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1. Introduction

Let D be a bounded open set in R*, n>3, with smooth boundary S, and v
be the unit exterior normal to S. The motion of a viscous incompressible fluid
in D is described by the Navier-Stokes equation:

Ou

W—Au + (u, grad)u + gradg = f in Dx(0, T),

(D divu =0 in Dx(0, T),
u(x, 0) = a(x) in D,

with the boundary condition:

?2) u(x,)=0 on Sx(0, 7).

Here u(x, £)=(u,(x, t),..., u,(x, 1), q9(x, £) and f(x, t)=(f,(x, 1),..., f(x, t)) de-
note the velocity, the pressure and the external force respectively, and (u, grad)=
u;0/0x;.

So far, the above problem has been attacked mainly within the framework
of the Hilbert space (L?(D))". In this framework the existence and uniqueness,
local in time, of strong solutions were established, when n=3, by Kiselev and
Ladyzhenskaya [9] under some regularity assumptions on the initial data. Then
Kato and Fujita [5], [8] made these assumptions weaker and also proved similar
but stronger results by the method of evolution equations in Hilbert spaces.
Inoue and Wakimoto [7] extended the results of [5], [8] to the case when n=4, 5.
But the case n> 6 still remains open.

On the other hand, in [5], Fujita and Kato suggested the possibility of
removing the regularity assumptions noticed above by passing from L2 to general
L» spaces. However, the existence of strong solutions in LP spaces is still not
known, mainly because of the lack of knowledge about the LP-theory of the
Stokes system, i.e. the linearized version of the problem (1) and (2).

In this paper we consider in (L?(D))", n<p< oo, the equation (1) under the
following boundary condition (the Neumann condition for 1-forms, see [3]):
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3) a0, vu =0, 0(, v)du=0 on Sx(0,T),

where d and & denote the exterior differentiation and its formal adjoint respec-
tively, acting on differential forms on D, and o(d, v) denotes the value at v of the
principal symbol 6(6) of . (Throughout this paper we identify vector fields and
1-forms by means of the standard Euclidean metric.) In 3-dimensional case (3)
means that u is tangential and rotu is perpendicular to S at each time t. We
shall establish the local existence and uniqueness of strong solutions of the prob-
lem (1) and (3) without any regularity assumptions on the initial data.

In Section 2, we give a brief survey on the decomposition of (L?(D))" into
the direct sum of solenoidal vector fields and gradients of scalar functions, which
is a generalization of the well-known orthogonal decomposition theorem of
(L*(D))* (see [17]), namely,

(LP(D)" = X (D) ® G,(D) (direct sum),

where
X,(D) = {ue(LP(D))"; 6u = 0 in D, o(d, v)u =0 on S},
G,(D) = {ue(L*(D))"; u = dq for some qe W'F(D)}.

Since the details of the subject are presented in [6], we shall omit the proofs.
Section 3 is devoted to the investigation of the following elliptic boundary
value problem, the Neumann problem for 1-forms:

{ —du=f in D,
(C) [

a6, vyu =0, 0, vdu=0 on S,

where —A=dé+dd denotes the Laplacian acting on 1-forms on D. It will be
shown that the Laplacian with the Neumann condition on (L?(D))" leaves the
space X,(D) invariant and hence generates a holomorphic semigroup on X (D),
which enables us to discuss the problem (1) and (3) on L? spaces. It is to be noted
that the corresponding result is not known for the Stokes system except when D
is a half-space of R3. See [13] in this respect. '

Using the results obtained in Sections 2 and 3, we consider in Section 4 the
problem (1) and (3) in the form of the following evolution equation in X (D),
n<p<o:

4 |y + P(u, gradyu = Pf, >0,
u(0) = ae X,(D),

where A=4, is the restriction to X (D) of the Laplacian with the Neumann
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condition, and P=P,: (L?(D))"— X (D) is the projection along G (D).

We shall mainly follow the discussion of [8] and prove the local existence
and uniqueness of solutions of (5), which we shall call strong solutions of (1) and
(3), for any a e X (D) under some assumptions on Pf.

In [4], Fabes, Lewis and Riviere discussed the equation (1) in L”? spaces
under various boundary conditions including (2) and (3) and proved the local
existence and uniqueness of weak solutions. But the regularity property of their
solutions is not clear.

The author would like to express his sincere gratitude to Professor A. Inoue,
who helped him with valuable discussions and constant encouragement.

