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0 Introduction

In [6] we computed path integrals on coadjoint orbits of the Heisenberg group,
SU(1, 1) and SU(2) etc.. As to the Heisenberg group, we succeeded in compu-
ting the path integrals for complex polarizations as well as real polarizations.

For the complex polarizations of SU(1, 1) and SU(2), however, we found
it difficult to carry out the computation of path integrals, so that we computed
the path integrals without Hamiltonians. Soon after we encountered difficulty
of divergence of the path integrals along the method in [6].

For the complex polarizations of SU(1, 1) and SU(2), by taking the
operator ordering into account and then regularizing the path integrals by use
of the explicit form of the integrand, we computed the path integrals with
Hamiltonians in [7].

In this paper, we shall give an idea how to regularize the path integrals
for complex polarizations of any connected semisimple Lie group G which
contains a compact Cartan subgroup T and shall show, along this idea, that
the path integral gives the kernel function of the irreducible unitary
representation of G realized by Borel-Weil theory.

Our idea is roughly explained as follows. Let § be the Lie algebra of
T and K¢ the complexification of h. Denote by n* and n~ the Lie algebras
spanned by the positive root vectors and the negative root vectors,
respectively. For any integral form 4 on h¢ we denote by &, the holomorphic
character of TC defined by 4 and by L, the associated holomorphic line
bundle on the flag manifold G/T. Let n, be the irrducible unitary represen-
tation of G on the Hilbert space of all square integrable holomorphic sections
of L, which is realized by the Borel-Weil theorem.

Put A =./—14. Then for any element Y of the Lie algebra of G, the
Hamiltonian on .the flag manifold G/T is defind by

Hy(9) = <Ad*(9)4, Y)

= /— 14(Ad(g~ 1Y)
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Since the path integral of this Hamiltonian is divergent we regularize it by
replacing
e~V 1Hy(e) — o AH(AG™)Y)
= alexp(H(Ad(g™1)Y))

by

Ealh(exp(Ad(g™")Y)),
where H and h denote the projection operators:

H:n* +h¢+n~ —b°,
h:expn*exphexpn™ — exph® = TC.

There are plenty of references on path integrals. For further references
see, e.g., references in [6].

1 Preliminaries

Let G be a connected semisimple Lie group such that there exists a
complexification G¢ with 7,(G) = {1} and such that rank G=dimT, T a
maximal torus of G. Let K be a maximal compact subgroup of G which
contains 7, and f the Lie algebra of K. Note that G can be realized as a
matrix group. We denote the conjugation of G¢ with respect to G, and that
of g€ with respect to g, both by ~.

Let g and b be the Lie algebras of G and T We denote complexifications
of g and b by g€ and b€, respectively. Then b€ is a Cartan subalgebra of gC.

Let 4 denote the set of all nonzero roots and A* the set of all positive
roots. Then we have the root space decomposition

=5+ ¥ g

acd

Define

nf=3Y g*, b=bh+n".

aeAt

Let N, N, B and T€ be the analytic subgroups corresponding to n*, n”, b
and b€, respectively.
We fix an integral form A4 on S,

Let
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(s T—>U(1),  expHp—> AW
be the corresponding unitary character of T, and
£y TC— Cx, exp H — AW

the corresponding holomorphic character of TC€. Then &, extends uniquely
to a holomorphic one-dimensional representation of B:

&:B=T°N™ — C%, expH n~ s e®,

Let L, be the holomorphic line bundle over G€/B associated to the
holomorphic one-dimensional representation £, of B. We denote by L, the
restriction of L, to the open submanifold G/T of G¢/B:

G = GB <> G¢

[ l

G/T = GB/B <> G°/B
and

Ly =— Z‘A

L

G/T = G°/B.

