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1. Introduction

This paper is concerned with the oscillatory (and nonoscillatory) behavior of
proper solutions of neutral linear functional differential equations of the type

d" X
A) X0 = HOX(EO)] + 0 3, pidx(gi0) =0,

where n=2, 6 =1 or — 1, and the following conditions are assumed to hold without
further mention: '

(@) h: [a, o0)—R is continuous and satisfies |h(t)) <4 on [a, o) for some
constant A<1;

(b) 1: [a, 0)— R is continuous and incresing, t(t) <t for t = a and lim,_,  1(t)
= 00;

(c) each p;: [a, 00)—(0, c0) is continuous, 1 <i<N;

(d) each g;: [a, c0)—R is continuous and satisfies lim,_, ., g{(t)= 00, 1 <i<N.

By a proper solution of (A) we mean a function x: [ T,, co)— R which satisfies (A) (so
thatx(t) — h(t)x(z(t)) is n-times continuously differentiable) for all sufficiently large ¢
and sup {|x(¢)|:t = T} > 0 for any T T,. Such a solution is called oscillatory if it has a
sequence of zeros tending to infinity; otherwise it is called nonoscillatory.

In recent years there has been a growing interest in oscillation theory of
functional differential equations of neutral type; see, for example, the papers [1-6, 9—
15] and the references cited therein. Most of the literature, however, is focused on
first order linear equations with constant coefficients and deviations, and very few
results are available for higher order equations with variable coefficients and
deviations. To the best of the authors’ knowledge, the first step toward a systematic
investigation of the second kind was taken by Ruan [12] who studied the existence
of nonoscillatory solutions of second order equations of the form

d2
2 X0 —Ax(t—1)] + plt)x(g(1) =0,
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where A and 7 are positive constants.

The purpose of this paper is twofold. First, we want to generalize Ruan’s results
[12] to n-th order equations of the form (A) involving much more general deviating
arguments. This is done in Sections 2 and 3; we classify the possible nonoscillatory
solutions of (A) according to their asymptotic behavior as t — 0o, and construct, with
the aid of fixed point techniques, nonoscillatory solutions x(t) having the following
types of asymptotic behavior
i 20~ HOA0)

(D) li =const #0 for some ke{0,1,...,n—1};

t—= oo

(I1), limW=O, limW= 00 Or — 00
t t

t— 0 t—

for some le{l, 2,...,n—1}.

Secondly, we intend to establish criteria for oscillation of all proper solutions of
equation(A). This is done in Section 4; we first derive “ordinary” functional
differential inequalities of the type

{ou™(t)+ p(t)u(g (1))} sgn u(t) < 0,

which must possess nonoscillatory solutions if equation (A) is assumed to have a
nonoscillatory solution, and then show that such a situation is impossible by
applying nonexistence criteria for the above inequalities recently obtained by

Kitamura [8]

2. Classification of nonoscillatory solutions

A) Kiguradze’s lemma. We begin by classifying all possible nonoscillatory
solutions of equation (A) according to their asymptotic behavior as t— oo, on the
basis of a well known lemma of Kiguradze [7] stated below.

LEmMA 2.1.  Let ueC"[t,, 00) be such that
2.1 u(t)#0 and ou(u™(t)<0 for t=t,.
Then, there exist an integer 1€{0, 1,...,n} and a t, 2 t, such that(—1)""'"'e=1 and

u@u®t) >0, t=t,, 0ZiZl,

(2.2),
(=D 'u@u() >0, t=t, I<i<n.
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A function u(¢) satisfying (2.2), is termed a function of (Kiguradze) degree I. The
asymptotic behavior of a function of degree [ is as follows:

i) If I=0(which is possible only when 6=1 and nis odd, or 6= —1 and n is
even), then either

lim,,  u(t)=const#0 or lim,,  u(t)=0;

ii) If 1<I<n—1, then one of the following three cases holds:

.ooult

thl)=con5t #0

12w L

.ou(t

lim g =const #0

[—»wt

.ou(t .ou(t

llm—9=0 and llml—(_1—=oo or — 00;
t—voot t— o0

iii) If I=n (which is possible only when o= — 1), then either

.u(t . ult
hmn(f)1=const#:0 or 11m—(_)1—=oo or —oco.
t "

t— 0 t— o
In what follows we use the notation
(2.3) o) =t, T) = t(r' "), i) =1V, i=1,2,...,
where t71(¢) is the inverse function of (t).

