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1. Introduction

Such concepts as information, entropy, divergence, energy and so on play
an important role in mathematical sciences to research random phenomena.
This paper tries a unified approach to measurement of these notions, in
particular the geometrical structure induced by a contrast function. In the
mathematical formulation a contrast function p on a manifold M is defined by
the first requirement for distance: p(x, y) > 0 with equality if and only if x = y,
see Eguchi [2] for various examples. A simple example is found in

n+1
p1(p, q) = .Zl pi(log p; — log q;)
on the n-simplex & = {p = (Py,...,Pn+1): z:’:ll pi=1,0<p;<1}. This func-
tion is called the Kullback information in the context that p and ¢ are the
vectors of probabilities for n + 1 disjoint events, see [2] for other examples
and construction for p. Thus a contrast function is generally not assumed
to be symmetric as seen in p;.

We discuss on the manifold M instead of & on the assumption of finite
dimensionality because we wish to investigate contrast functions or functionals
over not only & but also a general space of probability measures. A new
geometry on M by means of p is presented: a Riemannian g, a pair (V, V'*)
of torsion-free connections and a pair (D, D*) of second-order differentials.
The asymmetry of p leads to different two connections ¥ and F* such that
1/2 (¥ + V*) is the Riemannian connection. Lauritzen [3] calls (M, g, T) a
statistical manifold, where T is the third order tensor representing the difference
between ¥ and V*. In general such a pair (V, F*) is called conjugate in the
sense that if M is curvature-free with respect to ¥, then M is also curvature-free
with respect to V*. Nagaoka and Amari [6] extended a notion of locally
Euclidean space: If M is curvature-free with respect to V, then there exists
a pair of local coordinates (x’, U) and (x¥, V) such that

g< i , —a— ) =94,  (Kronecker’s delta)
ox' ox¥

on UnV. In Section 2 we present a further conjugacy property introduced
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by new operators (D, D*) related with p. It is shown that the two operators
D and D* generate tensors B(X, Y) and B*(X, Y) of which antisymmetric
parts are the Riemannian curvature tensors with respect to ¥V and V*,
respectively. Section 3 investigates the case of a Riemannian space (M, g). A
contrast function p,(x, y) on M is naturally defined by the squared arc-length of
a geodesic curve connecting x with y in M. We give a formula of geometric
quantities g,, (Vo, V¥) and (D,, D¥) by p,. Section 4 gives the induced form
of the geometry by p into a submanifold M. Let x be in M — M. We
consider minimization of p from x to M. For a fixed point & of M we
denote L; the space of points from which minimization of p into M are
given at X. If for any x there exists a unique minimizer X of the function
p(x, - ), M is decomposed into a foliation M = U{Lj;: %eM}. We call L;
a minimum contrast leaf and we investigate the second fundamental tensor of
L. 1t is shown that the tensor of L; vanishes at X.

x*

2. Geometry associated with a contrast function

Let M be a C®-manifold of dimension d. Let X(M) be the space of
vector fields on M and §(M) the space of C*-differentiable functions on
M. We call p: M x M - R a contrast function if p(x, y) > 0 for all x and
y in M with equality if and only if x = y. Eguchi [2] introduced three classes
of W-type, M-type and S-type in all the contrast functions on a space of
probability distributions. In this paper it is assumed that p is a C*-function
on M x M and that

X X, p(%, Y)y=x>0

for all nonzero X in X¥(M) and xe M. We will show that the assumption
determines the main order of p (see the last paragraph in this section).
Throughout this paper we use the standard notation in Kobayashi and Nomizu
[3] in addition to the following notation on partial differentials:

p(XI Xn' Yl Ym)(z) = (Xl)x“'(Xn)x(Yl)y”'(Ym)yp(x’ y)|x=z,y=z

for X,,....,X,and Y,,..., Y, in ¥(M). A Riemannian metric g on M is defined
by

g9(X, Y) = — p(X|Y).

