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1. Introduction

Consider the initial value problem for a stiff system

1.1) Y =f®), (o) = yos

where y is an m-vector and the vector function f(y) is assumed to be sufficiently
smooth. Let y(x) be the solution of this problem,

(1.2) X, = Xo + nh n=1,2,..,h>0)

and let J(y) be the Jacobian matrix of f(y). We are concerned with the case where

the approximations y; (j=1, 2,...) of y(x;) are obtained by the modified Rosen-
brock methods of the form

(1.3) Yavr =Y+ Xicipki  (n=0,1,..)

which require per step one evaluation of J, k evaluations of f and the solution
of a system of m linear equations for g different right hand sides, where

(1.4) Mk; = hf(y, + izt a;jk;) + hJ X izt d;ik; (i=12,..,9,

the matrix M=I—ahJ is nonsingular, J=J(y,) and a;;, d;; (j=1,2,...,i—1;
i=1, 2,..., q) and a (a>0) are constants.

Ngrsett and Wolfbrandt [3] obtained an A-stable method of order k+1
for k=q=2,3. For inexact Jacobian matrices, however, these methods are
reduced to methods of lower orders. Steihaug and Wolfbrandt [4] tried to avoid
the use of exact Jacobian matrix and considered methods of the form (1.3), called
the W-methods, where

(1.5) Wk, = hf(y, + izl ajk;) + hA X izt dyk;  (i=1,2,..,49),

utJ

W=I—ahA is nonsingular and A is a matrix approximating J. They have shown
that for g=2%"1 (k=2, 3) there exists a W-method of order k and that the method
of order 2 is A(0)-stable under certain conditions.

The first object of this paper is to show that each 4-stable modified Rosen-
brock method remains A-stable if the Jacobian matrix is approximated with
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sufficient accuracy.  The second object of this paper is to prove that for
q=2¥1Yk=1, 2, 3) there exists a W-method of order k which is A-stable if A
is a sufficiently close approximation to J and that the method of order p(p=2, 3)
embeds a method or order p—1. Methods of order 4 are also studied.

2. Preliminaries

Let

2D Yer1 =Vt P xp v ) (n=0,1,..),

(22 B(xy, yus ) = Xy piki + Xzt gl +romy (k=1,2,3),
(2.3)  tyuy =Xy yu3 B) = Xhoy pFh + ZhZ qF1 + 1My,

(24)  T(x; h) = y(x) + &(x, y(x); h) — y(x + h),

(2.5)  t(x; h) = tx, y(x); h),

where

(26) k=Cfi(i=1,23), l;=CAk;(j=1,2), m, = CAl,
27 fi=f0n, fo=fntcky), f3=F(yatesiky+esk,+dsl),
(2.8) C=hW-!, W=I—ahA.

Then in Butcher’s notation [1] T(x,; h) can be expanded into power series in
h as follows:

(29) T(x,; )=hA, f+h*(B,[f1+B2Af)+ h*(Ci[>f12+ C,[Af1+ C3ALf]
+ CoA’f+ CsLf 2D+ h*(Dy[5 f 15+ D,[ALf 11+ D3 [, Af 1o+ Dy[4%f ]
+DsA[, f1;+ D6 A[LAf 1+ DA [ f1+ DgA3f+ Do, f21, + D10 AL 2]
+Dy, [f[f11+ D[ fAf 1+ Dys[f3]) +O(R%),

where

(210) A=Yk, p—1, Bi=Xk_,c;p;—1/2, By=a+aA;+%%!q,

(2.11) C,=c3,5¢,p5—1/6, C,=aj2+aB,;+dsp;, Ci=a/2+aB;+c,q,,

C,=2aB,—a%A,—a’+r;, 2Cs=3k_,c3—1/3, c3=c3;+c¢3,

(2.12) D,=-1/24, D,=D;=Ds=aC,+al6, D,=aC,+adsps,

D¢=aC,+ac,q,, D,=aCs+ac,q,, 2Dg=c,C,;+c,/6—1/12,
Dg=3a?B,—2a%A;+3ar; —2a3, 2D;o=a/3+2aCs+c3q,,
Diy=c3/6—1/8+¢c3C;, D;,=a/3+2aCs+c3d;ps,
6D13=Z§'=2C§Pj—1/4-
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Similarly #(x,; h) is expanded as follows:
(2.13) t(x,; h) = A¥hf + h*(B¥[f] + B3Af) + -,
where
(214) At =Xk, pf, BY = Xh-acpf, Bf = Xi-iapf + Zisiah .

