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1. » Introduction

The decomposition problems of a graph arise in the filing theory and the
combinatorial theory of design of experiments. These problems have been
developed by Bermond and Schonheim [2], Bermond and Sotteau [3], Erdos,
Sauer and Schaer [5], Huang and Rosa [7] and so on. Yamamoto, lkeda,
Shige-eda, Ushio and Hamada [16] have completely solved the problem of
claw-decomposability of a complete graph. The claw-decomposition of a com-
plete graph yields an optimal binary-valued balanced file organization scheme of
order two which is called a Hiroshima University balanced file organization scheme
of order two (HUBFS,) [17]. A binary-valued balanced file organization
scheme is said to be optimal if it has the least redundancy among all possible
binary-valued balanced file organization schemes having the same parameters,
provided the distribution of records is invariant under the permutation of at-
tributes. A necessary condition and some sufficient conditions for complete
graph to be decomposed into a union of subgraphs have also been given by
Yamamoto and Tazawa [19]. The subgraph is a generalized graph of a claw
which is called a hyperclaw. This hyperclaw decomposition provides us an
optimal binary-valued balanced file organization scheme of general order k,
which is called an HUBFS,, in the above-mentioned sense [20].

Recently, the decomposition problems of other graphs than a complete graph
have been investigated by many authors. Myers [9] has investigated the decom-
position problems of the product of a complete graph with itself. Sumner [12]
has given some theorems on the 1-factorization. Bermond [1], Schonheim
[11] and Wilson [15] have investigated the decomposition problems of the
directed complete graphs. The decomposition problems of a complete multi-
partite graph have been devéloped by Cockayne and Hartnell [4], Tazawa, Ushio
and- Yamamoto [13]; Ushio, Tazawa and Yamamoto [14] and Yamamoto,
Ikeda, Shige-eda,” Ushio- and Hamada [16].. Yamamoto, Ikeda, Shige-eda,
Ushio and ‘Hamada [16] have completely solved the problem of claw-decom-
posability of a complete bipartite graph. Ushio, Tazawa and Yamamoto [14]
have given a necessary and sufficient condition for a' complete ‘m-partite graph
K, (n, n,..., n) with m sets of n points each to be decomposed into a union of
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line-disjoint subgraphs which are isomorphic to a claw. This result covers the
claw-decomposition theorem for a complete graph in [16]. Tazawa, Ushio and
Yamamoto [13] have also given a necessary and sufficient condition for the
decomposability of K,(n, n,..., n) into a union of line-disjoint subgraphs each
isomorphic to a partite-claw. A partite-claw-decomposition of a complete
m-partite graph yields an optimal multiple-valued balanced file organization
scheme of order two in that it has the least redundancy among all possible bal-
anced schemes with the same parameters for an equally likely distribution of
multiple-valued records. Such an optimal scheme is called a Hiroshima Univer-
sity balanced multiple-valued file organization scheme of order two (HUBMFS,)
[18].

In this paper, we shall, in particular, establish a necessary and sufficient con-
dition for a complete m-partite graph K,(n, n,..., n) to be decomposed into a
union of line-disjoint subgraphs, each being isomorphic to a generalized graph

of partite-claw.

2. Preliminaries

The reader is referred to [6] for any term not defined below. Consider a
graph without loops or multiple lines. Let m (>2) be an integer. A graph is
said to be m-partite if there exists a partition of its point set into m subsets V,,
Vs,..., V,, such that no line joins two points in the same subset. V{, V,,... and
V, are called its independent sets. An m-partite graph is denoted by G,(n,,
Rj..., N,,), Where n; is the cardinality |V;| of V, (i=1, 2,..., m). An m-partite
graph is called complete, denoted by K,(n,, n,,..., n,,), if it contains every line
joining different independent subsets. A complete graph K,, with m points may
be considered as a special case of complete m-partite graph where n,=n,=---=
n,=1. A complete bipartite graph K,(1, ¢) with ¢+ 1 points and ¢ lines is called
a claw or star of degree ¢ (>2). A point of degree c is called a root and each
point of degree one is called a leaf of the claw.

Consider a claw which is a subgraph of an m-partite graph G,(n,, n,,..., n,,)
with m independent sets V;, V,,..., V,. Let V;, V,,..., ¥, _, be the point sets
not containing the root point of the claw and let v; be the number of the leaves
in ¥, for a=1,2,...,m—1. Then the claw is said to be evenly-partite in the
Gu(ny, N,y ny,) if [v;, —v;,| <1 holds for every a, =1 2,...,m—1. A partite-
claw (PC) in [13] is a special case of an evenly-partite-claw (EPC) in which every
point set contains at most one leaf. In Fig. 1, a 4-partite graph G,(4, 4, 3, 3)
with four independent sets V,, V,, V,, V, of 4, 4, 3, 3 points each is given. Two
claws of degree five being subgraphs of the same graph G,(4, 4, 3, 3) are also given.
Fig. 1 (a) shows an EPC since v,=v;=2 and v,=1, while the claw in Fig. 1 (b)
is not evenly-partite since v,=3, v3=2 and v,=0.



Claw-Decomposition and Evenly-Partite-Claw-Decomposition 505

G,(4, 4, 3, 3):

x X
v, v, v, 2
= x  T~=x x
x*x x
x x x x
x x x x
@) (b)

Fig. 1. Two claws of degree five

DErINITION 2.1. Let G be a graph with ¢ lines. A complete m-partite
graph K, (n, n,,..., n,) with m independent sets of ny, n,,..., n,, points each is
said to have a G-decomposition of degree c if it is a union of line-disjoint
subgraphs each isomorphic to the graph G.

3. Adjacency matrix

In this section we shall observe that the G-decomposition problem can be
considered by using the property of adjacency matrix associated with a graph.
A directed graph obtained by assigning a direction to every line of a graph is
called an oriented graph. Let K, (n,, n,,..., n,,) be a labeled complete m-partite
graph with m independent sets V;={v; |lip=n;+n,+--+n,_;+p, p=1,2,...,n;}
(i=1, 2,..., m) and consider an oriented complete m-partite graph K,(n,, n,,...,
n,). The number of such oriented K,(n,, n,,..., n,)’s is, of course, 2* where
/A=":Z; 12’:+1n‘nj' To an oriented K,(ny, n,,..., n,) there corresponds a 0-1

adjacency matrix of order g’x n;
3.1 M= "Mu"
composed of m2? submatrices M;;=|m,, ;|| of size n; x n; defined by
1 if v;, is adjacent to v,
Mip,jq = {

0 otherwise.
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Clearly,
(3.2) My =0 and my, ;, +mj, ., =1

hold for all p, q,i and j (#i), i.e., M;=0 and M;;+M7;=G,,,, (i# j), where
G,, denotes a t x u matrix whose elements are all unity.