In effect the bilinearity of g holds by definition. Since the contrast p(x, y)
has a minimum O when x = y, we see p(Y|-) = 0 for any Ye X(M). Moreover,
applying X to p(Y]-)=0 we have

p(XY|-)=—p(X|Y).
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Thus from the assumption we get g(X, X)> 0 for all X #0 in X(M). The
symmetry follows from g(X, Y) — g(Y, X) = — p([X, Y]|-)=0. Accordingly
g is well-defined as a metric tensor with the expressions

9(X, Y) = p(XY|-)=p(-|XY).
Next we define a pair (V, V*) of covariant differentials as follows:
gVxY, Z)= — p(XY|Z) and g(F¥Y, Z)= — p(Z|XY)

for all ZeX(M). Here VyY and V§Y are determined by the conditions that
the above quantities are satisfied for all Z. By definition the mapping
(X, Y)>V,Y is bilinear. Noting that

9V xY, Z) = — p(fX)Y|Z) = g(fVxY, 2),
gV fY, Z) = — p(X(fY)|Z) = — p((Xf) Y+ f(XY)|Z)
gJ(XNY+ fVxY, Z)
for all fe (M) and all ZeX(M), we have
VixY=fVxY and VyxfY=(Xf)Y+ fVyY 2.1

Similarly we can see that V* satisfies these properties. Thus V¥ and V* are
well-defined connections and have the following relation, see Eguchi [2].

PROPOSITION 1. LetV =—(V + V*). ThenV is the Riemannian connection

N[ =

with respect to g.

Proor. By definition,
Xg(Y, Z)= — p(XY|Z) — p(Y|XZ) = g(Vy Y, Z) + g(Y, V£ Z).

This implies
1 _ _
Xg(Y, Z) = EX{g(Y, 2)+49(Z, Y)} =gV, Z) + g(Y, VxZ),

which shows that ¥ is metric. Next we see that
gVxY—VyX,Z) = — p(XY— YX|Z) = 4([X, Y], Z)
and
gVt Y—ViX, Z)= — p(Z|XY - YX) =g([X, Y], Z)

for all ZeX(M), which implies that both V and V* are torsion-free and

hence V is. [
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If p is symmetric, then ¥V =F =V* This case reduces to the
Riemannian geometry. A typical example of a contrast function is asymmetric
as p, defined in Introduction. Hence we pay attention to a tensor on M,

T(X,Y, Z)=9g(PxY—-V}Y, Z).
The tensor T is symmetric because
TX,YZ)—T(Y, X, Z)=gWVxY—VyX —(F3Y-VEX), Z)
=g([X, Y]-[X,Y],Z2)=0
and
T(X, Y, 2)~ T(X, Z, Y) = X {g(Y, Z) — g(Z, Y)} = 0.

Thus the triple (M, g, T) becomes a statistical manifold according to the

terminology by Lauritzen [4].
Nagaoka and Amari [6] introduced a dualistic structure on such a triple
(M, g, T), see also Chapter 3 in Amari [1] for extensive discussions. The

identity
[X, Y1g(Z, W)= XYg(Z, W) — YXg(Z, W)
leads to
g(R(X, Y)Z, W) = g(Z, R*(Y, X)W),

where R and R* are the Riemannian curvature tensors associated with V
and F*, that is,

RX,Y)=VyVy —VyPx —Vixn
and

R¥X, Y)=V¥Vi —Vivi —Vixn
Thus it is seen that M is R-free if and only if it is R*-free. Further, when

M is R-free and R*-free, the corresponding dual affine coordinates (x°) and
(x¥) to ¥ and V*, that is

0 0 0o 0 i
Va/ax-‘ﬁ =0, Vé?ax?ax* =0 and g(@’ @>=51

j

are connected with the Legendre transformation Y ,x'x} = y(x)+ @(x*).
Here both ¥ and ¢ are convex-conjugate and are called the potential
functions. It is shown that

(a a)_ >, <a a)_ P% .
Nox' o) " axion " \oxr axr) " axroxr © '
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Thus the notion of a locally Euclidean space can be extended to a dualistic

version.
We now define a pair (D, D*) of differential operators X(M) x X(M) x
X(M) - X(M) by the conditions

g(Dx,yZ, W)= — p(XYZ|W) and g(D%,Z, W)= — p(W|XYZ),
which should be satisfied for all We X(M).

PROPOSITION 2. The operator D satisfies the following conditions:

(1) The mapping (X, Y, Z) — Dy yZ is trilinear.