Then we can identify the space of all holomorphic sections of L, with

I(L,) = {f:GB - C; f(xb) = £,(b)" ' f(x), xe GB, be B}.
Let n, be a representation of G on I'(L,) defined by

na(9)f(x)=f(g 'x) for geG, xeGB and fel(L,)
For any fe I'(L,) we define

Ifn%= J |f(9)I*dg,
G

where dg is the Haar measure on G. We put
Iy(La) ={feI'(Ls); IfIl <+ oo}

Then the Borel-Weil theorem asserts that (n,, I',(L,)) is an irreducible unitary
representation of G (Bott [1], Kostant [8] and Harish-Chandra [3][4][5)).
For the moment we assume that G is noncompact.

We fix a Cartan decomposition of g:
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g=f+p.
We denote complexifications of ¥ and p by € and p€, respectively.

Let 4, and 4, denote the set of all compact roots and noncompact roots,
respectively.

Now we assume that I',(L,) #0. Then there exists an ordering in the
dual space of hg = i) so that every noncompact positive root is larger than

every compact positive root. The ordering determines sets of compact positive
roots 4 and noncompact positive roots 4, . Furthermore A satisfies the

following two conditions:
{A4,0>=0 for aed}, (1.1a)
A4+ p,a)<0 for aed,), (1.1b)
1
where p== ) «
2 acA*

Then (1.1a) assures the existence of a unique element ¢, in I'(L,) which
satisfies the following conditions:

nA(W)Y = EL(h)Y, for heT, (1.2a)
drn,(X) Y, =0 for Xen™, (1.2b)
Yale) =1, (1.2¢)

where dn, is the complexification of the differential representation of n,. And
(1.1b) implies that ¥, is an element of I',(L,). We normalize dg so that

f [Walg))?dg = 1.
G

Define D to be an open subset of n* which satisfies exp D-B = GBNNB,
where exp is the exponential map of n* onto N:

exp:nt ——— N
U U
D ——>expD.

For each ae4, we choose an E, of g* such that
B(E,, E_,)=1

and

Ea - E—a’ AV I(Ea + E—a)EQu,
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where B(-,*) is the Killing form of g€ and g, = + ./ — 1p, the compact real

form of gF.

Note that

E _{—E_u for ae4,,
* |E for aed,.

—a

We put m = dimn™* and introduce holomorphic coordinates on n* and

n~ by

We put

cm '__)n+» (Za)aeA"_’zz Z Z-zEa’

acA*

cr '__’n_, (Wa)usA" —w= Z WazE—a'

aed*

n,=exp Y z,E,eN,

acA*

n, =exp Y. z,E_,eN.

aeAt

Let I'(D) be the space of all holomorphic fucntions on D. The following
correspondence gives an isomorphism of I'(L,) into I'(D):

where

&: I'(L,) —> I'(D), f—F, (1.3)

F(z) =f(n,) for zeD.

We put #, = &(I',(L,)). Let us denote by Uy,(g) the representation of G on
H#, such that the diagram

[H(Ly) ——
ﬂA(g)l lUA(g)
IH(Ly) —— #,

is commutative for all geG.

We normalize the invariant measure u on G/T such that

f f(g)dg =I (f f(gh)dh>du(gT) for any fe C?(G),
G G T

/T
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where dh is the Haar measure on T such that f dh = 1.
T

We denote the measure on D also by p which is induced by the complex
analytic isomorphism:

¢:D=—G/T.

By the definition of D, ¢(D) is open dense in G/T. For any xe NT*N~ we
denote the N-, T®- and N~ - component by n(x), h(x) and n~(x), respectively.
Then, for any fe I'(L,), geG and he T we have

[fghl =1f(@| and [£,(h(gh)] = | A(R(9))].
This shows that |f(g)| and | 4(h(g))| can be regarded as functions on G/T.
We put
Ja(2) = [Ea(h($(2)] 2.

Then we have

jlf(g)lzdg=f |f(9)>du(gT)
G G|T

- J |F(2)2J5(2)du(2).

We define
I',(D)={Fel(D); |[F| < + o0},

where
[ FI? =J |F(2)|* Ja(2)dp(z2).

