + _P,)}.

Here ,P,,..., ;P, are points over x,,..., X, which are roots of the equation i3—i
—x*=0and _P,,..., _;P, are points over x;,..., x4 which are roots of the equa-
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tion —i*+i—x*=0. Obviously these points are distinct from each other.
Therefore the number of Weierstrass points is exactly twelve.

ExAMPLE 2. y3—xy—x5=0.

We have o, =xdx/f,, w,=x%dx/[f,, w;=ydx|f,, and the Wronskian is
W= (2y" — 2xy' + 29)f3 (dx[f,)°
= 6x3(6x3y2 — x7y + y + 2x*)(dx/f,)®
and we have
div(f,) =Py +Q; +:-+ Q; + P, + P, — 10P,
div(dx) = Py + Q; +:-4+ Q; — 4P,
div(x) =2P,+ P, - 3P,.
Hence we see that
div x3(dx/f,)® = 27P,, — 3P,.
We must evaluate div(6x3y%2—x7y+y+2x4). From equations
y}-—xy—-x=0
and
6x3y2 —x"y+y+2x*=0
we obtain
x5(x21 — 289x14 — 57x7 + 1) = 0.
Hence by considering the Newton polygon at x=0, we have from the part x5
P, + 4P, — 5P,
for the divisor. From the part (x2! —289x4—57x7+ 1) we have
P! +...4 P21 - 21P,

for the divisor. Here P? (1<i<21) are roots of the equation concerned.
Thus we have

divW=P, + Py + P, + P! +... + P21,

These points {P’s} are distinct from each other and we see that the number of
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Weierstrass points of this Riemann surface is exactly 24.
ReEMARK. The Riemann surface defined by
yR-xy—-x5=0
is conformally equivalent to the surface defined by
Y-XX-12%2=0

which has the group of automorphisms of order 168 [5].

§4. Extremal Riemann surfaces

In order to determine Riemann surfaces which have exactly twelve Weierstrass
points we have to prepare several propositions.

ProrosiTiION 1. Let R be a non-hyperelliptic Riemann surface of genus
three. Assume that there exist distinct four points P; (1< j<4) on R which
have following three conditions:

(«) Each 4P; (1< j<4) is a canonical divisor, i.e., each P; (1< j<4) is
a Weierstrass point whose gap sequence is {1, 2, 5}.

(B) The divisor (P, +P,+P3+P,) is not a canonical divisor.

(y) The divisor 2(P, +P,+P;+P,) is linearly equivalent to 2K. Here K
is a canonical divisor.

Then R has three elliptic hyperelliptic involutions o; (1<i<3) which have
following two properties:

(1) Each o; (1<i<3) is a non-trivial substitution of the set P; (1< j<4).

(2) If one of o’s fixes a point P;, then the other two ¢ do not fix any of P;
(1<j<4).

ProoF. Let ¢: R—J(R) be a canonical map of R into its Jacobian variety.
Let ¢ e J(R) be the vector of Riemann constants. Put

fi=o@y +P)+c, fr=0¢FP;+P,)+c

Then f, and f, satisfy the assumption of the theorem of Accola [2, Part III, 6,
Th. 5, p. 88] (i) fi= £ f5, (ii) 2f;=2f, =0, (iii) |(2f,), (fi +f)|=1, (iv) the theta
function vanishes at f; and f,. Now, we shall prove only (iii), since the others
are almost trivial. Put

t=2f1=2f,, s=fi+f, e=¢2P) +c.

Then e+t=¢(2P,)+c. Theta characteristics [e] and [e+¢] are odd, since I(2P,)
=](2P,)=1. We see that [e+s] is even. Indeed, assume that it is odd. Then
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there exists a positive divisor A on R such that
e+s=¢A)+c, degA=2 and I(A)=1

On the other hand we have
e+s=¢(3P1+P2+P3+P4_K)+C

Hence we have P, +A~P,+P;+P,, and we have | (P, +A)=2 since R is non-
hyperelliptic. Therefore there exists a point Q such that Q+P, + A is a canonical
divisor. Hence we obtain A=Q+P, and so it follows Q=P,;. This is a con-
tradiction. By the same way we can show that [e+t+s] is also even. There-
fore we obtain

(1), ()| = ILelllle + ¢ I[e + s]l[e + t + s]| = 1,
which shows that half periods () and (s) are syzygetic.
Thus we can conclude that R is elliptic-hyperelliptic.

