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Introduction

Throughout this paper rings will be all commutative rings with units and

morphisms will mean unitary ring-homomorphisms.

The purpose of this paper is to study some properties of an incomparable

morphism (cf. [3]) and to introduce the notion of universally incomparable
morphisms which will play an important role in this paper.

We shall discuss in § 1 some basic properties of an incomparable morphism.

In §2, we shall define a universally incomparable morphism and shall examine

its properties. Let k be a field. For a fe-algebra A, we shall prove in Theorem

2.9 that k-+A is a universally incomparable morphism if and only if A is integral

over fc, and also if and only if Jc[X]-»,4[JΓ| is an incomparable morphism. We

shall also give in Theorem 2.11 and in Theorem 2.12 some necessary and suf-
ficient conditions for a morphism f:A^B to be a universally incomparable one.

Moreover, in Proposition 2.17, we shall show that if a morphism / of finite type is

incomparable, then/is a universally incomparable morphism.

In §3, we shall discuss incomparability for some special ring extensions. In
Corollary 3.2, we shall give some necessary and sufficient conditions for a mor-

phism \A-+A\_X]II to be an incomparable one, where / is an ideal of 4PQ? In

Corollary 3.6, we shall also give two necessary and sufficient conditions for
n

incomparability to hold for A-+ ® A^X^/I^ where It is an ideal of A[X~\ for

each f. In Proposition 3.11, we shall show that A-»l[α] is an incomparable

morphism for each α e Ω, where A is a Prϋfer domain and Ω is the algebraic

closure of the quotient field of A.
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Notation and terminology

Let A be a ring. We let Spec A, Max A and Min A stand for the set of all
prime ideals of A, that of all maximal ideals of A and that of all minimal prime
ideals of A respectively. For P e Spec A, we denote by κ(P) the quotient field of
A/P. Let /: A-+B be a morphism. For an ideal J of B, we understand that
J f) A means f~l(J) and we say that J lies over the ideal J n A in B and that J ί]A
is ίΛe contraction of J into A. Moreover, we define three properties that a
morphism: A-*B might satisfy (cf. [3]).

(LO) For any P e Spec A there exists a prime ideal β e Spec B with Q n A
=P.

(GU) Given prime ideals P<=P0 in A and Q e SpecB with QΓ\A=P, there

exists a prime ideal Q0 e Spec 5 satisfying QcQ0 and Q0 Π X=P0-
(GD) The same with c replaced by ID .
For a ring 4, we denote the Krull dimension of A by dim A. Moreover, we

put dim A=0 even if A = 0.

§ 1. Basic properties of an incomparable morphism

Let /: A-+B be a morphism. We say thsLtf:A-+B is an incomparable
morphism if two different prime ideals of B with the same contraction into A can
not be comparable. Then it follows easily from the definition that / is an in-
comparable morphism if and only if dim(£®Λκ(P))=0 for each PeSpecA
In this section, we examine basic properties of an incomparable morphism.
Although the following Proposition 1.1, 1.2 and Corollary 1.3 can be proved
easily, these are very useful.

PROPOSITION 1.1. Let f:A-+B be a morphism. Then we have the fol-
lowing statements.

(1) I f f i s integral, then f is an incomparable morphism.
(2) Iffis surjective, then f is an incomparable morphism.
(3) I f f i s a localization, then f is an incomparable morphism.

PROPOSITION 1.2. Let f:A-+ B and g:B^C be two morphisms. Then

we have the following statements.
(1) If both f and g are incomparable morphisms, then so is g°f.

(2) If g°f is an incomparable morphism, then so is g.
(3) Assume that g°f is an incomparable morphism. If g satisfies GU or

if g satisfies GD and LO, then f is an incomparable morphism.

COROLLARY 1,3. Let f:A->B be an incomparable morphism. Then we
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have the following statements.
(1) If J is an ideal of B with J Π A —I, then A/I-+B/J is an incomparable

morphism.

(2) If S and T are two multiplicatively closed subsets of A and B respec-
tively withf(S)^T9 then AS-*BT is an incomparable morphism.

We now give characterizations of an incomparable morphism which follow

immediately from the above results.

PROPOSITION 1.4. Let f:A-+B be a morphism. Then the following
statements are equivalent.