Conversely, a 0-1 matrix of order f: n; satisfying (3.2) produces an oriented
complete m-partite graph K, (n,, nz,il, n,). Thus for a labeled complete
m-partite graph K,(n,, n,,..., n,,) there is one-to-one correspondence between

m m
oriented K, (n,, ny,..., n,)’s and > n;x > n; binary matrices satisfying (3.2).
i=1 i=1

THeoREM 3.1. A complete m-partite graph K, (ny, n,,..., n,) has a claw-
decomposition of degree ¢ if and only if there exists an oriented K,(n,, n,,...,
n,) whose adjacency matrix M=||M;;| of order i‘; n; satisfies the following
condition:

(a) Every row sum of M is an integral multiple of c, i.e.,

m nj
21 qzlrnip'jq = a;,c for p=1,2,..,n; i=12,.,m.
=1 4=

This theorem is proved by the same method »a'_s in Ushio, Tazawa and Yama-
moto [14] and we omit the proof. In the following theorem we consider an
evenly-partite-claw instead of a claw.

THEOREM 3.2. A complete m-partite graph K,(ny, n,,..., n,) has an
EPC-decomposition of degree c if and only if there exists an oriented K,(n,,

m
N,..., N,) Whose adjacency matrix M=||M;|| of order % n; satisfies Condition
=1

(a) of Theorem 3.1 and the following condition:
(b) The submatrix M;; satisfies the row sum constraints

nj .
a,k < q; m;, i, < min (a;,(k + 1), n;) for p=1,2,...,m

for every pair of i and j (#i), where k is the greatest integer not exceeding
c/(m—1).

PrOOF. Suppose K,(ny, ns,..., n,) has an EPC-decomposition of degree c.
Consider an oriented K,,(n,, #,,..., ,,) obtained by assigning a direction to every
line in such a manner that the point corresponding to the root of an EPC
is adjacent to the other end points corresponding to its leaves. Let M- be the
adjacency matrix corresponding to the oriented K,(n,, n,,..., n,). If a;, denotes
the number of EPC’s which have the same root point v;,, then there are exactly
a;,c points adjacent from v,,, because the degree of every EPC is c. Thus Con-
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dition (a) holds for the adjacency matrix M. Since an EPC with the root v;,
has k or k+1 leaves in V; for every j (#1i), there are at least a;,k points and at
most min (a;,(k+1), n;) points in V; (j#1) which are adjacent from v;,. Thus
we have Condition (b) for M. Conversely, suppose that there exists an oriented
K,(ny, ny,..., n,) whose adjacency matrix M = ||M,;|| of order Z n; satisfies Con-
ditions (a) and (b). Then we shall show by a constructive method that K,(n,,
n,..., hy,) has an EPC-decomposition of degree ¢. Construct an a;,x m non-
negative integral matrix B=|b,;||, where b,; satisfies ksb,,jsk+1 for every
h=1,2,..., a;p and j=1, 2,...,m (5i). Its row and column sum vectors are
denoted by (c,c,...,c) and (sy, Sa,..., 5,), TESpPEctively, where s;= i‘, My g
Such a matrix can be constructed (cf. Corollary 1.3 and Theorem 1.1 in [16]),
since a;,k<s;<min (a;,(k+1), n;) by Condition (b). Next, partition the set of
s; I’s standing on the pth row of M;; m M into a;, subsets Sy;, Szj,..., S,,,; of
byj byjs---s by,; 1’'s €ach.  Then S,= U Sy, is the set composed of ¢ 1’s for every
=1

h=1,2,..., a;,. Thus if we select c¢ lines corresponding to ¢ 1’s of S, out of
K,(n,, n,,..., n,), then a collection of those ¢ lines corresponds to an EPC of
degree c. Hence K,(n,, n,,..., n,) has an EPC-decomposition of degree c.

m
Let a;, (p=1, 2,...,n;; i=1, 2,..., m) be } n; nonnegative integers satisfying
i=1

m n m—1 m
> Ya,=(X 2 nnpfc. Consider the following:
i=1 p=1 i=1 j=i+1
(1) An mxm nonnegative integral matrix X = | x;;| satisfying
m
(3.3) Zl ij=c Z Qips X5 =0, X;;+ x5 =n;n; @i#)).
j= p=1

(2) m nonnegative integral matrices Y;=|y,, ;ll (i=1, 2,..., m) of size n;xm
satisfying

(34) j;lyw,j = aipc’
3.5) 2 Yip,j = Xij»
p=1
(306) k < ylp] min (alp(k + 1), J) (l # J)s

where k is the greatest integer not exceeding c/(m —1).

3) ('g ) 0-1 matrices M¥,=|Im%, |l (1<i<j<m) of size n,xn; satisfy-
ing

ni
(3.7 . Z mYy.ja = Vip,; and ‘Elmfp,jq =M= Vg
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Then we prove

THEOREM 3.3. If the above-mentioned matrices X, Y, and M}; can be
constructed, then K, (n,, n,,..., n,) has an EPC-decomposition of degree c.

m m
Proor. Consider a ) n;x 3 n; matrix M=|M;;|| composed of m? sub-
i=1 i=1

matrices M;;=[\m,, ;| of size n;x n; defined by

MY; for i<j

M;=(0 for i=j

ij

Gun, — M3T for i>j.

Then M is an adjacency matrix of an oriented K, ,(ny, n,,..., n,,) since M satisfies
(3.2). Moreover, since we have }f My, o= Yip,; for i, j=1,2,...,m by (3.7), it

follows from (3.4) and (3.6) that qM satisfies Condition (a) of Theorem 3.1 and
Condition (b) of Theorem 3.2. Thus K,(n,, n,,...,n,) has an EPC-decom-
position of degree c.

Note that Theorems 3.2 and 3.3 are respectively identical with Theorems 4.1
and 4.2 in Tazawa, Ushio and Yamamoto [13] for n,=n,=:--=n,, and k=0.

4. Claw-decomposition

With respect to G-decomposition of a complete m-partite graph K, (n,,
n,,..., n,) where G is a claw, we have the following theorem.

THEOREM 4.1. Let ny, n,,..., n,, (m>2) be m positive integers. If a com-
plete m-partite graph K,(n,, n,,..., n,) has a claw-decomposition of degree c,
then the following two conditions hold:

(i) cis a factor of Z f} nn;.

Jj=i+1
m—1 m
2 mn;

(i) c< i=1 J=i+1

Zn —maxn

i=1

. . . m—1 m
ProOF. Since the number of lines of K,(ny, ny,...,n,) is ¥ > mn;,

i=1 j=i+1

Condition (i) is obviously necessary. Let V;, V,,..., V,, be m independent sets of
K, (ny, n,,..., n,), where |V|=n; for i=1,2,...,m. Let y; be the number of
claws whose roots are points of V; (i=1, 2,..., m). Then we have y;>n; for all
i except at most one, say j,, since K, (n,, n,,..., n,) has a claw-decomposition of
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degree c. Therefore, we have

m—1 m

g _2: ninj m m m
4.1) Mcl*l__=2yi2 2 n = 2. n; — ny,.
i=1 i=1 i=1

Hence Condition (ii) is necessary since n;,<maxn;.
J

For the case n,=n,=-.-=n,,=n, Ushio, Tazawa and Yamamoto [14] have
shown that a necessary and sufficient condition for K, (n, n,..., n) to have a claw-
decomposition of degree c is that (i) and (ii) in Theorem 4.1 hold.

