HIROSHIMA MATH. J.
10 (1980), 691-698

A subspace of Schwartz space on motion groups

Masaaki EcucHi, Keisaku KuMAHARA and Yo6ichi MuTA
(Received May 17, 1980)

§1. Introduction

In the theory of harmonic analysis on semisimple Lie groups, it is important
to consider the space €7, 0<p<2, which is an L? type subspace of the Schwartz
space € =%?2, and one of the most important problems at present is to determine
the image of €7 by the Fourier transform. For example, if we consider the space
%P(X) on a symmetric space X, then the image of ¥?(X) is the space of holo-
morphic functions in the interior of a certain tube domain of a complex space
satisfying some boundedness conditions modulo representations of a compact
group (see M. Eguchi [1], Theorem 4.8.1). In the present paper we consider the
corresponding space to #? for the motion groups.

Let K be a compact connected Lie group acting on a finite dimensional real
vector space V as a linear group. Let G be the semidirect product group of V
and K. We call this group the motion group. Let 7 be the dual space of ¥ and
V. the complexification of V. We fix a K-invariant inner product ( ,) of V, an
orthonormal basis of V with respect to this inner product and its dual basis. We
identify ¥ and Pwith R" by these bases. Let x=(xy,..., X,) € V and é=(¢&,,..., £,)
e P, where n=dim V. We put |x|2=(x, x). Then |x|2=x3+---+x2. We also
put [{|2=¢2+.--+ 2. For any ¢>0 we define the tube domain F¢ by setting

Fe={{=¢+ineP+iP="0,;n <S¢},

where i=(—1)1/2, We denote by Int FZ the interior of F¢&. We put FO=Int F°
=P. Then F* and Int F* are K-invariant. Let $=L2(K) be the Hilbert space
of square integrable functions on K with respect to the normalized Haar measure
dk. Let B($) be the Banach space of all bounded linear operators on §. For
£>0 we denote by Z(F?) the set of all B($)-valued C® functions T on ¥ which
satisfy the following conditions:

(i) The function T extends holomorphically to Int F2;

(ii) for any e N*; 4 € N and for any right invariant differential operators
y, ¥ onK

supgeinere (1 + {12 | yDETQY'l < o0, (L.1)

where D§=01l[00§t-- 005 (= (0ty;...,%n), lo| =0ts + -+ +t,);
(iii) for all ke K and for all { € Int F*
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T(k)) = RT(ORy?,

where R is the right regular representation of K.
Furthermore, we denote by Z(F°) the set of all B($)-valued C* functions on ¥V
which satisfy the above conditions (ii) and (iii) for ¢=0.

Let U¢ be the induced representation of G by the representation ¢ € ¥ of V:
For g=(x,k)eGand Fe 9

(USF) (ky) = e T ™F(k™ky).

We put dx=(2n)""/2dx,---dx,, the Lebesgue measure on V. We can normalize
the Haar measure dg on G so that dg=dxdk. The Fourier transform of a com-
plex valued integrable function f on G is a B($)-valued function f on ¥ defined
by

7© = _r@usdg.

Then Z(F°) is the image of the space of rapidly decreasing functions and for any
£>0, Z(F®) is contained in 2 (F°) (cf. Lemma 1).

In §2 we define a space &#,. For 0<p=<2 we put ¥7(G)=%,,,—;. Then
this space ¥P(G) is an analogous one to the Schwartz space €7 for symmetric
spaces. The main theorem (§3) asserts that &%, and Z(F?) are topologically
isomorphic by the Fourier transform. In §4 we consider the dual space of &,
the space of e-tempered distributions.

§2. The space &,

Let T be the Lie algebra of K. We denote by U(f,) the universal enveloping
algebra of the complexification I, of . We regard any element of U(f,) as a
right invariant differential operator on K. We denote by A and u the left and the
right regular representations of G, respectively, and also denote by the same
symbols their differentials. Let &, be the set of all C* functions f on G satisfying
the following condition: For any a e N*, e N and y, y' e U(f,)

SUP(xpee €% (1 + 1xI2I(DEANU(Y)f) (x, k)| < oo, 2.0

where D2=0l®l[0x§t---0x2n.

For fe.#, we denote by 7, , .(f) the left-hand side of (2.1).. And for
Te Z(F?) we denote by $&), , (T) the left-hand side of (1.1). We topologize
&, and Z(F?) by the system of seminorms -{y%), .} and {§&), , .}, respectively.
Then both &, and 2 (F®) are Fréchet spaces.

Let 2 be the space of all complex valued C* functions on G with compact

supports, having the usual topology. We denote by 2 the Fourier image of 2.
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Then by the Paley-Wiener type theorems (K. Kumahara [2], Theorems 2 and 3),
Z is contained in Z(F®) for all =0 and the Fourier transform gives a topological
linear isomorphism of &, onto Z(F°). We can prove the following lemma
without difficulty.