(1) f is an incomparable morphism.
(2) For each MeMax^4,/M: AM-+BM is an incomparable morphism.

(3) For each PeSpec^4,/P: AP-+BP is an incomparable morphism.
(4) For each βeMaxB with Q{\A=P9 AP-+BQ is an incomparable

morphism.

(5) For each QeMinB with Q f t A = P9 A/P-+BIQ is an incomparable

morphism.

As for the change of rings, we have the following

PROPOSITION 1.5. Let f:A->B and g:A-+C be two morphisms. Then

the following statements hold.
(1) // / is an incomparable morphism and the contraction map:

Spec(£(χ)A C)->SpecJ3 1*5 injective, then C-+B®A C is an incomparable
morphism.

(2) If f is an incomparable morphism and if g is surjective or a localiza-
tion, then C-+B®A C is an incomparable morphism.

(3) // C^>B®A C is an incomparable morphism and g satisfies LO, then

f is an incomparable morphism.

PROOF. The assertion (1) is obvious.
(2) If g is surjective (resp. a localization), then B-*B®A C is surjective (resp.

a localization). Therefore, (2) follows immediately from (1).
(3) Let P e Spec A. Since g satisfies LO, there exists a prime ideal Q e Spec C
such that Q n A = P. It follows from Proposition 5 of (1.3.3) in [1] that B®A κ(P)
-+B®Aκ(Q) is faithfully flat, and hence B®Aκ(P)-*B®Aκ(Q) satisfies GD and
LO. Since dim(B®Aκ(Q)) = Q by the assumption, dim(B®A κ(P)) = 0, which
implies that/is an incomparable morphism.

In the next proposition, we give a characterization of incomparability in the
category of ^-algebras.

PROPOSITION 1.6. Let A be a ring, and B9 C be two A-algebras. Let
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/: B-»C be a morphism of A-algebras. Then f is an incomparable morphism
if and only if B®A κ(P)-*C®A κ(P) is an incomparable morphism for each
P e Spec A.

In particular, A->B is an incomparable morphism if and only if κ(P)
-*B®Aκ(P) is an incomparable morphism for each PeSpecA

PROOF. Assume that B®A κ(P)-+C®A κ(P) is an incomparable morphism
for each PeSpecA Let Qi9 Q2eSρecC with Qι^Q2 and QlnB = Q2nB.
We put Qΐ nA = Q2nA=P9 and denote B®Aκ(P) and C®Aκ(P) by B and C
respectively. Since dC, Q2CeSpecC and Q 1 CnS=β 2 CnB, we have QtC
= Q2C by the assumption. Thus, Qι=Q2. This implies that / is an incom-
parable morphism.

The converse follows immediately from Corollary 1.3.

Here we give some properties of an incomparable morphism of finite type.

PROPOSITION 1.7. Let A be a finitely generated k-algebra with k a field.
Then the following statements are equivalent.

(1) k-+A is an incomparable morphism.
(2) A is integral over k.
(3) Spec ,4 is a finite set.

PROOF. (2)=>(1). It is well known.
(l)=i>(3). We can readily see that dim ,4 = 0, and hence Spec A is a finite set
since A is a Noetherian ring.
(3)=>(2). By virtue of Theorem 147 in [3], any prime ideal of A is maximal.
Let >4 = k[α1, α2,..., αj and MeSpecA Put jS^ocj modulo M. Then A/M
= k\_βί9 /?2,..., /?„] is a field. Therefore, βί9 jS2,..., βn are all integral over k from
Theorem 23 in [3], On the other hand, Spec^4 is a finite set. Thus, αx, α2,...,
απ are all integral over k. This completes the proof.

COROLLARY 1.8 (cf. (6.11.5) in [2]). Let f: A-+B be a morphism of finite
type. Then the following statements are equivalent.

(1) f is an incomparable morphism.
(2) For each PeSpec.4, B®Aκ(P) is a finite dimensional vector space

over κ(P).
(3) For each P e Spec A, Spec (B®A κ(P)) is a finite set.

PROOF. This corollary follows easily from Proposition 1.6 and Proposition

1.7.

REMARK 1.9. The condition that Spec(β®^/c(M)) is a finite set for each
Me Max A does not necessarily imply that A^B is an incomparable morphism;
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in fact the morphism: Z-*Q[X~\, where Z is the integers and Q is the rational
number field, is such an example.

