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1. Introduction

We shall be concerned with the system of linear ordinary differential equa-
tions with a parameter

dX _
e = A(t,e)X, (1.1

where the n by n matrix function A(t, €) is holomorphic in the domain
D(to, 80, 00) = {(t:;8) | [t] =15, 0 <|e| < &, large| < 6}

and admits the uniform asymptotic expansion
Ate) ~ 3 A as e—0 in |arge| < 0. (1.2)
i=0

The coefficients A(t) (i=0, 1,...) of (1.2) are holomorphic in the closed disk
|t|<t,. We here assume that

q being a positive integer, which implies that the origin t=0 is a turning point of
(1.1).

In order to investigate asymptotic behaviors of solutions of (1.1) in a full
neighborhood of the turning point t=0, we usually try to find a matrix Q(t,¢),
which is holomorphic in D(t,,¢,,0,,) (0<t,=<t,, 0<g;<égy, 0<0,<0,) and ad-
mits an asymptotic expansion of the form

Q(t,e)~i§Pi(t)e" as e—0 in |arge| < 6, 1.3)
=0

where the coefficients Py(f) (i=0, 1,...) are holomorphic in |t|<t,, such that the



748 Mitsuhiko KoHNoO, Shigemi OHkoHcHI and Tomonori Koumoro

transformation Y =Q(t,¢)X reduces (1.1) to a system of linear differential equa-
tions for Y, whose asymptotic behaviors can then be easily analyzed in |t|<t,.
In this analysis, however, we encounter a troublesome fact that (1.3) does not
hold uniformly in the full neighborhood of the turning point |¢|<t,.

To our knowledge, such a problem to seek a simplifying transformation
0(t, &) admitting the uniform asymptotic expansion in a full neighborhood of a
turning point has been completely solved only for second order linear differential
equations (see [7], [2], [4]). W. Wasow [7] first succeeded in solving the prob-
lem in the case when n=2 and g=1 by an elegant method. The purpose of this
paper is to show that an extended Airy function of the first kind defined by M.
Kohno [1] plays an important role in solving clearly the full uniform simplifica-
tion problem for (1.1), where n is even, i.e., n=2N (N=1) and g=1, by only
following W. Wasow’s method.

2. Formal reduction

It is well known that when g=1, (1.1) can be reduced to the system of linear
differential equations

s.‘g— = A,()Y 2.1)

by a formal transformation
Y= P(t,e)X, P(t,e) = 3 P{f)e,
i=0

where the coefficient matrices P(t) (i=0, 1,...) are holomorphic for [t|<?, and
Py(0)=1, I denoting the identity matrix. This result was proved by K. Okubo
[3] and independently by W. Wasow [5].

We here restate the method of reduction in [3] to obtain a slightly modified
result in the case when g is an arbitrary positive integer.

Let u(t,¢) be a row vector and put

pl(t’ 8) = :u(ta 8)9
Pu(6,) = 6% p1(66) + Pims (DA 2) 22)
(k=2,3,...,n+1).

Then it is easily seen that the transformation

pl(ts 8)

t, €
Y= Pz(: )

Pa(t: 8
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reduces (1.1) to the system of linear differential equations

ay
dt

€ = B(t,9)Y,

where B(t,¢) is a companion matrix with the form
0 1 0
: 0 1,
B(1, &) = DT
. . .0 1
bi(t,8) by, ) - b,(1, €)

under the condition that

Pasa(t,8) = 3 bt Oputt, o). 23)

We shall now attempt to determine the row vector u(t, €) so that the functions
b(t,¢) (k=1, 2,..., n) are as simple as possible. The substitution of the power
series of (1.2) into (2.2) leads to

Pr+1 = pAG + e(kp’ AF™ + (Ao A1) + 2 fil(t, & 1)
(k=0,1,...,n),

where

k . . k=1 ; .
W(do; Ap) = 3. AFT A + 5 (aly Ay

=
and fi(t, & ) is a linear form in p, p',..., u®. Considering this and putting
by(t, &) =t + &2b,(t, ¢),
by(t, &) = e2by(t, ¢) (k=2,3,..,n-1),
b,(t, ) = 0,

we can write the condition (2.3) as follows:
ntip’ + ph(Ao; A1) Ao + efy(t; & WA,
= &% Bu(t, ) (Al + o[(k— DA™ + i (Ao 4]
+ & fi-1(t, & 1)} A4,

