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1. Introduction

Our main aim in this paper is to study the asymptotic properties of the
nonoscillatory solutions of the differential equation

» Ly(®) + a()h(y(g(®)) = f(D),
where n>2 and L,, is a disconjugate differential operator defined by
()] Ly(® = pu(®) (Pa-1(8) (- (P2 () (Po()Y(BO) Y -+-))' .

The following conditions are always assumed to hold:
(i) pieC([a, ©), (0, ©0)), 0<i<n, and

(€) Swp?‘(t)dt =, 1<i<n—1;

(ii) a,f, geC([a, ), R), a is of one sign, there exists a t,>a such that
0<g() <t for t>t,, and g(t)— o0 as t—0;
(iii) he C(R, R), h is nondecreasing, and sign h(y)=sign y.
We introduce the notation:

4) Loy(t) = po()y(t), Liy(®) = p()(Li- y®), 1<i<n.

The domain 2(L,) of L, is defined to be the set of all functions y: [T,, co)—R
such that L;y(f), 0<i<n, exist and are continuous on [T, c0). In what follows
by a “‘solution” of equation (1) we mean a function y € 2(L,) which is nontrivial
in any neighborhood of infinity and satisfies (1) for all sufficiently large t. A
solution of (1) is called oscillatory if it has arbitrarily large zeros; otherwise the
solution is called nonoscillatory.

It is well known [5, 7] that in case L,y(t)=y™)(t) equation (1) has a non-
oscillatory solution with a prescribed limit as t— oo if

) S” m1|a(d)|dt < oo

and
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(6) V 1| f(H)ldt < oo

In this work we find conditions so that all nonoscillatory solutions of equation
(1) approach limits as t— 0.

The literature on asymptotic nature of oscillatory and nonoscillatory solu-
tions of functional equations is growing by the day. Our study in this paper is
related to the works of Kitamura, Kusano and Naito [2], Kusano and Onose
[3, 4], Philos and Staikos [6] and Singh [8]; but our results are different from
and more complete than those obtained in the above papers. In fact, since the
pioneering work of Hammett [1] the asymptotic study of nonoscillatory and
oscillatory solutions of (functional) differential equations continues to offer new
avenues to be explored.

2. Main results

Leti,e{l, 2,...,n—1}, 1<k<n—1, and ¢t, se[a, c0). We define I,=1 and
™ 1ty 83 Pigeeos ) = | PROIAr(0, 53 Bie v DI
It is easily verified that for 1<k<n-—1
® It 83 Pigeees Pi) = §. PRAOI=s(t 75 Pigenrs PO,
For the sake of brevity we employ the notation:
® Ji(t, ) = po' (DIt 55 Pys-.. P, Jit) = Ji(t, @),
(10) Kt s)=p;*(OI(t, S; Pye15--» Pu-2)» Kif®)=K(t, ), 0<i<n-—1.

LemMA 1. In addition to (i)-(ili) suppose a(t)>0 and Sw Pl | f(@)\dt
<o0. Let y(t) be a nonoscillatory solution of equation (1). Then

(an [ P Igo)Ide < co.

Proor. Without any loss of generality, suppose T >t, is large enough so
that y(g(¢))>0 for t>T. Dividing equation (1) by p,(#) and integrating from T
to t, we have

(1) Ly-iy(® = Ly + [ pramhondr = [ gt sryar.

If (11) does not hold, then it follows from (12) that L,_,y(t)— — o0 as t—oco.
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This combined with condition (3) on p(t) implies that Lyy(t) = po(t)y(t)— — o0 as
t— o0, a contradiction. The proof is complete.

LeMMA 2. Suppose the conditions of Lemma 1 hold. Let y(t) be a
nonoscillatory solution of equation (1). Then

13) (@) = 0(J,-1(1)) as t- .