§ 2. Universally incomparable morphisms

Let/: A^B be a morphism. We say that/: A^B is a universally incom-
parable morphism if for each morphism A-+C, C-+B®AC is an incomparable
morphism. If / is a universally incomparable morphism, then / is obviously
an incomparable morphism. In this section, we examine some properties of a
universally incomparable morphism and give some characterizations.

Throughout this section we shall denote by X an indeterminate. We begin
with the following

PROPOSITION 2.1. Lei f:A-+B and g:B-+C be two morphisms. Then
we have the following statements.

(1) // both f and g are universally incomparable morphisms, then so is

9°f
(2) If g°f is a universally incomparable morphism, then so is g.

PROOF. These assertions follow immediately from definitions and Pro-
position 1.2.

As for the change of rings, we have the following

PROPOSITION 2.2. Lei f:A-*B and g:A-+C be two morphisms. Then
we have the following statements.

(1) Iffis a universally incomparable morphism and g is an incomparable
morphism, then A^B®A C is an incomparable morphism.

(2) // both f and g are universally incomparable morphisms, then so is

(3) // C^B®A C is a universally incomparable morphism and g satisfies
LO, then f is a universally incomparable morphism.

PROOF. The assertion (1) follows immediately from definitions and (1) of
Proposition 1.2.
(2) Let A-+D be a morphism. Since g is a universally incomparable morphism,
D^D®A C is an incomparable morphism. Since /is a universally incomparable
morphism, D®A C-+(D®A C)®A B is an incomparable morphism. Therefore,
D^>D®A(B®AC) is an incomparable morphism by. (1) of Proposition. 1.2.
Thus, A-+B®A C is a universally incomparable morphism.
(3) Let A-+D be a morphism, and let C-^C®A D be the change of rings for it.
Then our assumption means that C®AD-+(C®AD)®C(B®A C) is an incompa-
rable morphism. Thus^ C®x D-+(C®A D)®D (B®A D) is an incomparable
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morphism. Since g satisfies LO, D-*C®AD satisfies LO. Therefore, D-+
B®AD is an incomparable morphism from (3) of Proposition 1.5. Thus, / is
a universally incomparable morphism.

REMARK 2.3. With the notation of Proposition 2.2, assume that both /
and g are incomparable morphisms. In this case, A^B®A C is not necessarily
an incomparable morphism (cf. (1) in Proposition 2.2). For example, let X
and 7be two indeterminates and k be a field. Then both kck(X) and fccfc(y)
are incomparable morphisms, but k-+k(X)®k k(Y) is not an incomparable
morphism.

For fc-algebras with k a field, we give a characterization of a universally
incomparable morphism.

PROPOSITION 2.4. Let A be a k-algebra with k a field. Then k-^A is a
universally incomparable morphism if and only if for each field extension L

of k, L-*L®kA is an incomparable morphism.

PROOF. We have only to prove the 'if part. Let B be a /c-algebra and
P e Spec B. From the assumption, κ(P)-*A®kκ(P) is an incomparable mor-

phism, hence dim (A®k κ(PJ) = 0. Since (B® k A)®B κ(P) = A®k κ(P\ B-+B®k A

is an incomparable morphism by Proposition 1.6. This implies that k-+A is a
universally incomparable morphism.

To characterize universally incomparable morphisms, we need the following
lemmas.

LEMMA 2.5. For a field extension F-*K9 the following statements are
equivalent.

(1) F[X]c:K[X'] is an incomparable morphism.
(2) K is algebraic over F.

(3) KIX"] is integral over

PROOF. (2)=>(3)=>(1). These implications are well known.
(1)=>(2). If K is not algebraic over F, then there exists an element α of K which

is not algebraic over F. Since (X-ψKlX'] n FPQ = 0, F[Z]cX[X] is not an

incomparable morphism. This is a contradiction. Thus, K is algebraic over F.

COROLLARY 2.6 (cf. THEOREM 2 in [4]). Let AcB be integral domains.

Then there is no non-zero prime ideal of B[X~] lying over 0 in A[X~\ if and only

if the quotient field of B is algebraic over that of A.

