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Scalar curvatures of left invariant metrics
on some Lie groups
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In [1], J. Milnor gave many facts concerning curvatures of left invariant
metrics on Lie groups. About scalar curvatures, he showed that

(1) if a Lie group G is solvable, then every left invariant metric on G is
either flat, or else has strictly negative scalar curvature, and

(2) every left invariant metric on SL(2, R) has strictly negative scalar
curvature.

And he conjectured that if the universal covering group of a Lie group G is
homeomorphic to Euclidean space then the conclusion of (1) holds. In this note
we shall show that this conjecture is affirmative, that is, we have the following

THEOREM. Let G be a Lie group such that the universal covering group of
G is homeomorphic to Euclidean space. Then every left invariant metric on G
is either flat or else has strictly negative scalar curvature.

Let G be a Lie group with a left invariant metric ( , > and H a closed
normal subgroup. In this note, we always consider the left invariant metrics
{, g on H and {, )6y on G/H obtained from the metric of G naturally,
so that the natural embedding from H into G is an isometry and the natural
projection 7 from G to G/H is a submersion. We denote the sectional curvatures

of G, G/H and H by «, k4 and &, and the scalar curvatures by p(G), p(G/H) and
p(H) respectively.

LEMMA 1. Let G be a Lie group whose universal covering group is homeo-
morphic to Euclidean space and ¢ its Lie algebra. If G is not solvable, then
g=9,+8o (direct sum) where s, is a Lie subalgebra of g isomorphic to sl(2, R)
and g, is an ideal of g such that the connected simply connected Lie group whose
Lie algebra is isomorphic to g, is homeomorphic to Euclidean space.

PrOOF. Let g=s+r (direct sum) be a Levi decomposition, where s is a
semisimple Lie subalgebra of g and t is the radical of g. By the assumption, s#0
and the connected simply connected Lie group whose Lie algebra is isomorphic
to s is homeomorphic to Euclidean space. Because of the fact that a connected
simply connected simple Lie group homeomorphic to Euclidean space is locally
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isomorphic to SL(2, R), we have s=s, +--+5, where s; (i=1,..., I) are ideals of s
isomorphic to sI(2, R). We put go=s,+---+s,+r. Then g, is an ideal of g and
the corresponding connected simply connected Lie group is homeomorphic to
Euclidean space. Q.E.D.

LeMMA 2. Let G be a Lie group with a left invariant metric and H a closed
normal subgroup. Let g and Y be the Lie algebras of G and H respectively.
Let {e,,..., e,} be an orthonormal base of g such that e, (¢=r+1,...,n) are in }
where r is the dimension of G/H. Then for 1<s, t<r,

Klep &) = Ka(Taler), Ta(e)) — Fllew eyl
where [e;, e]y is the h-component of [e;, e.].
Proof. See Corollary 1 in [2].

LeEMMA 3. Let G be a Lie group with a left invariant metric { , ) and
g its Lie algebra. If g=s,+g,; (direct sum) where s, is a subalgebra of g
isomorphic to sI(2, R) and g, is an ideal of g. Then there is an orthonormal
base {e,,..., e,} of g such that e, (4<a=<n) are in g, and {[e, e,], e,)=0 for
1<s, t<3.

ProoF. Let p be the orthogonal complement of g, in g. By (4.2) in [1],
there is an orthonormal base {é,, é,, &3} of g/g, such that {[e, &, &>/, =0
for 1<s, t<3. The restriction of m, to p is an isometry. So we can choose an
orthonormal base {e,, e,, e;} of p, with n,e,=é. Let {e,,..., ¢,} be an ortho-
normal base of g,. Then {e,,..., e,} is an orthonormal base of g and {[e,, ¢,], ;)
=0 for 1<s, t<3. Q.E.D.

ProoF oF THEOREM. Let G be a Lie group homeomorphic to Euclidean
space, and g its Lie algebra. If G is solvable, then the theorem was proved by
J. Milnor ([1]). Assume G is not solvable. Then, by Lemma 1, g=$,+go
(direct sum) where s, is a Lie subalgebra of g isomorphic to sI(2, R) and g, is an
ideal of g. Let G, be the analytic subgroup of G whose Lie algebra is g,. Then
G, is a closed normal subgroup of G and homeomorphic to Euclidean space.
We give a left invariant metric on G, and choose the left invariant metrics on
G/G, and G, described before. By Lemma 3, let {e,,..., ¢,} be an orthonormal
base of g such that e, (4<a=<n) are in g, and {[e,, e,], e,)=0for 1<s, t<3. Let
L; denote the linear transformation ad (e;) on g, so that L;x=[e,;, x] for x in g.
Let L} denote the adjoint transformation of L;. Then using the equations