Next, we shall construct elliptic-hyperelliptic involutions of R following
Accola [1]. It is well-known that for the syzygetic subgroup of degree 2, I
={0, (1), (s), (t+5)}, there exists a unique odd characteristic [d] such that [d],
[d+1t], [d+s] and [d+t+s] are odd characteristics. For the proof see [7, II,
2, Th. 13, p. 40]. We consider four theta characteristics [f], [f,], [d] and
[d+s] and we construct four complete linear systems of Rs over R, which are
half-canonical and fixed point free. Here, Rs is a Riemann surface of genus
five, which we construct as follows: It is easy to see that there exist Q, and Q,
different from P,, P, such that the divisor (P, + P, + Q, + Q,) is canonical. There
also exist Q; and Q, different from P, P, such that the divisor (P3+P,+ Q3
+Q,) is canonical. Hence we have

2(P; + P)) ~2(Q; + Qy), 2(P3 +Py) ~2Q5 + Qu)
and
d(Py + P)) +t=¢d(Q; + Qz), ¢(P; +Py)+1t=0¢(Q; + Q).

Therefore, there exists a function h whose divisor is 2(P,+P,)—2(Q,+Q,).
Adjointing \/h to the function field of R we obtain a function field of a Riemann
surface whose genus is five [4]. We denote the Riemann surface by Rs and
denote by 7 the canonical projection of Rs to R. Then we see that Ry is un-
ramified and 7n7Y(P, +P,)~7"1(Q,+Q,) and 7 (P;+P,)~7"1(Q3+Q,).
Hence by a simple consideration we see that

I(n~ (P, +P,)) =2, degn (P, +P,)=4
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and n~!(P, +P,) is a half canonical divisor on Rs and the complete linear system
|n=1(P, +P,)| is fixed point free. Similarly, we see that the complete linear sys-
tem |n~!(P;+P,)| is half canonical and fixed point free. Since [d] and [d+s]
are odd characteristics and 2d =2s=0, there exist T;, T, such that d=¢(T,+T,)
+cand Tj, T, suchthat d+s=¢(T;+T,)+c. Furthermore, by the same reason,
there exist S, and S, different from T; and T, such that d+t=¢(S,+S,;)+c and
there also exist S; and S, different from T; and T, such that d+s+t=¢(S;+S,)
+c. We see that n~Y(T,+T,)~n"1(S;+S,) and n Y T3+T4)~n"1(S;+S,).
Therefore, as before, we see that the complete linear systems |z~ Y(T,+T,)|,
|n~Y(T; +T,)| are half canonical and fixed point free. Then, put

Ny =¢'@ (P, + Pp)) + ¢, ny=¢'(@(P3 + Py) + ¢
Ny =¢'(n (T, + Ty)) + ¢, ne=¢'@(T; +Ty) + ¢

Here ¢ and ¢’ have the same meaning in Rs as ¢ and c in R. It is easy to see
that [7,], . , [n4] are even theta characteristics such that [n;+#n,+#3+n,]=0.
Therefore applying the theorem of Accola [1, Th. 2, p. 12] to our case, we see
that R is elliptic-hyperelliptic, i.e., we have an elliptic-hyperelliptic involution
a on Rs. Since 7 is a fixed point free involution, again by the theorem of Accola
[2, Prop. p. 86] we see that = and 6 commute, and so we can construct an involu-
tion o on R.
Similarly, we have the other two involutions on R, starting with

fi=¢@;+P)+c, fo=0¢FP,+P,)+c
and
1=0¢P, +P)+c, fi3=0¢FP,+P;)+c

It is easy to see that these involutions satisfy the properties (1) and (2) of Propo-
sition 1. Here we have to notice that any group of automorphisms which fix
a point is cyclic.

