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Introduction

Let G be a connected Lie group, ¢ an involutive automorphism of G and
H a subgroup of G satisfying (G,)o<H<G, where G,={xe G|o(x)=x} and
(G,)o is the identity component of G,. Then the triple (G, H, o) is called an
affine symmetric space. We assume that G is real semisimple throughout this
paper.

Let P be a minimal parabolic subgroup of G. Then the double coset de-
composition H\G/P is studied in [3] and [4]. Let P’ be an arbitrary parabolic
subgroup of G containing P. Then we have a canonical surjection

f: H\G/P — H\G/P".

The purpose of this paper is to determine f~!(¢) for an arbitrary double coset
0 in H\G/P'.

When G is a complex semisimple Lie group and H is a real form of G, the
double coset decomposition H\G/P is studied in [1] and [7] and structures of
H-orbits on G/P’ are studied in [7].

When G is a complex semisimple Lie group, H is a complex subgroup of G
and P’ is a parabolic subgroup of G corresponding to a simple root, the structure
of f~1(0) is determined for an arbitrary double coset ¢ in H\G/P’ in [5], p. 29,
Lemma 5.2.

The results of this paper are as follows. Let g and b be the Lie algebras of
G and H respectively, and the automorphism ¢ of g be the one induced from the
automorphism ¢ of G. Let 6 be a Cartan involution of g such that g6=0g.
Let g=bh+q (resp. g=f+p) be the decomposition of g into the +1 and —1
eigenspaces for o (resp. 0).

Let P° be a minimal parabolic subgroup of G. Then the factor space G/P°
is identified with the set of minimal parabolic subalgebras of g. By Theorem 1
of [3], every H-conjugacy class of minimal parabolic subalgebras of g contains
a minimal parabolic subalgebra of the form B =P(a, Z(a)*) where a is a g-stable
maximal abelian subspace of p, Z(a)* is a positive system of the root system
Z(a) of the pair (g, a) and P(a, Z(a)*)=m+a+n is the corresponding minimal
parabolic subalgebra of g.
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Thus the problem is reduced to the following. Fix a o-stable maximal
abelian subspace a of p and a minimal parabolic subalgebra P=P(a, Z(a)*).
Let B’ be an arbitrary parabolic subalgebra of g containing ¥ and P’ the cor-
responding parabolic subgroup of G. Then we have only to determine the double
coset decomposition

H\HP'|P.

Since there is a canonical bijection H n P'\P'/P~H\HP'/P and since the
factor space P’/P is identified with the set of minimal parabolic subalgebras of g
contained in B’, we have only to consider H n P’-conjugacy classes of minimal
parabolic subalgebras of g contained in ’. Let P’'=m’+a’+n’ be the Langlands
decomposition of P’ such that a’=a. A subset a’, of a’ is defined by a, ={Yea’|
a(Y)>0 for all aeX(a) satisfying g(a; a)cn’} (g(a; 0)={Xeg|[Y, X]=a(Y)X
for all Yea}). Now we can state the main result of this paper as follows.

THEOREM. Every minimal parabolic subalgebra of g contained in P’ is
H n P'-conjugate to a minimal parabolic subalgebra B, of g of the form

B, = P(ay, Z(a;)?)

where a, is a g-stable maximal abelian subspace of p such that a; >a’ and XZ(a,)*
satisfies {Z(a;)*, at><R, (={teR|t>0}).

Let 3,(a’+0a’) denote the centralizer of a’+ca’ and J3 the center of 3,(a’+
oa’). Define a subalgebra m” of 3 (a’+0ca’) by m"={Xe 3, (a'+0a’)| B(X,
3na)={0}} where B(,) is the Killing form of g. Then a subspace a, of p
satisfying the condition of Theorem contains 3 na. For such a subspace a; of
p, define subsets 2(a,),. and Z(a,),~ of Z(a,) by

Z(a)n = {eeZ(ay)|<a, o’y = {0}}
and
2(ay)n = {xe Z(a;)|<a, a’+0a’> = {0}}.

We consider closed H-orbits and open H-orbits on HP'/P with respect to
the topology of HP'/P.