THEOREM 4.2. Let n,, n,,...,n,(m>2) and c(=2) be positive integers
satisfying Condition (i) of Theorem 4.1. Put b=(m21 i nnj)le. If b is an
i=1 j=i+t

integral multiple of i n;, then K, (ny, n,,..., n,) has a claw-decomposition of
i=1
degree c.

The following lemma, which has been given by Moon [8], is useful for the
proof of Theorem 4.2.

LeMMA 4.3. There exists an adjacency matrix M of an oriented K,(n,,
Na,...s Ny) Which has a given row sum vector (0tyy,..., Ayps Xagseees Xampseess Opgseees
m n; m-1 m
Opn,) SALiSfying 3 > o= 3 mn; and oy 20> 2oy, for all i if and
i=1 p=1 i=1 j=i+1
only if the inequality

m k m m
(4.2) P Sa,<KN-3 knm-1kr+ 13k
=1 p=1 = 2 25

holds for every set of m integers k; satisfying 0<k,<n;, where N=n,+n,+---+
n, and K=k1+k2+"'+km.

Proor oF THEOREM 4.2. Put a;,=b/N and o;,=a;,c for p=1,2,...,n

—1 m m—-1 m
i=1,2,..,m. Then ¥ za,,, S 3 nm. Since be='Y S mn;=(N2—
i=1 p=1 i=1 j=i+1 i=1 j=i+1

m m k m
Y n3)j2, we have 3 3 #,=(N2—3 n})K/2N. Thus
i=1 i=1 p=1 i=1

(4.3) EN=Fkm-Ltrry L3 P $o =S
) =R ] 2 & &5 2N °

where S=NK(N — K)+KZ‘, n?— NZ k(2n;—k). Let t;=n;—k; (i=1, 2,..., m).
Then, substituting into S the followmg three identities

N=3t+ 2k
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Xni =31+ 23 kt; + 2k}
2ki2n; — k) = 23 kit; + ki,

we have
i=1 Jj=1 " I=1 i=1 Jj=1 i=1 Jj=1 i=1 j=1 Jj=1

= Zk{(t + th)(ti+ Zt)—Zt:(t:-f- Zt;)+(t’+ 212)}
j#

i #1 1#1 _]#l
+ ¥ u(E k- £ i3
i=1 Jj=1 Jj=1
=2hk(xt; 20+ X+ Lal(X k) — 2 k).
i=1 Jj=1"1=1 Jj=1 i=1 j=1 Jj=1
J#Ei 1#i J#i

Since ;>0 (i=1, 2,..., m) and (Z k,)2 Z k3>0, S>0 is obtained. There-
fore, the inequality (4.2) holds. It follows from Lemma 4.3 that there exists an
adjacency matrix M satisfying Condition (a) in Theorem 3.1. Hence K,(n,,
n,,..., n,) has a claw-decomposition of degree c.

5. Evenly-partite-claw decomposition theorem

In the following we shall restrict our attention to the case that n,=n,=--.=
n,=n. Let ¢ be a positive integer and put c=(m—1)k+1!(0<Il<m-1). For
k=0, Tazawa, Ushio and Yamamoto [13] have given the following theorem:

THEOREM 5.1. Let m, n and c be three positive integers satisfying m—1>
¢>2. Then a complete m-partite graph K,(n, n,..., n) has an EPC-decom-
position of degree c if and only if

(i) cisa factor of( 'g )nz, and

(ii) c<m-—1ifnisevenand c<m— 1-n if nis odd.

w1

As usual, let | 7] be the greatest integer not exceeding r and [r] be the smallest
integer not less than r. For k>1, we have the following theorem which will be
proved in Section 6.

THEOREM 5.2. Let m, n and c be three positive integers satisfying ¢ >m>3.
Then a complete m-partite graph K,(n, n,..., n) has an EPC-decomposition of
degree c if and only if the following three conditions hold:
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(i) cis a factor of( 'g >n2.

(i) c< ('”;—”” + 1.

(iii) (m-— 1){#}31 +v, < m_(rgz-;_l)_rf <(m- I)Lmin (%zc-, vz)J+ v,

where

n?(m — 1)(2c — mk — m) _ n*(m— 1)(2c — mk)
e — k= 1) and 0= R :

vy =

When I=m—1, Conditions (i)-(iii) in Theorem 5.2 are simplified as follows:

COROLLARY 5.3. Let c¢c(=m) be an integral multiple of m—1(>2).
Then a complete m-partite graph K,(n, n,..., n) has an EPC-decomposition of
degree c if and only if the following two conditions hold:

(1) 2c is a factor of (m—1)n2,

@) cs(—’”—zl—)ﬁ.

ProoF. Note first that k>1. It is enough to show that Conditions (1)
and (2) hold if and only if Conditions (i)-(iii) in Theorem 5.2 hold. If (i), (ii)
and (iii) hold, then (1) is obtained by the first inequality in (iii). (2) is also ob-
tained by (i), (ii) and m>3. Conversely, if (1) and (2) hold, then (i) and (ii)
hold obviously. It can be shown easily that the first inequality in (iii) is ob-
tained by (1) and that the second inequality of (iii) is obtained by (2).

6. Proof of Theorem 5.2

6.1. Necessity
Suppose that K, (n, n,..., n) has an EPC-decomposition of degree c. Then
¢ is obviously a factor of the number of lines of K,(n, n,..., n) (namely ('g )nz).

Let V;, V,,..., V,, be m independent sets, each cardinality being n, of K, (n, n,...,
n) and let y; be the number of EPC’s whose roots are points of V, (i=1, 2,..., m).
Then we have the following statements which are immediate consequences:
(1) Every line belongs to exactly one EPC.
(2) For each EPC, there are I independent sets such that each set contains
k+1 leaves and there are m—1—1 independent sets such that each set
contains k leaves.
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(3) y;=>n for all i except at most one, say j,. .

Consider now any m—1 sets V;, V,,,..., V; _, where {i, izs..., in—1}<={1,
2,..., m} and consider an EPC whose root is a point in either of V;, V,,,..., ¥, ._,.
Let X denote the set of all lines joining V;, and ¥, for all a, f=1, 2,..., m—1
(x#p) and let N denote the number of lines contained in X and in the EPC.
Then from the above-mentioned statements (1) and (2) it follows that c—k—1<
N<c—kholds. Thus it is easy to see that the cardinality of X satisfies

(6.1) (':gy,.)(c —kxm= 1)(2’” =2t o ('gy,,)(c —k-1).

When i,# j, for a=1, 2,..., m—1,

6.2) (m — ‘)(;" =D S m = Dn(c - k — 1)

m—1
since Y y;, >(m—1)n by the statement (3). Substituting k=(c—1I)/(m—1) into
a=1
(6.2) we have cs@—;i)ﬂﬂ that is Condition (ii). We shall show that Con-
dition (iii) is necessary. Consider in (6.1) a set V; and the remaining m—1 sets
m—1
Vi Vigpeos Vi,,..,» Then since ¢ 3 y,.=<g’)n2—y,c (j#i,; =1, 2,...,m—1),
a=1
(6.1) becomes

(6.3) {11(_'"7;_1)_"2 _ y,}(c —pys m= l)(2m - )n?

z{-’f'(’"—z‘c‘l”—z—y,}(c—k- 1.