PrOPOSITION 2. Under the same assumptions and notations of Prop. 1,
let ¢, o, be involutions in Prop. 1 such that they do not fix any P;. Then we
have

6162 = 0-201.
Proor. Assume that each of divisors
P,+P,+T,+T} P;+P,+T,+T5 P, +P3+ T3+ Ts,

P,+P,+ T, +T4; P, +P,+Ts+T4 P+ Py +Te+ T,
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is canonical. Since R is non-hyperelliptic, we see that at least one of T;, T
(1< j, k<6) is different from P, (1<i<4).

We see that P;, T, T} are fixed points of (¢,0,)*. In fact, we may assume
that

0,(Py) = P,, 0,(P) =P, 0,(P3) =Py, 02(P;) =P,.
Then we have
(06)*P)=P, (1<i<49).
Hence
(610,)%(P; + P, + T, + T)) =P, + P, + (0,0,)*(Ty) + (0,0,)X(T}).

Since this is canonical, this is linearly equivalent to (P, +P,+T,;+T}). There-
fore, we have (6,0,)%(T;)+(0,0,)%(T))=T;+T;. Thus, we have

(0,0)%T) =T, (0,0)(Ty) =T;.
Similarly we have
(0,0)T) =T, (0,0,)XT) =T: (1<iL6).

Therefore, by the theorem of Lewittes [6, Th. 6, p. 746], if one of T, T}
is not a Weierstrass point then we have (6,0,)*=1. However in this case we have
(6,0,)%=1, i.e., 6,0,=0,0,. In fact, assume that (5,0,)>>1. Since (¢,0,)?
is an involution which fixes four P; (1<i<4), the genus of R/<(6,0,)*>> is zero
or one. Since R is non-hyperelliptic, R/ <(a,6,)>> must be elliptic. Then the
divisor (P, +P,+P;+P,) must be canonical. This is a contradiction. There-
fore if (0,0,)* =1, then all P, T;, T} are Weierstrass points and we see easily that
they are different from each other. However this conflicts with the fact which
asserts that the number of fixed points of a non-trivial automorphism is at most
6 (=2g+2) [3, p. 405].

Thus we can conclude that ¢,0,=0,0;.

ProPOSITION 3. A non-hyperelliptic Riemann surface of genus three, R,
which has two elliptic-hyperelliptic involutions o, 6, such as 6,06,=0,0,
is given by

x* + y* + 2ax2y? + 2bx2 + 2cy? +1 =0,
where a2, b2, c2x1 and 1+2abc—a?—b%>—c2+0.

PrRoOF. We know that the fixed points of &, are four. We denote them
by QY (1<i<4). Then 6,(Q{")=QV (ixj). If we put 6;=0,0,, then o,
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is an elliptic-hyperelliptic involution. In fact, put G={l, ¢,, 6,, 65}. Then
the map: R—»R/G is an elementary abelian covering of type (2, 2). R/G is the
Riemann sphere and the three intermediate Riemann surfaces are all elliptic. Let

fixed points of ¢,, 0; be Q{?, Q{® (1<i<4) respectively. We see that
4 4 4

3 Q, ¥ Q, 3 Q¥ are all canonical divisors. Hereby, we take two func-
i=1 i=1 i=1

tions x, y on R as follows:

dive = £ Q" - £ Q) dive) = £ Q- £ Q.

Then we see easily that

01(x) = — x, 6,()) =y, 6x(x) =%, 65(y) = — ).

Consider the function space
L4 Q) = (f1div() = -4 3 Q).
i=1 i=1

4
The dimension of L(4) Q{®) is equal to 14. Therefore, there exists a linear
i=1
relation in the set {xiy/| 0<i, j<4, i+j<4} and we obtain finally for an equation
of R
f(x, ) = x*+ y* + 2ax?y?* + 2bx? + 2cy? + 1 =0

with constants a, b and ¢. Here we have a2—1=0. In fact, put u=x%+ay?
+b. Then our equation becomes to be

u + (1 —a?)y*+2(c—ab)y?+(1 - b2 =0.