2. The decomposition theorem

In this section we review some results due to Fujiwara and Morimoto [6] on
the direct sum decomposition of (L?(D))", 1< p< oo, which will be needed later.
In what follows we denote by W=?(D) the Sobolev space of order s, with the norm
[-lls,- All functions considered in this paper are assumed to be real, unless
otherwise specified. For the sake of convenience, elements in (L?(D))" will be
regarded as 1-forms. Thus, for example, du= —divu, a(d, vu= —u-v, in the
notation of vector analysis.

THEOREM 2.1. Suppose that ue(LP(D))" and O6ueL?(D). Then the
boundary value (6, v)u makes sense and belongs to W=1/?-2(S). Further, there
exists a constant C>0 independent of u such that

(6) 6(d, V)ull - 1/p,, < C(llullo,, + [I6ullo,p)-
Now, we set
@) X, (D) = {ue(LP(D))"; 6u =0 in D, a(d, vJu = 0 on S}.

By the above theorem one can easily see that X, (D) is a closed subspace of
(L (D))"

LeMMA 2.2. The space of all ue(CZ(D))" satisfying du=0 in D is dense
in X (D).

Let us now construct a bounded operator P,: (LP(D))"— X (D) as follows.

For each u e (L?(D))" we can choose q;€ W!-P(D), j=1, 2, such that
—A4q; =06u in D, —4q, =0 in. D,

® @ ii
qg;,=0 on 8§, 0q,/0v = 0(d, v)(dgq, — u) on S.

The existence and uniqueness of q;, j=1, 2, (up to an additive constant for g,) is
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assured by the Ler-theory of elliptic boundary value problems (see [10], [11]).
Thus, Pu=u—d(q,+4q,) is well-defined and belongs to X (D). The bounded-
ness of P, follows from the well-known estimates of elliptic problems ([10],
[11]). If we set

) G, (D) = {ue(LP(D))"; u = dq for some qe W'?(D)},

then it is obvious from our construction of P, that (LP(D))" is the sum of X (D)
and G,(D). More precisely we have

Tueorem 2.3. (i) (L?P(D))"=X,(D)®G,D), (direct sum).
(ii) P, is the projection onto X (D) along G,(D).

From this it follows that G,(D) is also a closed subspace of (L?(D))". For
the dual operator P} we have

Tueorem 24. P} = P,, p' = p/(p—1).
Using all these results one can obtain the following
THeorRBM 2.5. (i) X, (D) = G (D). (i) X,(D)* = X,(D).

Here X (D)* denotes the annihilator of X (D).

3. The Neumann problem for 1-forms

Our aim in this section is to investigate the relation between the decompo-
sition theorem of the preceding section and the boundary value problem:

—du=f in D,
)
a0, vu =0, 0(, v)du=0 on S.
Let us begin with the variational formulation of (4). We set
V= {ue(W-%D))"; o(5, Vyu = 0 on S},
and consider the bilinear form:
a(u, v) = (du, dv) + (éu, év), u,veV,

where (u, v) denotes the L2-inner product. Then a direct calculation leads us to

ProrosiTION 3.1. a(u, v) is coercive on V, i.e., there exist positive con-
stants Cy and C, such that

(10) a(u, u) 2 Collulz — Cylluld,  forany uelV.
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Thus it follows from the regularity theorem for coercive forms (see [12])
that if u € V and fe (L%(D))" satisfy the equation

an a(u, v) = (f, v) forany veV,

then u is in (W2-%(D))", and satisfies

(12) —du=f in D,

with —4=dd+0d. Multiplying both sides of (12) with ve V and integrating by
parts one can show that

(13) S (o8, V)du, v>dS =0  forany veV.
S

Here ¢ -, - ) denotes the Euclidean metric of R*. Now, we may assume that the
normal vector v is smoothly extended to a neighbourhood of S in R". Since
a(d, v)2du =0 by virtue of §2=0, one can choose v € V which is equal to a(d, v)du
near S. This and (13) imply that (6, v)Jdu=0 on S. Thus we have deduced the
boundary value problem (4) from (11).

The Lr-theory of elliptic boundary value problems such as developed in
[11] enables us to give the following

DEerINITION 3.2. We set
14 D(B,) = {ue(W2P(D))"; a(5, VJu = 0, o(d, v)du =0 on S},
(15) Byu = —Au for ueD(B,).

Note that B, is a densely defined closed operator on (LP(D))".
The following lemma is of fundamental importance to our purposes.

LemMaA 3.3, Byue X, (D) if and only if ue D(B,) n X (D).
To prove this lemma we need the following

LeEMMA 3.4. Suppose ve(W2P(D))* satisfies o(d, v)dv=0 on S. Then,
a(0, v)odv=0 on S.

Note that, by Theorem 2.1, o(d, v)ddv makes sense as an element of
W-1/p.p(S), since 6dv e (LP(D))" satisfies 6(ddv)=062dv=0 in D.