In case that G is compact, we remark in the above that
G=K, GB=G®, D=un", g=f p=0,
4.=4, 4,=0, I(L,)=(Ly)
and I'(L,) # {0} if and only if 4 is dominant.

There are various proofs of the Borel-Weil theorem. Since Y, plays a
crucial role in this paper, we give a proof which exhibits the important

properties of .
The unitarity of (m,, I,(L,)) is obvious. Suppose that there exists a
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nonzero subspace V of I',(L,) which is closed and invariant under the action
of G. Let f, be a nonzero element of V. Then there exists ge G such that
folg) #0. We put f=mn,(g"')f,. Since V is G-invariant, feV. We note
that

f(&) = (malg™ ") fo)(e) = fo(g) # O.
For any heT,

m Ea(h) my(h) f€V,

by the invariance of V.

We put

f(x) f()f E,(h) (mu(W) f)(x)dh  for xeGB.

Since Vis closed, fe V. In particular

(1) (mu(h) f)(e)dh = 1.
fle) f()J Ealh) (ma(h) f)(e)

For any h, €T, since dh is the Haar measure, we have

~

(math) )x) = | Ealh) (ma(h) f)(h5 * x)dh

JT

m

= | &, f(h~*h{ ' x)dh
JT

»

= | Ealhi 1) (ma(h) f)(x)dh

v T
= Ea(hy) " f ().
Using the fact that the weight space with the weight A is one dimensional,
we obtain that f=1,. Thus y,eV.
If Vs I',(L,), then we can show that V* # {0} is a closed invariant

subspace, which implies that y,e V*, contradicting that VnV+={0}.
Therefore V= I,(L,). This shows that =, is irreducible.

2. Kernel Functions

We retain the notation of §1. For the rest of this paper we assume that
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T (L,4) # {0}
We start with the case that G is noncompact. We put
pr= ) g~
aeA

We denote by K€, P, and P_ the analytic subgroups of G€ corresponding
to €, p, and p_, respectively. Then there is a unique open subset Q of p,
such that GB = GK°P_ =expQK°P_. We put W= P,K°P_. Then by
(1.2a) and (1.2b), Y, is uniquely extended to a holomorphic function on W
(which we denote also by y,) such that

Ya(tx) = E4(0) " Yu(x)  for all teT¢ and xeW, (2.1)

and

Ya(nx) = Y, (x) for all neN and xeW. 2.2)

Now we prove that
P,KSP_ = B*GB, 2.3)
where (1)* = (*)"!. Since expQKC P_ = GB, we have
P.KP_ = P,GB.
It follows that
P,KSP_ = P,KGB = BGB
because K€ normalizes P,. Thus
W= B*GB.

In case that G is compact, obviously W= G€, and as is easily seen, y,
satisfies (2.1) and (2.2).

Henceforth, throughout the paper, the discussions are valid for the compact
case as well as for the noncompact case.

Define a scalar function #, on GB x GB by

H a1, 92) = (93 91) (2.4

Then X4(-, g,), with g, fixed, can be regarded as an element of I',(L,).
We define a scalar function K, on D x D by

KA(Z,, Z—”) = %A(nz’a ﬁz")'

Note that K,(z', z") is holomorphic in the first variable and anti-holomorphic
in the second and that it can be regarded, with n,. fixed, as an element of #,.
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Now we define operators ., and K, on I,(L,) and #, by
(fAf)(g”)=j 9", 9)f(g)dg  for fel,(L,)
G
and

(K, F)(2") =f K, (2", Z)F(2)J,(2)du(z)  for Fe #,,

D

where dg’ is the Haar measure on G and du(z’) is the invariant measure on
D given in §1. Then we have the following commutative diagram:

Iy (Ly) —— #y

| [ &

I5(Ly) — oy,
where the horizontal maps are given by (1.3).