= &S b1, e)udk + e2h (1, &, p, B)Ao, 2.4)
k=1
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where h,(t, ¢, u, b) is a bilinear form in u*=» and b, (k=1, 2,..., n—1). We here
substitute the formal series

k(e ) = 5 w0,

by(t,¢) = 20 bo(e  (k=1,2,..,n—1)

into (2.4) and equate the coefficients of like powers of ¢ in both sides, thereby
obtaining the following systems of linear differential equations

ntiug + po(Aos A)Ao =0, (2.5)
ntip; + py(Ao; A1)Ao
= z{bu_luo + Bgmaty +- + byoti— 1} A5 + Go_ (1, 1, )4,
(i=1,2.), (26

where G;_,(t, i, b) includes po(t), u1(t),..., t;—1(t) and their derivatives linearly,
and b, ((t) (j=0, 1,..., i—2) linearly. Since

0 I, (AR AR
A(j) = ’ Ag-jAlAé = . s
1l 0 12949 194
where I; denotes the j by j identity matrix and we have put

AP AP
(J

Al(t) = (a,-k(t); i, k = 1, 2,..., n) = . j = 1, 2,..., n),
A AR

A(ll;)$ A(ljz)’ A(le) and A(ZJZ) being matrices of tYPe (n_j9 n—j)’ (n —j9 .])s (]: n—])
and (j, j), respectively, we see that

n . =1 . .
Vados A Ao = 3 A5 A AL + S (A A5~
J= J=

v AP\ (0 0
. R
W\ 2949 14 ) IO @l

and hence (2.5) can be rewritten in the form

o (AR 4RO\ .-, /0 0
ol J+ 5o o)
I\ Q@) 1490 =\ 0 gl

= Ho®(2).

M=

J

:Ir—-‘

tho = —
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Hence, if it is assumed that
ay(t) = O(t171) k<i;i,k=1,2,..,n), .7

then the matrix &(t) is holomorphic at t=0 and &(0) is of the form

®(0) = -2

0 _(n—1)yg

n

This fact implies that the origin ¢t=0 is a regular singular point of (2.5). We can
then find a holomorphic solution, which corresponds to the characteristic ex-
ponent 0, of the form

Ho(?) = ,éo ao(m)tm,

where
%(0) = (1, 0,..., 0). (2.8)

Next we shall seek a holomorphic solution u(f) of (2.6). For that purpose,
we have to investigate the nonhomogeneous term of (2.6). We put

1i(@) = (L@, pP@),..., 1P @),

'yf,"z(t) = bk,j(t)ﬂf)")(t) + bk,j—n(t)ﬂ(l")(t) +e+ bk,O(t)Mfi")(t)s
n—1 (2'9)
IP@) = 7250 + 92,50 +-+ 905700 + 1 T W07+

(v=1,2,..,n),
and
Gi(t, u, b) = (¢5°(t, u, b), gP(t, 1, B),..., g§”(t, 1, B)).
Then the nonhomogeneous term of (2.6) can be written as
Fioy(t) = TV + 11g$;, TP + g{,..., T, + g{*7Y)
= (f @), 2., f21(D)).

According to the theory of a regular singularity, if
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) =01y (v=2,3,..,n) (2.10)

are satisfied, together with the assumption (2.7), then we can find a solution
u{®) of (2.6) which is holomorphic at t=0. In order that the conditions (2.10)
are satisfied, we may only choose b, ;_(t) (k=1, 2,..., n—1) as polynomials of
degree at most g—2, i.e.,

O qjiﬁk,i_l(m)tm (k=1,2...,n—1). @.11)

In fact, we assume that we have already obtained holomorphic solutions pu,(?),
o (0),..., p;— (1), determining by o(2), by, 1(D),..., by ;-2() (k=1, 2,..., n—1) as such
polynomials as (2.11). Then g{(t,u,b) (v=1, 2,..., n) are known functions
which are holomorphic at t=0. On the other hand, from (2.9) we have

ri@) =1 + 019

= by, (OuEO@) + by, i, (OpP @) + -+ + by (O () + Ot
= (S Buiamm) (1 + 5 afP(myim)

+ bl,i—z(l),u(f)(l) ot by o(2) w2 (@) + 0(19)
= B1,i-1(0) + {By,i-1(1) + a§P(1)B,,;-1(0)}2 + -+

+ {B1,i-1(g—2) + “81)(1)131,:'-1(4—3) + e

+ afP(g — 2)By,i-1(0)} 1972
+ by, (OpSP@) + -+ by oYy (1) + O@T7Y).