Therefore, if a?—1=0, then the Riemann surface whose function field is C(u, y)
is the Riemann sphere and our Riemann surface R becomes to be a covering sur-
face of degree two over the sphere. This is a contradiction. Similarly, we have
b2—1x0 and ¢2—1x0. Since f(x, y) must be irreducible, we have moreover
14+2abc—a?—b2—c?x0.

REMARK. A curve defined by the equation in Prop. 3 with conditions
stated there is irreducible, non-singular and of genus three. Moreover it is
non-hyperelliptic. In fact, put div(x)= ﬁ: Qi — i Q{®. Then we can put
div(y)=2j Q) — i Q. Let 1 be an a;;;omorp}l;slm of R such that R/<t>
is the splﬁére. Wé—;ee that r(i Q)= i Q¥ (1<k<3) [4], and so we have
Q #)=QW (i% j). Hence x, ye C(R/<r>). This is a contradiction.

PROPOSITION 4. Let R be a non-hyperelliptic Riemann surface of genus
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three. Assume that R has just twelve Weierstrass points. We denote them by
P, (1<i<12). Then, reordering if necessary, we have either

(1) P1+P2+P3+P4, P5+P6+P7+Ps, P9+P10+P11+P12 are all canonical
or

(2) P;+P,+P;+P, is not canonical, but 2(P,+P,+P;+P,)~2K.
Proor. Fori,j=1,2,..., 12, put
tij = ¢2(P; + P;) — K) (i<)p.

These non-zero half periods on J(R) are 66 in all. However there must be 63
(=229—1) non-zero half periods on J(R). Therefore, there must be the same
points in these 66 t;;. Now we may put

2P, + P;) ~ 2(Ps + P,), i.e., 2(P, + P, + P + P,) ~ 2K.
Hence we have
Lo=134 U3z=1lia I 4=13

There exist the same elements in {t;;} besides these elements. Indeed, assume
that there were no more the same elements in {t;;}. Put

k= —¢Q2P) + ;5.

We see that kx —¢(2P) (1<i<12). Put ,=¢(2P)+k (1<i<12). These
are non-zero half periods and different from each other. Therefore they must
coincide with a part of {t;;}. Then, put ts=t;;. We see that i and j are not
equal to 1, 2,..., 6 and so we may put tg=t, 5. Similarly, we may put to=¢ ;.
Finally, put t,,=t;. Then, we see that i and j are not equal to 1, 2,..., 12.
This is a contradiction. Thus, following only three cases can take place:

() 2(Py + Py) ~ 2(P; + Py), 2(Ps + Pg) ~ 2(P; + Py),
) 2(Py + Py) ~ 2(P3 + P,), 2(P; + Ps) ~ 2(Pg + P,),
) 2(P, + Py) ~ 2(P; + P,), 2(P; + P;) ~ 2(P5 + Pg).

12
In case («), we see that 2(Pg+P,,+P,; +P;;)~2K, since we have 23 P,~6K.
i=1

Hence either (1) or (2) occurs. In case (y), we cannot have at the same time
P1+P2+P3+P4~K and P1+P2+P5+P6~K.

Therefore (2) occurs. In case (f), we must carry our investigation further. Con-
sider following 70 divisors
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2(P;+ P; + Py, 1<i<7, 8<j<k<12.

Since 4(P;+P;+P;)~3K, we see that there must be linearly equivalent elements
in them. Therefore, (1) or (2) or the following case (%)

2(P, + P, + P; + P,) ~ 2K,
2(Py + Ps + P¢ + P,) ~ 2K,
2(P, + Ps + Pg + Py) ~ 2K,
occurs. To study case (*) put
tij = ¢(2(P; + P;) — K), 5<i,j< 12,
s = ¢Q2(Ps + P; + P; + P,) — 2K), 6<i<j<k<l2

