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Scalar curvatures of left invariant metrics

on some Lie groups
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In [1], J. Milnor gave many facts concerning curvatures of left invariant

metrics on Lie groups. About scalar curvatures, he showed that

(1) if a Lie group G is solvable, then every left invariant metric on G is

either flat, or else has strictly negative scalar curvature, and

(2) every left invariant metric on SL(2, R) has strictly negative scalar

curvature.

And he conjectured that if the universal covering group of a Lie group G is

homeomorphic to Euclidean space then the conclusion of (1) holds. In this note

we shall show that this conjecture is affirmative, that is, we have the following

THEOREM. Let G be a Lie group such that the universal covering group of

G is homeomorphic to Euclidean space. Then every left invariant metric on G

is either flat or else has strictly negative scalar curvature.

Let G be a Lie group with a left invariant metric < , > and H a closed

normal subgroup. In this note, we always consider the left invariant metrics

< , >H on H and < , >G/H on G/H obtained from the metric of G naturally,

so that the natural embedding from H into G is an isometry and the natural

projection π from G to GjH is a submersion. We denote the sectional curvatures

of G, GjH and H by K, K* and /c, and the scalar curvatures by p(G), p(GjH) and

ρ(H) respectively.

LEMMA 1. Let G be a Lie group whose universal covering group is homeo-

morphic to Euclidean space and g its Lie algebra. If G is not solvable, then

g = δ1 + g0 (direct sum) where sx is a Lie subalgebra of g isomorphic to sl(2, R)

and g0 is. an ideal of § such that the connected simply connected Lie group whose

Lie algebra is isomorphic to g0 is homeomorphic to Euclidean space.

PROOF. Let g = s + r (direct sum) be a Levi decomposition, where s is a

semisimple Lie subalgebra of g and r is the radical of g. By the assumption, s / 0

and the connected simply connected Lie group whose Lie algebra is isomorphic

to s is homeomorphic to Euclidean space. Because of the fact that a connected

simply connected simple Lie group homeomorphic to Euclidean space is locally
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isomorphic to SL(2, R), we have $ = £>! H hs, where 5f (i = 1,..., /) are ideals of s

isomorphic to sl(2, R). We put g 0 = s 2 H h 5/ + r. Then g0 is
 a n ideal of g and

the corresponding connected simply connected Lie group is homeomorphic to

Euclidean space. Q. E. D.

LEMMA 2. Let G be a Lie group with a left invariant metric and H a closed

normal subgroup. Let g and ί) be the Lie algebras of G and H respectively.

Let {el9...9 en} be an orthonormal base of g such that ex (α = rH-l,...5 ή) are in ί)

where r is the dimension of GIH. Then for 1 ̂  s, t ̂  r,

\\ίe e ] | | 2

where [es, e f]^ is the ^-component of [es, et"}.

PROOF. See Corollary 1 in [2].

LEMMA 3. Let G be a Lie group with a left invariant metric < , > and

g its Lie algebra. //g = Si + g1 (direct sum) where s x is a subalgebra of g

isomorphic to sl(2, R) and Qι is an ideal of g. Then there is an orthonormal

base {«?!,..., en} of g such that ea ( 4 ^ α g n ) are in qt and <[>,, βj, e5> = 0 /αr

PROOF. Let p be the orthogonal complement of $ί in g. By (4.2) in [1],

there is an orthonormal base {eί9 e2, ez} of g/gx such that <[£,, e s], esyG/Gί = O

for l ^ s , ί^3. The restriction of π* to p is an isometry. So we can choose an

orthonormal base {eu el9 e3} of p, with π*es = es. Let {e 4 v . . , eΠ} be an ortho-

normal base of g t. Then {e l5..., en} is an orthonormal base of g and <[er, e s], es>

=Ofor l ^ s , ί^3. Q.E.D.

PROOF OF THEOREM. Let G be a Lie group homeomorphic to Euclidean

space, and g its Lie algebra. If G is solvable, then the theorem was proved by

J. Milnor ([1]). Assume G is not solvable. Then, by Lemma 1, g=Si + g0

(direct sum) where st is a Lie subalgebra of g isomorphic to sl(2, R) and g0 is an

ideal of g. Let Go be the analytic subgroup of G whose Lie algebra is g0. Then

Go is a closed normal subgroup of G and homeomorphic to Euclidean space.