COROLLARY 1. (a) A minimal parabolic subalgebra PB,=P(a,, X(a,)*)
satisfying the conditions of Theorem is contained in a closed H-orbit on HP'|P
(here we identified B, with a point in P’'[P) if and only if the following three
conditions are satisfied:

(i) <X(ay)q, oai) =R, where X(a,); =2(a,), N 2(ay)",

(ii) Z(a,)z~ is o-compatible (i.e. x € Z(a;)i», % |y na,nq #0=>00 € Z(ay)hn)
where Z(a,)5- =2(a;),~ N Z(a,)",
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(ii) m"na, nh is maximal abelian in m" np nh.

(b) A minimal parabolic subalgebra B,=P(a,, X(a,)*) satisfying the
conditions of Theorem is contained in an open H-orbit on HP'[P if and only if
the following three conditions are satisfied:

(i) (@i, obai><R,,

(ii) Z(a,)f is o0-compatible (i.e. x € X(ay)f~, &| nrna,ny 7 0=>000 € Z(a;)kr),

(iii) m”na, nq is maximal abelian in m" Np Nq.

For an affine symmetric space (G, H, g), the associated affine symmetric
space (G, H', 0) is defined by H'=(K n H)exp(p nq). Then there exists a one-
to-one correspondence between the double coset decompositions H\G/P and
H'\G/P. 1If a is a g-stable maximal abelian subspace of p, then the H-orbit
containing P(a, Z(a)*) corresponds to the H’'-orbit containing the same PB(a,
Z(a)*) ([3], Corollary 2 of Theorem 1).

CoROLLARY 2. (a) In the above correspondence between H\G/P and
H'\G/P, H\HP'|P corresponds to H'\H'P'|[P. Moreover closed H-orbits on
HP'[P correspond to open H'-orbits on H'P'|P and open ones to closed ones.

(b) Let P" be a parabolic subgroup of G containing P'. Then there is a
one-to-one correspondence between H\HP"|P' and H'\H'P"|P'. In this corre-
spondence closed H-orbits on HP"|P' correspond to open H'-orbits on H'P"|P’
and open ones to closed ones.

Lastly we state an explicit formula for the decomposition H\HP'/P applying
the method used in §2 of [3]. Let ay be a o-stable maximal abelian subspace of
p such that ayca’ and that m” nay Nh is maximal abelian in m"npnh. Fix a
positive system Z(ap)* of Z(ap) such that {(Z(ap)*, a})<=R,. Then P, =
PB(ao, Z(ap)*)is contained in P’.  Let Py, be the corresponding minimal parabolic
subgroup of G.

Let @ be a g-stable maximal abelian subspace of p such that a n f is maximal
abelianin pnh,anhoayonhand angcayng. Putr={Yeanh|B(Y, apnh)=
{0}}. Put Zy(ag)y={x€Z(ap),- | H,em”"naonh} where H,ea, is defined
by B(H,, Y)=a(Y) for Yeay. Then a set of root vectors Q={X, ..., X,,} is
said to be a q-orthogonal system of Z¢(a,),~ if the following two conditions are
satisfied :

(i) o;eZy(ag)y~ and X, €g(ag; o) Nq—{0} for i=1,..., k,
(i) [X,» X, ]=[X,, 0X,]=0for i#j.

We normalize X,,i=1,...,k so that 2a(H,)B(X,, 0X,)= —1. Define an
element ¢(Q) of M} by

C(Q) = €Xp (7'(/2) (Xau +0Xa1)°"exp (7[/2) (Xak+0Xak) .
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Then a!=Ad (c(Q))q, is a o-stable maximal abelian subspace of p such that a’ ca'.

Let {Q,..., Q,} (Qo=¢) be a complete set of representatives of g-orthogonal
systems of X¢(a,),~ with respect to the following equivalence relation ~. For
two g-orthogonal systems Q={X, ,..., X,,} and Q"={X,,,..., Xz} of Z((ag),,
Q~Q' if and only if there exists a we W, u(@)(=Ngog(@)/Zg (@) such that

wr+ 35 H,) =1t + XX Hy,
Put a;=Ad(c(Q;))ay, i=1,..., n. Then we have the following corollary.

COROLLARY 3. HP'=\Ulo\UTY) Hwic(Q) P, (disjoint union) where
{wi,..., wh)} is a complete set of representatives of Wynp(a) N W(ay), \W(a;),
in Ngap(a;) (W(ay), = NgamAa)/ZgapuAa;)). Moreover we have

H'P' = Ul o\UT) H'wic(Q)Po, (disjoint union).