Thus with respect to y;, we have

n?(m—1)(2c — mk — m) n¥(m — 1)(2c — mk)
Tec—k=1) =ViST 72—k

(6.4)

for j=1,2,...,m

since ¢>k+1. Consider two sets V; and V; (i#j). Since the number of lines
joining V; and V; is n?, it can easily be seen by the statements (1) and (2) that

6.5 i+y)k+D)=n2>W;+y)k for i#j;ij=12..,m

holds. Thus we have

(6.6) Vi = I_T(k_n:-—l_):l for all i except at most one,
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by the first inequality of (6.5). Applying (6.6) and the first inequality of (6.4)
to > y;, we have

n?(m—1)(2c — mk — m) )

m(m — 1)n? _ n
67 ——F——=(m 1)(:z(k + 1)] + 2c(c—k—1)

2c

The second inequality of (6.5) gives
(6.8) n< l_é%,l Jor all i except at most one,

since k>0. The application of (6.8) and the second inequality of (6.4) to X y;
gives

m(m — 1)n? . 2 n:(m— 1)(2c — mk)
69) P Dr < m - 1)me e e )_l

+ n?(m — 1) (2c — mk)
2¢(c — k) )

Hence combining (6.7) and (6.9) we obtain Condition (iii).

Note that Condition (ii) of Theorem 5.1 is obtained by substituting k=0
into the inequality (6.7).

6.2. Saufficiency

For a set of parameters m, n and ¢ satisfying Condition (i), we write in the
form

(6.10) m(m — 1)n

e =mna +r ©O<r<mn).

Then we have two cases; a=0 and a>1 to prove that the remaining conditions
(ii) and (iii) are sufficient.

1°) Case a=0: In this case, we obtain m=c and n=2 by Condition (ii).
Define m? square matrices M;; (i, j=1, 2,..., m) of order two by

1, for 1<i<j<m-1
(6.11) M;;=1(G,, for 1<i<m-1land j=m
0 for i=j,

MU = G2'2 - Mj. for i >_I,

where I, denotes the identity matrix of order z. Then it is easy to check that the
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0-1 matrix M=||M;;|| of order mn composed of these submatrices M,; satisfies
Condition (a) in Theorem 3.1 and Condition (b) in Theorem 3.2. Thus K, (n,
n,..., n) has an EPC-decomposition of degree c¢=2.

2°) Caseax>1: Write r=md+s(0<s<m). Let J, and J, denote the
sets {1, 2,..., s} and {s+1, s+2,..., m}, respectively. Let

[ a+1 r=12,..,d)

(6.12) a, =
a (p=d,+1,d,+2,.,n)

for ieJ; and A=1, 2, where d;=d+1 or d according as A=1 or 2. Then a,;,’s
satisfy gjl ;1 a;,= <'g>n2/c.' It can be proved that K,(n, n,...,n) has an
EPC-decomposition of degree ¢ by the fact that the matrices X, ¥; and M}; in
Theorem 3.3 can be constructed for the particular set of a;, in (6.12). The con-
structions of such matrices X, Y; and M}; are given in Sections 7, 8 and 9, in
order.

7. Construction of X

As stated in [13], suppose that four nonnegative integral matrices X, (4,
=1, 2) satisfying

n¥(G,, s, — 1) for A=y
(7.1) X+ XY, =

n%G,, ., for A#u,
(7.2) [X:1 Xi2lim = c(na + d))j;,

can be constructed, where j, denotes a t-vector whose components are all unity
and s,=s or m—s according as t=1 or 2. Then the matrix

X X2
(7.3) X =
X2 X3

is a required matrix satisfying (3.3). These submatrices X,, can be constructed
by the same method as in [13]. So we have the following results which are given
for the respective cases that n is even and odd.

(1) Casen iseven. Lets,c/lm=s;x+y; 0<y,<s,for A=1,2. Then

2
X, =2%(G

> -1,) for 2=1,2,

Sa,84

(7.4) i )
X2 = (% + )Gus + By Xor = (% = %)Grrpe, = BT,
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where B is a 0-1 matrix of size s, x s, whose row sums are all y, and whose column
sums are all y,.

(2) Casenisodd. Let

_l2c—m
x_l. 2m _|’

=1 m-—s—1 _ e er— o (2¢—m _
yy=(m-=1) 3 + 5 c(na+ d)— sx s1< o x),

— 2 +1 s —=1_ — o f2c—m _\
yva=cna+d+1)— (m—1) 3 +—-—2 (m—s)x=1s, m x).

Let B be a 0-1 matrix of size s, xs, whose row sum vector @ and column sum
vector B are respectively

(y2’ YVaseees }’z) for Odd Sy
al = { 1
(yz*%,...,yz—é—, Yz+?,---,y2+%> for even s, and
51/2 31/2
(yla Viseeos )’1) fOI' odd Sy
A=
L 1 1 1
J’1+‘5,--.,y1+-5,y1— V1T g for even s,.
5212 5,/2
Then
2
X, = n > I(Gu.u -1,)+ T}}"'*/z“‘*/“’“ for A=1,2,
(7.5)

2 1 2 1
X, = (" 2+ + x)G,h,, +B, Xy = (” - x)G,z_,l — BT,

where T(#t-#2) =||t, | is a square matrix of order v defined by

(1.6) ;=

1 if j—1=ii+1,..,i+u;—1 mod v fori=1,2,.., ngzr_lJ and
- if j=1=i,i+1,.., i+u;—1 mod v fort=Lv_”2f_1J+l,LvJ2rlJ+2M ,

0 otherwise.
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8. Construction of Y,

For the matrix X in the preceding section, partition the partial row sum
> x;; of X on the submatrix X, into two parts
JeJa

1) _|dia+1) J (2) ={(” d;)a ]
8.1) Sitaa Lna+ 7, jglxu , SiMa na ¥+ d, jg,\xu

for ieJ; (A=1, 2). Further, partition the partial row suijJ x;; of X on X,,
€
into two parts g
) _[diat]1) 1 ) = L(n dy)a _‘
(8.2) Situ [na ¥ d, jguxfj s SS.Au na + d, jg..x‘]

for ieJ; and A, p=1,2 (A#p). Let W,=|w{?| (i=1,2,...,m) be m non-
negative integral matrices of size 2 x m which satisfy

(8.3) jg w@ =S5@ ., (el

for o, A, u=1, 2 and which satisfy

(8.4) Swid =x;  (hj=1,2...,m).

a=1

Let Y;=|y;,ll (i=1, 2,..., m) be m nonnegative integral matrices of size nxm
satisfying (3.4) and (3.6), and furthermore, satisfying

da
(8.5) zlyip,j = WS}) and > Yip,j = WS})
=

p=dat1l
forieJ, (A=1,2) and j=1, 2,..., m. Then we prove the following lemma.

LemMma 8.1. If the above-mentioned matrix Y; can be constructed for
every i=1, 2,..., m, then the matrices Y,, Y,,..., Y,, satisfy (3.4)-(3.6).

PrOOF. Since Y, satisfies (3.4) and (3.6), it remains only to be proved that
the matrix Y; satisfies (3.5). Using (8.4), we have

n da
2 Vipi = X Vipj + Z = g}) + 8) = x;.
p=1 p=1 =da+

Thus Y, satisfies (3.5).