@ Dix,yZ = fDxyZ,

3) Dy ;yZ = fDxyZ + XfVyZ

and

) Dy yfZ =fDyyZ + XfVyZ + YfVxZ + X(Yf)Z

for all feFM).
Proor. By definition, (1) is clear. The Leipnitzs law yields that
9(Dsx,yZ, W)= — p(fXYZ|W) = g(fDx yZ, W),
9Dy, ;yZ, W)= — p(fXYZ + (X)YZ|W) = g(fDxyZ + XfVyZ, W)
and
9Dx,yfZ, W)= — p(fXYZ + (Xf)YZ + (Yf)XZ + X(Yf)Z|W)
=g(fDxyZ + XfVyZ + YfVyZ + X(Yf)Z, W)
for all WeX(M) and fe &(M), which conclude (2), (3) and (4). O

Take arbitrarily two local coordinate systems (4, U, (), and (u, V, (z%)
with UnV# ¢. Then Dy 50,0/0y* defines the components of D in the
coordinates (4, U, (y')). The natural bases {9/dy’} and {9/0z°} on UNV are
related by

o oy o
0z*  0z° 0y
from which it follows that
k 62 J a

a.,0 < . 0,0 :
323 325 0z° 2 0% Oy*  0z°0z° @b Oy
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2y 8 By d
— Vs —+ ——— — f 1) and (4
0250z 553 Oy * 0z°0z°0z° dy* (from (1) @)
oyt 0y’ oy 0 o*yl oy 0
= b e Dot T o
0z* 0z° 0z° &'y dy*  0z°0z° 0z° 6yJ 8y
82yj 6y 7 0 oy oyt 0 2y 0

0207 0" o 5; + 02002 02° ﬁ‘@ 0z°0z°0z° 0y*
(from (1), (2) and (3)), where {0)'/dz°} denotes the Jacobi matrix of
A~ Yu(-)). Here and hereafter the Einstein convention is used for indices
i,j and k. Thus we observe that the set of the conditions (1)—(4) determines
the transformation rule of components of D for a change of variables. By
a similar argument we see that D* enjoys also the conditions:

1y The mapping (X, Y, Z) — D% yZ is trilinear.
@) D?x.yz = fDT(. vZ

3y D% ;yZ =fD¥yZ + XfV§Z and

@y DY yfZ=fD}¥yZ + XfV¥Z + YfVZ + X(Yf)Z

for all fe &(M).
We now define

B(X,Y)=Dyy—VxVy and B*(X,Y)=D%,—-V¥Vy.
Then we have that
B(fX,Y)Z=B(X,fY)Z=B(X,Y)fZ=fBX, Y)Z

for all fe & (M) since FyFy also satisfies the conditions (1)—(4). Thus both
B(X,Y) and B*(X, Y) are &(M)-linear and are a kind of curvature-like
tensors associated with D and D*. We now show that the antisymmetric
part of B is nothing but the Riemannian curvature tensor.

ProrosITION 3. R(X, Y)=B(Y, X)— B(X, Y).
Proor. The result follows from Dy yZ — Dy yZ =Vix y;Z. In fact,
9(Dx,yZ — Dy xZ, W) = — p([X, YI1Z|W) = g(V)x nZ, W)
for all WeX(M). O

By a similar argument, R*(X, Y) = B*(Y, X) — B¥*(X, Y). Proposition 3
directly implies Bianchi’s first and second identities:

SR(X,Y)Z=0 and SV R)(X,Y)=0,
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where © denotes the cyclic sum on X, Y and Z. The symmetry of B is
equivalent to R-freeness. Further, the following identities hold.

ProrosiTiON 4. (1) B(X, Y)Z = B(X, 2)Y.
@ g(B(X, Y)Z, W) = g(B(W, Y)Z, X).
©) g(B*(Y, X)W, Z) = g(B(X, Y)Z, W).
Proor. We get
B(X, Y)Z =Dy yZ — VyVyZ
=Dy y Y+ Vy[Y, Z1 - Vx(V, Y+ [Y, Z]) = B(X, Z)Y
since
Dy yZ =Dy Y+ Vx[Y, Z].
Hence we obtain (1). We next show (2). By applying X to the definition
gWVyZ, W)= — p(YZIW)
we get
gWxVyZ, W)+ gWyZ, V¥W) = — p(XYZIW) — p(YZ|XW),

or

9gB(X, Y)Z, W) =g(VyZ, V¥ W) + p(YZ|XW). (2.3)
From this and the torsion-freeness of V* it follows that

gBW, Y)Z,X)=g(VyZ, [W, X] + ViW) + p(YZ|WX)
=g(WVyZ, VW) + p(YZIXW) = g(B(X, Y)Z, W),
which concludes (2). The identity
Y[g(Z, VW) + p(Z|XW)] =0

leads to

gB*(Y, X)W, Z) = g(VyZ, V¥ W) + p(YZ|XW), (24)
which concludes (3) because of (2.3). [J

Since it follows from (3) in Proposition 3 that
g({B(X, Y) — B*(X, Y)} Z, W) = g(B(X, Y)Z, W) — g(B(Y, X)W, Z),
we obtain that B(X, Y) = B*(X, Y) if and only if
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9(B(X, Y)Z, W) = g(B(Y, X)W, Z)

for all Z and W in X(M).
From this we get a kind of symmetry associated with B.