To study the stability of (2.1), we apply (2.1) to the scalar test equation y'=
Ay, where 4 is a complex number with negative real part. Then hA4 and (2.1)
are reduced to a scalar w and

(215) Yn+1 = R(Z, W)yn (n = 09 l,)
respectively, where z=Ah,

(2.16) R(z, w) =14 (py+p2+p3)zY + (c2p2+¢3p3)22Y? + (g, +q2)wzY?
+¢5¢3,P323Y3 + (d3p; +,q2)wz2Y3 + riw?2zY3,

(2.17) Y=1/1-aw).
Let
(2.18) R(z, w) = P(z, w)/Q(w),

where P(z, w) is a polynomial in z and w, Q(w) is a power of 1 —aw, and P(z, w)
and Q(w) have no factor in common. Put

(2.19) z=x+1iy (x<0),y=tx,r=]|z,

where x and y are real numbers and i is the imaginary unit. Let o and § be the
z- and iz- component of the vector w— z respectively, that is,

(2.20) w—z = (x+ if)z,
where o and f are real numbers. Let
arg(—z) =0, arg(—w)=¢ (—7/2< 0, ¢ < 7[2).

Then ft>0 if and only if 8¢ >0 and |0]| <|¢|.
Let

(2.21) aw = (u + iv)z, E(x, y, a, f) = |QW)I* — |P(z, w)|?.

Then |R(z, w)|<1 if and only if E(x, y, a, f)>0. In the sequel E(x, y, «, )
is written simply as E. Since E is a polynomial in x, y, « and §, by continuity
E(x, y, a, p)>0 for sufficiently small |«| and |f] if E(x, y, 0, 0)>0. On the other
hand E(x, y, 0, 0)>0 for all y and all x<0 if and only if the method (2.1) with
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A=J is A-stable. Thus we have the following

THEOREM 1. The A-stable modified Rosenbrock method remains A-stable
if the Jacobian matrix is approximated with sufficient accuracy. The W-
method which is A-stable for A=J is A-stable if A is a sufficiently close approxi-
mation to J.

3. Construction of the methods

We shall show the following

THEOREM 2. For q=2F1(k=1, 2, 3) there exists a W-method of order
k which is A-stable if A is a sufficiently close approximation to J. For k=2,3
there exists also a formula (2.3) such that t(x; h)=0(h*).

3.1. Casek=1
The condition r; =A, =0 yields

(31) Yn+1 = Wn + kls
(3.2) T(x,; h) = W*(—[f12+a4f) + O(h®),
(33) R(z,w)=1+2zY, E= —2x+ Qu—1r2.

Hence the method (3.1) is A-stable if and only if u =1/2, that is,
3.4 o= -1+ 1/2a.
For instance, when a=2/3, it is A-stable if and only if > —1/4.

3.2. Casek=2
The condition r; =A4; =B, =B, =0 yields
(35 pi=1-p,;, 2cp,=1, g, = —a,
3.6) C,=-1/6, C,=C3=af2, C,=—a? Cs5=(3c,—2)/12,
(3.7 R(z,w)=1+ zY + z2Y?%)2 — awzY?,
(3.8) E = —2x + byx? — byr2x + bur*,
where
(3.9) b,=2(4u—1—4vt), b;=10u?—6u+1+6v>—2(2u—1)uvt,
by=(4u—3)2+(4u—1)(2u—1)?/4.

Hence, for instance, if
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(3.10) u 2 61/100, |v] < 33,/14/700, vt < 9/25,

the method (2.1) is A-stable because b, =0, b;=4513/5000, b,=0. When w=z,
that is, u=a and v=0, it is 4-stable if and only if

3.11) az=1/4
Choosing r¥ = Af = 0 and q¥ = (q,/p,)p}, we have
(3.12) pt = —p3, qf = —2acp3,
(3.13) Bf =cyp3, Bi=g4qf, CI =0, C3=C5=aBf, C;=2aqi,
C¥ = ¢,B¥/2.
The choice C5=0 yields ¢, =2/3 and
(3.14) Vusr = Yu + Gkt + 3k)/4 —al,.

When A=J, T(x,, h) is reduced to —(6a%2—6a+1)h3[5f]3/6+ O(h*), so that in
view of (3.11) we choose

(3.15) a=(3+./3)6.

Then the method (3.12) is A-stable if

(3.16) «=(83—61,/3)/100= —0.2265, | B| <33,/14(3 —/3)/700=0.2236,
Bt<9(3—./3)/25=0.4564

and it becomes a method of order 3 when A=/J.

The choice
3.17) p¥= —3d/4, d=2-/3
yields
(3.18) tyyy = 3d(k, — ky)/4 + adl,,
where

(3.19) B¥=-d[2, Bf=ad, C}{=C}¥=—adl2, C¥=2a2%d, C¥=-d|6.
Put

(3.20) g, = 3k,/4 — al,.