PROOF. Let F and K be the quotient fields of A and B respectively. Assume

that there is no non-zero prime ideal of B[X~\ lying over 0 in A{X}. Then this
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implies that F[X]czJC[JSΓ] is an incomparable morphism. By Lemma 2.5, K is
algebraic over F.

Conversely, assume that K is algebraic over F. Let QeSpecB[Jf]. Sup-
pose that Q n A\X\=0. We put Q Π B = P. Assume that P ̂  0. Since P n A
= 0, there exists an element α of P such that αφΛL On the other hand, K is
algebraic over F. Therefore, there are elements aθ9 al9...9an of A such that

Σ fl,α<==0 and a0an^0. Then a0 = - Σ «ίa
ί eaJ3 n AcP n ,4 = 0. This is a

i=0 i=l
contradiction. Thus, P=0, and hence we have QK\X] εSpec£[JΓ]. Since
FpΓ] cz 1C[X] is an incomparable morphism by Lemma 2.5, we have (λKpf]=0.
Thus, <2 = 0, which completes the proof.

LEMMA 2.7. Lef ^4 be an integral domain and B be a ring containing A.
Then there exists a prime ideal PeMinB such that P fϊ A = 0.

PROOF. Let S = Λ-{0}. Then AsaBs. Since Bs^0 and As is a field,
there exists a prime ideal βe Spec Bs with QnA s =0. The assertion follows
immediately from the above result.

COROLLARY 2.8. Let A be a k-algebra with k afield. If A/P is integral
over k for each P e Min A, then A is integral over k.

PROOF. Assume that there exists an element t of A which is transcendental
over k. Since fc[ί] is an integral domain, there exists a prime ideal PeMinA
with Pnfc[f]=0 from Lemma 2.7, hence /cczfc[ί]cA/P. On the other hand,
A/P is integral over k. This is a contradiction, which settles the proof.

With these preparations, we give two more characterizations of a universally
incomparable morphism of fc-algebras, where k is a field.

THEOREM 2.9. Let A be a k-algebra with k a field. Then the following
statements are equivalent.

(1) k-+A is a universally incomparable morphism.
(2) A is integral over k.
(3) k[_X~\-+A[X~\ is an incomparable morphism.

PROOF. The implications (2)=>(1)=>(3) are obvious.
(3)=>(2). Let .P e Min A By (5) of Proposition 1.4, fc[X]->,4/P[X] is an
incomparable morphism, and hence /c[X]^κ(P)[X] is an incomparable mor-
phism by (3) of Proposition 1.1 and (1) of Proposition 1.2. Therefore, k-*A/P
is algebraic by Lemma 2.5. Thus, A is integral over k by Corollary 2.8.

COROLLARY 2.10. Let D be an integral domain which contains a field k.
Then fc-»D is a universally incomparable morphism if and only if D is a field
algebraic over k.
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PROOF. The assertion follows easily from Theorem 2.9.

We will now proceed to the general case.

THEOREM 2.11. Let A-+B be a morphism. Then the following statements
are equivalent.

(1) A-+B is a universally incomparable morphism.
(2) For each morphism A-+C, dim (B®A C)^dim C.

(3) For each morphism A-+K with K afield, K-+B®AK is an incom-
parable morphism.

(4) For each PeSpec/4, κ(P)-+B®A κ(P) is a universally incomparable
morphism.

PROOF. The implications (1)=>(2)=>(3) are obvious.
(3)=>(4). Let Pe Spec A and Lbe a field extension of κ(P). By the assumption,
L-+L®AB is an incomparable morphism. On the other hand, L®AB =
L®κ(P)(B®Aκ(PΊ). Therefore, κ(P)-+B®Aκ(P) is a universally incomparable
morphism by Proposition 2.4.

(4)=>(1). Let A->C be a morphism. Let Q e Spec C and put Q n A = P. Since
κ(P)^>B®A κ(P) is a universally incomparable morphism, κ(Q)-*(B®A κ(P))

®K(p)κ(ΰ) is an incomparable morphism. That is, κ(Q)-+B®A κ(Q) is an
incomparable morphism. Therefore, dim ((B®A C)®c κ(Q)) = dim (B®A κ:(Q)) =

0. Thus, C-*B®A C is an incomparable morphism, and hence A-+B is a uni-
versally incomparable morphism.

The following theorem gives two further necessary and sufficient conditions
for A-^B to be a universally incomparable morphism.