From this it is easily seen that we can determine the constants f, ;_;(m) (m=0,
1,..., g—2) successively so that f{¥()=0(1a~1). Since b; ;_,(f) has been
determined, y{?)-, becomes a known holomorphic function. We can then
determine b, ;_,(f) as a polynomial of the form (2.11) so that f{¥(1)=0(t2").
Continuing this process, we at last obtain (2.10) by means of determining b, ;_ ()
(k=1, 2,..., n—1) as appropriate polynomials of the form (2.11). We have thus
derived a desired formal reduction. Lastly, we remark that from (2.2) and (2.8)
there holds

140, 0)
p2(05 0)

. =1.
P40, 0)

We summarize the above results in the following
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THEOREM 1. Let us denote the matrix A,(f)=(au(t); i, k=1, 2,..., n).

Under the assumption that a,(f)=0(t1"1) (k<i; i, k=1, 2,..., n), we can find a
formal transformation

Y= P(t,9)X = (3 PDeHX,

where the coefficient matrices Py(t)(i=0, 1,...) are holomorphic for |t|<t, and

in particular, Py(0)=1, which reduces s%=A(t, &)X to e%:B(t, €)Y with
0 1
0 1 0
B(t’ 5) = K '....'. ’
1
bl(ta 8) b2(t’ 8) bn—l(t3 8) 0

where

q-2
by(t,e) =t1 + 82,..120 pre)em,

2
b(t, &) = emzo preym (k=2 3..,n— 1),

me) = 3 pr(i)e (k=1,2,n—1;m=0,1,.,q —2).
i=0

As a matter of course, if g=1, then B(t,e)=Ay(). Considering the first

component of the column vector Y and putting z=te‘n_:4‘1, we easily see that the
reduced system of linear differential equations is closely related to a single linear
differential equation of the form

ay _(§° m) 4" "2y m>d
= <m§Oa"_2(m)z ) o + 4 Z a,(m)z iz
+ (z" + qizao(m)z'”)y .
m=0

3. Analytic reduction

Hereafter we shall consider the system of linear differential equations (1.1),
where n=2N (N=1) and g=1. Although an analytic reduction theorem for
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such a system of linear differential equations has been established in the paper
[6], in this section we give a simple proof quite similar to that in the case n=2
[7] by using an extended Airy function of the first kind.

To begin with, we shall explain the extended Airy function of the first kind
Ai(z) (see [1]), which is a particular solution of the linear differential equation

dry
dz"

—zy=0 (n=2N) 3.1)
and is defined by
Ai(z) = ?ng(— Y+ D0y ),

where

(j=1,2,...,n)

and the real constants y and n; (j=1, 2,..., n) are given by

T nz;l% +1 (2:;11(11)—") ::1:[1 . n k -1
r=(5)F ey Tein(750))

k=1

N—-1
noxn—l + ’71-""—2 + e Nu—2X + oy = (x + 1) ’:‘[:Il(xz-,‘- 2XCOS(n Z}t_ 1k)+1>.

Ai(z) has several properties entirely analogous to the classical Airy function of
the first kind. We state its properties needed later in the following

LemmA 1. (i) Let k; (i=1, 2,..., n) be mutually distinct integers modulo
(n+1). Then Ai(w*iz) (i=1, 2,...,n) form a fundamental set of solutions of
(3.1) and the Wronskian of them is calculated as follows:

W [di(w*1z), di(w*22),..., Ai(w¥rz): z]

— . (kj— k; {(kj"‘ki _1_) }:|

ciCy c,,léiljjén[sm( i exp e + > )m |
2n . . N _(n—j ‘e

n+n1 i)and c,-=y(—1)l(n+1)"+1( ’)n,,_j=Al(" I0).

(ii) There holds the connection formula

where o= exp(

Ai(z) + kg B Ai(w™*z) = 0,
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where

-1/ 8in j_kn>
i=1| J
lsm(n 1 7r>

(iii) Ai(z) has the following asymptotic behaviors:

(k=1,2,..,n).

n n+1 _n—1 _n=1
Ai(z) ~ 31exp<— 12" w,,)z 2n {1 +0(z » )}

(—2nLargz < — m),

n n+1 _n—1 _n+1
~exp(— zn>22 {1+O(Z ”)} (—rm=sargz<m)),

n+1
n nt+l Lt § _nt1
~ d, exp(— el m;l)z 3 {1 + o )} (n < arg z < 27),
where w,= exp (-2;—1), d,= exp("; 1 m‘) and d, is the complex conjugate of d,.
We here put
Ai(w’2) )
wVAi(w’z)
oL, (z) = : (v=0, +1,.) (3.2)
wv(n—l)Ai(n—l)(wvz)
and