K(ets ej) = <V[ei,¢j]ei - Vegyejei + VEJVC(ei’ eJ'>’

oy 2y = 3% 1) 2> = <D, 2D, %) + <Lz 50 D),
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we get the following equation:
K(ep €)) = — 2L, Lie;y — L<Lie;, Lte,y— <Ly, L
pe)=—7 i€y, Li€j) — 2< i€js iej>_ 2< j€is jei>

+4<Lte; + L}e, Lte, + L¥ed — (Lie, Lie)>.
Hence, for 4<a, f<n (a#p),
K(ea’ ep)

= — %—(Laeﬂ, Lueﬂ> - —%_<Laeﬂ’ L:eﬁ> - —é—<Lﬂe¢’ L;e¢>

+ +(Ltey + Lje,, L¥e; + Liey — (Lte,, Liey

3,r. r l,r, r
T<L¢eﬂ, Laeﬂ>Go - ?(Luep, L:eﬂ>60 - %‘(Eﬂea, E;e¢>co

+ +<L¥es + Lye,, Liey + Lede, — Clew Lepda,

+ _‘11__ 3=1 <L:eﬂ + Lgea’ es>2 - s3=1 <L:eaa es> <L7)‘eﬂ, es)

= (6w &) + 4 iy (Liey + Lie, €37 — Ty (Lie, e Liey, €,

and, for 1<s<3 and 45a=n,
K(ess ea)= - % <Esea9 Esea>Go - %(Ese“, E:‘ea>60 + %(L:em E:ea>Go
+ "%<L:ea +L:esa es>2 +—‘ITZ?=1,t$s<L:_eu + L:es! e‘>2

- 213=1,t*s<L:es9 et) <L:e¢5 et>a

where L, is the linear transformation ad (e;) restricted to g, and L} is the adjoint
transformation of L, Put g;=R.e¢;+g, (i=1,2,3). Then g; (i=1, 2, 3) are
subalgebras of g. Let G, G, and G; be the analytic subgroups of G correspond-
ing to g;, g, and g; respectively. We choose the induced metrics from G on G,,
G, and G,. Let p(G,), p(G,) and p(G,) denote the scalar curvatures of G;, G,
and G, respectively. Then



326 Kagumi Ugsu

p(Gy) = p(Go) + % 2n p=aaxp {L¥eg + Lie,, e?
- Z:,ﬂ=4,a¢ﬂ <L:eaa es> <L’;eﬂa es>
+ 2 2:=4 ’C(esz ea) - —:]_5'— 2:=4 Zt3=l,t$s <L:‘ea + L:esa et>2

+ 204 Z?=l,t¢s (L¥es ey {L¥e, e .

Hence
>3, 0(Gy)
= 20(Go) + Sl posars K(em €) + o Loy Slposass(Lies + Lie, €2
-2y, Z:,p=4,z¢p (L}e,, ey <L§ep’ ey +221, Xr_4xle, e,)
o Sn Sl e (L, + LEe, 07

+ 22:=4 Zg,t=l,s#:t <L:es’ et> <L:em et> .

Since {L¥e,, e, =0, we have
np=aarplles eg) + 23232, n_ k(e €,)

= 231 P(G) = 20(Go) + 5 Ttcs Threrane (L¥e, + Lie, )2
= Zg=1 p(Gy) — 2p(Gy) + ';_ g,t=1,s¢t“[ess et]go”Z-

We put S;=—-(L,+L?) (i=1,2,3). Then, by Lemma 5.6 in [1],
p(G) = p(G,) — trace (S?) — (trace S;)?.
Using Lemma 2, we obtain the following equality:
p(G) = p(Go) + p(G/Go) — X3, trace (§3) — X3 (trace S;)?

1
- —I 23,!= 1,5#¢ ”[ess et]gollz-

Hence

p(G) = p(Go) + p(G/Gy),

where the equality holds if and only if the space spanned by {e,, e,, e;} is a
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subalgebra of g and L, (i=1, 2, 3) are skew adjoint. By Corollary 4.7 in [1],
p(G/G,) is strictly negative and by the induction hypothesis p(G,) is non-positive.
So we have p(G) is strictly negative. Q.E.D.
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