B) Classification of nonoscillatory solutions. Let x(t) be a nonoscillatory
solution of equation (A). From (A) it is clear that x(t) — h(t)x(z(t)) is eventually one-
signed, so that either

(24) X(Ox(8) — h(£)x(x(2))] > 0
or
2.5) XOLx(t) —h()x(z(t))] < 0

for all sufficiently large ¢. If (2.4) holds, then the function u(t)= x(t)— h(t)x(z(t))
satisfies (2.1) for all large ¢, and so, by Lemma 2.1 u(z) is a function of Kiguradze
degree [ forsome l€{0, 1,...,n} with (—1)""'"'g=1. Let us denote by 4";" the set of
solutions x(t) of (A) which satisfy (2.4) and for which x(t) — h(t)x(z(t)) are of degree I.
On the other hand, if (2.5) holds, then u(t) = h(t)x(z(t)) — x(t) satisfies (2.1) (with ¢
replaced by — o) for all large t. However, the Kiguradze degree of u(t) must be zero.
In fact, from (2.5) we have |x(t)| Z|h(t)x(z(¢))) < Alx(z(t))|, and hence |x(t~™(¢))|
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< A™x(t)|, m=1, 2,..., which implies lim, , , x(t) =0. Thus the set of all solutions x(t)
of (A) satisfying (2.5) is denoted by 4" g . It is clear that the class 4"y for (A) is empty
if(—1)"~ g =1, thatis,if 6 =1 and nis odd, orif 6 = — 1 and n is even. Summarizing
the above observations, we have the following general classification relations for the
set A of all nonoscillatory solutions of (A):

26 N=xUrTY--UAN1UNs for o=1and neven,

N=Hs N TNy for o=1and n odd,
N=Hsg N T JANT for 6= —1 and n even,
N=HTYN T -UNTUANs  for o=—1and n odd.

We note here that if h(t) is either oscillatory or eventually negative, then (A)
cannot possess a nonoscillatory solution x(t) satisfying (2.5), so that in this case the
class A4"; should be removed form (2.6).

C) Asymptotic behavior of nonoscillatory solutions. From what were stated
in the above subsections it follows that a nonoscillatory solution x(t) of (A) falls into
one of the following four cases:

. t)—h(t t
fim X0 = HOX()

1) ; =const#0 for some ke{0,1,...,n—1};
an i SO AOXE) _ e XO—ROX)
P ¢ T e MR B
for some le{l,2,..., n—1} with (—1)""'"lg=1;
(I11) lim——x(l)—h(t)x(T(t)) =00 — ©;
. tn—-l ’
(V) lim [x(£) — h(e)x(z()] = .

We will see how the asymptotic behavior of x(t) — h(t)x(z(t)) reflects on that of
the solution x(¢) itself. It suffices to consider only the solutions x(t) of (A) satifying
(2.4). Let x(t) be one such solution. Then, u(t) = x(t) — h(t)x(z(t)) satisfies (2.2), for
some le{0, 1,...,n} with (—1)""'"!g=1. Let t,>1t, be such that 7(¢)=t, for t=¢,.
Using the relation

(2.7) x(t) = u(t) + h(t)x(z(t))

repeatedly, we find
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n(t)—1

2.8) x(t) = Z H(0u(t(t)) + H,q(t)x(z"(t)), t>t,,

where n(t) denotes the least positive integer such thatt, < t"“(t) <t, and H,,(t), m=0,
1, 2,..., are defined by

2.9) Hy(t) =1, H,,,(t)="_'[_[1h(zf(t)), m=1,2,...

From (2.8) and the fact that |H,,(t)] <A™ it follows that

(2.10) poisiye iz,
ifI=>1, and
@.11) ol e iz,

if I=0, where £>0 is a constant.

If h(t) is eventually positive, then we have
(2.12) |x(2)] = |u(t)| for all large t.
Otherwise, using (2.7) we get

x(t) = u(t) + h(t)u(x(t)) + h(B)h(z(O)x(z*(1)),

which shows that if
(2.13) h(t)h(z(t)) 20 for all large ¢
and if the Kiguradze degree ! of u(t) is positive, then
(2.14) [x(2)] = (1 — A)|u(t)| for all large t.

In view of (2.10), (2.11),(2.12) and (2.14) we conclude that under the hypothesis (2.13)
(which includes the case of one-signed h(t)) the following four types of asymptotic
behavior are possible for nonoscillatory solutions x(t) of equation (A):

I O<lim inflxt(—,f)lélim su | ( ) <o for some ke{0,1,..,n—1};
t— oo t—'co
t t

(10 }i“{;xt(t) and }_,wl X _

for some le{1, 2,...,n—1} with (—1)""""lo=1;
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() lim ';(_tll —o0; (IV) limx(t)=0.

t— o0 t— o0

3. Existence of nonoscillatory solutions

A) Solutions of type 1. The objective of this section is to obtain criteria for
equation (A) to have nonoscillatory solutions of types I and II described in Section
2. We start with type-I solutions, and show that such solutions can be completely
characterized in case (2.13) is satisfied.

THEOREM 3.1.  Suppose that (2.13) holds. Equation (A) has a nonoscillatory
solution x(t) satisfying (2.4) and

. x(1) — h(t)x(z(z))
m _—

3.1) li i = const #0
t— o

for some ke{0, 1,...,n—1} if and only if
N [

(3.2 .Zl " F g0)]pd)dt < .

Proor. (The “only if” part) Let x(¢) be a solution of (A) satisfying (2.4) and
(3.1). Since

lim di;[x(t) —he)x((t)] =0, k+1<i<n—1,

if k<n—1, repeated integration of (A) shows that

N e}
(3.3) '21 f " * I (O)x(giD)ldt < 0
i=1JT1

provided T> ais large enough. If k=n— 1, an integration of (A) guarantees the truth
of (3.3). On the other hand, from (2.13) and (3.1) we have

(3.4) lim ionfléf}(;()?,)(‘> . 1<i<N.