LemMA 1. If 0Ze<¢, then
DSy, Po
Z < Z(F¥) « Z(F) < Z(F°).

Let f and h be two elements of &,. We denote by fxh the convolution of
fand h as usual. We put f*(g)=f(g™).

LEMMA 2. For any €20, &, is closed under the convolution and the
mapping f— f*.

Proor. Letf, he&, By the definition of the convolution

*n @ = | _fegHhe)dg"

we have A(g) (fxh)=(Ag)f)*h and u(g) (f+xh)=f#(u(g)h)forall ge G. Hence we
have A(Y)u(y") (fxh)=(A(y)f)*(u(y")h) for all y, y' e U(f,). By the invariance of
Dz under the translation of V, we have (D%(fxh))(x, k)=((D%f)%h)(x, k). Here
we used the rapidly decreasingness of f and h. Let aeN", e N and y, )y’
€ U(f,). Then by the K-invariance of the norm |x| and the inequality

x4+ x'12 = (1 + [xIP)A + [x']2),
we have for any (x, k)e G
e**I(1 + [ x[2)|(D2A(y)u(y") frh) (x, k)|
4 iy .
<V 3 e|x—kk’~1x’| — 1=14./12
=21_1(]>Svgxe (14 [x — kk'-1x'|2)]
|(DH(AY)f) (x — kk'=1x", kk'=1)e*" (1 + |x'|2) (u(y")h) (x', k")|dx’dk’.
Hence there exists a constant C>0 such that
Whawf#0) 5 C[ (L4 ipax.

Thus fxhe &,. On the other hand, f*(x, k)=f (—?Z‘Ix‘, k™1). As K acts on 14
as a subgroup of SO(V), there exist finite differential operators D? and a positive
constant C such that

IDf*)(x, k)l < C Zp (DES)(—k'x, k7).
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Moreover, we have ((g")f*)(9)=(u(g")f)(¢7") and (u(g")f*) (9)=(Ag")f)(g7").
From these facts and the K-invariance of the norm |x|, we have f*e %,. q.e.d.

From Lemma 2, &, is a topological %-algebra. In fact, if we reread the
proof of Lemma 2, we can see that the convolution and the involution * are
continuous.

§3. The main theorem

THEOREM. For any €20, the Fourier transform gives a topological linear
isomorphism of &, onto Z(F?).

Proor. Since &, and Z(F®) are Fréchet spaces, it is sufficient to prove
that the Fourier transform gives a continuous bijection between &, and Z(F®).
On the other hand, we know that the Fourier transform gives a topological iso-
morphism of &, onto Z(F°) (see [2], Theorem 3) and that &, and Z(F?) are
contained in &, and Z(F°), respectively. Hence it is sufficient to prove that
the Fourier transform gives a continuous surjection of &, to Z(F¢) for ¢>0.

Let f be an element of &#,. Then the function f on V defined by

7o = r@uvsdg
is C® ([2], Theorem 3). For { € Int F¢ we put
1) = {_fe)U5 dg,
that is, it is an operator on $ defined as follows: For Fe$
(TQOF)(k,) = Sv XK F(x, k) €6kt F(k=1k,)dxdk.
Since { e Int Fe¢, |Im {| <& and e~<Im&x> < e¢l*l for all xe V. We have, therefore,
1T < { {[ 1765 Rolet anf

There is a constant C>0 such that
el (1 + |x]P)f(x, k) < C
forall ke K and xe V. Then
1T = ¢ (1 + s dx < .
Hence T({) € B(H).
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We next see the holomorphy of T({) in the tube domain. For any a=
(ay,..., a,) € N"
|Dg eiex> | < |ilelxg1... x2n|g~<ImE, x>
< (1+ [x)etecimto

The integral
S S F(kyx, K)Dg e6®> F(k=tky)dxdk, (3.1)
vV JK

therefore, converges absolutely and uniformly in Int F&. Hence for any Fe$,
T({)F is infinitely differentiable and DYT({)F) equals to (3.1). For any fixed j,
1<j<n, and fixed {y,..., -1, {j415e--> (o €C, we regard T({) as a function of
{; and denote it by T;({;). Then for {=({;,..., {,)eInt F* and for teC such
that ({;,..., {j-1, {j+1, {15005 £) € Int F2, we have

Ty, + 1) — T}t — dT(Lp/ag;|?
= SK SK {Sv [f(kyx, k)|e=<tmEx|(eftxs — 1)/t — iledx}2 dkdk;,.