§1. Notations and preliminaries

Let R denote the set of real numbers and R, the subset of R defined by
R,={teR|t>0}. Let G be a Lie group with Lie algebra g. For subsets s
and t in g and a subset S in G, 3,(t), Z4(t) and N(t) are the subsets of g, G and G
defined by

3.0 ={Xes|[X,Y]=0 forall Yet},

Zgt) = {xeS|Ad(x)Y=Y forall Yet}
and

Ns(t) = {xeS|Ad (x)t =1},

respectively.

Let G be a connected real semisimple Lie group, ¢ an involutive automorphism
of G (i.e. o2 =identity) and H a subgroup of G satisfying (G,)o< H <G, where
G,={xeG|a(x)=x} and (G,), is the identity component of G,. Then the
triple (G, H, o) is an affine symmetric space such that G is real semisimple.

Let g and b be the Lie algebras of G and H respectively, and the automorphism
o of g be the one induced from the automorphism ¢ of G. There exists a Cartan
involution 6 of g such that 60=0¢ ([2], cf. Lemmas 3 and 4 in [3]). Fixsuch a
Cartan involution 0 of g. Let g=h+q (resp. g=f+p) be the decomposition of
g into the +1 and —1 eigenspaces for o (resp. ). Then we have the following
direct sum decomposition

g=Inhb+Etng+pnh+pngq

of g. Let K denote the analytic subgroup of G for .
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Let a be a maximal abelian subspace of p. Then the space of real linear forms
on a is denoted by a*. For an a € a*, let g(a; ) denote the subspace of g defined
by

gla; o) = {Xeg|[Y, X] =a(Y)X for all Yea}.
Then the root system X(a) of the pair (g, a) is the finite subset of a* defined by
Z(a) = {aea*—{0}|g(a; a) # {0}}.

Let 2(a)* be a positive system of Z(a). Then we can define a minimal parabolic
subalgebra P(a, Z(a)*) of g and a minimal parabolic subgroup P(a, Z(a)*) of G by

Pa, Z(@)=m+a+n
and
P(a, Z(a)*) = MAN,

respectively, where m=3(a), M=Z(a), A=e€xpa, n=3,.5)+ 8(a, ®) and N=
exp n.

Let P’ be an arbitrary parabolic subalgebra of g containing P(a, Z(a)*) and
P’ the corresponding parabolic subgroup of G. Then there is a unique Langlands
decomposition

gBl =m + al + nl
of P’ such that a’=a. Let a), denote the subset of a defined by
a, ={Yea'|(Y)>0 forall aeX(a) suchthat g(a;x)c=n'}.

The corresponding Langlands decomposition of P’ is denoted by P'=M'A'N".

Let P° be a minimal parabolic subgroup of G and B° the corresponding
minimal parabolic subalgebra of g. Then the factor space G/P° is identified with
the set of minimal parabolic subalgebras of g by the correspondence xP%—
Ad (x)P°, xe G. Thus the H-orbits on G/P° are identified with the H-conjugacy
classes of minimal parabolic subalgebras of g.

Here we review a main result of [3]. Let {a;|ieI} be a complete set of
representatives of the K N H-conjugacy classes of o-stable maximal abelian
subspace of p. Let W(a;)=Ng(a;))/Zk(a;) be the Weyl group of X(a;) and
Wkan(a;) the subgroup of W(a;) defined by

Wian(a) = Nian(a)/Zgan(ay) .

ProPOSITION (Corollary 1 of Theorem 1 in [3]). There is a one-to-one cor-
respondence between the set of H-conjugacy classes of minimal parabolic sub-
algebras of g and the set \U;.; Wxog(a)\W(a,) (disjoint union). Fix a positive
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system X(a)* of XZ(a;) for each iel. Then Wy glapwe Wgon(a)\W(a,) cor-
responds to the H-conjugacy class of minimal parabolic subalgebras of g
containing P(a;, wZ(a,)*).

§2. Theorem and its corollaries

Let B% be an arbitrary parabolic subalgebra of g containing P° and P
the corresponding parabolic subgroup of G. Then we have a canonical surjection

f: H\G/P® — H\G/P"".