The desired inequality (3.2) then follows from (3.3) and (3.4).

(The “if” part) Let T>a be large enough so that

(3.5) Ty = min {z(T). infg,(?),....inf gn(t)} = a
=T t=zT
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and

(3.6) Zf k1o piode < LA

We denote by X the set of all functions xe C[ T;,, o0) such that x(t) is nondecreasing

and

c(t—T)F c(t—T)F

< <
o =X0=—g

for t=T and x(t)=x(T)for t, <t =T,

where ¢>0 is an arbitrary but fixed constant. (Note that x(t)=0 for T,<t<Tif k
> 1.) Following Ruan [12], with each xe X, we associate a function X: [Ty, c0)—»>R
defined by

et x(T)
() = Z H {t)x(t’( t))+ vy T H,,0), t>T,
3.7
5c(t)=1f(,327), T,St<T,

where n(t) denotes the least positive integer such that T, < t"®(t) < Tand H,,(t), m=0,
1, 2,..., are given by (2.9). It is easily verified that Xe C[T;, o) and satisfies the
functional equation

3.8) (1) — h(O)X(x(t) = x(z), t=T.
Now, using the abbreviation
(3.9 1, Xg(@) = ‘;lp.-(t)fc(gi(t)),

we define the mapping & X, —C[T,, o) in the following manner: if k=1, then

x(t) M

(3.10) F(—1pk J (¢ —j1)v f w((’n‘_s{:kl—): 1, %(g()drds,  t=T,

{ Fx()=0, T,<t=T,

if k=0, then
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3’X(£)=5C+(—1)""0f( i f(s,X(g(S))) t2T,

. (n—1)
G.11)

'T)nl

Fx(t)=6c+(—1)"! J‘T(( -

where 6=1if (=1 * " le¢=1and o=1/Aif (-1 *"1o=—1.
Let xeX,. Using (3.7), we have

0<igeys""y  pHOO-TI  FPOND)

=0 Ak! 1—-1 °
which implies that
< %g.0) < k > >
0=x(g‘(t»=,1(1 ,1)[9()] t2T, for k=1,
and
0= X(git) £ 2 t=>T, for k=0
I =3ay =S =0

From the above inequalities and (3.6) we see that if k=1, then

t(+ __\k—1 (fof, _y—k—1
os [ ((’n_s,)(_l)! £, g drds

k—1 ©
(t(k j)l)v dS'JT A A)lZ pir) [gir))dr

-4
>
S oct=Th 12T,

and if k=0, then

t n—1 L 2 N 1_1
0= J, (( )1)' f(s, X(g(s)))ds = JT n mf—l;i;pi@ds < — t=>T

—————f(s, X(g(s))ds, ToSt=T

Using these inequalities in (3.10) and (3.11), we conclude that # x€ X, which implies
that # maps X, into itself. It is not difficult to verify that & is continuous and % (X )
is relatively compact in the topology of C[T,, o). Therefore, the Schauder-
Tychonoff fixed point theorem ensures the existence of an element x*e X, such that

x* =% x*, which is equivalent to the equation

s T)k+( y-*1g '(t—S)""‘j“’(r—s)n—k—l

X0 = k=1 ), m—k=D"
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f (r, X*(g(r)))drds, t=T for k=1,

x*(t)=0dc+ (-1 J’“"(s( iy ) f(s X*(g(s)))ds t=>=T for k=0.
Taking the relation (3.8) (with x=x*) into account, we obtain
40— hoe*a(0) = 2T

_Qk—1 foof.  yn—k-—-1
#(apmato [ [T sarras,

t=>T for k=1,
(s—tyr !
¢ (n=1)!
t=>T for k=0,

X*(t) — h(%*(x(t)) = 6¢ + (= 1)1 f —— /(5. X*(9(s))ds,

which implies by differentiation that x*(t) is a positive solution of (A) satisfying (2.4)
and (3.1). This completes the proof.

B) Solutions of type I1.  We now consider nonoscillatory solutions of type 11
of equation (A), that is, those solutions x(t) which satisfy (2.4) and

(3.12) limw=o, lim&{:(ﬂxﬂ=w or —

for some le{1, 2,..., n—1} such that (—1)""'"1g=1.
If x(t) is one such solution of (A), then integration of (A) gives

N o0
.ZJ "~ p0)|x(gi)ldt < o0
i=1]Jr

and

N 0
)Y I "~ 'p{t)lx(gt)ldt = 0

T

i=

for some T>a sufficiently large. Suppose that (2.13) holds. Combining these
inequalities with the inequalities

X)) Zar'™' and |x(t) £ Bt for t=T,

« and B being arbitrary positive constants, which follow readily from (2.10), (2.13)
and (3.12), we see that
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(3.13) 3 | e igor piode < 0
and
(3.14) zj e g O p )t = .

Thus, (3.13) and (3.14) are necessary conditions for the existence of a solution x(t)
satisfying (2.4) and (3.12) of equation (A) for which (2.13) is satisfied.