Ui(2) = [d—(k—l)(z)a ﬂ—(k-z)(z),---, A o(2)yeees A yy—1(2)s A i (2)]
(k=1,2,...,n+1). (3.3)

From Lemma 1 it follows that for all v (v=—k+1, —k+2,..., n—k)

nt1 j_n—1 n+ly._n—1
W' 4iV (0 z) ~ exp(_ - :’L lsz;>sz"zT [(- l)jwv{( o L 7ol Y 0(z»)]

(Gj=01,..,n-1)
as z— o0 in the sector

27 -
n+1

2z
n+1

-+ (k—1)+6<argz< —m+ k+1)=6, (34
J being an arbitrarily small positive number. Combining this with the definition

(3.2-3), we immediately obtain
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LeMMA 2. If we put
U(z) = (2)°20,(2) exp (p(2)2%) k=1,2,..,n+ 1),

n n+1

where p(z)=sz such that p(z)>0 for z>0,

0 for |z| <z,
a(z) =
1 for |z| 2 z,,

z, being a sufficiently large positive number,

_ n — 1 O \ —Q);k+l 0
2n
1 _ n-1 — gk

n—1_ n-—1
0 n 2n 0 — ok

then U(z) as well as its inverse are uniformly bounded in the sector (3.4).

The uniform boundedness of U,(z)~! is seen form Lemma 1 (i) and the fact

n

that Oy(c0)=((= 1" {55}, o0, 1, n—1,v=—k+1, —k+2,...,
n—k) is nonsingular.

All preparations having done, we now return to the problem of an analytic
reduction. In the preceding section we have proved that there exists a power
series P(t, &) which formally satisfies the system of linear differential equations

3—‘27}) = AP — PA(t,¢). (3.5)
We shall now show that we can find an actual solution of (3.5) which is holo-
morphic in a certain sectorial domain and there admits the formal power series
P(t,¢) as its asymptotic expansion as e—0. For that purpose, taking account of
Borel-Ritt’s theorem which guarantees the existence of a holomorphic function
P*(t,¢) such that P*(t,e)~ P(t,¢) as ¢—0, we first put P= W+ P*(t,¢) and change
(3.5) into

e AW _ 4 ()W — WALt + G(t, &, W), (3.6)

where

G(t, &, W) = W(Ao(t) — A(t, €)) + F(t, 8),
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%*
Ft,6) = — a‘% + A(t)P* — P*A(1,5).
We then have only to seek a holomorphic solution W(t,&) of (3.6) such that

W(t,e)~0 as e—0.

Putting z=t¢~ = in (3.3), we can easily verify that each
1 0
.
gntl
2 n n
Ut ¢e) = gn+2 U (te™n+1) = U, (1e77+7) (3.7)
0 eni

k=1,2,....n+1)
forms a fundamental matrix of solutions of (2.1), i.e.,

au _

Let

with det [I=(—1)", and then IT-'=II,= —1II, where here and below the sub-
script * denotes the transposition of a matrix. A direct calculation shows that
each Vi(t,e)=IIU,(t,¢) (k=1, 2,..., n+1) forms a fundamental matrix of solu-
tions of the system of linear differential equations
dv

e = = Ao(D4V.
Then from [7; Lemma 30.1], we can immediately convert (3.6) into an integral
equation of the Volterra type as follows:

Wi, 5)

= U,(t, &) tgm) Uiz, 011G (1, &, W(, &) (Vi(7, ©)5)~1dT]Vilt, ©)x

(k=1,2..,n+1), (3.8



758 Mitsuhiko KoHNoO, Shigemi OukoHcHI and Tomonori KoHMOTO

where I(f) denotes a set of n? paths of integration ending at ¢, which correspond
to n? entries in the integrand matrix. Moreover, putting

O(t,€) = Uy(t, &) exp (— p(2)2%),
Vut,€) = Vit &) exp (= p(2)Q%)  (z = te77+1)
and
Wt e) = U, eW(t, e)Vi(t, e)5!  (k=1,2,...,n+ 1), (3.9
we rewrite (3.8) in the form
V(1 6) = gm) exp {(p(2) — p(E) QYW (1, ) M(7, )
x exp {(p(z) — p(&)) @4} dr + H,(, &)
= L[#]+ H(t,e) (E=1e770), (3.10)
where
M (t, &) = 7,1, £)ue™ 1 (4o(2) — A1, &) P, (2, ©)31,
H(t, e) = Sm) exp {(p(2) — p(O) 2T, (1, &) 1e 1 F(x, ) P(, &)3!

x exp {(p(z) — p(£))Q}dr.