For every double coset @ =HxP% € H\G/P® (x € G), we want to study f~1(0)=
H\HxP%[P°, 1t follows from Proposition in §1 that there exist an he H, a o-
stable maximal abelian subspace a of p and a positive system Z(a)* of XZ(a) such
that Ad (hx)P°=%P(a, Z(a)*). Thus we have only to study the double coset
decomposition H\HP’'/P for such a minimal parabolic subalgebra B =P(a, Z(a)*)
where P is .the minimal parabolic subgroup corresponding to P and P'=
hxP%x~1h~t,

Therefore we fix a g-stable maximal abelian subspace a of p and a positive
system X(a)* of X(a). Put P=P(a, Z(a)*) and let P’ be the parabolic subalgebra
of g which is conjugate to P° and contains P. Notations P=m+a+n, P=
MAN, P'=m'+a’+n’, PP=M'A'N’' and a/, are the same as in §1.

Since H\HP’' is isomorphic to H n P’\P’, there is a canonical bijection

(2.1) HnP\P'|P == H\HP'[P.

Then the following theorem gives standard representatives for H n P'\P’/P since
P’/P is identified with the set of minimal parabolic subalgebras of g contained in p’.

THEOREM. Every minimal parabolic subalgebra of g contained in P’ is
H n P'-conjugate to a minimal parabolic subalgebra B, of g of the form

B, = P(a,, Z(ap)*)

where a, is a o-stable maximal abelian subspace of p such that a,>a’ and
Z(a,)* is a positive system of X(a,) such that

(ay)*, a}> = R,

REMARK. Conversely if a, and Z(a,)* satisfy the conditions in Theorem,
then B, =P(a,, Z(a,)*) is contained in P’. In fact, write P, =m, + a, + n, where
my=3e(ay) and ny =3 ;c5,,)+ 8(a;; ). Note that

- P’ = 3, 9(a’; o) (the sum is taken over all x € (a’)* such that <o, a})> o R,)
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where (a’)* is the space of real linear forms on a’ and g(a’; ®)={X eg|[Y, X]=
o(Y)X}. Then it follows from the condition for a, that m,; +a, =g(a’; 0). On
the other hand it follows from the condition for X(a,)* that g(a,; «)=g(a’; a|,) =
P’ for a € X(a,)*. Thus we have P, = P’.

We use the following method of Lusztig and Vogan ([5], p. 29, Lemma 5.2).
Let n: P’—>M' be the projection with respect to the Langlands decomposition
P'=M’'A'N’. Then n is a group homomorphism and induces an isomorphism
of P'/P onto M’'/M’'nP. PutJ=n(HnP’). Then there is a canonical bijection

(2.2) H n P\P'|P2>= J\M'/M’ n P.

(In [5], G and H are complex groups and P’ is a parabolic subgroup of G cor-
responding to a simple root of Z(a)*.)

Let J, and Mg be the identity components of J and M’ respectively. Since
M' n P> M, every connected component of M’ has a non-trivial intersection with
M’'nP. Thus M’'/M’n P is isomorphic to My/Myn P and we have a canonical
surjection

(2.3) Jo\Mb/Mjy n P— J\M'/M’ n P.

It is clear that the subalgebras m’ n %P and m’ N o*P’ are a minimal parabolic
subalgebra and a parabolic subalgebra of m’ respectively. Let X(a),. and Z(a),-
be the subsets of X(a) defined by X(a),.={xe Z(a)|<a, a’>={0}} and X(a), . =
{a e X(a)|<a, a},> =R, —{0}} respectively. Then

m+a =m+a+ Zaei(n)mi g(a’ d)
and
n’ = Zae:(a)“r g(ﬂ, d).
Let
ml n o,sB/ = lﬂ” + “II + I1//
be the Langlands decomposition of m’ noP’ such that a”"<a. Let X(a),- and
Z(a),~ be the subsets of X(a),  defined by Z(a),.={xe Z(a)|<a, a’'+0a’)={0}}
and X(a),. ={a € Z(a), | <a, ga’,> =R, —{0}} respectively. Then we have
]"// + a/l + q' =m++ a+ zaez(a)m” g(a; a)

and

n = ZaeI(u)"» g(a; a) .