If some of them coincide or some of them are equal to zero, then case (x) becomes
(1) or (2). Therefore it remains to consider the case that these 28 ¢;; and 35 s;;,
are all the non-zero half periods on J(R). Then, since ¢;;, for example is a half
period, t; ¢ must coincide with one of these 28 ¢;; and 35 s;, and so we are led to
(1) or (2) or, for example if it is equal to tg o, 2(P3+P6+P8+P10) ~2K. Then
we have 2(P,+P,+Py+P;q)~2K by adding 2(P3;+Pg+Pg+P,o)~2K to (%).
Further we see that

Py + P, +P3+ Py, Py +Ps+ Ps+ P;, P, +Ps + Pg + Py,
Py + Pg + Pg + Pyo, Py + Py + Py + Py,
are not all canonical. Thus, we are led to (2).
Now we are in position to prove the following theorem:

THEOREM 2. Let R be a non-hyperelliptic compact Riemann surface of
genus three. Assume that R has exactly twelve Weierstrass points on it. Then
R is given by

¢)) y»-y-x*=0
or
4 6 2 2
2) x+y +----xy +\/ -(x24+y2) + 1 =0.

REMARK. (1) is birationally equivalent to
(1) x4yt =1

and (2) is birationally equivalent to
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@) xt+ yt+ 322+ %2 + ) +1=0.

It is easy to see that the former has exactly 96 automorphisms and the latter
has exactly 24 automorphisms.

Proor oF THEOREM 2. By Proposition 4, our proof is divided into two
cases:

Case (1): We take P, instead of P, in §2. There exists a function x such
that

div(x) = P, + P; + P, — 3P,.
Then as we see in § 2 the equation of R is given by
J&x 9) = y* = p2(x)y — 73(x),
y2(%) = apx? + a.x + a,,
y3(x) = x* + byx3 + b,x2 + byx + by.

Consider the Wronskian of R. Then we have
12
div(y"f3) + 6div(dx/f) =23 P,.
i=1
Here div(dx/f,)=4P;. Hence we obtain
. 12
div(y"f3) = 2(X P, — 11Py).
i=2

On the other hand, there exist functions
Aix+ By+ Cy, Ayx+ B,y + C,

such that
div(A;x + B;y + C,) = Ps + P¢ + P, + Pg — 4P,,
diV(A2x + Bzy + Cz) = Pg + PlO + Pll + P12 - 4P1,

with suitable constants 4’s, B’s and C’s. Here we must notice B;B, 0. There-
fore we obtain

V'f3=x*A1x + By + C)*(A,x + By + Cy)2.

We shall express both sides of this equation by the linear combinations of a basis
of the function space L(22P,);

{xiy;0<i<7,0<j<2 3i+4j<22}.
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On the left, we have
V'35 = Or3vs + 31295 69373)y?
+ (4937 — 20295 + 9ya¥5 — 6¥5))y
+ Gr273v3 — 2927275 + ¥373) -
On the right, we have
x¥(A;x + B;y + C)*(A,x + B,y + C,)?*
= x2{B}B3y, + B3(A,x + C,)* + B¥(A4,x + C,)?
+ 4B By(A;x + C,)-(A,x + C,)}y?
+ x2{B{B}y; + 2B By(By(A;x + Cy) + By(4,x + C))y,
+ 2(A;x + C)(Ax + Cr)(By(Ax + C,) + By(A;x + Cy))}y
+ x2{2BB,(B,(A1x + Cy) + B;(4,x + C,))y;3
+ (41x + C)*(4,x + C)%}.
Comparing the coefficients of both sides we obtain
2BB,(B,A, + B;A4,) =0 (in x7),
B2B% = 12, 18b, = b,B}B3 (in x5y, x3y).
Hence we have
B,A, + BjA, =0 and b; =0.
From the coefficients of x3y? we have 4,C,+A4,C;=0. Hence we have
aga; =0 (in x%).
Now, if a,=0, then we have 4,4,=0 (in x*y?). Hence we obtain
b, =0, B,C, + B,C, =0  (in x*y, x%).
Therefore,
a; =0 (inx%), by = b, =0 (in x3y, x2y).
Thus for the equation of R we have
yP—a,y—x*=0 (ay=0).