THEOREM 2.12. Let A-*B be a morphism. Then the following statements

are equivalent.
(1) A->B is a universally incomparable morphism.

(2) For each Q e Spec B with QnA = P, κ(Q) is algebraic over κ(P).
(3) ;4[Jf]->fί[X] is an incomparable morphism.

PROOF. The implication (1)=>(3) is obvious.
(3)=>(2). Let ρeSpecβ and put Q ί ] A = P. Since QB[X] (Ί

κ(P)[X]-^κ;(Q)[X] is an incomparable morphism by Corollary 1.3. Therefore,

κ(Q) is algebraic over κ(P) by Lemma 2.5.

(2)r>(l). Let P 6 Spec A. We shall prove that κ(P)-+B®A κ(P} is a universally

incomparable morphism. To dp this we may assume that B®A κ(P)#0. Then

there exists a prime ideal Q e Spec B such that Q n A = P. The assumption of (2)

means that (B®A κ(P))/M is algebraic over κ(P) for each M e Spec (B®A κ(P)),

and hence B®A κ(P) is integral over κ(P) by Corollary 2.8. Therefore, τc(P)->
B®A κ(P) is a universally incomparable morphism by Theorem 2.9. Thus, A-*B
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is a universally incomparable morphism by Theorem 2.11.

REMARK 2.13. Let f:A-+B be a morphism. Then it is obvious from

Theorem 2.12 that the condition (2) in Theorem 2.12 implies that/is an incom-

parable morphism. This fact can also be proved directly by Corollary 2.6 in the
following way. Assume that κ(Q) is algebraic over κ(P) for any Q e Spec B with

Q n A = P. Then there is no non-zero prime ideal of B/Q lying over 0 in A/P by
Corollary 2.6. This implies that/is an incomparable morphism.

On the other hand, it is obvious that an incomparable morphism does not

necessarily imply the condition (2) in Theorem 2.12.

COROLLARY 2.14. Let f : A-+B and g: B-+C be two morphisms. Assume
that g°f is a universally incomparable morphism. If B[X~\-*C\_X~] satisfies GU

or if B\_X~\-+C[X~\ satisfies GD and LO, then A-+B is a universally incomparable
morphism.

PROOF. This corollary follows immediately from (3) of Proposition 1.2
and Theorem 2.12.

COROLLARY 2.15. Let f: A-+B be a morphism. Then f is a universally

incomparable morphism if and only if so is A[X~\-+B[X].

PROOF. The assertion follows easily from Theorem 2.12.

COROLLARY 2.16. Let Xl9 X2,..., Xn be indeterminates. Letf: A-+B be a
morphism. Then the following statements are equivalent.

(1) A[Xι~\-*B[X^\ is an incomparable morphism.
(2) A[X^ X2^...9 X^\-^B[X^ X2,..., X^\ is an incomparable morphism

for some n^l .

(3) A[Xi9 X2,..., Xn~]-*B[Xί9 X2,..., Xn] is an incomparable morphism

for all n^. Here, A[Xl9 X2,...9Xn] = A9 ι/n = 0.

PROOF. The assertion follows immediately from Corollary 2.15.

Finally, we prove that the notion of incomparability coincides with that of
universal incomparability for any morphism of finite type (cf. [2]).

PROPOSITION 2.17. Let f: A-*B be a morphism of finite type. Then f is
an incomparable morphism if and only if f is a universally incomparable
morphism.

PROOF. It is sufficient to prove the Only if part. Assume that f is an
incomparable morphism. Let P e Spec A. Then B®A κ(P) is a finitely generated

κ(P)-algebra, and hence by Proposition 1.6, κ(P)-+B®A κ(P) is an incomparable
morphism. Therefore, B®Aκ(P) is integral over κ(P) by Proposition 1.7, and
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hence κ(P)-+B®A κ(P) is a universally incomparable morphism by Theorem 2.9.
Thus, A-+B is a universally incomparable morphism by Theorem 2.11.

COROLLARY 2.18. Let f: A-+B and g: A-+C be two morphisms. If both
f and g are incomparable morphisms and iff is of finite type, then A^>B®A C
is an incomparable morphism.