PrOOF OF LEMMA 3.3.  We first assume that f=B,u is in X (D). It suffices
to prove that du=0in D. By definition, it is clear that §f=0in D, and (6, v)f=0
on S. From this and Lemma 3.4, we have

(16) —4(00u) = —6(du) =6f=0 in D,

and
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a7 a(0, v)dou = a(d, v)(f — ddu)
= a(d, v)f — 0(d, v)ddu
=0 on S.

Since a(8, v)dou = —0(6u)/dv in the usual notation, one concludes from (16) and
(17) that du=const. in D. Therefore we have

(18) 0 = (dbu, u) = Ss<a(d, Y)5u, u>dS + (u, 5u)

- —Ss(éu, o(8, v)u>dS + (du, ou)

= (6u, ou).

Thus éu=0in D, and hence u is in X (D).
Conversely, suppose u is in D(B,) N X (D), and set f=B,u. It is obvious that

19 0f = —064u = —A4(éu) = 0.
By Lemma 3.4, we have
(20) a(d, v)f = (6, v)odu + &(d, v)dou
= a(6, v)dou
=0 on S,

since u=0in D. Thus f belongs to X, (D). The proof is completed.
ProOF OF LEMMA 3.4. For each q € C%(D), we have

@n 0 = (6%du, q)

= Ss(a(é, v)édu, ) dS + (ddu, dg)
= SS <o(3, v)du, g)dS + Ss<a(6, V)du, dq)dS + (du, d’q)

- Ss<a(5', v)odu, q>dS.

Since Cz(D')' is dense in Ww1i.2'(D), it follows from the surjectivity of the trace
operator: g—q|s from Wi:»'(D)to Wi~1/p".p'(S)=W1/p:P'(S) that a(d, v)ddu=0
on S. This completes the proof.

Lemma 3.3 enables us to define a densely defined closed operator 4, on X (D)
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as follows.
D(A,) = D(B,) n X,D),
(22) [ P p: I 4
Au = Byu = —Au, for ueD(4,).
THEORBM 3.5. P, maps D(B,) into D(A,), and B,P,=A,P,=P,B, on D(B,).

PrOOF. Let u=w+dq be in D(B,) with w=P,u. Since ue(W>?(D)),
the function g is determined by

—A4q=0u in D, and 0q/0v = —a(d, vYu =0 on S.

Thus we see g€ W3?(D), and hence w=u—dqe(W2>?(D))"n X (D). Because
o(d, v)dw=0(d, v)du=0 on S, we have we D(B,) N X (D)=D(4,), and

Byu = Bw + d(—4q) = A,w + d(—49),
from which we obtain, using Lemma 3.3,

P,Byu = Byw = B,P,ju=A,w=A,P,u.
This completes the proof.

COROLLARY 3.6. (A—B,)"'P,=P,(A—B,) '=(A—A4,)"'P,, for any A in the
resolvent set of B,

Proor. To show that (A—A4,)~* exists and is bounded on X (D) it is suffi-
cient to prove that 1 — A4, is surjective, since 4, is a restriction of B,. By assump-
tion, for each fe X (D), there exists a unique element v e D(B,) such that f=
(A—By)v. Thus we have, by Theorem 3.5,

(23) f=P,f=PyA— B =(1— A)Py,

from which follows the existence of (A—A4,)~".
Now, let us fix fe (L?(D))" and choose v € D(B,) such that

24 (A =By ={.
Applying P, to both sides of (24) we obtain, by Theorem 3.5,

(25) P, (A= By =(A— 4,)P,v= (2 — B)P,=P,f,
so that
(26) Pp=P A—B)'f=(4—A) P, f=(—B,)'P,f.

This completes the proof.
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We shall now determine the dual operator A3.
LemmA 3.7. B} = B,,.

Proor. By the regularity theorem for the Neumann problem the spectra
of B, are independent of p, and hence are contained in [0, o) since B, is non-
negative. - Thus, T,=(1+B,)"! is a bounded operator on (L?(D))" for 1<p<co.
By an integration by parts,
27 (T,f, 9) = a\(T,f, Ty9) = (f, Tp9),
for any fe(LP(D))* and g e (L?'(D))", where a,(u, v)=(du, dv)+(du, év)+(u, v).
Thus, Ty =T, so that B} =B,,..

THEOREM 3.8. Aj=A,.

ProOF. Let v be in D(4,). Then, an integration by parts yields, for each
ueD(4,),

(28) (A,u, v) = (6du, v) = Ss <a(d, v)du, v)dS + (du, dv)
= (du, dv) = Ss(a(d, V)u, dv)dS + (u, ddv)

= —$s<u, o(0, v)dvydS + (u, Ayv) = (u, A,v).