Then (3.13) and (3.14) can be rewritten as follows:

(3.21) Ynt1 = Yn+ 3ki[4 + g3, 1,1 = d(3ky[4 — g5),

where k, and g, are obtained from the formulas
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(3.22) Wk = hfy, W(g; — ki) = 3hfa/4 — k;.

Thus we have g=2.

3.3. Casek=3
The conditions A, =B;=B,=0and C;=0(i=1, 2, 3, 4, 5) yield
(3.23) py+pat+ps=1, q1+tq,=—a, ry=a% dipy=c,q,=—a/2,
C2p2+e3p3=1/2, ca(c3—cr)p3=(2—3¢,)/6, c32¢,p3=1/6,
(3.24) D,=-1/24, D,=D;=Ds;=al6, D,=Dg=D,=—a?|2, Dg=a3,
Dy=2c,—1)/24, D,o=a(2—3c,)/12, D,,=(4c;—3)/24,
Dy, =a(2—3c3)/6, Dyy=[—3+4(cs+c3)—6c,¢51/72,
(3.25) R(z, w)=1+4zY+22Y22—awzY2+2z3Y3/6 —awz?Y3+a2w2zY 3,
(3.26) E= —2x+4+b,x2—b3x3+byr?x2—bsr*x+ bgrS,
where
(3.27) b,=2(6u—1—60t), by=6(4u—1—>5v1)2/5+2(9u—1)?/15+6(v2+u?t?),
b,=3Qu—1)v22 —4(12u? — 6u + 1)vt + 38u3 - 27u? + Tu —7/12
—12QQu3 - 3u?+u—1/12)+v?[3(10u — 3)— 320vt] ,
bs=12v*+ (36u? —24u + 5)v? +24u* —28u3+ 13u2 —5u/2+1/6
—[12u3 —12u2 +4u —1/2 +4(3u — 2)v*]ut,
be=06(u—1)v*+(12u® — 18u? + 8u — 5/4)v%> + (3u — 1) (6u — 1) (12u3 — 18u?
+9u—1)/36.
Hence, for instance, if
(3.28) 3/8=us<l, |v]<./59/120=0,, —17/56<v1<9/128, g=4,/489—57,
then the method (2.1) is A-stable because
b, = 53/32, b3 =0, b, =23975/199608, bs = 119/3072, bg = 0.
For w=z it is A-stable if and only if
(3.29) 1/32a<a,, a, =10686"-,

where a, is the largest root of the equation 2a3—3a%+a—1/12=0.
The conditions A¥=B¥=B%¥=0, q5=(q,/p3)p¥ and r¥=(r,/p;)p% lead to

(3.30) p¥+p3+p5=0, c,pf+cip3=0, qf=—q3, q3=dsp3/c,,

r’lk= —2ad3pg‘,
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(3.31) CY=ciyoc,p3, C¥=Ci=dsp}, Ci=—2ad;p}, 2C¥=c;3(c3—c,y)p},
(3.32) D¥=0, D¥=D¥=D¥=aC¥}, D}=D¥=D*=2ad,p%, D¥=3ar¥,
D§=c,Ct[2, DYo=aC¥+c,d;p%/2, DY =c;3CY,
DY, =2aC%+c3d3p%, 3DY3=(c,+¢,)C}.
The choice D;3;=D,;+D,,=Dg+D;,=0 yields
(3.33) a=1/2,¢c,=1, c3;=c3,=1/4, d;=-3/8,
(3.34)  yui1=ynt(ky+ky+4ks)/6—(l1+1)[4+m /4,
(3.35) D,=D3;=Ds=1/12, D,=Dg=D,=—1/8, Dg=1/8,
Dg=—Dy=—D,;=D,=1/24.
The method (3.34) is A-stable if
(3.36) —1/4=sa=1, |BI=20,=0.2090, —17/28 < pt<9/64.

In the case A=J, T(x,; h) becomes — h*[; f]5/24+ O(h%).
For the choice p¥= —1/6 we have

(3.37) tyey = (ky + ky — 2k3)/12 — (I; — 1,)/16 — m, /16,

(338) Cr= —1)24, C5¥=Ct=—Ct=1/16, C}=1/48,

(3.39) D*=0, D¥= —1/48(i=2,3,509,11), D%X=D¥=D*=1/16,
Df = —3/32, D¥, =1/24, D%, =5/96, D¥, = 1/96.