COROLLARY 1. The forth-order tensor g(B(X, Y)Z, W) or g(BX(X, Y)Z, W)
is symmetric if and only if B is equal to B* and R vanishes.

Proor. The result follows from the above statement and Proposition 4
() and (2). O
Now we obtain that the contrast function generates a further dualistic

structure over M.

THEOREM 1. The following statements are equivalent:
(1) M is B-free. (2) M is B*-free.
(3) There exists a system of coordinates (x°) satisfying

0

Va/axi @ = O (1 S l,] S d)
and
0 .
Dajaxi, o/0xi ok 0 (A<ijk<d). (2.5)

(4) There exists a system of coordinates (x¥) satisfying

0
ot — =0 1<ij<d
a/a,.ax;k ( J )
and

0
=0 1 <i,j, k<d). 2.6
oxt (1<ij ) (2.6)

*
D 0/0x},0/0x;

Proor. If follows from (3) in Proposition 4 that (1) is equivalent to
(2). Next we assume (1). Then M is R-free on account of Proposition
3. Namely M has V-affine coordinates (x‘), which are seen from (1) that

0

Da/ax" ,0/0xJ @ =

This implies (3). Conversely if (3) holds, then

B<i, i>i=o
oxt’ ox/ ) ox*
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with respect to the coordinates (x%), which leads M to be B-free since B is
a tensor. Similarly (2) is equivalent to (4). [

In the statements (3) and (4), (2.5) and (2.6) can be exchanged for

p(iﬂ 9 i>=0 and ,,(ii ii>=0,
ox' ox’ ox¥ ox}F

ox* ox! ox} ox*
respectively, on account of (2.3). We assume that M is B-free in this
paragraph. From (2.2) it is satisfied that

0 0 o
ary) V* - = .
g < oxi’ o 6x") 0x' 0xI 0x* v @7

and
63
L—, - \l= -
g ( o gx¥ 6x,’:‘) oxtoxroxt ”

Further, then

( 0 . 0 >_ * ’e
Nox " "radeoxt )~ oxtodoxtoxt (28)
since

5 P 5 po

g L, 2 -2 yl=0

o [g <6x‘ %%zax') ox ox o' .p]
yields

(V 2 v >+ <6 % v a)_ z v
Wibax "aroxd) T\ oxt’ & sxox ) oxioxoxoxt '
Similarly we obtain that

b

( 0 0 > o*

g\ Do, o — =— 0.

ax ox; OxF  Oxf* Ox}¥Ox¥ Oxif Oxf*

If M is R-free, then the divergence function can be introduced as

d
d(xy, x3) = Y(x,) + @(x3) — Z X1 ixfi,
i=1

i

where § and ¢ are potential functions with respect to (x’) and (x¥),
respectively. Thus d is a contrast function, see [1]. The contrast function
p is related with d as follows.
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COROLLARY 2. Assume that M is B-free. Then
plxy, x3) = d(xy, x3)
by neglecting O(||x; — x,|°).

Proor. We write 6(x;, x¥) = p(x,, x3) — d(x,, x¥). It suffices to show
that the differential coefficients of d(x;, x¥) in x, vanish at x, =x, up to
the forth-order by Taylor’s theorem. By definition we have the following
identities: p(XY]|:)=g(X, Y),

PXYZ|-)=9gWVyZ X)+gWVxY, Z) + g(Y, V¥ Z)
and
P(XYZ | )=g(DxyZ, W)+ gWxV W, Y)+ gV, W,V¢Y)
+gWxVyZ, W)+ gWyZ, VEW) + gWxZ, VEW) + g(Z, VXV W).