PROOF. The assertion follows immediately from (1) of Proposition 2.2 and
Proposition 2.17.

REMARK 2.19. In general, an incomparable morphism is not necessarily a
universally incomparable morphism (cf. Corollary 2.10).

§ 3. Incomparability for certain ring extensions

In this section, we give some necessary and sufficient conditions for a mor-
n

phism: A-+ ® A{_X"]/Ii to be an incomparable one, where It is an ideal of A[X~\
ί=l

for each ί. We also show a result on incomparability for simple extensions of
Prϋfer domains.

Throughout this section, A will be a ring and X, Xl9 X2, .., Xn will be
indeterminates. Let I be an ideal of A[Xl9 X2,..., ^J. We denote by c(J) the
ideal generated by all coefficients of all polynomials in / and we call it the content
of /. In particular, if /=(/), then c(7) will be denoted by c(/).

THEOREM 3.1. Let I be an ideal of A[X] and put B=A[X]IL Let Pe
Spec A. Then Spec (B® A κ(PJ) is a finite set if and only if c(/)<£P.

PROOF. There is a one-to-one correspondence between prime ideals of B
lying over P and prime ideals of τc(P) [Jf ] containing I, where / is the ideal gener-
ated by the homomorphic image of / in κ(P)pf]. Assume that c(/)cP. Then
/ c P A [ X ] 9 hence 7 = 0. Thus, Spec (B®A κ(P)) is an infinite set.

Conversely, assume that c(/)ς£P. Then 7^0. Therefore, since κ(P)[X] is
a 1-dimensional Noetherian domain, Spec (B®A κ(P)) is a finite set.

COROLLARY 3.2. With the notation of Theorem 3.1, the following state-
ments are equivalent.

(1) A-+B is an incomparable morphism.

(2) c(/)=A
(3) For each M e Max A, Spec (B®A κ(M)) is a finite set.

PROOF. The assertion follows easily from Theorem 3.1 and Corollary 1.8.

COROLLARY 3.3. Let f ( X ) e A [ X ~ ] . Then A^A[X~\l(f(X)) is an incom-

parable morphism if and only ifc(f)=A.



Incomparability in Ring Extensions 461

REMARK 3.4. Let / be an ideal of A[Xί9 X2,..., Xn~\ and put B=A[Xί9

X2,...,X^\IL If A^B is an incomparable morphism, we have obviously c(/)
=A. Again, if A^B is an incomparable morphism, then by Corollary 1.8,

Spec(£®,4 κ(M)) is a finite set for each Me Max A However, the converse of

each statement is false as is seen in the following example.

EXAMPLE 3.5. Let (A, M) be a local domain which is not a field. Let a
be a non-zero element of M, and put B=A[X, y]/(α7-l). We have obviously
c(αY-l)=,4. Since MB=B9 Spec(B®Aκ(M)) is an empty set. On the other

hand, A-+B is not an incomparable morphism obviously.

COROLLARY 3.6. Let J l5 J2,..., /„ be ideals of A[X] and put B-
n

Then the following statements are equivalent.

(1) A-+B is an incomparable morphism.
(2) Let Q E Spec B. If Q n A\X] contains all Ih then c(/f)(ί Q n A for each

i.
(3) Let PeSpecA // there exists a prime ideal of B lying over P,

then Spec(A[X]IIt®Aκ(Py) is a finite set for each i.

PROOF. The equivalence between (2) and (3) follows immediately from
Theorem 3.1.

Let P e Spec A. We put Bi = A^X^I^ A κ(P).

(1)=>(3). Let P e Spec A and assume that there exists a prime ideal of B lying

over P. Since B®A κ(P)^0, ® κίP, B, ϊQ for each i. That is, κ(P)-> ® K(P} Bf
j*i n J*i

satisfies LO. On the other hand, since κ(P)-» ® K(P) Bj is an incomparable mor-
n j=l

phism by Proposition 1.6, ® κ(P)Bj-+ ® κ(P)Bj is an incomparable morphism by
jφi 7=1

(2) of Proposition 1.2. Therefore, κ(P)-*Bi is an incomparable morphism by
(3) of Proposition 1.5. Thus, Specif is a finite set by Proposition 1.7.
(3)=>(1). Let P e Spec A and assume that Spec (B® A κ(P)) ^ φ. By the assump-

tion and Proposition 1.7, Bt is integral over κ(P), and hence B®A κ(P) is integral

over κ(P). Therefore, κ(P)^>B®A κ(P) is a universally incomparable morphism
by Theorem 2.9. Thus, A-+B is a universally incomparable morphism by
Theorem 2.11.