It is easy to see that this is birationally equivalent to the Riemann surface defined
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by
yi—y—x*=0.
If a, =0, then we have b;=0 (in x3y) and the equation becomes
[, y) =* = apx?y — ayy — (x* + byx* + by) = 0.
We may put the coordinates of P; (0, ;) (2<i<4). Then
f0, B) =0, div(y — f;) =4P;, — 4P,.
Therefore, for i=2, 3 and 4 the equation
f(x, B) = —x*—(agfi + bp)x* =0
has x=0 as a quadruple root. Thus we have
apfi + b, =0 (2<i<4).
Hence we have ag=b,=0 and our case is reduced to the former.
Case (2): By Propositions 1, 2 and 3 we have
f(x, ¥) = x* 4+ y* + 2ax2y? + 2bx? + 2cy* + 1 =0

for the equation of R.

First, we have to remark following two properties:

(#) A necessary and sufficient condition for Q{¥’ (1 <k<4) to be Weierstrass
points is b=c=0.

In fact, if we put u=1/x, v=y/x, then the equation comes to be

g(u, v) = u* + v* + 2cu?v? + 2bu? 4+ 2av* + 1 = 0.

We may assume that the coordinates of Q{3 is (u, v)=(0, o) (1<k<4). Since
9.0, a,)=0, u=0 must be a quadruple root of g(u, a,)=0. Hence we obtain
b=c=0, and vice versa.

By the same way, the necessary and sufficient condition for Qg (1<k<4)
to be Weierstrass points is a=b=0 and for Q{?’ (1<k<4) to be Weierstrass
points is c=a=0.

(##) A necessary and sufficient condition for one of Q{!’ (1<k<4) to be
a Weierstrass point is a2+ b2 —2abc=0.

In fact, let the coordinates of QL be (0, #). Then since x=0 must be a
quadruple root of f(x, f)=0, we have ‘

pr+2cf2+1=0, ap*+b=0.
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Hence we have a2+ b%—2abc=0, and vice versa.

By the same way, a necessary and sufficient condition for one of Q{? (1<k
<4) to be a Weierstrass point is a2+ c?—2abc=0 and for one of Q{¥ (1<k<4)
to be a Weierstrass point is b2+ c¢2—2abc=0.

Now we shall prove Theorem 2.

First, assume that for some i(1<i<3), Q{",..., Q%) are Weierstrass

points. For example, if i=3, we see that b=c=0 by (¥) and the equation comes
to be

Y4 = X*+ 2aX? + 1

by a suitable birational transformation and by the standard method used in §3,
we see that for the Wronskian of R

W= (aX*+ 3X3 — a2X? + a)(dX)°|Y1e,
To have just twelve Weierstrass points it must be a= + 3 and we have
(%, p) = x*+ y* £ 6x2y3 + 1 = 0.
It is easy to see that this is birationally equivalent to
x*+y*=1, ie, y) —y—x*=0.

Secondly, we shall show that the other cases are reduced to the case (¥) or
to the case where we have a= +3/5 and b2=c?=9/5. Now let P be a Weierstrass
point whose gap sequence is {1, 2, 5} and is not a fixed point of any of ¢; (1<i

4
<3). Since 4P~ Q?, there exists a function Ax+puy+v such that 4P—
4 k=1

> Q¥ =div(Ax+puy+v). By the assumption of P we may assume that Auv
k=1

+0. Hence, we rewrite

4p — kile = div(Ax + py + 1).
Put
F(x) = f(x, — (Ax + D/pu*
= Aox* + 44,x3 + 24,x* + 44;5x + A,.
Here
Ao = A* + p* + 2a2%p?, A, = A(4% + ap?),

Ay =322 4+ au? + bp* + cA?p?,
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Ay =M1 +cp?), Ay =1+ p*+ 2cu?