LEMMA. Let i be the Lie algebra of J and af be the subspace of a" given
by af/=n((a’+a")nh). Then
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j=m' nbh+al +n".
PrOOF. Put A4, =2ZX(a), N 2(a), =2Z(a),, A,=2(a), N 6X(a), =Z(a),~ and
A;=2(a),, N 6X(a),,, and set
W= Yoen(s(a;0) + g(a; o)) nh  (i=1,23).
Then
Bnhb=P"neP' nhb=mnbh+anh+A +A, + Asj.

Since m: P’'—>m’ is the projection with respect to the decomposition P'=m'+
a’+n’, we have

j=n(P'nh)=mnbh+n(anh) + Ay + ¥ 4, 3(a; 0
=mnh+m'nanh+af + A +n"=m"nh +af + 1",

q.e.d.

Let W(a),. and W(a),. denote the subgroups of W(a) generated by the
reflections with respect to the roots of XZ(a),,- and Z(a),,~ respectively.

PrOOF OF THEOREM. We have only to find a set of standard representatives
ScMy of Jo)\Mo/Myn P since the set S becomes a set of representatives of
H\HP'|P in view of the above arguments.

Mg n P is a minimal parabolic subgroup of Mg since m’ NP is a minimal
parabolic subalgebra of m’ and since Zg,y,(a)=MoN M is contained in Mg n P.
In the same way M N oP’ is proved to be a parabolic subgroup of My. Thus we
have the Bruhat decomposition

My = Usew, (Mo N P YW(Mg N P)

where W, is a complete set of representatives of W(a),-\W(a),  in Nyqp(a).
Let MgnoP'=M"A"N" be the Langlands decomposition of MgnoP’
corresponding to m’ N oP’'=m"+a”+n’. Then it follows from Lemma that

(Mg naP)w(Mgyn P) = JoM"A"Ww(Mg N P)
for every we W,. Therefore we have only to study the decomposition
JO n MIIAH\MIIAII/WPW—-I n MIIAII'

Since M"A"/wPw=! n M"A" is isomorphic to M{/wPw=!n Mg (Mg is the identity
component of M”) and since J, N M"A"=(M" n H), exp af (Lemma), there is a
canonical bijection

(2.4) (M”10 H)o\M3jwPw=1 0 M} 2 Jo 0 M"A"\M" A" |wPw=1 n M"A4".
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Here we note that Mg is o-stable. Thus the triple (Mg, (M" 0 H),, 0) is an
affine symmetric space such that Mg is a connected real reductive Lie group.
Moreover wPw™! n Mg is a minimal parabolic subgroup of M. Therefore the
result of [3] can be applied to the left hand side of (2.4). For every x € M{ there
is a ye(M"n H)ox(wPw=' n M{) such that af=Ad(y)(anm”) is a o-stable
maximal abelian subspace of m” n p (Proposition in § 1).

Thus we have proved the following. For an arbitrary x €e HP' there exists a
we W, and a y e Mg such that a; =Ad (y)a is o-stable and that ywe HxP. Then
it is clear that a, and B, =Ad (yw)P=R(a,, Z(a,)*) satisfy the conditions of the
theorem. Hence the theorem is proved. q.e.d.

For a g-stable maximal abelian subspace a, of p satisfying a;>a’, we can
define subsets Z(a,), . and Z(a,),~ of X(a,) in the same manner as X(a),  and
Z(a),». If Z(a,)* is a positive system of Z(a,), then X(a,)}. and Z(a,)}- are
defined by X(a,) =2(a,), N Z(a;)* and X(a,)} =2(a,),~ N Z(a,)t respectively.

Now we consider closed H-orbits and open H-orbits on HP’/P with respect
to the topology of HP'/P.

COROLLARY 1. Retain the notations in Theorem.

(@) A minimal parabolic subalgebra B,=V(a,, Z(a,)*) satisfying the
conditions of Theorem is contained in a closed H-orbit on HP'|P (B, is identified
with a point in P’|P) if and only if the following three conditions are satisfied:

(i) <2(ay)i, oai)<=R,,

(ii) 2(ay)y~ is o-compatible (i.e. o€ X(a,)f~, &y na,ng #0=>00€ Z(a))5),

(iii) m"na; nb is maximal abelian in m" np nh.