We choose ¢ so that 0<|t|<e—|Im {|. Then
[(ei**s — 1)/t — ,'xj|e—<lmc,x> < ellti+ImiDIx] < gelxl,

Hence by the condition (2.1) of f and by Lebesgue’s convergence theorem, T({)
is differentiable in the norm of B(H) and A(T({)F)/0(;=(0T({)/0¢;)F for all
Fe$. By repetition of the same arguments we have that T({) is infinitely dif-

ferentiable and DY(T({)F)=(D3T({))F. Hence T({) is a holomorphic extension
of f to Int Fe.

We next prove the continuity of the Fourier transform. For any ae N*, €
N and y, y'e U(f,) we can find, by some simple computations, a(V),..., a(e N*,
LM, M e N, yD, .., yM, y D .y eU(f,) and positive constants C(1),...,
C®™ such that

?gze,?e,y,y'(T)z
£ 23ey 0 [ { {{ erei(t+ 1Dz 2O e, ol dedic.
KJK UV
Since for every xe Vand ke K
el=I(1 + x| DAYy D) f (%, k)

s ?gf()n,gm+,,,yu),y'u>(f)(1 + [x[?),

we have
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$0hpa (T £ Tr CO{ (1 + 28 400 nycn ().
The relation T(k{)=R,T({)R;! can be easily checked. Thus T'is a holomorphic
extension of f to Int F* satisfying the conditions (ii) and (iii) in the definition of
Z(F?). Hence fe (F?). And we have proved that the Fourier transform is
continuous.

Conversely, let us assume Te Z(F¢). Then we know that the function f on

G defined by
1@ ={ | Tr (1O U;-a

is an element of %, and that f= T (see [2], Theorem 3), where d&=(2r) "/2d¢,---
df,. Let {¢;};,; be the complete orthonormal basis of $ chosen in [2], §3.
Then by the conditions in the definition of Z(F?) and by Theorem 1 of [2],
T() ({ €Int F*) has a C* kernel function x((; ky, k,):

K({; ky, ky) = Zi,je.l (T(C)¢js ¢i)¢i(k1)¢j(k.2)’ 3.2)

and
(TOR (k) = | *( ks kP, (FES).

Moreover, the series (3.2) converges absolutely and uniformly on Int F2x K x K.
If we adopt the similar computations in § 3 of [2] to (1+1{|)*yD¢T({)y’, we can
prove that there exists a constant C,, , ,» such that

l(l + KIZ)Q(DZ‘}’k,Y'sz)(C; k1’ kZ)l é Ca,l,y,y’

for every { € Int F* and k,, k, € K, where y,, (y€ U(X,), j=1, 2) denotes differen-
tiation of x by y with respect to k;. And the relation T(k{)=R,T({))R;! cor-
responds to the relation x(k{; k,, k,)=x({; k,k, k k). The function f(g) can be
represented by means of k:

fx, k) = gv K(E; 1, k1) <6 de.

Then for any a, feN" and y, y'e UX,), xB(D2A(y)u(y)f)(x, k) is a linear

combination of integrals of the form
S‘, EE(DE 71, 51,0 (&5 1, kK1) e K& dE,

where &, feN" and J, e U®E,) and xF=xfi...xfn, EB=¢hr..tBn.  We fix
(x, k)e G. Now we put for { € Int F¢
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() = DT, (G 1, kY.

Then &({) is holomorphic in Int F¢ and it is rapidly decreasing when Re {— 0.
Let 6 be any real number such that 0<d<e. We assume that x50 and put
n=—0x/|x|. Then {+inelnt F2. Shifting the path of integral, we get

[ o@eienae={ o+ imexemnae

As we can choose a constant C depending on &, f§ and 7, 7' but independent of
n and k so that

|8 + iml = C(L + 1&P)7™,

we can find a constsnt C’ depending on «, £, y and y’ butindependent of #, k and
x such that

e 11 + [xPIDUAMG) ) (x, k)| £ Cleelxl+ann,

Here é|x|+4{n, x)=(¢—0)|x|. Let 6 tend to &. Then the left-hand side is
dominated by C’ which is independent of x and k. Hence we have

?a(zf)ﬂ,y,y’(f) _S_ C"

Therefore, fe #,. This completes the proof of the theorem. q.e.d.

§4. e-tempered distributions

Let e>0. A distribution on G is said to be e-tempered if it extends to a
continuous linear functional on &,. It is not difficult to see that 2 is dense in
&, and that the inclusion mapping of 2 to &, is continuous. Hence we can
regard the space of e-tempered distributions as the space of continuous linear
functionals on &,. Let &, and Z(F*®)' be the set of all continuous linear func-
tionals on &, and Z(F®), respectively. They become locally convex linear
topological spaces when equipped with the weak topology.

Let #* be the transpose of the Fourier transform of &, onto Z(F%). Then
we have the following proposition as a corollary of the main theorem.

PROPOSITION. (F*)7! is a topological linear isomorphism of & onto
Z(F?).
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