The following theorem provides sufficient conditions for the existence of such a
solution of (A) in the case where h(t) =0 for t 2 a. We have been unable to obtain a
corresponding result for the case of negative A(z).

THEOREM 3.2.  Suppose that h(t)=0 for t2a. Let le{1, 2,..., n—1} be such
that(—1)" "'~ Yo =1. Equation (A) has a nonoscillatory solution x(t) satisfying (2.4)
and (3.12) if

619 3| e 01 pde < o
and

N [
616 3| o7 piode = oo,

Proor. Choose T>a so large that (3.5) holds and

(*o

1 g 0] pie)dr <1~ .

M=

(3.17)

i=1JT

LY

Let ¢ >0 be fixed and consider the set X, consistisng of all functions xe C[ T, o)
such that

C(t-—T)l_l

(-1 <D ATy

<x(t) = = m for t=T

(3.18)

and
x(t) = x(T) for T,<t<T
If xe X, then since x(t) < ct'/(I—1)!, t = T, the function X(t) defined by (3.7) satisfies

o) S Tolo ], 2T 1SiSN

and so the mapping & defined by
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- C(t——T)’_l t(t_s)l—l oo(r__s),.—x 1
Fx(t)= =1 +JT - L . )'J(r X(g(r)ydrds, t=T,

3.19) Fx(t)=0, T,<t=T, for I>1,
Fx(t)=c, To<t<T, for I=1,

maps X into itself. Since the continuity of # and the relative compactness of # (X))
can be proved without difficulty, there exists an element x* e X, such that x* = & x*,
As in the proof of Theorem 3.1, the 2*(t) associated with x*(t) via (3.7) satisfies the
integral equation

. o -c(t—’T)l-1
X¥(t) — h(1)% (r(ﬂFW
(3.20)
f=s) Tt [Pr=s
A Y f o1/ ¥erdrds, 12T

That X*(t) is a solution of equation (A) follows from differentiation of (3.20). To show
that X*(¢) has the desired asymptotic behavior, we note that

dl - n—1—1
(321) =[50~ hORe)] = ¢ + J f T 3 rds
and

(622 Lipsr)-ho(0)] = f m(s_t = G0 15, s4(g(s))ds

for t=T. In view of (3.8) with x=x* and (2.14), we have

X*(t) = x*(t) + h(t)X*((t))
(3.23)

2 (1=Ax*(t) 2 (1= De(t—T)' " H/(1— 1)
for all large t. Combining (3.23) with the inequality

T)n 1
=

1-1

jt,__l[fc*(t) h(@©x*(z(t)] 2 ¢ + j y " —— - f(r, 3*(g(r)dr

which is a consequence of (3.21), we obtain
-1
lim

t— o0

=1L () — hO)x*(()] = oo.

On the other hand, (3.22) implies that
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lim

t— oo

d—:,[fc*(t)— h(®)x*(z())] = 0.

It follows that X*(¢) satisfies (2.4) and (3.12). This completes the proof.

C) Remarks and examples. Consider the special case of (A) with N=1:
d'l
(3.24) W[x(t)— h(t)x(x(£))] + op(t)x(g(2)) = 0.

In addition to (a){d) assume that (2.13) is satisfied. Conditions (3.2), (3.15) and (3.16)
for this equation reduce to

(3.25) f kg0 plode < co,

(3.26) Lwt""_‘[g(t)]'li(t)dt <o,

and

6.27) f "] p(e)dt = oo,
respectively. Suppose that g(t) satisfies

(3.28) 0< lir'n inf g(tt-) < lir? sup @ < 0.

(Examples of such g(t) are
ge)=t+95, gt)=pt, g()=t+sint,

where 6 and p are positive constants.) Then, the set of (3.25) for all k=0, 1,...,n—1
reduces to a single condition

(3.29) jw "~ 1p(t)dt < 0.

a

From Theorem 3.1 it follows that if (3.29) holds, then (3.24) has a solution x(t)
satisfying (3.1) for every ke{0, 1,..., n—1}, and that if

(3.30) J “ = 1p(0)dt = oo,

then (3.24) cannot have a solution x(¢) satisfying (3.1) for any ke{0, 1,...,n—1}. We
note that Theorem 3.2 is not applicable to equation (3.24) subject to (3.28), since in
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this case conditions (3.26) and (3.27) are not consistent for any I.
Next, suppose that g(t) =t°, where 0¢(0, 1) is a constant. Then, (3.26) and (3.27)
become

(3.31) f IO (dE < o0
and
(3.32) J 1= Dp(f) = o0,

which may hold simultaneously; for example, the function p(t)=t’, y being a
constant, satisfies both (3.31)and (3.32)ifa>0and (1 - 0) (- 1)—n=<y<(1—06)l—n.
According to Theorem 3.2, conditions (3.31) and (3.32) for some le{1, 2,..., n—1}
with (—1)""!~1g =1 guarantee the existence of a solution x(t) of (3.24) which has the
asymptotic behavior (3.12).

ExaMpLE 3.1. Consider the equation

2

(3.33) g;z—[x(t)— Ax(t—p)] + (he? —1)e~ Vix(ve) =0, t=0,

where 0<1<1, p>0 and v>0.