Hence we have

( o 8 0 )_ >,

P\ ox oxi ax* Oxioxioxt

and
< o 0 o0 0 )_ *
P\oxi ax ox* oxt | )~ axioxioxkox!

from Theorem 1, (2.7) and (2.8). Consequently the function é is of order
O(llx; — x,II°). O

We discuss a deformation of a contrast function. Let a function
@: [0, c0) —» R be monotone increasing such that @(0) =0 and &'(0)=1. As
typical examples we can mention

D,(t) = ilog 1+ at), P,()= itan (at)

or their inverse transformations, where o is a positive constant. Then
p1(x, y) = ®P(p(x, y)) is also a contrast function. The geometric quantities
(g, V,V*, D,D*) and (g,,V,,V¥, D,, D}) associated with p and p, are
connected with

(gla Vl’ Vik) = (ga V’ V*)’ (29)
(Dy)x,yZ =Dy yZ + ®"(0)Sy(X, Y)Z (2.10)

and
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(DY)x,yZ = D3 yZ + 2" (0)Sy(X, Y)Z.

In particular, the deformation of p keeps the equality of B with B*.
Let & be a simplex of dimension n. As an alternative contrast function
on & to p, defined in Introduction, we give

n+1
po(p; q) = 4<1 - g,l vV piqi)

for p and ¢ in &. It follows from a straightforward calculus that p, and p,
generate a common metric tensor, say g,. By taking &(t) = (cos™ (1 — t/4))?,
we know that &(p,(p, q)) is the squared arc-length of the geodesic curve
connecting p and ¢ with respect to g,.

Let p be a contrast function on M such that p is C®-differentiable and
generates a nontrivial metric tensor g. For every § > 0, p®@(x, y) = {p(x, y)}°
is also a contrast function by definition. However if § < 1, then p®@(x, y) is
not differentiable at x = y. Alternatively if 6 > 1, then the metric tensor by
p® is reduced to a zero tensor. Thus we see that if p yields a nontrivial
metric tensor g, then any power change of p becomes nonsense. In effect
p(x, y) has the same order as the squared arc-length of the geodesic curve

connecting x with y with respect to g, which will be shown in the following
section.

3. Riemannian case

Let (M, g) be a Riemannian manifold and 7 the Riemannian connection
with respect to g. We denote the geodesic curve connecting x with y by
C={x,:1<t<1}, where x, = x and x, = y. Define a contrast function by

2
pol, 3) = %(f Ju G %) dt) ,
C

where x, = dx,/dt. Since the tangent vectors x,’s are parallel to each other
along the curve C,

r .
Po(x, y) = ngg(xt, xt)

for any te[0, 1], in particular po(x, y) = g.(Xo, Xo)/2. We now investigate
what geometry the function p, generates. Let (go, Vo, V&, Dy, D) be the
geometric quantities associated with p, according to the formulation discussed
in Section 2. The symmetry of p, yields Vo=V& and D,= D} on
M. Further, it will be seen that g, =g and V,=V¥ =V, where V is the
original Riemannian connection.
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THEOREM 2. g =go, Vo =V& =V and
_ 1 _ —
Do)x,yZ =VxVyZ — 3 {RX, Y)Z +R(X,2)Y},

where R denotes the Riemannian curvature with respect to V.

Proor. For a sufficiently small py(x, y) there exists a local chart
(x',...,x% U, @) of M such that xe U and ye U. Then the curve x, = (x'(1),...,
x4(t)) satisfies

& YO+ ST x0) & i) & 9 =0 G31)

with (x'(0)) = x and (x'(1)) = y, where I'},’s denote the Christoffel symbols.
We now express the vector (dx‘(0)/dt) as a polynomial of y — x up to
the third order. From (3.1),

3
%xi(t)= Y ( T(x(®) + 22 2 (x(0)) 1 1(x(t))>

J.k,1

d . d
— X)) — “t— Ye).
thx()dtx()dtx()

A Taylor expansion leads to

. o d > 2 dd B .
i(t) = x' + — xX'0)t + — x'(0)— + — x(0)— + Ot
x(t) = x th() dth()z dt3x()6 (t*)

2

. .t . .
=x'+ t4 — =¥ i (x) 4’ 4*
2 J.k

Z (  Th(x) + 2ZF;i,(x)r:,(x)> 444"+ 0(%)

]kl

where 4' = dx'(0)/dt. From (x'(1)) =y, it follows that

A P o
4'=( —x)+ E-Zk () () — x) (" — %Y

+- Z < I (x) + Z a(X)F:?z(X))(Y’ =) =X - X))