(b) A minimal parabolic subalgebra B,=P(a,, Z(a,)*) satisfying the
conditions of Theorem is contained in an open H-orbit on HP'|P if and only if
the following three conditions are satisfied:

(i) <2(apy, obai>=R,,

(ii) 2(ay)s- is a0-compatible (i.e. x € X(a,)y, & |y na,ny #0000 € Z(a;)5-),

(iii) m”"na, nqis maximal abelian in m" N p Ngq.

PrOOF. Since the bijections (2.1) and (2.2) come from the topological
isomorphisms H N P'\P'3H\HP' and P'/PM’'[/M’ n P respectively, we have only
to consider closed double cosets and open double cosets in the decomposition

J\M'|M’"n P.

For xe M’ and yeJ, we have Joyx(M' N P)=yJox(M'n P). Hence Jx(M'n P)
is closed (resp. open) in M’ if and only if Jox(M' n P) is closed (resp. open) in M’
and therefore we have only to consider closed double cosets and open double
cosets in the decomposition
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Jo\Mo/Mg N P.
Consider the decomposition
My = \U e, JoM"A"W(Mg 0 P).
Then open double cosets in J,\My/Mg N P are contained in
JoM"A"w,(My N P) = (Mg noP)w,(Mgn P)
where w, is the unique element in W, satisfying
(2.5) (M NnaP’) + Ad(wy))(m' N P) = m'.
On the other hand closed double cosets in Jo\My/Myn P are contained in
JoM"A"w, (Mg n P)

where w, is the unique element in W, satisfying
(2.6) Ad(w)(m' nP)on”.

This is proved as follows. Let g: J,—>M"A" nJ, be the projection with respect
to the decomposition Jo,=(M"A4" n Jy)N". For xe M"A” and we W,, we have

Joxw(Mon P)/Mg n P = Jy/JgNxw(Mgn Pyw=1x~1,
Then the map g induces a projection
JolJo N xw(Mg N P)w™1x~1 — (M"A" N Jo)/g(Jo N xw(Mg N P)w~1x~1)
with fibres isomorphic to F=N"/N"nxw(Myn P)w™1x~!. Since x"'N"x=N",
we have FN"/N"nw(Mgn P)w=!. If we apply Lemma 1.1.4.1 in [6] to n”
and n” n Ad (w)(m’ n P), it follows easily that F is topologically isomorphic to
R¥ where k=dim n”—dim (n” n Ad (w)(m’ n V)). If the double coset J,xw(Mg N

P) is closed in Mg, then Joxw(Mg n P)[(Mg n P) is compact and therefore k=0.

Hence Ad (w)(m' n P)>n” and w=w,.
The assertion (a) is proved as follows. Since the canonical map

Mg/w, Pwit n M§ — M"A"|w,Pwiin M"A"
is a topological isomorphism and since (2.5) is a bijection, we have only to consider
closed double cosets in
2.7 (M" n H)o\M{/w Pwil n M.

For each double coset in (2.7), take a representative x € M so that Ad (x)(m” N a)
=a] is g-stable. Then x is contained in a closed double coset in (2.7) if and only
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if a] nh is maximal abelian in m"Nnpnh and the positive system Z(af)* of
Z(a?) corresponding to xw; Pwylx~! n Mg is o-compatible ([3], § 3, Proposition 2).
Put a; =Ad (x)a and B, =Ad (xw,)P=P(a,, Z(a,)*). Then it is clear that (2.6)
is equivalent to the condition (i) in (a) and that the above conditions for
af (=a, nm") and Z(a})* are equivalent to the conditions (ii) and (iii) in (a).
Hence the assertion (a) is proved.

The assertion (b) is proved by a similar argument using (2.5) and Proposition 1
in [3]. q.e.d.

For an affine symmetric space (G, H, ¢) such that G is semisimple, the as-
sociated affine symmetric space (G, H', ¢0) is defined by H'=(K n H)exp (p N q).
Then there exists a one-to-one correspondence between the double coset decom-
positions H\G/P and H'\G/P. 1If a is a o-stable maximal abelian subspace of p,
an H-orbit containing B(a, X(a)*) corresponds to the H’'-orbit containing the same
B(a, Z(a)*) ([3], Corollary 2 of Theorem 1).