(i) Suppose that Ae” > 1. Then, (3.33) is a special case of (3.24) in whichn=2, ¢
=1, h(t)=4, 1(t)=t—p, p(t)=(Ae’ —1)e®~ V" and g(t)=vt. From (2.6) we have A"
=AN{JAN for (3.33). Note that A g # ¢, since (3.33) has a solution x(t)=e™"
belonging to this class. The possible asymptotic behaviors of the members x(t) of
N are:

(3.34) limx—(t)—_-'l—:cg—_—p—) =const #0,

(3.35) lim [x(t) — Ax(t — p)] = const # 0,

and

(3.36) lim X0 =AXC=p) 0, lim[x()—Ax(t—p)]=00 or — oo.

t— oo t—= o0

If v< 1, then (3.29) (n=2) holds, and so (3.33) has a solution satisfying (3.34) as
well as a solution satisfying (3.35). However, there is no solution of (3.33) which has
the asymptotic property (3.36), because the condition (3.14) which is necessary for
the existence of such a solution is violated for equation (3.33).

If v= 1, then (3.30) (n=2) holds, so that (3.33) has neither a solution satisfying
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(3.34) nor a solution satisfying (3.35). Since (3.13) is not satisfied, (3.33) does not
admit a solution with the property (3.36).

(ii) Suppose that de” < 1. Then, (3.33)is a special case of (3.24) in whichn=2,0
=—1, h(t)=4, t(t)=t—p, p(t)=(1— Ae?)e®~ 1" and ¢(t)=vt. The classification (2.6)
then reduces to 4" =.A4"¢ | JA4"5, and the possible types of asymptotic behavior of
nonoscillatory solutions x(t) of (3.33) are (3.34), (3.35),

(3.37) lim [x(¢) — Ax(t—p)] =0
and
(3.38) limW= 00 or —oo.

Exactly the same statements as in (i) hold for solutions which satisfy (3.34) and
(3.35), depending on whether v <1 or v 1. Equation (3.33) has a solution x(t)=e™*
satisfying (3.37). No information can be drawn about the solutions x(t) of (3.33)
which satisfy (3.38).

ExaMpPLE 3.2. Consider the equation

2

(3.39 %[x(t)— Ix(t—p)] —d(1—Ae ") x(t% =0, t=0,

where 0<A<1, p>1 and 6>0. The classification and the asymptotic behavior of
nonoscillatory solutions of (3.39) are the same as in (ii) of Example 3.1. This equation
possesses a solution x(t) = e satisfying (3.38). It is not known if there is a solution of
(3.39) satisfying (3.37). It is easy to see that if 6> 1, then (3.39) has two types of
solutions with asymptotic behaviors (3.34) and (3.35), and that if 6 <1, then (3.39)
admits neither of these two types of nonoscillatory solutions.

4. Oscillation of all solutions

A) Lemmas. Weareinterested in the situation in which all proper solutions
of equation (A) are oscillatory. Since this situation is equivalent to the nonexistence
of nonoscillatory solutions of (A), the problem is to obtain conditions under which
none of the solution classes appearing in the classification relation (2.6) has a
member. The derivation of the desired results are based on the following lemmas
due to Kitamura [8, p. 487] which provide oscillation criteria for “ordinary”
functional differential inequalities of the form

4.1) {ou™(t) + p(tju(g())} sgnu(t) < 0,
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where n=2, o=+1, p: [a, ©)—(0, o) is continuous, g: [a, ©0)—(0, ) is
continuous, and lim,_, . g(t)=c0. We use the notation:

g*(t)=max{g(t), t},  a[g] () = ming,g*(s),
4.2)
g4(t) = min{g(t), t}, pLg] (t) = MaX, 55, g 4 (5)-
LEMMA 4.1. Let 6 =1 andn be even. There is no nonoscillatory solution of (4.1)
if
4.3) j [9.01" " *[g(t)]°p(r)dt = c© for some ¢>0.

LEMMA 4.2. Let 6=1 and n be odd. If

(4.4) fw (9,01 2[g(t)]* *p(t)dt =0  for some ¢>0,

then all possible nonoscillatory solutions of (4.1) are of degree 0. Such nonoscillatory
solutions are precluded if

J © {s—plgd®}" " {plgd®)—g(s)}’

4.5) lim su - :
Pl e (mi—1) i

t— o0

p(s)ds > 1

for some i€{0, 1,..., n—1}.

LEMMA 4.3. Let 0= —1 and n be odd. If

(4.6) J‘w tlg, (1" *[g()] *p(t)dt =00  for some ¢>0,

then all possible nonoscillatory solutions are of degree n. Such nonoscillatory solutions
are precluded if

j
4.7 lim sup p(s)ds > 1

t— oo

60 g(s)—a[g](£)}" I~ {alg]()—s}
. (n—j—1) !

Sfor some je{0, 1,..., n—1}.

LEMMA 44. Let 6= —1 and n be even. If

4.8) J Oc’t[g,,‘(t)]"_ g1 " *p(t)dt =0 for some £>0,

then every nonoscillatory solution of (4.1) is either of degree O or of degree n. Solutions
of degree 0 [resp. degree n] are precluded provided (4.5) holds for some i€{0, 1,..., n
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—1} [resp. (4.7) holds for some je{0, 1,..., n—1}].