Since in the domain D(t,, €y, 0,) the norms of the matrices £z and &~1z~%
are estimated as follows:

2j~(n—1) n—1 2j—(n—1)

_J_ _n=1_
[£z%] < max { max (en*Tz, 2+ ), max (e2¥Dy, 2 )},
0Sj<N-1 N<Jisn—1

_n—1 =2j+(n—-1) o =2j+(m-1)
|[6-1z7%| < max { max (g »F1f, 2n ), max (g »*tlz, 2n )},
0Sj=N-1 Nsjsn—-1

we observe, taking account of Lemma 2, that each pair U(t,e) and V(t,¢)

.. _n=1 . .
(k=1, 2,..., n+1) as well as their inverses are O(¢ »+1) uniformly for [t|=¢, in
the sector

_n_ 2
_n+;1%(k_l)+6§arg(13 ni1)<—n+nfl(k+1)—5'

(k=1,2..,n+1). (311

This implies from (3.9) that W(t,e)~0 whenever #°(t,&)~0. We therefore have
only to seek a solution of (3.10) which is holomorphic in a sectorial domain
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defined by (3.11) and [¢|<t, and there #7(t,&)~0 as ¢—0 in |arg ¢| < 0,.
For each k (k=1, 2,..., n+1), in the sectorial domain stated above we have

-1 _ -
IM(t, )] < Cenrt 0o = (e,

where C is a constant independent of e&. We now choose the set of paths of
integration I(f) lying in that sectorial domain so that along I(f) the exponential
factors in the integral (3.10) are bounded as ¢—»0. Then we can prove the
following

LemMMA 3. Let Si(ty,84,04) (k=1, 2,..., n+1) be the intersection of (3.11)
and D(ty,g,,0,), where 0<t;<t,, 0<e,<g, and 0<6,=0,, t; and &, being
appropriately small. If (t,&) € Si(ty,€,,0,) (k=1, 2,..., n+1), then we have

Hy(t,e) ~ 0 as ¢—0
and
IL# ]l = Ksup||[#'| (O<K<]I)
(k=1,2,..,n+1),

where K is a constant and supremum is taken in the sectorial domain defined
by (3.11) and |t| =t,.

The proof of Lemma 3 is also quite similar to that in the case n=2 (see [7;
Lemma 30.6]). From Lemma 3 the usual method of successive approximation
leads to the required result.

We have thus obtained the following theorem of analytic reductions.

THEOREM 2. In each S (ti,&,,0,) (k=1,2,...,n+1) there exists a holo-
morphic matrix P(t,e) (k=1, 2,..., n+1), which admits the uniform asymptotic

expansion Py(t,e)~P(t,e) as e—0, such that the linear transformation Y
=P,(t,e)X changes sd—‘z{ = A(t, &) X into s% = A,(1)Y.
Lastly we remark that n+1 sectorial domains S,(t;,&,,80,), S,(¢1, €, 61),.-.,

S,+1(t1, &1, 0,) cover the full neighborhood of the turning point |¢|<t,.

4. Uniform simplification in a full neighborhood of the turning point

This section deals with the construction of a matrix Q(t,&) such that Y=
0O(t, &)X reduces (1.1) to (2.1) and the uniform asymptotic expansion Q(t,e)~
P(t,e) as £—0 holds in a full neighborhood |t|<t;. For such a construction
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we only follow W. Wasow’s idea.

In this section, for simplicity, we assume that arge=0, which is not an
essential restriction. From Lemma 1 it is easily seen that

1 0 Ai(w™z)
_1 a)‘fA’.(g)‘jz)
n+1 i
v =8; ° : @.1)
0 " 8%% w—j(n—l).Ai(n—l) (w~iz)
(z =177, fo=1; j=0, 1,..., n)
are solutions of (2.1) and they satisfy the connection formula
yO(ts 8) + yl(t’ 8) + et yn(t’ 8) = 0. (42)

Since Pi(0,e)—1 as ¢—0, Py(t, &) (k=1, 2,..., n+1) are well-defined and holo-
morphic in Si(t;,¢;,0) (k=1, 2,..., n+1) for sufficiently small ¢, and ¢;. Theo-
rem 2 implies that each Py(t,e) 'yt &) (j=0,1,...,n;k=1,2,..,n+1) is a
holomorphic and asymptotically known solution of (1.1) in S,(t,, &;,0). Those
solutions can be analytically continued in the full domain D(t,, &;,0) and will
be denoted by the same notation in the below.