COROLLARY 2. (a) In this correspondence, H\HP'|P corresponds to H'\
H'P'[P. Moreover closed H-orbits on HP'|P correspond to open H'-orbits on
H'P'|P and open ones to closed ones.

(b) Let P" be a parabolic subgroup of G containing P’'. Then there is a
one-to-one correspondence between H\HP"|P' and H'\H'P"|P' which is compatible
with the canonical surjections f: HHHP"|P-H\HP"|P' and f': H\H'P"|P—
H'\H'P"|P' and with the correspondence H\HP"|P~H'\H'P"|P. In this cor-
respondence closed H-orbits on HP"[P’ correspond to open H'-obrits on H'P"|P’
and open ones to closed ones.

Proor. The first assertion in (a) is clear from Theorem. The second
assertion in (a) is clear from Corollary 1. Since a double coset HxP’ in HP” is
closed (resp. open) in HP” if and only if HxP’ contains a closed (resp. open) double
coset HyP in HP”, and since the same holds for H’, the assertions in (b) are clear
from (a). q.e.d.

REMARK. Let a° be a og-stable maximal abelian subspace of p such that
a® N q is maximal abelian in p N q and let Z(a°)* be a g8-compatible positive system
of XZ(a°). Then P°=P(a°, Z(a®)*) is contained in an open H-orbit on G/P.
Let B’ be a parabolic subalgebra of g containing PB° and Wg. the subgroup of
W(a°) corresponding to P'°. Then it follows easily from Theorem and [3],
Proposition 1 that there is a one-to-one correspondence between the set of open
double cosets in H\G/P'® and

WKnH(ao)\Wa(ao)/ Wa(ao) n WEOB'
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where W (a°)={we W(a°)|wo=0ow}. This fact is also proved in [4], Corollary
16.

Let a¢ be a g-stable maximal abelian subspace of p such that a¢ n ) is maximal
abelian in p Nb and let X(a)* be a o-compatible positive system of Z(a¢). Let
P’c be a parabolic subalgebra of g containing Pc=P(a¢, Z(a®)*) and Wy. the
subgroup of W(a¢) corresponding to p’c. Then there is a one-to-one correspon-
dence between the set of closed double cosets in H\G/P'c and

W au(@N\Wy(a®)/ W (ac) n Wg.
where W (a¢)={we W(a¢)|wa=0ow} (Theorem and [3], Proposition 2).

In the following we shall give an explicit formula for the decomposition
H\HP'|P applying the method used in §2 of [3]. Let a, be a o-stable maximal
abelian subspace of p such that ay>a’ and that m” n ay N [) is maximal abelian in
m”npnb. Such a subspace a, of p is constructed as follows. Let aj, be a
maximal abelian subspace of m”" N p Nh and aj a maximal abelian subspace of
m” N p containing ag,. Then ay=af+a”+a’ is a desired one. By [3], p. 341,
Lemma 7, all the maximal abelian subspace a” of m”Np such that a"nb is
maximal abelian in m”npnh are mutually (M” N H),-conjugate. Thus the
choice of a, is unique up to (M"” N H)y-conjugacy. Fix a positive system Z(ag)*
of X(a,) such that {Z(ap)*, at><R,. Then P, ,=P(ay, Z(ay)*) is contained in
P’ Let P, be the corresponding minimal parabolic subgroup of G.

Let a be a o-stable maximal abelian subspace of p such that a n} is maximal
abelianinpnh,anhoaonhandanqgeayng. The existence of such a subspace
a of p is an easy consequence of [3], p. 342, Lemma 8. Put r={Yeanbh|B(Y,
aoNh)={0}}. Then anbh=a, nh+r (direct sum).

Put Zy(ag),»={xe€X(ap), - |H,em”"nagnh} where H,ea, is defined by
B(H,, Y)=a(Y) for all Yea,. Then a set of root vectors Q={Y,,..., X, } is
said to be a g-orthogonal system of X(a,),~ if the following two conditions are
satisfied :

(i) o;eZy(ag),~ and X, eglag; o) nq—{0} for i=1,..., k,
(i) [Xq» Xqo]=[X,, 0X,,]=0 for i# .

We normalize X,,i=1,...,k so that 2o0(H,)B(X,, 0X,)=—1. Define an
element ¢(Q) of Mg by

«(Q) = exp (n1/2) (X, +0X,,) -~ exp (n/2) (X, +0X,,).