Thus we have proved 4, cA4}.
Conversely, suppose that v is in D(A}) and set f=A}v. Then, for any w=
u+dq e D(B,) with P,w=u, we have

(29) (Bpw9 U) = (Apu’ U) = (u5 f) = (W’ f),
by Theorems 2.5 and 3.5. - From this we see that v is in D(By) n X ,(D)=D(B,)n
X, (D)=D(A,) and Ajv=Byv=B,v=A,v. This completes the proof.

We are now ready to discuss the semigroups and fractional powers generated
by A,. In this paragraph (LP(D))" is considered as a complex Banach space.

Before stating our results we note the following fact. As is well known (see
[6]) there exists a neighbourhood U of S in R” such that

(30) U and U n D are diffeomorphic to S x (—¢, &) and S x (0, €) respectively, for
some £>0,

and

(31) for each y’'eS, the curve y,—()’, y,)€Sx(—¢, &) represents a straight
line in U which is perpendicular to S at y'.



Navier-Stokes equations with the Neumann boundary condition 525

Choosing a system of local coordinates y'=(yy,..., y,—;) of S, one can consider
(Vs V=1sees Yn—1> Yn)> Yn€(—¢, €), as a system of local coordinates on U.
In this situation the boundary value problem (4) takes the following form:

—du=f, y,>0,

@y ou
un(y’, O)=0a "a.y_k“(y’, 0)=0, k= 1,..., n—1.

Now, let (ds)?=37"1g;(¥’, y)dy;dy.+(dy,)? be the representation of the Eu-
clidean metric with respect to the coordinate (y’, y,). Then the following lemma
holds, the proof of which is easy and so is omitted.

LeMMA 3.9. Let u(t) be a solution of the boundary value problem
{Z171g/M(y', 00¢;¢, — (d]dDZu(t) = —AePu(t), t>0,
u,(0) =0, (du;/d)(0)=0, 1<j<n—1, u(o)=0,

(32)
where (g7*(y’, 0)) is the inverse matrix of (g;(y’, 0)). Then, u(t)=0 whenever
A>0,eRrl, —n<O<m.

This lemma together with S. Agmon’s trick ([1]) tells us that there exist for
each w, 0<w< /2, constants C,>0, M, >0, such that each A, |]arg A|>w, |A|>
M, belongs to the resolvent set of B,, and

(33) (A = Bp)| < CoflA].
This implies the following

Tueorem 3.10. —B, generates a holomorphic semigroup, e *Be, on
(L(D))".

This theorem and Corollary 3.6, Theorem 3.8 lead us to

COROLLARY 3.11. —A, generates a holomorphic semigroup, e '4», on
X, (D). Furthermore, we have P, 'Pr=e 'BrP =¢7'4»P , and (e"'4r)*=
e~ t4p

By the above results we can now discuss the fractional powers of B, and 4,,.
Without loss of generality we may assume that both B, and A4, are invertible.
The following theorem plays an important role in the next section.

THeorEM 3.12. (i) D(4%) = D(B3) n X,(D),
(i) A2 =B on D(AZ) for O0<a<l.

PrOOF. Let u be in D(A4%) and set v=Aju € X, (D). Then we have
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(34) w= B3 = Sm% g‘” J~%(h + B,) vd)
0

_sinzma (®,_, -1
- s Sox (4 + 4,)'od]

= 4% = u,

by a well-known formula for fractional powers of operators (see [16]). Thus
w=u e D(B}) N X (D), and Aju=Bju.
Conversely, let u be in D(B2) n X (D) and set Biu=v. Then we have

(35) 7P, = BT S: 10k + A,)"1P,od)

— sin me go A~*P,(i + B,)'vdi

= P,B;%v = Pu =u.
Thus, u € D(A3) and hence A%u=Bju by the first part of this proof.
PROPOSITION 3.13. (43)* = A3  for O0<a<l.

Proor. This is an immediate consequence of (4,%)*=A4,7, which follows
from

A+ A) =+ 4 = +4,)", 2>0.

4. The Navier-Stokes equation with the Neumann condition

In this section we fix p, n<p<o0, and consider in (L?(D))" the problem (1)
and (3). For simplicity, we shall write 4,=4, P,=P and the L? norm will be
denoted by | -|. All functions considered in this section are assumed to be real.

Now, applying P formally to both sides of (1), we obtain the following evo-
lution equation in the Banach space X ,=X (D).

A4 | gy~ Fu+Pf, t>0,

dt
® u(0) = a,
where Fu = — P(u, grad)u.

Our aim is to establish for an arbitrary a € X, the local existence and uniqueness
of strong solutions in the sense of the following definition.