We shall now prove two lemmas.

LBMMA 4. There exist scalar functions a¥(e) (v=1,2,...,n;j=0, 1,..., n)
of & which admit asymptotic behaviors

aye) ~ 1 as ¢—0,

such that there hold

BP0 =0 (r=1,2.m).

Here and below all subscripts and superscripts are to be interpreted modulo
n+1.

Proor. For each v(v=1,2,...,n), n+1 solutions P;,(t &) 1y;(t¢) (j
=0, 1,..., n) must satisfy some linear relation

_]go c}(e)Pj+v(t9 8)_lyj(t’ 8) = 0‘

Setting t=0, we solve c}(¢) by the Cramer rule and then obtain
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cy(e) = det[P;,,4+1(0,8)7'y;41(0,€), Pjyys2(0, )7 1y;4,(0, &),...,
Pj+v+n(os 8)_1yj+n(0, 8)] (.1 = 0’ 1’-"’ n)°

Since for all v, P;,(0,¢)"' ~P(0,¢)"" as e—~0 and det P(0,¢)~! #0 for sufficiently
small g, it follows that

c3(e) ~ det [P0, &)~ 1det [1;41(0, £), Y5450, £)-.r Y520, &)]
(j=0,1,.,n)
as e=»0. From Lemma 1 and (4.1) we easily see that
det[y;11(0, &), ;4 200, &),..., y;44(0, &)] # O (j=0,1,..,n)
for ¢#0 and moreover, we can prove that for any j and j' (0< j, j'<n)
det [y;41(0, ), ¥;+2(0, €),..., ¥;44(0, €)]
=det[y;+1(0,8), y;+2(0, 8)..., y; 440, &)]

holds. In fact, let j and j' be two distinct integers between 0 and n such that

j'=j+k(1=k<n). Then, using the connection formula y;0,¢)= — Z" Y;i+10,8),
=1

we have

det[y; 1+1(0,€), y;r4+2(0,8),..., ¥ 440, €)]
= det[V;11+1(0, &), Vjri+2(0, €)sers ¥ 44(0,8), Y50, 8),..., ¥j4x-1(0, £)]
= det [y;+4+1(0, &), Vj4x+200, &)y ¥;44(0; ©),
—Y;+1(0,8), ¥;41(0,8),..., ¥j1x-1(0, &)]
= (= D=k+Dkdet [y;4,(0, &), y;+2(0, &),..., y;+4(0, €)],

which is the required result since the integer (n— k+ 1)k is always even. We here
put

ay(e) = cj(e)/det [P(0, &)~ 1det [y;.1(0, &), y;+2(0, &),..., ¥;+4(0, &)]
and thus the proof of Lemma 4 is completed.
Now we put
x}(t, &) = aj(e)P; . (t, &)~ yi(t, & (j=0,1,..,n;, v=0,1,...,n),

where a%(e)=1. As is easily seen, for each v (v=1, 2,..., n), any n functions of
x¥(t, &) (j=0, 1,..., n) are linearly independent solutions of (1.1) and Lemma 4
implies that just the same connection formula as (4.2)



v=12,..,n)
is satisfied.

Before we state the next lemma, we make some preparations.

Hereafter,
for abbreviation, denote S,(t,,¢;,0) only by S, and also consider S, as a sectorial
domain in the complex z-plane.

Put

n+1 A .
g0 =t ey (=0,1,.,n)
and define
T
q,(t, ), mlargi<m+ -,
dolt, ©) = ntl (4.3)
qo(t, 8), —msargt<m,
q;@, e, —n+n2_flj§argz<n+n2_fl,
4, e) = 4.4)
q;-1(, &), —n.§argt<—n+n2_f1j
(j=1,2,.,n).

Moreover, let us define the functions §(t,€) by

Ii(t.e) = yt,e)exp (§;(t,e)) (G =0,1,.,n)
for —ngargt<n+2—n

P Then from Lemma 1 and the definition (4.1) we

observe that the functions J,(t,¢) (j=0, 1,...,n) are uniformly bounded for
O<e<e;,and teS;US,U--US, ;.

We are now in a position to state the following important lemma.
LEMMA 5. Let us define the functions £%(t, ) (v, j=0, 1,...,n) by

25t &) = xj(t, &) exp (§,(t, ¢))

4.5)
forteS;US,U---US, ;.