B) Oscillation criteria. First we examine the case where A(t) is eventually
positive. Let x(¢) be a nonoscillatory solution of equation (A). Then, the function
x(t)[x(t)— h(t)x(z(¢))] is either eventually positive or eventually negative.

Consider the case where x(t)[x(t)—h(t)(z(t))]>0 for large t. Put v(t)=x(t)
— h(t)x(z(t)). Since, in this case, |v(t)| < |x(t)| for large ¢ (cf. (2.12)), we see from (A) that

N
{ov"(0)+ . p0u(gi0)}sgnoft) <O
provided ¢ is large enough. It follows that uv(¢) is a nonoscillatory solution of each of
the differential inequalities
(4.9); {ov"™(O)+pdt)o(gt)}sgno(t) <0, 1<i<N,

for all sufficiently large ¢, and that x(t) is a member of A"} (cf. (2.6)) if and only if v(t) is
a solution of degree I of (4.9),, 1<i<N.

Next consider the case where x(t)[x(¢) — h(t)x(z(t))] is eventually negative. Put
w(t)=h(t)x(t(t)) —x(t). Since [w(t)| <h(t)|x(z(t)l S Alx(c(t)), we find [w(z™'(®))|/A
<|x(t)|, which combined with (A), yields

{(— om0+ 171 3, plow(z~1(a,(1)))} sgmw(t) SO,

It follows that
@4.10);  {(—ow"(O)+ A" 'p(t)w(z ™ '(g(2)))} sgnw(t) £ O, I<iEN,

for all sufficiently large ¢, which shows that x(t) is a member of 4" if and only if w(t)
is a solution of degree 0 of (4.10); for each i, 1<i<N.

Let us now turn to the case where h(t) is eventually negative and the case where
h(t) is oscillatory and such that

(4.11) h(t)h(z(t)) =0 for all large t.

In these cases, as was remarked in Section 2-B, there is no solution of (A) satisfying
x(t)[x(t) — h(t)x((t))] <O for large ¢, and, for a solution x(t) of (A) such that x(t)[ x(z)
—h(t)x(z(t))] >0 for large t, the function v(t) = x(t) — h(t)x(z(t)) satisfies

4.12) (1=Av(t)] < |x(2)| for all large t,
provided the Kiguradze degree of x(t) is positive. From (A) and (4.12) we see that v(t)

satisfies

(4.13), {0v™(0)+(1 - Dp(olgv)} sgno(®) SO,  1<i<N,
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for all sufficiently large ¢, and that xe#";" with [ > 1 if and only if v(¢) is a solution of
degree [ of (4.13);, 1<i<N.

To derive oscillation criteria for equation (A) it suffices to obtain conditions
which preclude all the possible solution classes A#"}",0<1<n,and 4" appearing in
the classification (2.6). That this is indeed possible can be seen from the above
observations combined with Lemmas 4.1-4.4 which apply directly to the functional
differential inequalities (4.9);, (4.10); and (4.13),, 1 <i< N. The following theorems
follow in this manner.

THEOREM 4.1. Let 0=1 and n be even.
(i) Suppose that h(t) is eventually negative or that h(t) is oscillatory and satisfies
(4.11). All proper solutions of (A) are oscillatory if there is i€{1,..., N} such that

(4.14) r[gi*(t)]"‘ '[g{)] *pt)dt = 0 for some &>0,

where g,,(t)=min{g 1), t}.
(i) Suppose that h(t) is eventually positive. All proper solutions of (A) are
oscillatory if there are i, JE{1,..., N} such that (4.14) holds and

(4.15) lim sup jt {s—plr™'og,J0O}"
= plt ™ Log l(r) k!
“1log. g1, n—k-1
{p[t ™ 'og ,{(:)_ ]:_ 1)!9 49)} 55> 1

for some ke{0, 1,..., n—1}, where p[t~'og;] (t)=max,gs, [t og1,(s).

THEOREM 4.2. Let 0=1 and n be odd.
(i) Suppose that h(t) is eventually positive. All proper solutions of (A) are
oscillatory if there are i, je{1,..., N} such that

(4.16) J ) [9:(®)1" *[9:0)]' “*p)dt=c0  for some €>0
and

4.17) lim sup

t—> oo

Jr {s— p[gj](t)}k {p[g,-](t) - gj'(s)}" ! pis)ds > 1

g K (n—k—1)!

for some ke{0, 1,..., n—1}.
(i) Suppose that h(t) is eventually negative or that h(t) is oscillatory and satisfies

(4.11). If (4.16) holds, then every proper solution of (A) is either oscillatory or belongs to
class /'¢.
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THEOREM 4.3. Let 0= —1 and n be odd.
(1) Suppose that h(t) is eventually negative or that h(t) is oscillatory and satisfies
(4.11). All proper solutions of (A) are oscillatory if there are i, j€{1,..., N} such that