REMARK 3.7 (cf. (6.11.5) in [2]). Let A^Bί be a morphism of finite type
n

for i = l, 2,..., n. If every A-*Bi is an incomparable morphism, then A^> ® Bt

is an incomparable morphism by Corollary 2.18. In particular, if fι(X),
f2(X),...9fn(X) are polynomials of A^X] with c(ft) = A for all ί, then A-+

n
®A[X~\I (fi(XJ) is an incomparable morphism. However, the converse is not

true as is seen in the following example.
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EXAMPLE 3.8. Let k be an algebraically closed field and let X9 Y, Z be
three indeterminates. Let A = k[X] and B=A[γ-\l(XY-ϊ)®AA[Z~]l(XZ). By
Corollary 3.2, A-+A[_Y]I(XY— 1) is an incomparable morphism, but A-*
A[Z]/(XZ) is not an incomparable morphism. On the other hand, B =
k[X, Y, Z~\l(XY—l, XZ). Since k is algebraically closed, we can readily see that

A-+B is an incomparable morphism.

Let A-+B be a morphism. We consider a condition (*) that Spec(J3® 4 κ(M))
is a finite set for each M e Max A. In Remark 3.4, we pointed out the following
fact: (*) does not necessarily imply that A-*B is an incomparable morphism.

In the following proposition, we give a condition for (*) to imply that A-+B is

an incomparable morphism.

PROPOSITION 3.9. With the notation of Corollary 3.6, assume that for
each P e Spec A which is the contraction of a prime ideal of B into A, there exists
a maximal ideal Me Max A containing P such that M is the contraction of a
prime ideal of B into A. Then the following statements are equivalent.

(1) A-+B is an incomparable morphism.
(2) Let βeSpecB. // Qϊ\A[X~\ contains all Ii9 then c(I^<£.Q{\A for

each i.

(3) For each M e Max A, Spec (B®A κ(MJ) is a finite set.

PROOF. (l)o(2) and (1)=>(3). These implications follow from Corollary

3.6.
(3)=>(2). Let PeSρeCv4 and assume that Spec(B®Aκ(P))^φ. Then there

exists a maximal ideal Me Max ,4 such that PcM and Spec(£®Λ κ(M))^φ.

By the assumption (3), SpQc(B®Aκ(MJ) is a finite set. In the same manner as
(1)=>(3) in Corollary 3.6, Spec(A[X]/Iί®Aκ(M)} is a finite set for each i. By

Theorem 3.1, c(It)<£M9 hence c(/f)ς£P. This completes the proof.

REMARK 3.10. If A-+B satisfies LO, then the assumption of Proposition
3.9 is satisfied.

PROPOSITION 3.11. Let A be a Prύfer domain and let Ω be the algebraic
closure of the quotient field F of A. Then for each αeί2, ^4-> ̂ 4[α] is an in-

comparable morphism.

PROOF. Let P e Spec A. Since AP is a valuation ring, there is a polynomial

f ( X ) in AP[_X~] such that /(α) = 0, c(f) = AP and f ( X ) is irreducible over F. By

Theorem A in [5], f(X)AP[X~\ is a prime ideal, hence v4P[α] = ̂ P[^]/(/(X)).

Therefore, ^4P-»y4P[α] is an incomparable morphism by Corollary 3.3. Thus,
A-+A[a~] is an incomparable morphism by Proposition 1.4.

COROLLARY 3.12. With the notation of Proposition 3.11, let α l5 α2,. ) απ
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eΩ. Then A-*A[pιί9 α2,..., αj is an incomparable morphism.

PROOF. By Proposition 3.11, A-*A[μϊ\ is an incomparable morphism for
n

each i, and hence A-+ ® A 4[αJ is an incomparable morphism by Remark 3.7.
ί=l

Thus, A-*A[pιl9 α2,..., αj is an incomparable morphism by (2) of Proposition 1.1
and (1) of Proposition 1.2.
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