Proor. Let y(f) be a nonoscillatory solution of equation (1). From re-
peated integration of equation (1), we obtain that there exist constants ¢y, cy,...,
C,—1 such that

Po(y(®) = X4 cli(t, T pysees PD)
+ S;In—l(t: T3 P1sees Pa- 0P (D LF(r) — a(r)h(y(g(r)))]dr,
whence we see that
Po(Y(O/T,-1(t, & Pysees Pu-1)
<k+ S; PR LS + a(® | h(y(g(r)[1dr

for t>T, where k is a positive constant. The conclusion now follows from
Lemma 1.

We now state and prove one of the main results of this paper.

THEOREM 1. Suppose (i)-(iii) hold. Further suppose that

(14) (" K so1701de < o0
and
(15) [ Koo s It Dat0ld < 0

for any constant ¢#0. If y(t) is a nonoscillatory solution of equation (1), then
Po(D)y(t) approaches a limit, finite or infinite, as t—co.

Proor. Without any loss of generality we may suppose that y(¢) is eventu-
ally positive. Let T be such that y(g(¢))>0 for t>T.

(@) The case where a(f)>0. By Lemma 2 there exists a constant ¢>0 such
that '

(16) y® <cel,-i() for t>T.

If the conclusion is not true, then there exist two positive numbers f, § such that
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17 liminf, , , po()y(t) < B < 6 < lim sup,., ,, po(HY(2).

Let T, > T be so large that

s) [ Kamslr1ar < 252
Ty
and
(19) (7 KaesOed,- paar < 5L
T

We observe that (17) implies that L;y(t), 1<i<n-—1, are oscillatory and that
there exist arbitrarily large numbers A and B such that A <B and

Po(A)y(4) < B < 6 < po(B)y(B).

Choose Ay <By<A,;<B, so that T; <A4,,

(20) Po(A0)y(Ao) < B < 6 < po(Bo)y(Bo)
and
(21) Po(A1)¥(4,) < B < 6 < po(By)y(B,).

Let [sy, s,] be the smallest closed interval containing B; such that py(s,)y(s,)
= po(s2)y(sz)=p and

(22) max {po())(1): t€ sy, 521} = Po(s)(s") > .

Due to (20), (21) and (22) we have T; <s,;<s'<s,. Let s,<t;<t,<:--<t,_, be
such that

(23) Ly(t)=0, 1<i<n-—1.

On repeated integration from equation (1), we have in view of (22)

tn th-t

@oy0) = (= =970 |23t {7 it

n rn-1

(29
Pa (N Lf () — a@h(y(g(r)]drdr,_dr,_,---dr,.

Integrating (24) between s, and s’, we have

th-1

Sln—:p;—ll("n—l)s .

rn- rn-1

ty

s-B<( | raea|

2SO + a@h(y(g(r))]drdr,_ 1dr,_;---dradr,.

2

t
r2

This in a manner of [9] gives



On asymptotic limits of nonoscillations in functional equations with retarded arguments 561

tn-t

s=p< (o0 T m e (7 7 it §

t
St rn-1

P (D USOI + a(h(y(g())1drdr,_ 1dr,_5---dr dr,.
Using (8) and (10), the last integral can be rewritten as

(77 e 515 B POPPO LSO + GO

= S“ K,_(r, s)Lf()] + a(®h(y(g(r)))]dr.

Hence we obtain

25) 6 =B <{ Kaeslts s LSO + aOROgONat.

S1

From (16), (18), (19) and (25) it follows that
6= < KueaOLSO! + ah(c,-(0)1dt

60— L o6-B _05-8
< 7 + i 5"

This contradiction completes the proof for the case where a(f)>0.
(b) The case where a(t)<0. Then either

(26) S: pi(Da(Hh(y(g(D))dt = — o
or
27 S: P (Da(Oh(¥(g(D))dt > — oo.

If (26) holds, then from (12) we see that L,_,y(t)—c0 as t—oo. Clearly, this
implies Loy(t)=po()y(t)—> 0 as t—o0. If (27) holds, then the argument of the
proof of Lemma 2 shows that y(t)=0(J,-,(t)) as t—>00. Once this growth esti-
mate has been obtained, we can proceed exactly as in the proof for the case (a)
to conclude that py(f)y(t) approaches a limit, finite or infinite, as t—oco. This
finishes the proof.