As the first step we shall construct in Subsection 8.1 m matrices W;, W.,,...,
W,, and then as the second step construct in Subsection 8.2 m matrices Y;, Y,,...,

Y,
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8.1. Construction of W,
We write S; ;, as
5‘24 = (s, — l)usl,).,' glby ng;).;. = (s, — 1)“523;. - ’gzz).;..

(8.6)

S( i,ap = S;ﬂ‘gl}u - rg,l)u’ SS,ZA).M = suus,zi).u + ’g;).u

for ieJ, and A, p=1,2 (A#p), where 0<r{?),<s,—1 and 0<r{¥),<s, for
a=1,2. Let U® be an m x m matrix

Uiy U
(8.7 U(‘)=l: }
U U

composed of four submatrices U{Z (4, p=1, 2) defined by

R e
U(ﬁ) = uS“m"" s U(&) = u§¢’lzj;_, s
g Lamhﬂ
(8.8)
uii)l ZIjI (a) 22]5"1_)3
Uy = “§+2 2 |, U =| ul®,, 22]5.;2-23 ,
it | [ ulehnifmoT

for each a=1, 2, where j{¥ denotes a 0-1 t-vector whose ith component is only
zero. Consider 0-1 matrices N¢® (a, 4, p=1, 2) of size s, x s, satisfying

(lh)ls,. (r(ll)lw ";l)lw . ’S,lfu)r

(8.9) for p=1,2,

(2};).':,. = (rg}-)l s2u9 rs+)2 Ss2u°°cy rgll,)Zu)T

(8.10) Nﬁ'z) = Nf&’ =X;; — US.IA.) - Uﬁi’ for A=1,2
' —-N» + N@ =X, — UL - UP for A# pu;A, p=1,2, and
@8.11) (NW), = 0 for i=1,2,..,m,

where (A4),;; denotes the (i, j)th element of the matrix A and X, is given in Section
7. Then we have the following lemma.

LeMMA 8.2. Suppose that the matrices of order m

N N ¥R N
(8.12) N = l: ] and N@ = [ . :l
N Ny N N
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can be constructed. Then the matrices Wy, W,,..., W, satisfying (8.3) and
(8.4) can be constructed.

PrOOF. By Z xi,—Sfl,{u S{2), and by (8.6) and (8.7), a combination of
(8.9) and (8.10) glves

NP, = (" 10 FHDT
(8.13) for u=1, 2.

2
gu)]a,. = (r.(si)l ,2u9 rs+)2 J2u90e 0y "r(nz,)Zu)T

Consider a 2 x m matrix W;=||w{?|| defined by
(8.14) wid = (U@), + (N®),;, a=12;j=12..,m

for every i=1, 2,..., m. Then it is easy to see that wﬁj)zo for all «, i and j.
We have Z w(“)— Z (U(“>)U+ Z (N("))i, SS“},, (ieJ,) from (8.6), (8.9) and

(8.13). We also have Z wiy) = Z (U(“)),j+ Z (N@®),;=x;; from (8.10). Thus
the matrices Wy, W,,... W satlsfy (8 3) and (8 4)
From Lemma 8.2 the construction of W, can reduce to the construction of

N@),  The following two lemmas, which are proved easily, are useful for the con-
struction of N(®),

LeMMA 8.3. Let D be a 0-1 matrix of size ax b whose ath row sum is 4,
for a=1,2,...,a. Let p,(a=1,2,...,a) be nonnegative integers satisfying
4,<p.<b for every a. Then two 0-1 matrices P and Q of size a x b each, which
satisfy Pj,=(p, P2s---» Pa)T and P—Q=D, can be constructed.

LeMMA 8.4. Let D be a 0-1 square matrix of order a with zero diagonal
whose ath row sum is 4, for a=1, 2,..., a. Let p, (x=1, 2,..., a) be nonnegative
integers satisfying A,<p,<a—1 for every a. Then two 0-1 matrices P and Q
of size ax a, which have zero in the diagonal positions and which satisfy Pj,
=(pi1, P2s--+» Pa)T and P—Q=D, can be constructed.

Now we proceed to the construction of N®. Let ig, ig+1,..., ig+s,—1

denote all element of J,. Let J; and J} be the sets {io, ig+1,..., g +L%J—l}

and {io L‘;J to+l_ 5 J+1 i0+sl—1}, respectively. Then note that from
the construction of X given in Section 7 S{*), can also be written as follows:

Sih= (a= Duff + 40 SE= (s, — Dufd - /R,

- 2
S, = s,ul) — rid), S, = suP) + rd
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for ieJ and

Sih= Gam DU + AP, Sy = (50 D — 1P,
itk = sl = i, S = P + i

for ieJj, where 0<ri®, ri¥’<s;—1 and 0<r{®, rii¥<s, for A, p,a=1,2
(A#p. Let D,,=X,,—UL-UPR. We consider the construction of N2

Case 1. n is even. We have u{®=u}® and r{®=ri® for every i, p
and a, since S{*),=S{»,, (ieJ};i'eJ;) by (7.4). First we construct NZ.

2
We have r{)=r and u“’+u‘2)—7, since  S{1),+S{¥),= Zl:x,j=(sl—1)
A

2
%(ie.]l) by (7.4). Thus D,;=0. Put N¥= T(rﬁ‘,E w2 for A, a=1,2 where

T{u142) is defined in (7.6). Then it is easy to check that (8.9), (8.10) and (8.11)
hold. We next construct N{& (As#y) and consider r{l) —r2) denoted by 4,,.

Since S{!},+S{),= 2 x,,-(m s)(2 +x>+y2 (ieJ,), 4,, takes either —y,

or m—s—y,. When Alz— —y,, we have D,,=B since u{ +ul? = ?-i-x We
also have y,<r{ <m—s, where y, is the row sum of B. Therefore, it is
shown easily by Lemma 8.3 that we can construct 0-1 matrices N{} and N
which satisfy N@¥j,_,=r{¥j, and N —-N{Y=B. Namely, those matrices
satisfy (8.9) and (8.10). On the other hand, when 4,,=m-s-y,, we have
D,,=B-G,,_, since u{+uP=" 3 L x+1. We also have m—s—y,<ry
<m-—s, where m—s—y, is the row sum of G,,_,—B. Therefore, it is verified
by Lemma 8.3 that we can construct 0-1.matrices N{Y and N} satisfying
NBj,—=r®j, and NP -NP=G,,_,—B, which satisfy (8.9) and (8.10).
Since S{3,+S{, = Z x,,-s(2 —x)—-y1 for ieJ, by (7.4), 4,, takes either

2
Y1 OF y;—s. When Ay =y, ush + “Q:%—x holds. Thus we have D,,=

—BT. We also have y, <r{{ <s, where y, is the row sum of BT. Therefore,
it follows from Lemma 8.3 that two 0-1 matrices NV and N$? satisfying (8.9)
and (8. 10) can be constructed. On the other hand, when 4,,=y,—s, u$¥+

2’—7—x 1 holds. Thus we have D,;=—-BT+G,,_,,. Wealso haves—y,

<r{¥ <s, where s— y, is the row sum of G,,_,,—BT. Therefore, it follows from
Lemma 8.3 that we can construct 0-1 matrices N$} and N2 satisfying (8.13)
and (8.10). Note that a combination of (8.13) and (8.10) gives (8.9).