Then we have
£yt e) — RY(t,e)~0 as e—0
uniformly inteS; US,U---US,+;, |t|St,<t,, and hence for any v and p

R¥(t, 8) — #4(t,e) ~0 as e—0
uniformly inte S{US, U - US,+q [tSt, <ty
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Proor. Since P;,,,(t,e) ' ~P(t,e) ' in S;,,,, and P;, (¢, &) 1 ~P(t, &) !
in S;,, and a¥(e)~1 as e—0, we see that
L3Pt e) — £Y(t,e)~0 as e——0 in S;,, N S;4, 4.

Putting ¥ %(t,&)=x}*1(t,&) — x}(t,¢) and defining Y ¥(t, ) in a similar manner to
(4.5), we investigate the behavior of 7"¥(t, ¢).

Let t move from the sector S;.,N S;,,. in the positive direction and lie in
Si+y+1- The solution ¥"}(t,¢) of (1.1.) can be expressed in terms of a linear
combination of n solutions of the xj*v*1=k(t,¢) (k=0, 1,..., n), excluding one
solution which has its Stokes line in S, as follows:

Vi e) = 5 A@TH o)

k£j+v+1

with the coefficients A4,(¢) depending on & alone, whence it yields that

Pyt e) = kgl AR K1, e) exp (G (1, €) — Gilt, 9)) - (4.6)
K#j+v+

Here we point out that all the functions £J**+1-k(t, ) are asymptotically known
and bounded in S;,,,,. Let t be an arbitrary point in S;.,NS;,,+;. Setting
t=1 in (4.6), we seek the coeflicients A,(¢) by the usual Cramer rule. For that
purpose, we need to calculate the determinant

v

43(7) = det [£{+¥*1(x, €), £ITV(x, &),y £%4y41(T, €., RIFVHI7N(T, £)]

. . \" .
= det [x6+v+1(r’ 8)’ x_{+v(1.’ 8)’---a x?+v+1(T: 8),"" X‘,’,+V+1—"(T, 8)]

xexp(3 a9,

k#j+vil

where the symbol V on a vector indicates that the vector is to be omitted. Taking
account of the definition (4.3-4), we have

- Jjty n
Z dx (1’ 6) = Z qk(T’ 8) + Z qk—l(T’ 8)
k=0 k=0 k=j+v+2

k#j+v+1

n LA £ g
=—"TT7T.T" wy* + wy
n+l ¢ =0 " k=jrv+2 "

= 0.

We therefore obtain
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43(0) =

T1 af174@)| et Pyayn(r, )7
k#j+v+1

X det [yO(Ta 8)’ J’1(Ta 5),--" )\;j+v+1(ra 8),-'-s yn(r, 8)]

1 af"ri7k () | det| Pyryus(r, 97

k#j+v+l

X det [yO(Os 8)3 _1’1(0, 8):"'9 .¥j+v+l(0, 8),---, yn((), 8)]

. n(n=1)
= |I1 afr14) B 27D det |Pjayi(r, )71
k#j+v+1

v
x W[Ai(z), Ai(w™1z2),..., Ai(w=i~""1z),..., di(w™"z): z]
n(n—1)

= g2F ) K (g),

where K(¢) is bounded away from zero for 0<e=<e,. Since 1’};(7:, &)~0 as e—0,
we consequently obtain

Ak(g) = €Xp (_ qj(T’ 8) + qk(ra 8))2;‘(‘[, 8)’ (4'7)
Aft,e) ~0 as e—0

4.8)
(k=0,1,..,n; k#j+v+1).

We have to pay attention to the fact that the relations (4.8) hold for every 7 in
Sij+yNSjiy+q- The substitution of (4.7) into (4.6) yields

A~ n ~ .
it e) = 3 {Aft, &)Xkt €)
‘\(r;(_;'+v+1

x exp (4,1, &) — i, &) — q;(1,8) + Gu(7, 8))} 4.9)
inSjiy4.
Now, if necessary, we divide the sectorial domain S;,,,; —(S;4+, N S;4,41)
into a finite number of subsectorial domains, i.e., T,UT,U--UT,=S;4,4+,
—(S;+yUS;j+y+1), such that in each T, (u=1, 2,..., p) there always hold

(1) Re(g(t,8) — qu(t,€) =0 or (i) Re(gu(t, &) — gu(t, €) >0
for all k(k=0,1,...,n; k#j+v+1).