(4.18) Jw t[g:()]1" ~2[gA0)] ~cpfr)dt = o0 for some £>0

and

1
pis)ds > —

(4.19) lim sup 1=

t— oo

10 g (s) — algJ@)}* {alg;)(®)—s}" "1
t ul (n—pu—1)
for some pe{0, 1,..., n—1}.
(ii) Suppose that h(t) is eventually positive. All proper solutions of (A) are
oscillatory if there are i, j, ke{1,..., N} such that (4.18) holds,

420)  lim sup J 1930{ g () — a[g,1(0)}* {alg j](i) __S}n-y- ) s
t— o0 t 'u| (n 'u 1)'
for some ue{0, 1,..., n—1}, and
(421) lim sup f fs=pls" o] )
1= Jpre ™ Logim vl
{plr~1ogd() =1~ o)} !
(n—v—1) pi(s)ds > 4

for some ve{0, 1,..., n—1}.

THEOREM 4.4. Let 0= —1 and n be even.
(i) Suppose that h(t) is eventually positive. All proper solutions of (A) are
oscillatory if there are i, j, ke{l, ..., N} such that

(4.22) J"” t[gi(®)1" 3[g:0]" *plt)dt =0  for some &>0,
(4.23) lim supft ts—plgJ0}* {pLgd®) =g s)" " ps)ds > 1
too  Jolgj)) ul (n—p—1)

for some pe{0, 1,..., n—1}, and
for some pe{0, 1,..., n—1}, and
f “0d0 {g,(s) —alg IO} {algdt)—s}" "

. v! (n—v-—1)!

4.24) lim sup p(s)ds > 1

t— o0

for some ve{0, 1,..., n—1}.
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(i) Suppose that h(t) is eventually negative or that h(t) is oscillatory and satisfies
(4.11). Every proper solution of (A) is either oscillatory or belongs to class /°§ if there
are i, je{l,..., N} such that (4.22) holds and

00 (g )~ olg JO)* {oLg 10 =5}~ 1
j, ul n—n—iy P>

(4.25) lim sup =7

t— o0

Sfor some pef{0, 1,..., n—1}.

PROOF OF THEOREM 4.1.  According to (2.6), /", Ie{1, 3,..., n—1},and 4§
are the possible classes of nonoscillatory solutions of (A) with 0 =1 and even n. Our
task is, therefore, to show that all of these solution classes are empty if the
hypotheses of the theorem are satisfied.

(i) Inthiscase 475 is necessarily empty. Suppose that A" # ¢ for some le{1,
3,..., n—1}. Then, each of the inequalities in (4.13) possesses a nonoscillatory
solution of degree I. However, this is impossible, because from Lemma 4.1 applied to
(4.13), it follows that (4.14) prevents (4.13), from having a nonoscillatory solution of
any kind. Thus we must have A4"" = ¢ for all Ie{1, 3,..., n—1}.

(i) If 47 # ¢ for some [e{1, 3,..., n—1}, then all inequalities in (4.9) have
nonoscillatory solutions of degree I. On the other hand, applying Lemma 4.1, we see
that, because of (4.14), (4.9); has no nonoscillatory solution. This contradiction
shows that A" *= ¢ for le{1, 3,...,n—1}. If /' 5 ¢, then each of the inequalities in
(4.10) admits a nonoscillatory solution of degree 0. However, from (4.15) and the
second statement of Lemma 4.4 it follows that (4.10); cannot have a solution of
degree 0. Therefore, 45 = ¢ as well.

PROOF OF THEOREM 4.2. (i) If A7) # ¢ for some [€{0, 2,..., n—1}, then the
inequalities in (4.9) must possess nonoscillatory solutions of degree I. However, this
is impossible, because the first statement of Lemma 4.2 implies that under (4.16),
(4.9); cannot possess a nonoscillatory solution of degree l€ {2, 4,..., n— 1}, while the
second statement of Lemma 4.2 implies that, under (4.17), (4.9); does not admit a
solution of degree 0. It follows in view of (2.6) that all proper solutions of (A) are
oscillatory.

(i) In this case A" =¢ for all [e{2, 4,..., n— 1}, since, by Lemma 4.2, (4.16)
ensures the nonexistence of solutions of degree [ for each of the inequalities (4.13),.
However, the possibility A4"¢ # ¢ cannot be excluded.

PrOOF OF THEOREM 4.3. (i) Itis obvious that 45 = ¢. Lemma 4.3 (the first
part) applied to (4.13); shows that A";" =¢forle{l,3,...,n—2}, and Lemma 4.3 (the
second part) applied to (4.13); shows that 4" = ¢

(i) Apply the first and second parts of Lemma 4.3 to (4.9); and (4.9),
respectively. Then, we see that A" = ¢,1e{1,3,...,n—2},and A" = ¢, respectively.
That A"y = ¢ follows from the second part of Lemma 4.2 applied to (4.10),. The
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conclusion of the theorem then follows from (2.6).

ProOOFOF THEOREM4.4. (i) Itsuffices to prove that A"} = ¢forallle{0, 2,...,
n}. First, from (4.22) and Lemma 4.4 (the first part) we see that (4.9);, has no
nonoscillatory solution of degree le{2, 4,..., n—2}, which implies that A" = @,
le{2,4,...,n—2}, for (A). Then, applying the second part of Lemma 4.4 to (4.9); and
(4.9), we conclude that (4.23) implies A4"¢ = ¢ and (4.24) implies A", = ¢.