DErFINITION 4.1.  Let Pf be in C((0, T]; X,). We shall say that u(t) is a
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strong solution of (I) on [0, T] if and only if
(1) u(®ed(O, T]; X,) n CY((O, T]; X)), u(0) = a,
(ii) u(?) is in D(4) for each te (0, T], and Au(t) e C((0, T]; X,),

(i) —‘25;—+Au=Fu+Pf on (0, T].

Let us put u()=e**v(t), A>0. Then v(¢) is a solution of

4Y L A+ A = MFu + eHPf, 1>0,
@ a
v(0) = a.

As is shown in the previous section (see the proof of Lemma 3.7) A+ A is invertible
for any 4>0. Therefore we shall assume that, for each p, 1<p<oo, both 4,
and B, are invertible and

(36) et < Cet, |e*Be| < Ce™t  forsome C=C,>0,
(37) || A%et4r| < C,t%, |Bie'Br| < Ct7%,  for t>0,0<a<]l,
with some C, = C,, > 0.

The factors et#* on the right hand side of (I)’ are irrelevant since our consider-
ation is local in time. '

We first consider the equation (I) in the form of the following integral equa-
tion.

an  u(t) =eta + S; e~ =94{Fy(s) + Pf(s)}ds.

We shall give, under some assumptions on Pf, a local existence and uniqueness
result for (II) and then show that the solution of (II) thus obtained satisfies (I) if
Pf is Holder continuous.

The following lemma is crucial for our purpose.

LeEMMA 4.2. There exists a constant M >0 such that
(i) |P(u, grad)o| < M| AY?u| - [|A'?0],
(i) [l 47Y4P(u, grad)| < M| A'4u] - | A0,

for any u, ve D(A41/?).

PROOF. (i) As is shown in the previous section, the following holds with
continuous injections.

(38) D(4) = D(B) = (W>#(D))", D(A'/*) = D(B'7?).
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According to a result of Seeley [15] we have

39 D(B*) = [D(B), (LP(D))"];-es O0<a<1.

Thus,

(40)  D(A'/?) = D(B'7?) = [D(B), (LX(D))"]y;, = [(W*H(D))", (LF(D))"]12
= (WhP(D)y",

with continuous injections. Here and hereafter we denote by [X, Y]y, 0<0<1,
the complex interpolation space (Calderdn [2]) of Banach spaces X and Y.
Furthermore, by the Sobolev imbedding theorem,

(41) wi-n(D) = CA(D), B = 1-—n/p.
Now, let y be in X,.. Then, by (40), (41) and Holder’s inequality, we obtain
42 |(P(u, grad)v, Y)| = |((u, grad)v, ¥)|

< Csupp [u(x)| SD IPo)YDldy < Cllully,pllolls,pl¥ o,y

< Cll A 2ul| - [|AY o]l - [ llo,p for u, ve D(A'/?),

from which follows (i) since X} =X, (Theorem 2.5).
(ii) We make use of the following facts:

@) Bt =y S: #le-iBedt  for O<a<1, 1<p<oo,

( ) SO ( 4 y)ldt S Ca/lx —-yl’l‘Zd

where e *Br(x, y) denotes the kernel function of e~ *B». (43) is verified easily by
(36) and the well-known integral representation of e *Br whereas (44) will be
proved in Appendix. Thus, for u, ve D(A'/?) and Y € X,

(45)  |(A7V4P(u, grad)v, Y)| = |((u, grad)v, 4;/7*Y)| = |((u, grad)v, B /*y)|

< CS: 13/4|(u, grad)v, e~*Be )| dt

lu(x)]- 17 v(x)|- ¥ ()]
< CSSDxp dxdy.

lx — y|"=172

Put w(x)= SD %ﬂwd y. By the Sobolev inequality we have
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we(LiD)", ¢t =1—-(2n)' —p7', and [wlo,e < Cl¥llo,y
with a constant C>0 independent of . Therefore, by Holder’s inequality,
(46) |(A™1/4P(u, grad)v, Y)| < C|llul-|Fv|llo,¢llWlo,q
S Cll{ul - 17 vl llog1¥llo,pr < Cllullo,2allvll 1 pl1¥llo,pr
< Cllullo,zall A720] - W llo,p»
since g'"!=1—q " 1=(2n)"'+p~!. This estimate implies that when p>2n,
47 | A=1/#P(u, grad) v|| < Cllul-[|4'?v] < C|lAY*u||-| 40|,

When n<p<2n, we proceed as follows:
As is noted above, we have

(48) D(BY?) « (WY-r(D))* = (LX(D))*,  forany s> 1.
So, by (39) and the reiteration property of interpolation spaces,
(49) D(A'%) = D(B'/*) = [D(B'/?), (L*(D))"]y/>
< [(LD))", (LX(D))"]1 /2 = (L7 (D))",
where r"1=(2s)"!+(2p)~!. Now put s=pn/(p—n). Then r=2n, so that by (49),
(50) |A=174P(u, grad)v|| < Cllullo,2allA?v] < C|l A 4u]| | 41720 .
This completes the proof of (ii).