Let
(3.40) g3 = 4k3/3 — (I, — my)/2.
Then (3.34) and (3.37) can be rewritten as follows:
(3.41) Yarr = Yu + (k1 + k3)[6 — 1,/4 + g3/2,
(3.42) tyr1 = (ky + k)12 — 1,/16 — g5/8,

where k,, k,, |, and g, are obtained from the formulas

(3.43) Wk, =hf,, Wky=hf,, W(,+2k)=2k,,
W(gs—ky+1)=4hf3[3 =k, + 1,

(344 f3=109), 9 =yu+ (ki + ky)/4 =318

Thus we have g=4.
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4. Methods of order 4
Let
4.1) Yor1 = yu + 21 (ki + qil)) + rimy + 1omy + syny,
(42) tyoy = XbopFki + p*hf* + qFl + g3l + rimy,
where
4.3) ky = Cf,, 1, =CAk,, m, = CAl,, n, = CAm,,
4.4 Ja=f(n+ Ziogcyuki + 2o dyl; + eamy), f* = f(Vpsy).
The conditions 4,=B;=B,=0,C;=0(j=1,2,3,4,5 and D,=0 (k=
1, 2,..., 13) yield
4.5) Xtip=1, Z‘}=2 Cij=1/2a Y t-39xp=1/6, 24up,=1,
g=—ap;(i=1,2,3,4), ri+r,=a? 2,ry=a? s=-—ad
(4.6) c,=1, dy=—4ag;, cyds3=c43ds, e,ps=0a?/2,
cs(es—c)=2(1-2¢3)g3, (1—c3)ga=0B—4c3)u, (1—c3)dy=4a(3cs—2)u,
(1—cy)(1—c3) = 2[3—4(c,+c3)+6¢5¢3]u,
4.7 E(0, y, 0, 0) = y%(a®b3b,y*+b1y*+by),
where
(4.8) u=cy3g3, Cc4=23=1Csjy dy=23-1ds, gi=2iheye; (i=3,4),
4.9) bo=—8a’+12a*—19a3/3+7a%/4—al4+1/72,
b,=5a%—2a°—19a*/12+4a3/3—13a%/36 + a/24—1/576,
b,=2a*—4a3+7a?2—a+1/12, by=4a3>—7a?/24+a—1/12.
The method (4.1) with A=J is A-stable if and only if E(0, y, 0, 0)=0 for all
y [2], that is,
(4.10) a, < a=a; a,=0.267766, a; = 0.788675,

where a, and a, are zeros of b, and b, respectively.
Choosing A¥=B}¥=B%=0and C¥=0(i=1, 2, 3, 4, 5), we have

@.11) Xt pF+p*=0, X4_,c;p¥+p*=0, Xi39:pF=—0%2,
dupf=—p*, qf+qi=ap*, c,q5=ap*, ri=—a’p*

(412) Df=-p*/12, D}=D}=-—Di=ap*]2, Df=-—2a’p* D§=D}=a’p*
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D%¥= —a3p*, D¥%¥=(3c,—1)p*/12, D¥,=a(c,—1)p*/2,
D¥ =(2c;—1)p*/4, D¥,=a(l—2c3)p*, D¥3=(2c;—1)(1—-2c3)p*/2.
The choice ¢, =2/5 and c;=3/5 yields
(4.13) py=ps=11/72, p,=p3=25/72, ry=—a%/4, r,=5a%/4,
(4.14) c3;,=—3/20, c3,=3/4, d3=—6alll, c43=19/44, c,,=—15/44,
c43=10/11, d,,=24a/1l, d,,=—30a/11, e,=36a?/11,
(4.15) pY=p3=p*/6, pi=-5p*/12, pi=—11p*/12, q}=—3ap*/2,
q%=>35ap*|2, r¥=—a’p*.
When A=J, T(x,; h) becomes
(h3/5Y) {(—120a*+180a3 —80a2+15a—1) [, f1s+als f 13 —2al,[ f1f ],
—2[,13%1,/15+(20a?—5a+1) [[, 11, f1+(2800a2 +200a +9)[[ f2]1/220
+al[f1f21+[f*1/30} +O(h®)
and #(x; h) is reduced to
(h*/41) {(—24a*+12a—2) [5 f13+2(1 = 18a) [, f2],/5+6(1 —4a) [[f1f]/5
+12[f3]/25}p* + O(h3).
Let
(4.16) v3=C(f3—3ak,+18a?l,/5), v,=C(f,—15ak,/11—18a?1,/11),
v=CA(q303+ q4v4+65ak,/72 —5a%l,/4).
Then (4.1), (4.2) and (4.4) can be rewritten as follows:
(417) Va1 = Yn + Piky + poka + p3vs + pave + q4ly,
(4.18) ty4y = ptks + p3k, + p3vs + pivg + p*hf* + qtl, — a’p*my,
(4.19) f4 =f(yn + carky + caaky + 4303 + dyyly).
Hence we have ¢ =7 and we have shown the following

THEOREM 3. For k=4 and q="17 there exist a formula (4.2) such that t,,,=
O(h*) and a W-method (4.1) of order 4 which is A-stable if A is a sufficiently
close approximation to J.
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