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§0. Introduction

It is known that the hypergeometric functions Fu F2, F3 and F4 of two

variables have the following Euler integral representations

(0.0) Ffafi^yw) = o [

(0.1)

(0.2) F2(.a,β,β',y,γ ;x,y)

= C2 {
JDz

(0.3) F3(«A',β,β',y ,χ,y)

(0.4) jp4(α,)?,y,/;x^) = C 4 [{ u'-v'v'
JjD4

where C, are some constants and Dj are some cycles. (0.0) is discovered by E.

Picard, (0.4) is discovered by K. Aomoto (see [3]) and the others are discovered

by P. Appell.

In this paper, we establish a principle of Euler integral representations and

give new integral formulae for the hypergeometric functions F2, Gί9 G2, Hx and

H2 (Horn's notation).

THEOREM.

(0.6) F2(a9β,β',γ,γ';x,y)

= C6 [
jD6

(0.7) Gι(ct,β,β';x,y) =
D7
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(0.8) G2(a,ct',β,β';x,y) = C8

(0.9) Hx(oL9fi9y9B\x9y) = C9
JD9

(0.10) H2(θL,β,β',y,z;x,y)

= C 1 0

where

C6( = C4) = ( i r - a s i i i π ( α - y ) Γ(y)Γ(y)

C7 = C8 = ( - 1 ) ^

(~<
o — ^ in —

D 6 ( = Z ) 4 ) = {(w,t;)eR 2 |0^M ^ 1, t; ^ 0, u + v-uv ^ 0},

Z>7 = D 8 = {w e R I - 1 ^ u ^ 0},

D 9 = Dί0 = {(u, ι ; ) e R 2 | 0 <* u <* 1, t? ^ 0, ut + M-1 g 0}.

COROLLARY. The system of differential equations satisfied by the function

y-*'G2(<x,oc',β,β';-x,- y) is identical to that of F&'+ ?&&',*'-β+\\x9y).

We transform the hypergeometric differential equations, by Euler kernels,

so that the transformed differential equations have elementary function solutions.

This method, though quite simple, has not been applied to hypergeometric func-

tions of two variables. Moreover, A. Erdelyi mentioned in [2] that " . . . , by

transformation of the systems of partial differential equations satisfied by the

hypergeometric functions. This method, though simple in theory, is rather

laborious in practice and not very useful for discovering new transformations".

For other hypergeometric functions G3, H3,..., HΊ, we have not yet suc-

ceeded to discover "elementary" Euler integral formulae.

§ 1. Review

Since hypergeometric functions and equations of two variables are not very

familiar, we list up the series Σ Amnx
myn and the systems of differential operators

Pl9 P2 which annihilate them.
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Pi

p2

P*

G2

H2

(<x,m+n)(β,m)(β',n)
(y,m+n)(l,m)(l,n)

(oc,m+nKβ,m)(β',n)
(y,m)(y',n)(l,mKl,n)

{<x,m)(<x.',ή)(β,m)(β',n)
(γ,m + n)(l,m)(.l,n)

(x,m+n)(β,m+n)
(y,m)(y',n)(l,m)(l,n)

(a,m+n)(β,n-m)(βr ,m-n)
(l,ifi)(l,»)

(a,m)(a'ji)(βjι-mW,m-n)
(l,m)(l,ιi)

(cc,m-n)(β,m+n)(y,n)
(ε,m)(l,m)(l,n)

(«,m-n)(β,m)(β',ή)(y,n)
(ε,m)(l,m)(l,n)

Pu Pi

±δ(y-l+δ+δ')-(<x + δ+δ')(β+δ)

yδ'(γ-l+δ+δ')-((x+δ+δ')(β'+δ')

±δ(y-l+δ)-(aί+δ+δ')(β+δ)

j^δ'(y'-l+δ')-(a+δ+δ')(β'+δ')

±δ(γ-l+δ+δ')-(oι+δ)(β + δ)

±δ(y-l+δ+δ')-(oc'+δ')(β'+δ')

±δ(γ-l+δ)-(oί + δ + δ')(β+δ+δ')

U'(y'-l+δ')-(oι+δ+δ')(β+δ+δ')

^δ(β-δ+δ')-(<x+δ+δ'Xβ'+δ-δ')

j^δ'(β'+δ-δ')-(a+δ+δ')(β-δ+δ')

±δ(β-δ+δ')-(x+δ)(β'+δ-δ')

±δ'(β'+δ-δ')-(«' + δ')(β-δ+δ')

^δ(ε-l+δ)-(a + δ-δ')(β + δ + δ')
X

±δ'(ot+δ-δ')-(γ+δ')(β+δ + δ')

•Lδ(ε-l+δ)-(oc+δ-δ')(β + δ)
X

±δ'(<x + δ-δ')-(.y + δ')(β'+δ')

Here we used the following symbols.