Let ¢t move from S;,,NS;;,4+; to the
neighboring sectorial domain T;.

For k for which (i) holds, we take t=0 in (4.9),
and for k for which (ii) holds, we take as 7 in (4.9) a point which is lying in S,

N S;4+y+1 and is close to the ray of boundary of T, i.e.,
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t=t1exp{(-—n+n+l(]+v+1) 5—5)}

¢’ being an arbitrarily. small positive number, to obtain Re (§(t, &) — §i(t, £))>0.
Then it follows that the exponential factors in (4.9) remain bounded as ¢—0 for
teT,, |t|£t;<t;. Here, taking account of the boundedness of the £{**1k(t,¢)
and (4.8), we can conclude that

PUt,e) ~0 as g—s 0 (4.10)

uniformly in teT,, |t|<t;. Next, if ¢ lies in T,, then using the relation (4.10)
just derived, we can prove by means of entirely the same argument stated above
that ¥ ¥t,e)~0 as e¢—0 uniformly in teT,, |t|St{<t;. We continue this
process in Tj, Ty,..., T, to obtain the required result in S;,,,,. Similarly in
other sectorial domains we have only to follow the above argument. Thus we
have completed the proof of Lemma 5.

From the above two lemmas we now derive the main theorem of this paper.

THEOREM 3. There exists a matrix function Q(t,&), which admits an
asymptotic expansion

Q(t,e) ~ P(t,e) as ¢—0

uniformly in |t|<t,, —n+0=Zargt<n+-=—7—90, 0 being a sufficiently small

+l
positive number, such that the linear transformation Y=Q(t,e)X changes
dX ; dYy _
s—d—t—A(t,a)X into eW—AO(t)Y.

Proor. Let an integer v be taken from 1, 2,..., n and be fixed. We put
Z(t,8) =[x, &), x3(t, &)snv, XU, €),eny X2 4 1(t, €)]
Yi(t,8) = [1(1, 2), Yoty &)reves Jalls Osevvs Yy a(t, 9]
k=1,2,.,n+1)),

where x} . ((t, &)=x§(t,€) and y,.((t, e)=y(l, €). It is easily seen that the ma-
trices Z(¢t, €) and %, (¢, €) (k=1, 2,..., n+1) are fundamental matrix solutions of
(1.1) and (2.1), respectively. We now define the matrices Q(t, ¢) (k=1, 2,...,
n+1) by

Qult, &) = ¥ (1, &) (1, &)1, 4.11)

This definition implies that for each fixed k we have

Qu(t, e)x}(t, &) = yi(t, e (J=L2..,n+1;j#k).
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But, considering the relation proved in Lemma 4

n+1
xpt,e) = — X xyt,e)  (xy+1(t, €) = xy(t, )
j2k
together with
w1
yk(t’ 8) Z _](t’ 8) (yn+ l(t’ 6) = yO(t’ 8))’
5
we also have
+
Qk(t’ S)Xﬂ(t, 8) = - jz Qk(t s)x](t 8)
j;llc
il
= Z ](l 8) yk(t’ 8) .
5tk

Hence we can conclude that all n+1 linear transformations Q,(t,¢) (k=1, 2,...,
n+1) are identical from the fact that each Q,(t,¢) is a linear transformation from
the n-dimensional vector space of solutions of (1.1) onto the n-dimensional vector
space of solutions of (2.1) in the same coordinate system. We put

Q(t, &) = Qu(t, ) (k=1,2,..,n+1).
We now need only to prove that
Q(t,e) ~ P(t,e) as e—0 in §S,.
From (4.11) it immediately follows that
Qu(t,€) = [91(t &), Dt €hvos Dults s Pra (5 )]
% [R1(t, &), $3(t &)revor RU(E, e R4 1(2, )]0 4.12)
On the other hand, an application of Lemma 5 yields that
[R1(, €), 23t €),ernr RE(t, ©),enny R2as (2, £)]7
~ [R5, €), 252 ©), ..y R0(E, ©),nn, RETEHO(, €)]7

= [TLa @101 0, 9206 vy Ialls s Iua O 1 Pals, )

J#k
~ [91(1’ 6)’ .92(1’ 8)3“-3 .ék(t: 8);“-’ yn+1(ta 8)]_1Pk(ta 8)

as ¢—+0in S,. Combining this with (4.12), we consequently obtain
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Qu(t,e) ~ P(t,e) as ¢— 0 in S, (k=1,2,..,n+1).

Thus the proof of our main theorem has been completed.
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