+0(ly — x[1*. (32)

Let X,Y,Z and W be vector fields on M. Define a mapping
(X,Y)->X-Yby
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0Y7 9
X-vy=Yxi— —_
,ZJ: ox' ox/

for X =% X'0/0x" and Y=Y Y/9/0x). By definition

PxY=X-Y+I(X,Y),
see Loos [5]. Further,
VxVyZ =X -(Y-T')+ (X -I')(Y, Z) + I (I'(Y, Z), X)
+IX-YZ2)+I'(X-Z,Y)+ (Y- Z, X)
and the curvature tensor with respect to ¥ is expressed as
RX, V)Z=(X-I)(Y,2)— (Y- I (X, Z)
+I(I'(Y, 2), X) - I'(I'(X, 2), Y). (3.3)
Note that in the right-hand sides of the above equations each term depends
on the local coordinate system, while all the left-hand side is coordinate-
free. Writing U = Y, () — x/)(8/0x’),, we can express X, as
. 1 1
Xo=U +£FX(U, U) + g{(U Ty)(U, U) + I'y(I'x(U, U), U)} + O(| U 1%
(34)
by inverting the equation (3.2). The following relations are deduced from (3.4):
(Xy . )‘CO)* = X, (XX : ko)* = - X, (VXX-).CO)* = - X,
Fx. (Y, %) = 0, (X, (Y- Xo))y = Vx ¥,
X, (Y (Z, ) =X Y- 2)+ T(X-Y,2)+ I'(X-Z,Y)+ I'(Y-Z, X),

+ %e{(x -TY(Y, Z)+ [(I(Y, Z), X)}
and
(7Wny'(Zy‘5‘0))* =W-I'NY,Z)+ 'Y, Z), W)
_ %@{W. (Y, Z)+ [(I'(Y, Z2), W)},

where & denotes cyclic sum and

((Xl)x'"(Xn)x(Yl)y'"(Ym)yF(x, y))*
= ((Xl)x'“(Xn)x(Yl)y"'(Ym)yF(x, y))x=z,y=z'
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Specifically we get

. = = 1 - =
(X, Y, 2,50 =PxPyZ — L {R(X, V)Z + R(X, 2)Y},
and

oYy 2, 50, = (RO% VZ + ROK 2)Y)

on account of (3.3).
On the basis of the relations established above, we get

go(X, Y) = — po(X|Y) = — (9(%0, Vx, Y; - Xo) + g(Vx, X0, ¥, - X0))y = 9(X, Y)
and
9o(Z, V§)xY) = — po(Z|XY) = — (9(%o, l_7zny' Yy “ Xo) + Q(Vz,).co, Xy‘ Yy * Xo)
+ g(Yy * Xo, VZ,;X}' * Xo) + g([?zny * Xo, Xy : 5‘0))*

by the use of the expression py(x, y) = g.(Xo, Xo)/2. In this way the metric

go i1s g and both V, and V¢ are equal to V. Next we get
g(W, D¥)x yZ) = — po(W|XYZ)
= — (9o Vw, X, Y, - Z,- X0) + gV X0, X, - Y, Z,, - Xo)
+9(Z, %0, Vw X, Y, - %0) + gVw Z, %0, X, - Y, X0)
+9(Y, %0, Vw X, - Z, - %0) + gV Y, X0, X, - Z, - Xo)
+ g(Xy * Xo, VW,,Yy -Z,y,- Xo) + g(ﬁWny * Xo» Yy : Zy : 5‘0))*

_ 1 _ _ 1 _
=g(W, VxVyZ) — gy(W, R(X, Y)Z + R(X, Z2)Y) + Eg(X, RW, Y)Z

+mmzwmgmxNWXM+MWZMH§m&mmxw
+ E(VV, Y)X).

Consequently we obtain
_ 1 - —
Do)x,yZ = Dx,yZ =VxVyZ — E{R(X’ Y)Z + R(X, Z2)Y},

noting g(W, R(X, Y)Z)+ g(R(X, Y)W, Z)=0 and R(X, Y)Z + R(Y, Z)X
+R(Z X)Y=0. O

Let B(X, Y) = (Do)x.y — VxVy. Then the Bianchi’s first identity leads to
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{B(X,Y)+ B(Y, X)}Z= — B(Z, X)Y.