CoROLLARY 1. Under the conditions of Theorem 1, if equation (1) has a
solution y(t) such that

lim inf, ., po(#) |¥(8)] < lim sup,., o, po(?) |¥(D)I,

then y(1) is oscillatory.
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When specialized to the equation
(28) y™M() + a(®) |y(g@)]” sign y(9(1)) = f(),
the above results yield the following corollary.

COROLLARY 2. Suppose that

(29) S“’ =1 f(Ddt < 00
and
(30) S‘” {1+NG=Da(p)|dt < oo.

Let y(t) be a nonoscillatory solution of equation (28). Then y(1) tends to a
limit, finite or infinite, as t—o00. Every solution z(t) of equation (28) such that
lim inf,, ,, |z(?)| <lim sup,., ., |z(?)| is oscillatory.

ExampLE 1. All nonoscillatory solutions of the equation

— 5/3
ym(t) + %_yS/S(t — n) = _O'(tTﬂ)’ t>mn,

where =1 or —1, approach limits as t—oo0. In fact, y(t)=t¢ is one such solu-
tion. All conditions of Corollary 2 are easily verified.

ExampLE 2. The equation

, oy(t — = (4 H '
y(w)(t) + —t6(§—(—s—1]1—3) = - +smn¢, t>m,

where =1 or —1, has a nonoscillatory solution y(f)=2+sint¢ which does not
approach a limit as t—o00. Condition (30) of Corollary 2 holds, but condition
(29) does not for this equation.

3. More on asymptotic limits

So far we have dealt with equation (1) in which the differential operator L,
obeys condition (3). Such an operator L, is said to be in canonical form.
Recently Trench [10] has shown that any differential operator of the form (2) can
be put in canonical form in an essentially unique way. More precisely, if

L,y(®) = pu(®) (a1 (- (01O (Po()y(®)))"-+))’

and if (3) is not satisfied, then L,y(f) can be rewritten as

€2)) L,y(®) = Bu(t) (Bu- 1O (-+-(B1(D (Bo(DY(®)) )Y
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so that
[~}
(2) S Prl(pdt =0, 1<i<n-—1,
a

and the f(f), 0<i<n, are determined up to positive multiplicative constants with
product 1.

Actual computation leading to canonical form is not easy, so that it would
be of practical interest to obtain an analogue of Theorem 1 for equation (1) with
L, not in canonical form without representing L, in canonical form. The purpose
of this section is to present an attempt in this direction.

By a principal system for L, we mean a set of n solutions X,(#), X,(?),...,
X,(t) of the equation L,x(f)=0 which are eventually positive and satisfy

. X0 _ .
(33) lim, ., X0 0 for 1<i<j<n.
In case L, is in canonical form the set of functions {Jy(t), J{(b),..., Jo— (D}
defined by (9) is a principal system for L,, and the set of functions {K(t), K,(?),
..., K, 1(?)} defined by (10) is a principal system for the operator

(34) M.,y(®) = po(®) (p1(®) (-++(Pa- 1O (@O )Y,

which is also in canonical form. A basic property of principal systems is that
if {X,(),..., X,(&)} and {X,(®),..., X,(t)} are any two principal systems for L,
then the limits '

S 1) .
(35) lim,, 5 0] >0, 1<i<n,

exist and are finite. (See e.g. Trench [10].)

THEOREM 2. Let {X,(t),..., X,(t)} be a principal system for L, and let
{Y1(0),..., Y ()} be a principal system for M, defined by (34). Let y(t) be a
nonoscillatory solution of equation (1). Then y(t)/X,(t) approaches a limit,
finite or infinite, as t— oo if

(36) (" no1sol < o
and
@7 (" %o Inex,@pawide <

for any constant ¢ #0.