Case2. n is odd. We shall treat the constructions of N{¥ and N

(As#p) separately. First we construct N and there are two subcases with
respect to s,.
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Case2.1. s, is odd. We have u{@=u}® and r®=r){, since
S, =5, (ieJ}; i'eJ})) by (7 5). Let 4,;,=r{¥—r{®. Then since S{1),+

,u-— Z xij—(s,1 1)" —1 l (ieJ,) by (7.5), 4,, takes either slz_'l or

—S‘z 1. When 4,,= 2—1, we have D;;=T{s2-1/2.(s2-1/2) since u{}) +ulF
2 __ —_ —_—

7"=1 We also have s—*—£$rf&’<sl—1, where 521 is the row sum of

2

D;;. Therefore, it is verified from Lemma 8.4 that we can construct two 0-1
matrices N{¥ and N satisfying (8.10), (8.11) and N¥j,, =r{Pj,, which
satisfy (8.9). On the other hand, when 4,;= —S—‘zf—l, we have D, =

-1

2
— T{{sa=1/2,(sa=D/DT gince i +u@P =2 ?:H. We also have $4— - <r{@<s, -1,

where s,12—- 1 is the row sum of —D;,. Therefore, it is shown from Lemma
8.4 that we can construct two 0-1 matrices N{Y and N2 which satisfy N{2j,, =
r@j,, N9 —N{¥=—-D,, and (8.11). Namely, those matrices satisfy (8.9),
(8.10) and (8.11). |

Case 2.2. 55 is even. Let A,,=r{Y—r{®. Then since S{1),+S?),=
Z xy=(:- D5 -1 +51(1eJy) by (15), 4, takes cither 2’1<then ul +

5131) —2_—1> or — ‘+l<then u,1 +u ”2+1), Let AM“"'S.(A“-"Q?)- Then

since S +8{= % xy=(51~ 1)” — 7—1(zeJ) by (7.5), 4, takes
2

either = 1<then u’(1)+u'(2)— 1) or —S"<then w P +u@P=0T" +l) We

have SS, S, (ied), i'eld] and a=1, 2) by (8.1), since Z xil_ Z Xyj

el jel
Therefore, it follows that u{®>u®. Thus we have the followmg three pos51-
bilities :

D;, = TS?_ Y if (4, 430 = S" s‘ 1)

(8.15) Dy =TE 57 —T@10 if (4, A;M(“%‘“’%‘l),

D;, = "T(u 30T if (43 432) =< 2’1 + 1, 2

With respect to the respective possibilities in (8.15), it follows from Lemma 8.4
and the method in Case 2.1 that we can construct two 0-1 matrices N{Y and
N satisfying (8.9), (8.10) and (8.11).

We finally construct N (A#pu) and we consider the following four sub-

cases with respect to s and m—s.
Case 2.3. s isodd. This case gives {9 =u}% and r{® =ri%, since S{*),=
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Si®y, (iedy; i'eJp by (1.5). Since S{1},+82,= T xij=(m—s)(nz;'l+x>
+y, for ield,, r{ —r{3 takes either —y, or m—s—J;:.2 Along the line similar
to Case 1, N{¥ and N satisfying (8.9) and (8.10) can be constructed for the
respective cases of 4,,=—y, and 4,,=m—s—y, where 4,,=r{)—r{%.

Case24. s is even. Let A,,=r{¥—r%. Then since S{),+S{¥),= %

jedy

Xp=(m— s)(" +1+x>+y2——— (ieJy) by (7.5), 44, takes either —yﬁ-%

(then u‘”+u(‘22)---~12Ll x> or m—s—y,+= (thcn ul) +uP=" ;-1+x+1>.

2
Let 41,=r{®—r{®. Then since S{!},+S{}),= Z xij=(m—s)(” +1 +x>+ V2

—I—(ie.l”), ', takes either —yz—?(then u’(1)+ wP=mnT ;'1+x) or m—s

—y, =1 (then WP +u@P =" 2+1+x+1> We have S{;,>S{®), for ieJ,
i eJ” and a=1, 2, since Z X;- J_ Z iy Therefore, it follows that u}$ >u{®.
Thus we have the followmg three pOSSIbllltICS

D,=B if (AI,,A;2)=<_y2+%,_y2_L>,

0.1/2,m-s
(8.16) ‘Dlz = B -
Gs/2.m—s

if (44,, 4%2) =(—y2+%_—,m S — Y- %),

Du =B — Gs,m—s

if (4, '12)=<m—s——y2 +%;m—S—J’z~—il,'—>,

where O,, is the txu zero matrix. With respect to the respective possibilities
in (8.16), it follows from Lemma 8.3 and the method in Case 1 that we can con-
struct two 01 matrices N{% and N2 satisfying (8.9) and (8.10).

Case2.5. m—s is odd This case gives u$% =u5® and ri¥=r;@®. Since

S{Y,+S3, = Z x,j—s< 3 1—x)—y1 for ielJ,, r$¥—r{® takes either y, or
yi—s. Itis verlﬁed easily that N{1) and N3 satisfying (8.9) and (8.10) can be
constructed for the respective cases of 4,,=y, and 4,;=y,—s where 4,,=
,.31)_,.52)

Case 2.6. m—sis even. Since uy® >u{® is obtained by (7.5), it is seen
easily that we have the following three possibilities:

D21 = — BT if (421, AZI) = (y; S V1~ é)
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G(m—s)/Z,s . , 1 1
(8.17) Dy = — BT + if (44, 421)=(J’1+—2-‘Sa)’1 "7>,
O(m—s)/l,s

D21 = — BT + Gm—s.s

if (o 230 =(ri+ L -5, 94 -5),

where 4,,=r{{—r{? and 45, =ri’—r;?. 1In the respective possibilities in
(8.17), it follows from Lemma 8.3 and the method in Case 1 that we can con-
struct two 01 matrices N1 and N$? satisfying (8.9) and (8.10).

8.2. Construction of Y,

We shall construct m nonnegative matrices satisfying (3.4), (3.6) and (8.5)
by using m matrices W,;=|w{#|| (i=1, 2,..., m) of size 2x m which are given in
Subsection 8.1. We write w{® as

wip = d,f 1P + efp, 0< el <d,
(8.18)
WP =m—-d)fP+e?, 0<eP <n-d,

forieJ,, j=1,2,....,mand A=1,2. Let
(8.19) fO=@+Dc— SV and [P =ac— }: £
Jj=1

for i=1, 2,..., m. Then we can construct two 0-1 matrices Z{! of size d, xm
and Z{? of size (n—d,;)x m for every ieJ, and A=1, 2 [10], [16] which satisfy
Z(l) fsl)ld,‘ Z(I)T = (e( e} ), e(l))T and

(8.20)
Z§2)Jm = iZ)Jn—d,u ZgZ)Tjn—d,x = (eﬁ)’ eg)’“-’ eg!n))r-
Define the matrices
Y(l) = -ldA(fsl s S f(l)) and'
(8.21)
Y®" =g, (f2, F2,, )

for ieJ,. Further, define a nonnegative integral matrix Y;=|y;, ;| of size nxm

by

Ygl)‘+zsl)