Further it is easily seen from Proposition 3 that M is R-free if and only if
M is also B-free.

4. Minimum contrast leaf

As discussed in Section 2, a contrast function p on M generates a metric
tensor g and differential operators V, V*, D and D*, where B-conjugacy is
established in addition to R-conjugacy. Let M be a k-dimensional submani-
fold of M with the immersion f of M in M. By restricting the domain of
p as p = plg«s the quantities (g, V, V, D, D¥) induce (g, V,7,D, D*) over
M. For example,

g, vV)y=—pUJV)

for U and V of X(M). Of course by definition §(U, V)=g(f U, £, V).
Henceforth we identify U with f, U, so that g(U, V) =g(U, V). Let N, be
the normal bundle of M and Sec(N ;) the space of sections of M into N PR
or the space of normal vector fields. We define a mapping a: X(M) x (M)
— Sec(N,) by

g@(U, V), §) = — p(UV|E)

for all ¢ of Sec(N;). Then «a is the second-fundamental tensor with respect
to V because a is bilinear and it is decomposed that

VyV =PV +a(U, V).
Alternatively with respect to F*, the tensor a* is similarly defined and hence
VEV=V¥V+a*(U, V).

Next for a fixed ¢ of Sec(N,) the shape operator 4. with respect to V
and the conjugate A} are given by

§g(4:U, V) = — p(U¢|V) and 4(V, AfU) = — p(V|U?).
Note that
Vel=—AU+ V¢ and VEé=— AFU + VEE
Thus («, a*) and (A, A¥) are related to each other as follows:
ProrosiTION 5. G(A¥U, V) + g((U, V), {) =0 and
g(A:U, V) + g(@*(U, V), &) = 0.
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Proor. By definition,
Ug(V,&) =0 and Ug( V)=0
or
—p(UVI|O) —p(V|UY =0, and — p(C|UV)— p(ULIV)=0,
which conclude the two identities. []
We define a mapping f: X(M) x X(M) x X(M) — Sec(N,) by
B, V, W)= B,(U, V, W) = Vya(V, W) — Vya(U, W),
where B, is defined to satisfy
9(B:(U, V, W), §) = — p(UVW[E)
for any £eSec(N,). It should be noted that § is a tensor field and
Dy,yW=Dyy W+ B:(U, V, W).

We call B the third fundamental tensor with respect to D. The conjugate
counterpart is written by f*.

PROPOSITION 6. Assume that M is B-free. Then we have that
B, V. W) = (U, P, W) = Vija(U, W)
and
B*(U, V, W) = «*(U, PEW) — P a*(U, W).
Proor. From the assumption it follows that
9B, V, W), &) = gWyVy [, W, &) — gV, W) + Vpa(U, W), &)
=gWyWy W+ a(V, W), &) — gWya(V, W) + Via(U, W), {)
=9((U, 7y W) = Vya(U, W), §)

for all & of Sec(N,;). This shows the first relation. From Theorem 1, M is
also B*-free, which leads to the second relation by a similar argument as
above. The proof is complete. []

Hereafter we assume that for any point x of M there exists a unique
point u of M such that u minimizes p(x, v) in ve M. Then to each point u
of M it can be defined that

L, ={xeM: p(x, u) = min p(x, v)},
vE.

which we call the minimum contrast leaf at u. By the above assumption L,
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is a submanifold of codimension k transversing to M at u. Thus M is
decomposed into a foliation M = U{L,: ue M} and

T.(M) = T,(M) ® T,(L.).
Now let u be fixed. From the above assumption it follows that
Usp(x,u)=0

for all U of ¥(M) and x of L,. Thus we have that g (¢ U) =0 for all &
of X¥(L,) and U of ¥(M), or equivalently that the tangent space of L, at f(u)
is equal to the normal space of M at u. Further,

P& &IU)w) =0 (4.1)

for any k > 2. Hence the second fundamental tensor y of L, is defined by
the condition

90 0, 0) = - p(&10)
for all U of Sec(N(L,)). Next the third fundamental tensor & of L, is given by

5(6, C, ’1) = 61(65 Ca '7) - Vél})(a 7]) - V{-L‘y(f’ ’7)

PRrOPOSITION 6. Let L, be a minimum contrast leaf through u of a subspace
M. Then the tensors y and 6 for L,, defined as above, vanish at u.

Proor. The result follows from (4.1) with k =2, 3.
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