LEMMA 2.1. The weight vector WY,€ I',(L,) has the following property:

Ya(x*) = Yu(x) for xe W,
where denotes the complex conjugation in C.

Proof : We set

() = Ya(x*).

Since the map x+ x* is anti-holomorphic, ¢ is a holomorphic function on W.
First we show that ¢ also enjoys the properties (1.2a-c).

For any he T and xe W we have

(ma(h)p)(x) = $(h™"x)
= Yu(x*h)
= Calh) ™ Ya(x*)
= a9 (x).

For any ne N and xe W we have

d(nx) = Ya(x*n*)
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-1 N
= SA(n*)” M Ya(x*)

= Yu(x*)
¢ (x).

Obviously ¢(e) = 1. Thus ¢ satisfies (1.2a-c).
Next we show that ¢ is an element of I',(L,).

Note that (n7)*eN for n”eN~. Then for any xe Wand b=tnh"€B =
TEN~

d(xb) = Yu((n™)*1*x*)
= Ya(r*x*)
= &%) T Yalx*)

= &A1) 7T Pu(x*)
= Ea(b) " P(x),

because &,(t) = E4(t) 1 and Y, (t*x*) = E,4(t*) " (x*) for te TC.

Hence the uniqueness of the element of I',(L,) which satisfies (1.la-c)
implies that ¢ = ,. This completes the proof. H

Now we can prove that /£, and K, are the identity operators.
PROPOSITION 2.2. X, is the identity operator on the Hilbert space I',(L ,) i.e.
Anf=f for fel,(L,).
Proof: First we show that A, is a scalar operator. Since I,(L,) is an
irreducible representation of G, it is sufficient, by Schur’s lemma, to show that

TA(g) o Ay = A pom 4(g) for all geG. (2.5)

For any ferl,(L,)
(A (A ANG") = (K5 f)g™ " g")

=j Hag™ 9", 3)f(g)dg
G
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r

= | Hulg", 99')f(g')dg’

JG

r

= | A" 3)f(g""g)dg,

JG

»

= | Halg" §)(ma9))g')dy’

JG

= (Ha(ma(9) NG")-

Thus (2.5) implies that ), = cI(3ce C) where I denotes the identity operator.
Now applying %, to y,, we have

c= j IV A(g)I?dg’ =1,

where we used (1.2c) and Lemma 2.1. B
COROLLARY 2.3. K, is the identity operator on #, ie.

K,F=F for Fei#,.

3 Path Integrals

In this section we calculate path integrals on the flag maniforld G/T. Let

A=./—14. We extend A to an element of the dual space of g€ which
vanishes on the orthogonal complement of §€ in g€ with respect to the Killing
form.

For any ge NB we can decompose it as

g=n,n,t  where n,eN,n,eN~,teTC. (3.1

Recall that in §1 we have parametrized n, and n, as

n,=exp Y, z,E,,

acAt

n, =exp Y w,E_,.

acA

LEMMA 3.1. For any ge GNNB, if we decompose it as g = n,n, t(see (3.1)),
then we can express w in terms of z and Z.

Proof : For any g = n,n, t, since g*g = e,

t*(n, Y*n¥n,n, t =e. (3.2)
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Decomposing n¥n, = n,;n,t,, we substiture it into (3.2).
e = t¥(n, )*n nyton, t
= t*(n, )*n t* L t*nyt* T t*ton,, (E5tg) Tt ot

Thus

n, =y = n(nfn,) = n(nz 'n,)

by the uniqueness of the decomposition (3.1). H

We denote w in the above lemma by w(z, z). For any zeD, we put

g(Z, Z) = nznv;(z,z_)'