Y, = for i=1,2,.,m.
Y§2)°+ Zgz)
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Then we have (Y{*+Z{1)j, =( ngf D+ f{D),, =(a+1)cjs, and (Y +Z@)j,

=(3 @+ f)j,—g,=aci,—,, by (8.19), (8.20) and (8.21). Thus Y, satisfies
o

(3.4:) for every i. It can'also be shown easily that (8.5) holds by applying (8.18),

(8.19) and (8.20) to YTj,=Y{'Tj, +Y@r Ty . +Z{VTj, +ZPTj,_, . We

shall prove that Y; satisfies the remaining condition (3.6). It can be shown

easily that a(k+1)<n. From this fact and the structure of Y, it is sufficient to
show that

(822) (a+Dk<fP<min(@a+D(k+1),m -8  (#i),
(8.23) ak < f@ < atk + 1) — 6 (j#1)
for ieJ, where 6{#=1 or 0 accordmg as e{% is a positive integer or zero.

Casel. i,jeJ, (i#j). In this case s;>2 and d;>1. By the structure of
W, in Subsection 8.1 and by (8.6) and (8.18) we have

(82ay pip = WP el S ull =P SE Al o+ (s Defp
’ dl B d;_ dl(sl— 1) dl(sl - 1)

Substituting S§1); in (8.1) into (8.24) we obtain

®25) S - (@+ Dk >0 {(sl_l)k L = (et d
where R={(r{),+1)+(s;—1)e{}’}/d;(s;—1). R<1 is obvious. Thus from
Lemma 8.5 given later it follows that f{P>(a+1)k.

Put yo=min ((a+1)(k+1), n). By considering the structure of W; we have
wﬁ}) — eﬁ}) < “wz + s(i” — eﬁ}) _ S(1)

i,Ad —Rl
bl

8.26 = =
8.26) J3j 7, d; di(s; =D

where &{’=1 or 0 according as r{), is a positive integer or zero and R, ={r{}),

+(s;— (e} —e{)}/dy(s;—1). Substituting S{1); in (8.1) into (8.26) we ob-
tain

(8.27) o — &Y —fﬁ) >po + Ry — ‘Sﬁ') — R,,

where R,={(a+1) Z Xif }(na+d;)(s;—1). Obviously R;—8{}>—1.
Therefore, (8.27) becomes

(8.28) Ho — &P ‘fgf) >po — R, — 1.

2
Suppose puo=n. Apply the inequality Z‘, x, < (82— H= ;' 1 obtained by the
structure of X in Section 7 to puo—R,. Then since a>1 and d; >1, we have
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a+1 n+1
na+d;, 2

(8-29) ﬂo—Rz-_—'n_‘Rz—_—'n"‘

_ 1 n—-1. _ _
_m+dl{ ~L@-1) +ndg, 1}20.

Thus it follows from (8.28) and (8.29) that f{P<n—8&P. If po=(a+1)(k+1),
then by Lemma 8.8 given later we have

(8.30) o — Ry, =(a+ 1)(k+1)—R,

@+ Dk +1) _ 1
=T e+ d, {("“ t) - G T D&EFD ,-'ezh"”’} 0.

Thus we find f{V<(a+1)(k+1)—6{P from (8.28) and (8.30). Hence (8.22)
holds for i, jeJ, (i#j). By Lemmas 8.5, 8.8 given later, we can similarly show

(8.23).
Case2. ieJ,andjeJ,(A#yu). Inthiscases>1. Along the method simi-

lar to Case 1, we obtain

(1) _ (a + I)k L Lo }
@30 f1P =@+ Dk 2 TEE {s,,k,-%""'r (na + d){ + Ry,

(8.32) min ((a + 1)(k + 1), n) — 8P — f{P

. ___a+l
> min((a + D(k + 1), n) (e AT s, IE’»xU' + R,,
where R, and R, are the numbers satisfying R, >—1 and R,>—1. Applying
Lemmas 8.6 and 8.7 given later to (8.31) we have f{P>(a+1k. Let py=
min ((a+1)(k+1), n). Suppose puo=n. We have the inequality 3 x;;<
j‘eln

2
s,,(" +1 +x+ 1) by the structure of X in Section 7. Therefore, by a>1, d; >1

2
n?—1 .
and 3 —x—1>0, we obtain
___a+1 ) _a+1l /n*+1 )
(8'33) Ho (na F d;')su j’eZ:J“x‘J, =n na + dz\ 2 +x+1

=_1 {”2‘1 —x—l)(a—1)+nd —1}20
na+d, 2 4 )

Thus it follows from (8.32) that f{P<n—8. If po=(a+1)(k+1), then by
Lemma 8.9 given later we have

a+1
bo =~ Tna + dys, 53,5
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_(@+Dk+1)

R {(na+dl)

S S 0.
PR

Therefore, it follows from (8.32) that f{P<(a+1)(k+1)—0d{). Hence (8.22)
holds forie J, and je J, (A#u). By Lemmas 8.6, 8.7 and 8.9 given later, we can
similarly show (8.23).

Some lemmas used above are given in the following.
Put n2=2ka+ g (0<p<2k).

LeMMA 8.5. If k>1 and s;>2, then the inequality

(8.34) (—1—1)7(-1}3 y>na+d, for ieJ,

eJa

holds for the matrix X given in Section 7.

Proor. It follows from (7.4) and (7.5) that ( ¥ x;;)/(s;—1)k>|n?/2k] =«a
jed.
for every ieJ,. Therefore, it is enough to prove ’tlhai1 a>na+d; holds. Since

— 2
b9 e on(Z - )5 )
=l s _ B
“%ke Tm 2w > Db

it follows that (8.34) holds for 2%2. Consider A=1. We have

(m — 2)kp
(8.36) 2 g

by the inequality ( )nz/c<(m—1)L J+v2 which is obtained by Condition

(ili) in Theorem 5.2. By (8.36) and s>2, m(n?—f)l—m(m—1)kB+2cks>
m(m—2)kf ~m(m—1)kf+4ck=4ck—mkp is obtained. Thus we have

m(n* — f)l — m(m — DkB + 2cks _ > dck — mkp _

a—(na+d+1)= 2mck = 2mck

1.

Therefore, noting f <2k we have a—(na+d+1)> —1.

LEMMA 8.6. If both of k and s are positive integers, then the inequality

(8.37) (_mlT)kjE 1XU >na+d+1 for i=1,2,...,8

holds for the matrix X given in Section 7.
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Proor. We have from (7.4) and (7.5)

i n, c 1 . . .
L > —_— b ) -
jzzm x> (m s)( 3 + ) 3 if nisodd and s is even,
= - n_ c i
(m s)( 2 + > otherwise

for i=1,2,...,s. It follows from s>1 that %3+7nc- >(na+d+1)k. Put N=

2
(m—s)<%+%>-——;. Then we have N >(m—s)(na+d+1)k for odd n and

even s, since N is an integer in (7.5). Hence (8.37) holds.

LemMA 8.7. If k, s and a are all positive integers, then
(8.38) —l—-ix,jZna+d fori=s+1,5s+2,....m
Sk j=1

holds for the matrix X given in Section 7.