We shall now give the existence result for the integral equation (II) by the
use of the following iteration scheme,

(51) u(t) = et4a + S; - (t-94Pf(s)ds,

(52) Uy s 1() = uglt) + S; e-G=94Fy (s)ds, m > 0.

LemmA 4.3.  Suppose that ae X, Pfe C((0, T]; X,) and
(53) A= “Pf(t)]l = o(t™%*) as t—0.

Then, each u,(t) in (52) is well-defined and belongs to C([0, T]; X,) n C((0, T];
D(A4%), 0<a<3/4. Furthermore, there exist constants K,,, such that

(54) 1A%, (B)]| < Kont™®, 0 < a < 3/4.

Proor. In view of (53) and (37), we have
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deug®] < 4% 4a] + (| |4ze-e4Pf(9)]ds
< e 4a] + | [ AsHHite==DA]. | 4IPS (s)]ds

< [A%e*a] + CN S; (t—s5)-*1/45=3/4 s

< Kpot™%,
where
(55) K,o = supg<cr t*|| A% *4a| + C,NB(3/4 — a, 1/4),
(56) N = supo<,sr /4| AV4*Pf(D)] .

Here B(-, -) denotes the beta function. Suppose that (54) is valid for u,,..., 4,,.
Then, it follows from Lemma 4.2 that

OT) AU s O < D] + ] o114 4= Fu, () ds

< Kaa™ + CM [ (1=9) 78 41140, (5)] - | 4 Pu ()1 ds

< {Kypo + C.MB(3[4 — o, 1/DK ;14 mK 12, mit™
Thus we may put
(58) Kym+1 = Koo + C.MB3/4 — o, 1/A)K 14 mK 1 /2,m:
This completes the proof.
Let us now put k,,=max (K4 m» Ky/2,m»)- From (58) we obtain
(59) kw1 < ko + CiMBEZ,

where C;=max(Cy, C;,;) and B=max {B(1/4, 1/4), B(1/2, 1/4)}. By an ele-
mentary calculation it is readily verified that if

(60) ko < 1/(4C,MPB),
then, for each m>0,
kn < K = {1-(1—-4C;MBky)'/?}/(2C,MB) < 1/(2CMPB),
€0 l A"l < Kt™7, y=1/2,1/4,
so that, by (58),
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(62) Kin < K, = K, + C,MB(3/4 — a, 1/4)K?,

and

(63) |A%u (D] < K t7% forany m>0, 0 <a < 3/4.
Let us put

64 W i) = s = 0 = | e CDAFu(5) = Fup @),
(u-4() =0).

Because of the inequality (easily derived from Lemma 4.2)
(65) I 4=14(Fu — Fo)||

< M{[|A'2u] - | AV4(u — v)]| + | 4> (u — v)|| - [| AV 40]l},
one can see that, for 0<a<3/4,
(66)
4% Wp 1 1 (D)l

<C, S; (t—s)~*14M{| Allzum(s)fl N AYAw ()] + | AV AU ()] - LAY 2w, ()]} ds

SCMK (| (=9 t1a{sm112) 4118w ()] +5714] 412w, ()} ds.

From this we obtain, by induction on m,

(67) 4w, (D] < QC{MKB"Kt™, y=1/2,1/4,

so that

(68) | A*Wp4 (D] <2C,MK?(2C;MKB)y"B(3/4 — a, 1/4)t7%, 0 < a < 3/4.

Since 2C; MK <1 by (61), we see from (68) that 3, | 4*w,(¢)|l converges uniform-
ly on compact subsets of (0, T] and so does 3., ||w,(?)] uniformly on [0, T].
Thus, there exist u in C([0, T]; X,) and v, in C((0, T]; X,) such that

69) u,() — u(® in X, uniformly on - [0, T],
and -
(70) A®u,(t) — v,(t) in X, uniformly on compact subsets of (0, T], 0<a<3/4.