(i) Lemma 4.4 applied to (4.13); and (4.13); shows, in view of (4.22) and (4.25),
that 4" = ¢ for le{2, 4,..., n}. This completes the proof.

C) Examples. Consider the equations
dll
(4.26)+ E;[x(t) + Ax(at)] + p(t)x(ft) = 0,

where 0<1<1,0<a<1, $>0and p: [a, 00)—(0, o) is continuous, a>0. This is a
special case of (A) in which o =1, N=1, h(t)= F A, t1(t) = at, p,(t) = p(t) and g,(¢) = pt.
Noting that

gr.(t)=min{1, B}t, p[t~tog Jt) =B/t if a>p, plg;]1=pt if B<]1,

we have the following oscillation criteria for (4.26), from Theorems 4.1 and 4.2.
(i) Let n be even. All proper solutions of (4.26), are oscillatory if

4.27) f "1 ep(t)dt = o0 for some &> 0.

a

All proper solutions of (4.26) _ are oscillatory if, in addition to (4.27), 0< <o and

(4.28) lim sup B f t <S—Et>l(t—s)"_"_ p(s)ds > A

tvw BM—i—=1! ) g o

for some i€{0, 1,..., n—1}. N
(i) Letn be odd. All proper solutions of (4.26)_ are oscillatory if, in addition

to (4.27), 0<f<1 and

n—j—1

(4.29) lin,lf:p A=) pt(s — Byt —s)y" I 1p(s)ds > 1

for some je{0, 1,..., n—1}. If (4.27) holds, then every solution of (4.26), is either

oscillatory or tends to zero as t— oo.
Conditions (4.27), (4.28) and (4.29) are actually satisfied if p(t) =t° with 6 > —n.

Next consider the equations
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(4.30)+ %EX(t)i Ax(at)] — p(e)x(Bt) — q(e)x(yt) =0,
where A, o, § and p(t) are as in (4.26)0, y >0 and g: [a, 00)—(0, o) is continuous. This
is a special case of (A) in which o= —1, N=2, h(t)= F 4, t(t)=at, p,(t)=p(t), p,(t)
=q(t), g,(t)=Pt and g,(t)=yt, and Theorems 4.3 and 4.4 give the following
oscillation criteria for (4.30)o.

(iii) Let n be odd. All proper solutions of (4.30), are oscillatory if the
following conditions (4.31) and (4.32) are satisfied:

4.31) either f "1 ep(t)dt = o0 for some &>0, or

a

a

j "~ 17 5g(t)dt = 0 for some ¢
(4.32) either f>1 and

lim s B (™ Bty ) > ——
RSP a—i—1 )+ S A =1y

for some ie{0,1,...,n—1}, or y>1 and

lim Supi!(n—i—l)!f,(s t)'(yt—s) q(s)ds>1_l

t— o

for some ie{0, 1,..., n—1}.

All proper solutions of (4.30) _ are oscillatory if, in addition to (4.31), > 1,0<y<a,

i Bt
(4.33) lintl_)SUP rn—ﬂl——l’ﬁj‘ (s—t)(Bt—s)""""p(s)ds > 1

for some i€{0, 1,..., n—1}, and
n—j—1 t J
(4.39) lim sup MJ (s—2t> (t—sy i q(s)ds > A
t= o0 ]'(n _]_1)' (y/a)t o

for some je{0, 1,..., n—1}
(iv) Letnbeeven. All proper solutions of (4.30) _ are oscillatory if, in addition
to (4.31), B> 1 and (4.33) holds for some i€{0, 1,..., n—1},and 0<y<1 and

. ,yn—k— 1 't o
4.35 - )+ _ yn—k—1
(4.35) lmﬁlﬂlp Kin—k—1)! L(s P8)(t—s) q(s)ds > 1

for some ke{0, 1,..., n—1}. Every proper solution of (4.30) .. is either oscillatory or
tends to zero as t— oo if (4.31) holds, f>1 and
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4.36 I A LN -im1 !
( . ) II'?_*S;IP mv t (S—t) (ﬂt"S) p(S)dS>1—_7
for some i€{0, 1,..., n—1}, or if (4.31) holds, y>1 and

. Y (" . ; 1
4.37 1 S A— — )iyt — =1 .
(437 P i1y ), SOOI s> 1

for some i€{0, 1,..., n—1}.

It is easy to see that the functions p(t)=q(t)=1t°, § > —n, satisfy all the integral
conditions in (4.31)4.37).

Our final example is
d" .
(4.38)+ W[X(t) + Asint. x(t —2n)] + px(t®) = 0,

where 0 <A< 1, p>0 and 6> 0. Since the function h(t)= — Asint satisfies (4.11), we
conclude from Theorem 4.1 [resp. Theorem 4.3] that all proper solutions of (4.38) ,
[resp. (4.38)_] are oscillatory if n is even and 0<6f<1 [resp. nis odd and §>1].
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