Proor. We represent L, in canonical form, that is, in the form (31) satisfying
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(32). Let {X,(®,..., X,(t)} and {¥,(9),..., ¥,(t)} stand for the sets of functions
{Jo®),..., J,_1(®} and {Ry(1),..., K,_ ()}, respectively, where J(f) and K(),
0<i<n, are constructed from p(t), 0<i<n, according to the rules (9) and (10),
respectively.

Theorem 1 says that the function fo(£)y(t)(=y(®)/Jo()=y()/X(f)) tends
to a limit as t— oo if

(38) (" no1s@iar < oo
and
(39) RAOLCIOTCLRES

for any constant c¢#0. Since (35) implies that (38) and (39) are equivalent to
(36) and (37), respectively, the conclusion readily follows.

Let us now consider equation (1) in which L, satisfies the condition
(40) S“’ pridt <o, 1<i<n—1.
a

Using (7), define for 0<i<n
(41) Jit) = p5' (DI, t; py,.--s P,
(42) k(#) = py (D100, t5 Py—iseees Pu-i) -

It is easily verified that {j,_,(%),..., jo(f)} and {k,_(?),..., ko(#)} form principal
systems for L, and M, respectively. This fact leads to the following corollary
to Theorem 2.

CorOLLARY 3. Let y(t) be a nonoscillatory solution of equation (1) with
L, satisfying (40). Suppose that

(" o1l < o
and
(" st Incers*acid < o
for any constant ¢c#0. Then y(t)/j,-.(t) approaches a limit, finite or infinite,
as t—oo.
ExAmpLE 3. Consider the equation

43) EO) + 5@ =220 1>,
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where =1 or —1. Put L,y(t)=(3y"(t))”". Then the operator M, associated
with L, (see (34)) coincides with L,, and integration of L,x(f)=0 shows that

{1/t, 1, logt, t}

is a principal system for L,=M,. All the hypotheses of Theorem 2 are satisfied,
and so for every nonoscillatory solution y(f) of equation (43), ty(¢) tends to a
limit as t—»o00. One such solution is y(t)=1/t2.

References

[1] M. E. Hammett, Nonoscillation properties of a nonlinear differential equation, Proc.
Amer. Math. Soc. 30 (1971), 92-96.

[2] Y.Kitamura, T. Kusano and M. Naito, Asymptotic properties of solutions of n-th
order differential equations with deviating arguments, Proc. Japan Acad. 54, Ser. A
(1978), 13-16.

[3] T.Kusano and H. Onose, Asymptotic behavior of nonoscillatory solutions of functional
differential equations of arbitrary order, J. London Math. Soc. 14 (1976), 106-112.

[4] T.Kusano and H. Onose, Nonoscillation theorems for differential equations with
deviating argument, Pacific J. Math. 63 (1976), 185-192.

[5] H. Onose, Oscillatory properties of ordinary differential equations of arbitrary order,
J. Differential Equations 7 (1970), 454—458.

[6] Ch. G. Philos and V. A. Staikos, Asymptotic properties of nonoscillatory solutions of
differential equations with deviating argument, Pacific J. Math. 70 (1977), 221-242.

[7] B. Singh, A necessary and sufficient condition for the oscillation of an even order non-
linear delay differential equation, Canad. J. Math. 25 (1973), 1078-1089.

[8] B.Singh, Asymptotic nature of nonoscillatory solutions of n-th order retarded differ-
ential equations, SIAM J. Math. Anal. 6 (1975), 784-795.

[9] B.Singh, A correction to “Forced oscillations in general ordinary differential equations
with deviating arguments”, Hiroshima Math. J. 9 (1979), 297-302.

[10] W.F. Trench, Canonical forms and principal systems for general disconjugate equations,
Trans. Amer. Math. Soc. 189 (1974), 319-327.

Department of Mathematics,
University of Wisconsin Center,
705 Viebahn Street,
Manitowoc, Wisconsin 54220,
U.S. A.
and
Department of Mathematics,
Faculty of Science,
Hiroshima University