ProoF. We have from (7.4) and (7.5)

S 2
> x> %—’—;-)—_é— if nisodd and m—s is even,
=1

2
= s(% - %) otherwise

fori=s+1, s+2,..., m. We shall first prove that

2
(8.39) 5’2- - % > (na + d)k

holds, and there are three cases to consider.
2
Casel. B=0 and I>k. This case gives [v,] s;—k—l. Using Condition
(i) in Theorem 5.2 we have (’;)nZ/cgm[vz ng<_2’£;-—1). Thus since f=0
2
and s>1, we obtain na+d<-2_—2. Therefore, (8.39) holds.

~ 2k
Case2. B=0 and I<k. From s>1 and (8.35) it follows that na+d<

. n? ¢ n?_ ¢
a—1. From this fact and by k>1 we have 7——rz—(na+d)k27 m—(a 1k

m
Case 3. B#0. As seen in (8.35) it is sufficient to examine the following

three subcases with respect to na+d.
Case 3.1. na+d<a—2. (8.39) holds obviously, since k>1.
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Case 3.2. na+d=a—1. If f>2, then (8.39) is obvious. Suppose f=1.
. . (m—1Dn®_s n?—1
Then using na+d=a—1 we have the equation e " m +1= .

Solving for | we obtain I=(m—1)kr/(n>—r), where r=1 +2k(1 - %) We also
obtain r<14-2k<n since n is odd and since a>1. Therefore,

(840)  I=(m - Dk <(m— )";‘ n__m-—1

n—n 2

Thus it follows from (8.40) that (8.39) holds.

Case 3.3. na+d=a. We have sc _(m—Dn?_(m*—f)c_(m—1B
- ' m 2 2k 2

(nzz_kﬁ)l by na+d=a=(n2—p)/2k. By using (8.36),

sc _ (m—l)ﬂ m—-pl  (m—1D _(m—2)kf _ B
2k 2 2k 2

Thus B 2'—n—. Using this inequality for f and noting s>1 we have (8.39). Put

2
N=s 1'2_—%)—% Then from (8.39) it can be seen easily that N >s(na+d)k
for odd n and even m—s, since N is an integer in (7.5). Hence (8.38) holds.

Put n2=2(k+1)a’'— ' (0< B’ <2(k+1)).
LemMA 8.8. If s;>2, then

(8.41) ‘(——":T)‘mjz Xy <na+d, for i€J,
holds for the matrix X given in Section 7.

Proor. It follows from (7.4) and (7.5) that (IZJ X —D(k+1)<
[n?/2(k+1)] =0« for every ieJ;. Therefore, it is enough tg prove that

(8.42) na+d,>ad

holds. It can be shown easily that (8.42) holds for A=1. Consider the case A=2.
We have by Condition (iii) in Theorem 5.2

(k + 1){(m — Dn2 + B’}
(8.43) ¢c < o .

Using (8.43) and B’ <2(k+1), we have

(844) ma+d—o=tmzDn’_ s _nm+p
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2nz+/3' (m—UDn> _ n?+p _ s
20k +1D)(m-Dn2+p 2k+1) m
— _ n+ p B _ S5
m—-Dn*+p 2(k+1) m
>s__m+p s
(m—Dn?+p m’
Since B’ <n? and since s, >2, i.e.,, s<m—2,
> - M+B s 2 _ s
(8.45) na+d-o> CEI XY m> o mz 1.

Hence (8.42) holds.

LeEmMMA 8.9. Ifs>1, then

1 & ,
(8.46) mj-—glx” <na+d+1 for i=1,2,..,58, and

(8.47) E(kITI)_,glx”S”a-l-d Sfor i=s+1,s4+2,....m

hold for the matrix X in Section 7.

Proor. We have from (7.4) and (7.5)

m 2
j_Z“xU < (m— s)(% + —:—1) + —% if nisodd and s is even,

em - (" + £ i
=(m s)( 3 + m) otherwise
fori=1, 2,...,s. We shall first prove that
n, c
(8.48) (ma+d+1)k+1)> 7+-”;
holds. It is enough to examine two cases; na+d>0o' and na+d=a’'—1, because

na+d>a’'—1 by (8.44).
Casel. na+d>o'. (8.48) holds, since

2 2
a+d+Dk+D-(F+E) 2@+ 00+ - (% +5)
=B ikr1-<so0
2 m

- — 12
Case2. na+d=a'—1. In this case we have (mms)c=_ (m 21)"
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+ Qe Therefore, by (843,
(m — s)c - _ (m — 1)n? + (n? + B)e
" 2 20k + 1)
_(m=Dn*  (m—=—Dn*+p _p
= 7t 3 =5.

Thus 2&%2%. Using this inequality for ' we have (8.48). Let
2

N=(m—s)('—lz—+;cn—>+ % Then from (8.48) it can be seen easily that (m—s)-

(k+1)-(na+d+1)>N holds for odd n and even s, since N is an integer. Hence

(8.46) holds. It can also be shown easily that (8.47) holds.

9. Construction of M}

As seen in Subsection 8.2, we know the following fact from the structure of
Yi=yipjl-  Vip..; takeseither f{¥ or f{¥+1 and n—y,, , takes either n—f %
or n—f{—1 for every pair of ieJ, and jeJ, (i#j), where p, and g, (x=1, 2)
are integers satisfying 1<p,<d,, d;+1<p,<n,1<q,<d, and d,+1<q,<n.
It can be shown easily from (8.22), (8.23) and [10], [16] that if one of d;, n—d,,
d, and n—d,, is zero, then a 0-1 matrix M§; of order n satisfying (3.7) can be con-
structed for every pair of i and j satisfying ieJ,,jeJ, and i<j. Consider
4, w=(1,1), (2,2) and (1, 2) and suppose that all of d;, n—d,, d, and n—d,
are positive integers. Then we have the following Statements A, B, C and D.

STATEMENT A.
R+ if e 21
fip =z
P if e =0
holds for ieJ, and je J, (i# j).

STATEMENT B.

AP +2  if =0 and e >"1-G=2

< [ 2

2fP +1  otherwise
holds for ie J, and je J, (i# j).
STATEMENT C.

2 i e >1
n—f{2
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holds for each case of (a) even n and i, jeJ, (i#j), (b) odd n, d;>2 and i, je
Jy(i#j)and (c)ieJ, and jeJ,.

STATEMENT D.

li——dz—‘j——l- if n+d,isoddand €3 > n_—_dzL—_Z_
n—f3@>
n +2 d, otherwise

holds for ieJ, and jeJ, (i# )).

It can be verified by k>1 and Lemmas 8.5, 8.6 that Statement A holds. It
follows from a>1 that Statement B holds. Statement D can be shown by the
structure of X given in Section 7 and by considering a>1. Furthermore, by the
structure of N given in Subsection 8.1, it can be shown that Statement C holds.

By applying the above Statements A, B, C and D to the existence theorem
[10], [16] of 0-1 matrix, though some calculations are needed, we can show that
a 0-1 matrix M}; of order n satisfying (3.7) can be constructed for every pair of i
and j satisfying ie J,, je J, and i<j.
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