Let d denote the exterior derivative on D. We decompose it as d = 0 + 0,
where 0 and 0 are holomorphic part and anti-holomorphic part of d,

respectively.
Define

0 =Aig 'dg) = A(n, 'n;'on,n;) + A(t™'dt),
where g = n,n, teG. And we choose
o= A(n, 'n;ton,ny).
For any Yeg, the Hamiltonian function is given by
Hy(g) = <Ad*(9)4, Y) = CAd*(9(z, 2))4, Y),
where g = g(z, 2)teG.
We need some lemmas to compute the path integrals.
LEeMA 3.2. For any ge GNNB, if we decompose it as (3.1):
g=nn,t  where n,eN,n,eN", teTC,
then
Ka(z, 2) = E4(*0).
Therefore we have
Ja2) =Ky(z, )71
Proof : Clearly
Ya(n¥n.) = Eh(n¥n,) ™

The fact that ge G implies that

(3.3)
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(ng)*n¥n.ng, = (t*1)7, (3.4)

hence

Uallny, )*nEnzny ) = & A(t%0).
Since (n,)*e N and &,(n,) =1, Y,((n, )*n*n,n,) = Y,(n*n,). Therefore

Ya(n¥n,) = EA(t*0). (3.5)
It follows from (3.3) and (3.5) that

Ealh(n¥n,)) = E4(t* )71

= &40 72
= [&A(h(g)| 2
= J,(2).

From (3.5) we have K (z, z) = &,(t*t). W
PROPOSITION 3.3. If we decompose g = n,n, te GNNB as (3.1), then
A(ny, " 'n7ton,ny ) = — A((tt*)”1o(tt*))
= — 0log K,(z, 2).
Proof : From (3.4) we obtain
(tt*) 1 o(et*) = a(ee*)(er*) ™!
st g )

w

= —{n, 'onyn, "~
+n, " tn;tonn; tn¥ " (n, !
+ny, "ins e tonnt T (ng)* !

+ng T ins InE T (ng YT 0(ng )* (¥ T (ny )*ndnony

= —n; " 'ony —n; " n7ton,n, — tt*o(ny )*(ny ¥ T (et*) 7,

because dn¥ = 0 and (n,, )*n*n,n, = (tt*)~'. Since (A4, X) =0 for Xen* or
n~, the statement follows immediately from Lemma 3.2. W
It follows from Proposition 3.3 that a = — ./ — 10log K,(z, 2).

Now we consider the Hamiltonian part of the action. Let
Ki(2) = Ku(z, W)

and regard it as an element of J#,.
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For any X eg® we decompose it as X = X, + H+ X_ with X, en*
and Heh®. Then we put H(X)= H.
LEMMA 3.4. For any X egS, using the above notation, we have
Ealh(expeX) = ExlexpeH (X)) + O(e?)

for sufficiently small e.
Proof : Decompose X as X =X, + H+ X_. Then

exp(eX) = exp(eX . )exp(eH)exp(eX_) + O(e?).
Since £,(h(+)) is holomorphic at e, the statement follows. W

LEMMA 3.5. For any Xeg€ and g = n,n, te GNNB, using the above notation,
we have

(Ualexp eX)K5)(2) = Kx(2)¢a(h(g™ " expeXg)), (3.6)
for sufficiently small e.
Proof : The left hand side of (3.6) is equal to
Ya(n¥ exp(— eX)n,) = Y,(t*(n, )*n¥ exp(— eX)nn 1t~ (t*)71)
= Yalg ™" exp(— eX)gt ™' (1*) ")
= SAt*)Ya(g ™' exp(— eX)g)
= K:(2)Ya(g ™" exp(— eX)g)
= Kx(2)¢4(h(g™ ' exp(eX)g)).