Then a'=Ad (c(Q))a, is a o-stable maximal abelian subspace of p such that
aloa’,
Let {Qo,..., Q,} (Qo=¢) be a complete set of representatives of g-orthogonal
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systems of X;(a,),~ With respect to the following equivalence relation~. For two
q-orthogonal systems Q={X,,..., X, } and Q'={X,,..., X4} of Zy(ag)y",
Q~Q' if and only if there exists a we Wy ,y(@)(= Nk, u(@)/Zkqu(8)) such that

W(r+ zl.;:l Hﬂj) =71 + 2‘;;1 HBJ‘

Put a;=Ad(c(Q)))ay, i=1,..., n. Then the following is a trivial consequence of
Theorem in this paper, Corollary 1 of Theorem 1 in [3] (Proposition in §1) and
Theorem 2 in [3].

COROLLARY 3. HP' = \Ulo U Hwic(Q;) P, (disjoint union) where
{wi,..., wh} is a complete set of representatives of Wg,y(a)n W(a), \W(a),
in Ngay(a). Moreover we have

H'P' =\, U'}'i‘}’ H'wie(Q)P o, (disjoint union).

ExaMPLE 1. Suppose that G=G, x G, where G, is a connected real semi-
simple Lie group with .Lie algebra g, and that H=4G,={(x, x)e G|x e G,}.
Let g, =%, +p, be a Cartan decomposition of g, and put f=%, +f, and p=p, +p,.
Then a o-stable maximal abelian subspace a of p is of the form a=a, +a, where
a, is a maximal abelian subspace of p,. Let §#° be a minimal parabolic subal-
gebra of g of the form P°=P, + P, where P, =P(a,, Z(a,)*) for some positive
system X(a,)* of X(a;). Then there is a one-to-one correspondence

AW(a )\W(a,) x W(a,) =~ H\G/P°

which is induced by the map (w,, w,)—>Ad (w)B, +Ad (W,)B, (w,, w, € W(a,))
where AW(a,)={(w, w)e W(a,) x W(a,)|we W(a,)}. If weidentify H\G with G,
by the map (x, y)—~x~'y (x, y € G,), the decomposition H\G/P° is equivalent to
the Bruhat decomposition

P\G,/P; = W(a,).

Fix (wy, w)) e W(a)(=W(a,)x W(a,)) and put P=Ad (w,)P, +Ad (w,)P,.
Let PO’ =P, + P be an arbitrary parabolic subalgebra of g containing B¢ and
let Wy, and Wy, be the subgroups of W(a,) corresponding to B} and P respecti-
vely. The parabolic subalgebra B’=Ad (w,)P] + Ad (w,)P7 contains B and then
W(a), - =w;Wg,wi' x wyWg, w3'. Thus the minimal parabolic subalgebras of g
given in Theorem are of the form Ad(w,w)P,+Ad(w,w2)P,; (w)e Wy,
wj € Wy,).  Hence there is a bijection

AW(a)\W(a,) x W(a,)/ Wy, x Wy, == H\G/P?'.

If we identify H\G with G, the above decomposition H\G/P% is equivalent to the
well-known decomposition
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1\G1/P] = Wy \W(a,)/ Wy,

ExaMmpLE 2 ([5], p- 29, Lemma 5.2). Let G be a connected complex semi-
simple Lie group and ¢ a complex linear involution of G. Then H is a complex
subgroup of G. A Cartan involution 6 is a conjugation of g with respect to a
compact real form f of g and p=(—1)!/2f. Let a be a o-stable maximal abelian
subspace of p and XZ(a)* a positive system of 2Z(a). Then P=PR(a, Z(a)*) is a
Borel subalgebra of g. Let P’ be a parabolic subalgebra of g corresponding to
a simple root « of Z(a)*. Then the simple root « is called (i) compact imaginary
if g(a; a)<bh, (i) non-compact imaginary if g(a; @) =q, (iii) real if oa=—oa and
(iv) complex if oa# +a. In [S], HHHP'/P<H\G/P is determined in each case
(i)~(iv). Therefore f~!(f(0)) is determined for an arbitrary ¢ € H\G/P if P’
is a parabolic subgroup of G corresponding to a simple root.
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