Since A% is a closed operator we see that v,(f)=A%u(t), and hence A*u e C((0, T];
X,), 0<a<3/4. Moreover, by (63) and (61), we have
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(7))  Au@l < K77,y =1/4,1/2, [A*u@)] < K7, 0<a < 3/4.
Combining (63) and (71) with the inequality (easily derived from Lemma 4.2),
(72) IFu — Foll < M(|AY?u]l + [|A'?0]) | AY?(u — ),
and taking Lemma 4.2 into account, one obtains

Fu,(t) —> Fu(t) on (0, T],
(73) ‘

|A=Y4Fu, ()| < Ct~3* with C >0 independent of m.

Applying the dominated convergence theorem to the scheme (52) one concludes
that

(74) u(f) = e-*a + S' e~-94{Fu(s) + Pf(s)}ds on [0, T].

0
Thus we have constructed a solution of (II) under the assumption (60). In view
of (53), (55), (56) and the fact that

(75) t*|A%e*4a] — 0, as t— 0, for each aeX,

we have only to choose T >0 sufficiently small in order for (60) to be valid. Thus
we have proved the following

THEOREM 4.4. For any a€ X, and any Pfe C((0, ); X,) satisfying (53),
there exist a T>0 and a solution u(t) of (II) belonging to C([0, T]; X,)n
C((0, T1; D(A%)) for any a, 0<a<3/4.

The solution u(t) constructed above satisfies
(76) 41 2u@)] = o(t™1/%), AV *u(@®)] = o(t™'/%), t—>0,

as will be seen from the fact that we can make k, in (60), and hence K in (61),
arbitrarily small by choosing T>0 small. This observation leads us to the fol-
lowing definition of the function space S[0, T], in which the uniqueness result is
to be shown.

DEFINITION 4.5. Let u(?) be continuous on [0, T'] with values in X,. We
say that u(t) is in S[O0, T] if and only if A'/2u(f) is continuous on (0, T] and
satisfies [|A1/2u(t)| =o(t~1/2), t—0. '

Note that [ AY4u(t)| =o(t"1/4) holds for any u(f) in S[0, T] by the well-
known moment inequality (see [16]),

an 417%0] < ClLA 2] 2. o],

THEOREM 4.6. The solution of (I1) is unique within the class S[0, T].
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Proor. Let u, veS[0, T] be two solutions of (II) corresponding to the
same data. Then, since

(78) Ww(t) = u(t) — v(t) = S; e~ U-9A{Fu(s) — Fu(s)}ds,
we have, by (65),
(79) 14'w(®| < C;MK, S; (t—s) 1" UA(sT 4| A 2w(s)|| + 512 AM4w(s)]))ds

for y=1/2, 1/4. Here we have chosen K, so that ||A?u(f)| <Kyt™?, [|[A7v(D)| <
Kot~7? for y=1/2, 1/4. Since both u and v are in S[0, T], we can choose T,>0
so that (79) holds on (0, T,] with K, sufficiently small. By induction on m it is
easily shown from (79) that

(80) 1A"w()]| < 2C,MBK)"2Kot* on (0, T,].

Since we may assume 2C, MBK,<1, it follows from (80) that w(t)=0 on [0, T,].
Repeating the above argument for t>T,, we can choose Tj, j=>1, such that
w(t)=0o0n [Xi-o Th, Tit4 T,], j=0. Since A'/2u(t) and A1/2v(f) are continuous
on (0, T], we see easily that {T;} is bounded away from 0. Thus we may con-
clude that w(tf)=0 on [0, T].

Finally we shall prove the following theorem concerning the equation (I).

THeorEM 4.7. If, in addition to the assumptions of Theorem 4.4, Pf is
Hoélder continuous on [&, T] for any >0, then the solution u(t) of (II) is the
solution of () in the sense of Definition 4.1.

PrROOF. As is easily verified u(t) satisfies for each ¢>0,

(€2))] u(t) = e~ 4y(e) + St e~ (=94{Fy(s)+ Pf(s)}ds on [e T].
So, our assertion is true if we show the Holder continuity of Fu(f) on [e, T],
which, in view of (72), follows if A'/2u(t) is Holder continuous. Therefore, in
the following, we prove the Holder continuity of A'/2u(t) on [e, T].

Put u(t)=u(t) + w(t), where

(82) uo(f) = e-*a + S; ¢~ (=94Pf(5)ds,

®83) w(t) = S; e~ t=4Fy(s)ds.

The first term on the right hand side of (82) is estimated as follows.
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(84)
|AV2(e= (W4 — g=td)g|| = ||(e~h4 — I)Al/2e~*ql||
<|(e P —=DA~2|| - |A*+U2e g || < C,h%e~*" 2 for e<t<t+h, O0<a<l1/2.