This completes the proof. M

We put z, =z and zy = z’. First we compute the path integrals without
Hamiltonians. Taking the same paths as in [6], we generalize Propositions
6.1 and 6.2 in [6] as follows:

f@(z, Z)exp(./— 1 JTy*oc)
0

N-1
lim f J Il d,u(z,-)exp(
N-owo Jp D i=1 k
N

-1 N >
lim f H d,u(zi)exp< Z 10gKA(z"’—z"_‘1)>
N-ow Jp p i=1 k=1 Igdzk—l,zk—l)

T

J olog K,(z(¢), 5k-1)>
1 Je1p

2=

M=
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Ka(zk> Z-1)

- N
lim j du(z; - . = %
N-o Jp D kUI Ka(z- 15 Zk—1)

N-1 N
lim j J Ja(zo) H Ja(z;)du(z;) U Ka(Zk> Zk-1)

N> i=1

Ja(2)Kp(2', 2),

where we used Lemma 3.2 and Corollary 2.3.

Next, for any Yeg, we quantize the Hamilton H, by choosing the
following ordering:

21z, Z—Z_y. (*)

In [6] we proposed to compute the path integral in the following way:

j@(z, z‘)exp(\ /—1 Jv y*¥a — Hy(g(z, z"))dt)
0

- limJ J I du(z)exp(Z 10g~—IM>
D D i=

N~ 1 Ka(zx-15> Zxk-1)

N T
X exP( Y, A(Ad(g(zy, Z-,) 7! Y)ﬁ>
k=1

However, this integral diverges. Therefore we replace

N T - -
e A (Ad((z, 2k~ 1)) TYINTIN) — CA<CXpH(—]\7 Ad(g(zk, Zk—l)) 1 Y>)

éA(h(exp< %Ad(g(zk, Z-1))” ! Y>>> (%)

Then our path integral, which generalizes the path integral given in [7],
becomes

by

N-1 N
lim j f Ja(2o) l—[ Ja(z)du(z) l—l Ka(zys Z-1)
D D

N— o i=1 k=1

X éx(h(eXp(%Ad(g(zk, Z‘k-l)_’)Y>>>. (3.7)

By Lemma 3.5, we see that
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7 =" /! ="\ — T ’ =1
Ku(Z, z )CA<h(g(z, z") ICXPN Yyg(z, 2 )))
is extended to the function

wA<n:~ exp(— = Y)n,)

defined on D x D which is holomorphic in z' and anti-holomorphic in z”. To
proceed further, we need the following

ProrosITION 3.6. For any Xeg and ¢, 9" €GB,
f Ya(nFg")Ya(g™* exp Xn,) Jy(z)du(z)
D
= J Ya(nZ exp Xg")Walg'*n.) J4(2)du(z).
D
Proof : Since A omy=myo A,
f HAG", YA alexp Xg, §')dg = J Haexp Xg', §)H alg, 9)dg.  (3.8)
G/T G/T
Rewriting both sides of (3.8) in terms of y,,
f Ya(t*(ny, )*nZ g")Yalg™ exp Xn n,, 1)du(z)
D
= J Ya(t* (ny, )*n¥ exp Xg")Ya(g*n.n,, t)du(z).
D

It follows from (2.1) and (2.2) that

J Ya(nZg")alg™ exp Xn.)4(t* 1) du(2)
D

= f Ya(n¥ exp Xg"Walg™* n.)Ea(t*0) ™ dp().
D
The proposition now follows from Lemma 3.2. W
Now, applying Proposition 3.6 to the path integral by taking — (T/N)Y,

exp(T/N)Y)n,, _, as X, g” in the proposition, for each k, respectively, we
get that (3.7) equals
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Ja@Ya(nzexp(— TY)n,)
= Ja(@) H p(exp(— TY)n,., n.).

Furthermore, by Corollary 2.3, we have
f Ja(@) A pexp(— T Y)n,., n7)F(2)du(z) = (Up(exp(T Y))F)(z')
D

for any Fe #,.
Thus we have obtained the following theorem.

THEOREM 3.7. For any Yegq, choosing the ordering (x) and taking the
regularization (x%), the path integral of the Hamiltonian H, gives the kernel
function of the operator U,(exp(TY)).

Remark. 1In the case that G is compact, Theorem 3.7 is valid for any YegC,
because Proposition 3.6 holds for any X eg® in this case.
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