We give a left invariant metric on G, and choose the left invariant metrics on

G/Go and Go described before. By Lemma 3, let {eu...9 en} be an orthonormal

base of g such that ea (4 5Ξ α g n) are in g0 and (\et> e j , e s >=0 for 1 gj 5, t ̂  3. Let

Lt denote the linear transformation ad(e£) on g, so that Lix = [eί, x] for x in g.

Let L? denote the adjoint transformation of Lf. Then using the equations

9 z> = i « [ x , y], z> - <[y, z], x> + <[z, x],
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we get the following equation:

Φ e) = -jiUe Lf} y<Le L?̂ > y

^ + LJeh Lfβj + LJet> - <Lfei9 LJ

Hence, for 4^α, jSgn (α#jS),

Laeβ> -

α, L ί ^ + L*βea> - <L*eβ,

o - y<L α e / h L*^> G o - ~<LβeΛ, L ^ α > G

+ i < I i e # + IJe., L e, + Q O ^ - <LJββ, Lfa>Go

+ | - Σ?=i < L Ϊ ^ + Φ* esy - Σl=i <L*eΛ, es> <L*βeβ9 es}

= κ(e» eβ) + i Σ,3-i <L*eβ + L|eα, ^s>
2 -

and, for l ^ s ^ 3 and 4 ^ α ^ n ,

- J<Lsea9 L*eayGo + -|-

L*ea9

where Lf is the linear transformation ad (βf) restricted to g0

 a n d £ * is the adjoint

transformation of L^ Put gi=R ^4-g0 0" = l» 2, 3). Then gf (i = l, 2, 3) are

subalgebras of g. Let Gί9 G2 and G3 be the analytic subgroups of G correspond-

ing to g1? g2 and g3 respectively. We choose the induced metrics from G on Gu

G2 and G3. Let p{G^)y p(G2) and p(G3) denote the scalar curvatures of Gl9 G2

and G3 respectively. Then
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p(Gs) = p(G0) + \ Σ S j r - w , <L*e, + L$ex, es>
2

-Σ ί,β=^ΦβiLieΛ,esy{L*βeβ,esy

+ 2 Σ2=4 Φs, et) - \ ΣS= 4 ΣU,,ΦS <L e. + L*Λes, e,}2

+ Σ2=4 ΣU,,ΦS <Lfes, e,y <L*eβ e,} .

Hence

Σ?=i P(GS)

= 2p(G0) + Y.l,β=A,ΛΦβκ{ex, eβ) + \ Σ ! = 1 Σϊ,β=4,«Φβ <L*eβ + -L|e«,

- Σ ! = 1 Σ;,,,=4,α^ <^*eα) es} (L$eβ, es> + 2 Σ? = 1 Σϊ=4 <es, ex)

Y ΣS Σ 3 < ^ ^

+ 2ΣS=4 Σf,,= i,s^ <L*es, e,} <Lα*eα, e(>.

Since <LJes, e,>=0, we have

Σϊ,β=4,**β<ex, eβ) + 2 Σ?=i Σ;=4*(e s> O

= Σ.3-i P(GS) - 2/>(G0) + j - ΣS=4 Σl,.^*, <Lfex

= Σ s

3

= 1 P(GS) - 2/>(G0) + \ Σl,=USΦM ίes, eJJ2.

We put S^yCL. + I f ) (i = l, 2, 3). Then, by Lemma 5.6 in [1],

KG, ) = p(G0) - trace (S?) - (trace S,)2.

Using Lemma 2, we obtain the following equality:

p(G) = p(G0) + p(G/G0) - ΣU trace (Sft - ΣU (trace S;)
2

Hence

where the equality holds if and only if the space spanned by {el9 e2, e3} is a
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subalgebra of g and Lt (ί = l, 2, 3) are skew adjoint. By Corollary 4.7 in [1],

ρ(GIG0) is strictly negative and by the induction hypothesis p(G0) is non-positive.

So we have p(G) is strictly negative. Q. E. D.
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