Cy
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This table reads as follows: (e.g. Hx)

z = HJ(xJ9ytε:x9y) = Σ ^ ^ o ̂ m"n^ψ^m\n)(y>n) χmyn

satisfies

1 *"- . s>-δ')z - (y+δW+δ+δ^z = 0.

§2. Euler kernels

Put

K(λ):-(l-ux-ύyrι,

K(λ,λ'): =*(l-uxr\ί-vyrx'

which shall be called Euler kernels of the first and the second kind. The following

lemma, though obvious, is essential.

LEMMA. Let

dv

Then, for K(λ), we have

(2.1) δK(λ) = ΘK(λ), δ'K(λ) = θ'K(λ),

(2.2) (α+δ+δ')K(λ) = λK(λ+1) + (α - λ)K(λ),

(2.3) ±δ(a + bδ + cδ')K(λ) = λu(a + b + bδ + cδ')K(λ +1),

(2.4) ±δ '(a + bδ + cδ')K(λ) = λv(a 4- c+bδ + cδ')K(λ+1),

and, /or K(λ, λ'), we have

(2.5) δK(λ, λ') = ΘK(λ, λ% δ'K(λ,λ')

(2.6) (α+S)K(λ, λ') = λK(λ+U') + (α -

(2.7) (a'+δ')K(λ,λ') = λ'K(λ,λ' +1) + (α' - A')

(2.8) -i <5(« + M + cδ')K(λ,λ') = Au(α + ί» + bδ + c ί ' ) ^ ( A + U ' ) ,
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(2.9) j-(5'(α + bδ + cδ')K(λ,λ') = λ'v(a + c+bδ + c<5')lW +1).

§3. Formal transformations and their principle

Let Pt and P2 be one of the pairs of differential operators introduced in § 1.

We want to represent the solution z = z(x9 y) of the system

P i 2 = 0 (i = l,2)

by the integral

= \ \ , v)Kdudv

where K is the Euler kernel of the first or second kind and w = w(u9v) is some

elementary function of u and v. If we can differentiate under the sign of integral,

then we have

P<z = {{ w(u9 v)PiKdudυ. (i = 1,2)

If there exist a function L and differential operators Qt (ΐ = l,2) with respect to u

and υ which do not include x and y9 such that

(i - 1,2)

then w is determined by the system

Qfw = 0, (i = 1,2)

where Qf is the adjoint operator of 2 f . And if (^ (i = 1, 2) are of the first order,

since β? (ΐ = l,2) are also of the first order, w will be an elementary function of

u and v.

We shall determine K so that a function L and operators Qt (ί = l,2) of the

first order exist. By virtue of the lemma in § 2, we conclude that if the right

hand sides of Px and P2 contain a term of the form (α+δ-fδ') in common, then

we let X = X(α), and if the right hand sides ofPί and P2 contain terms of the form

(a+δ) and (a' + δf) respectively, then we let K=K(a,a'). Remark that every

system Pl9 P 2 in § 1 satisfies one or both of the above conditions.

For example, we shall apply this principle to Hv Since the right hand sides

of Pi and P2 have a term (β+δ + δ') in common, we let K=K(β). Then by (2.1),

...,(2.4), we have
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and L.= K(β+ΐ).

Since θ* = - θ -1 and (0')* = - θ' -1, we have

Q*2 = /?{( α - l-0+0> - (y-0 '- l ) } .

An easy calculation shows that the system β*w = Q|w=0 has a solution

For F x (K = K(β,β'))9 Gt (K = K(oc)) and G2 (K = K(α,α')), the supports of

any solutions of the corresponding equations Q*w = Q*w = 0 are on the varieties

{u = v}, {uv = l} and {uv = l} respectively. That is, in the usual sense, the system

β*vv = <2fw = 0 is incompatible. In these cases, we modify the respective Euler

kernels as follows:

K(β,β') > (1 - ux)-β(l - vy)-βf,

Then, if we replace the double integral by the simple integral, the argument in the

beginning of this section leaves valid and moreover we have Q* = Q*-

In this way, we obtained (formal) Euler integral representations for the solu-

tions of the systems in § 1.

§ 4. Proof of the theorem

Once the formal integral representations are obtained, the definite integrals

(0.1),..., (0.10) are obtained by routine method. That is, by making use of the

power series expansion of the Euler kernels

U ux) U vy) -2. m > »=o
(l,m)(l,«)

and the formulae
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and

π
Γ(x)Γ(l-x) =

sinπx

The corollary to the theorem can be deduced from a comparison of the
integrals (0.0) and (0.8), or by a transformation of dependent and independent
variables in the system of G2.
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