Since the zeros of Ax+puy+1 are only P, F(x) must have a quadruple root in x.
Hence we have

342 — Agd, = 0(1), A,A, — 34,45 =0(2),
AjA; — AgA, =0(3).
Put I=12, m=pu2. From (2)
g.(I, m) = = 2¢l? + (ab — 3¢)m? + (b — 5ac)lm — 2al + (a? — I)m
=0 .
From (1) x 4;— (3) x 34,,
(3a — beym? + (3 — ¢»)lm + 2¢l + (Sac — b)m + 2a =0 3).
Use y instead of x. Then we have
g.(l, m) = (ac — 3b)I2 — 2bm? + (¢ — Sab)im + (a® = 3)| = 2am =0 (4,
Ba—-bo)l2+ (3 - b?)Im + (Sab—c)l +2bm +2a =0 (5.

If (4)=(4’), then by a simple calculation we have b=c=0. However this
conflicts with our assumption by (#). Therefore we may assume that (4) =(4).
If (5)=(5'), by a simple calculation we have b=c=0 or

a=3/5 b%2=3a=295 for b=cx0,
a=—-3/5 b>= —3a=9/5 for b= —c=x0.

Hence we are led to the case (¥) or to the case a= +3/5 and b2=¢2=9/5. There-
fore we may assume that (5§)=(5"). Then we have further

g5(l, m) = (3a — bc) (12 — m?) + (¢? — b?)Im + (5ab — 3c¢)l
— (5ac -3bm =0 6).

Assume that any of twelve Weierstrass points {P;} is not fixed by any of a,,
o, and o5. Then we have three distinct (I, m) for the twelve Weierstrass points
{P;}. Therefore, equations (4), (4') and (6) have four common points. Of
course (0, 0) is one of these common points. Since (4) is a conic different from
(4'), there exist k and k’ such that

kgl(l’ m) + gz(l’ m) = k,g3(l’ m)-

This means that we have
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—2ck +ac—3b _ (ab—3c)k —2b _ (b—Sac)k+c—5ab
3a — bc bc — 3a c? - b?

_ —2ak+a*—3_ (@ —3)k—2a
Sab — 3¢ 3b — Sac

By an elementary calculation we see that
a=b=0 or b=c=0 or b*=c2x0.

The first two cases conflict with our assumption by (¥). For the last case R has
two more elliptic-hyperelliptic involutions 7, and 7, defined by

71 (%, ) — (1, %), 128 (%, ) — (=, —X), if b=c,

and
700 (%, y) — (= iy, ix), 151 (x, y) — (iy, — ix), if b=-—c.

Then we have 13=1,7,=1,7, (=03). We remark that if we put x to ix then the
case b= —c is reduced to the case b=c.

Now, assume that there exists a Weierstrass point which is not fixed by any
of 0;, 7; (1<i<3). Then eight points

P, 7,(P), a,(P),..., 05(P), 0,7,(P),..., 637,(P)

are Weierstrass points which are not fixed by any of a;, 7; (1<i<3). Therefore
we see that there are fixed points of some of ¢, ¢,, 65 and 74, 7,, 73 (=03) in the
twelve Weierstrass points. We remark here that if P is a Weierstrass point which
is not fixed by any of g; (1<i<3), then four points P, ¢,(P),..., 65(P) are point
of the same kind. Use 7, if necessary, instead of 6. Then by the same argument
as above, we are led to the case (¥) or to the case (##) satisfied for two i’s or to the
case a= +3/5 and b>=c?=9/5. Further, for the case (##) satisfied for two i’s
it is reduced to the case (¥) or the case where we have a= +3/5 and b2=c?=
9/5.
Finally we have two cases: The first is

x4yt =
and the second is

\/6—5—(x2+y2) +1=0.

xt+ y* +%x2y2 +

The former has its Weierstrass points by fours on each three straight lines but the
latter has its Weierstrass points by fours with common points on each six straight
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lines.
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Therefore they are not conformally equivalent.

REMARK. The second one is birationally equivalent to

x*+ 4+ 32+ x2 4+ p) + 1 =0

and we can represent this equation in homogeneous coordinates as

[1]

[2]
[3]
[4]
(5]
[6]
[71

18]

x4+ y* 4 z% 4 3(x2y? + p222 + 22x2) = 0.
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