Note that here (and hereafter) we use [(e"#4—I)A~%|| <C,h®, which is easily
checked by an elementary calculation.
For the second term of (82) we have

t+
o

®5) 42" e rnapf(s)ds — 4112’ e-04pf(s)ds
(1]

= X' AV2{e=(+h=-9)4 _ o=(=)4} Pf(5)ds + S”hAl/ze'(”'"")APf(s)ds
0 :

EII +Iz,

so that
®6) 1l < | 141 — De-e-94pf(s)lds
< I — DA | [A=+rset04] - | A-PF)|ds

< Ch*N g' (t—s)-5-3/45-3/4 s
. 0

< C,h*t~*~12B(1 /4 —a, 1/4)

< C,hee " 12B(1)4—a, 1/4) for e<t<t+h, 0<a<1/4,

and
t+h ‘
) 100 < ™" javze-crrnapy(o)as
t
t+h
< (" jarmsecwrr-oay a-ispp)pds
t
t+h -
< ¢ ¢+ h—92ds(sup,c.<r | A *PFOID
t

< Ch!* for e<t<t+h.

Combining (86) and (87) with (84) we see that A‘fzuo(t)"is Holder continuous on
[e, T] with exponent &, 0<a<1/4.
The estimation of (83) is carried out as follows. Put
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t
(88)  AYV2w(t+h) — AV2w(t) = S Al/2{e= (=94 _ o=(-)4}Fy(s)ds
0

t+h
+ S AV 2em (=) AFy(s5)ds
t

EI3+I4.

Then, by virtue of (76), we have, with some K >0,

B9 Il < Il(e""‘—I)A‘“IIS | A=+3/4e= (=]l - | A~1/4Fu(s)||ds

t
0
< Ch S' (t—5)-*= 34 MK2s=3/4ds
1]

< C,MK?%¢*"12B(1/4—oa, 1/4)h*, for e¢<t<t+h, O0<a<xl/4,

and

(90) Il < S‘” | A3t4e=(+i=94| . | A=1/4Fu(s) | ds
t

t
t

<c S Tt h— )34 K2M s34 ds

h
< CR2Mros ™ (4 h—g)orsds
t

< CK2Meg3/4p1i4 for e<t<t+h.

Thus AY2w(t) is also Holder continuous on [g, T] with exponent o, 0<a<1/4.
This completes the proof.

ReEMARK 4.8. Kato and Fujita [8] treated problem (1) and (2) in the form
of the equation (I) in X,, n=3, with A denoting the Stokes operator. They
proved the local existence and uniqueness under the assumption ae D(A4'/4).
This assumption is needed because, in their case, one must require u € D(43/4)
in order to obtain a good estimate for the nonlinear term Fu whereas we have
only to require u € D(A'/2) in our case (see Lemma 4.2 in this note).

Appendix
Here we prove the inequality (44), i.e.,
(44) g: #1U, x, y)ldt < Coflx—y"2, (x, y)eDxD, x#y, 0<a<l,

where U(t, x, y) denotes the kernel function of e7*8», 1 <p<c0.
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For 0<t<1, the following estimate is known (see [14]).
€2Y) U@, x, y)l < Ct™/2 exp {—|x— y|?/ct}.

Therefore, denoting r=|x— y| #0, we obtain

1
(92) SO #1U, x, Yt < C S: f5=1-n12 exp (= r2/ci)dt

<C Sw t=t=n2 exp (—r?/ct)dt < Cr2en.
0

For t>1, we proceed as follows. Let 0<1,<A1,<--- be the eigenvalues of B,
and {¢,,} be the corresponding orthonormal system of eigenforms. (Note that
B, is assumed to be invertible by adding a positive constant to the Laplacian.)
As is well known U(t, x, y) admits the following expansion,

93) U(t, x, y) = Zm=1 XD (= 2nt)Pm(X) ® &u(¥),
so that we obtain for t>1,
(C)
U, x, y)
< Xi=1€Xp (= An) [B(X)] - [$m()]
< A{Zm=1xp (= 40) [$n()P}H{E 0= 1 €xp (= 2l) |$(D)I?}/?
< exp(— 4, (t— D) {51 exp (= 4,) [$n(¥)12}/2 X {Z2- 1 exp (= 4,) 9D}/
= exp (—2,(t—D){Tr U(1, x, x)}'/*{Tr U(1, y, y)}'/?
< Cexp(—440),

since D is bounded and U(t, x, y) is smooth on (0, 0)xDxD. Here TrS
denotes the trace of a matrix S. Thus,

95) S” #=1U, x, yldt < cSw 121 exp (= A,0)dt = C,I(a).
1 (1]

Combining (92) with (95) we therefore obtain

96) (710, x, pld < Cyflx—yim2 + €

< C3/|x _yln-2¢’

since D is bounded. This completes the proof of (44).
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