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0. Introduction

Theories of modules with finite local cohomology have been developed
during the last decade under the influence of the advance of the theory of
Buchsbaum modules (see, e.g., [33], [34], [28]). One of the main purpose
of this paper is to give a new perspective of such a theory for equidimensional
and locally Cohen-Macaulay schemes in P". The main objective of this work
is bounding Castelnuovo’s regularity and the genus of such schemes. For
getting these bounds we describe two approaches: We reduce our problem
to the case of points with the Uniform Position property by cutting with
sufficiently general linear subspaces, and we apply our results of §2. On the
other hand, we study annihilators of local cohomology. Using this approach
we will improve Castelnuovo bounds proved, e.g., in [30], [21], [1]. These
sharper bounds yield some applications. For example, we solve the problem
posed in [31] on p. 367 (see our corollary 3.5). Moreover, both approaches
provide a motivation for a new structure which is obtained by introducing
(k, £)-Buchsbaum (modules) schemes (see also [14]). Therefore an aim of this
paper is also to extend to (k, £)-Buchsbaum schemes some of the results known
for arithmetically Buchsbaum subschemes in P". For example, this yields new
upper bounds even for the genus of curves in P* not contained in any surface
of degree <s.
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preparation of this paper.

1. Notations and preliminary results

Throughout this paper we work over an algebraically closed field of
characteristic zero. We set §=K[X,,...,X,], m=(X,,...,X,)=S and
P" = Proj (S). We restrict our attention to subschemes of P" which are
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equidimensional and locally Cohen-Macaulay (this will be understood from
now on). Given a subscheme X < P, we denote by Iy (resp. I(X)) the ideal
sheaf (resp. the defining ideal) of X. For a coherent sheaf F on X, F(n) as
usual will be F® Ox(n) and let h'F(n) = dimgH (X, F(n)). Finally, given a
sheaf E on P" we denote by H:E the graded S-module @,H'(P", E(t)) and
we will say that E is m-regular if H'E(m —i)=0 for i =1,...,n (see [27],
Definition 1 and Theorem 2).

DEerINITION 1.1 ([11], [23]). A subscheme X — P" of codimension r is
called k-Buchsbaum if and only if m*HLIy =0 for all i=1,...,n —r. We will
say that X is strictly k-Buchsbaum if it is k-Buchsbaum but not
(k — 1)-Buchsbaum.

ReEMARK 1.1.1. Let X < P" be a subscheme. If X is arithmetically
Buchsbaum in the sense of [28] then X is 1-Buchsbaum. It follows from
[28] by applying Proposition 1.2.1 and I.2.23 the following fact: X is
arithmetically Buchsbaum if and only if X is 1-Buchsbaum and XnH is
1-Buchsbaum for all linear subspaces H < P" with dim(XnH)=dim X —
codim H and codim H < dim X, that is, X is arithmetically Buchsbaum if and
only if

mH2 Iy g =0

for any linear subspace H < P" with dim (X nH) = dim X — codim H and for
all p=1,...,dim(XnH). This shows that Proposition 0.9 of [10] is not
correctly stated.

ReMARK 1.1.2. It follows from [11] that if X = P" is a k-Buchsbaum
subscheme and H < P" is a general hyperplane, then XnH is 2k-
Buchsbaum. However, in general, the property of being k-Buchsbaum is not
preserved when we cut with a general hyperplane. Hence, it makes sense the
following definition:

DEerFINITION 1.2. Let X < P" be a subscheme of codimension r. X is
(k, £)-Buchsbaum, o < ¢ < n —r, if the following conditions hold:

(a) X is a k-Buchsbaum subscheme of P",

(b) XnH is a k-Buchsbaum subscheme for all general (in the sense of
[15]) linear subspaces H = P" of dimension > n — .

REMARK 1.2.1. (a) Any k-Buchsbaum curve X < P" is a (k, 1)-Buchsbaum
curve. However, there exist examples of k-Buchsbaum subschemes X < P" of
dimension > 1 which are not (k, 1)-Buchsbaum subschemes.

(b) If k=1 then the (1, /)-Buchsbaum property does yield the theory of
Z-Buchsbaum schemes as developed in [25].
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Finally, we recall some known results on finite sets of points needed later
on.

Given a closed subscheme X < P", we will denote by Hy the Hilbert
function of X, i.e. Hy(n) = dimg(S/I(X)),, where (S/I(X)), is the n-th graded
component of the homogeneous coordinate ring of X. The first differences
of the Hilbert function will be denoted by 4Hy(n) = Hy(n) — Hx(n — 1).

DEerFINITION 1.3 ([20]). A set X < P" of points has the Uniform Position
Property (UPP for short) if for any subset X’ of X of d' points and any
n>0, it is Hy(n) = min (d’, Hy(n)).

LemMA 1.4 Let X < P" be a reduced, irreducible, nondegenerate
subscheme of codimension r and degree d. Then, XNnL, is a set of d points
with the UPP, for all general linear subspaces of dimension r.

Proor. It follows from Bertini’s theorem and the uniform position lemma
for a general hyperplane section of a curve ([20]).

For any 0 <a, beZ, we set [a/b]:=max {teZ|a >tb}. Finally, given
a set X < P" of d points, we denote §(X):= min {t| Hy(t) = d}.

LEmMMA 1.5 (See [26], Lemma 4). Let X < P", n > 2, be a set of d points
with the UPP spanning P". Assume that X is not lying on a hypersurface
of degree < s and set

e (1)) )
fun(() )

n+s—1
Then, we have 0 <p <s—1 and 5(X)s(s—1)[(d—1)/<< )
n

- 1)] +p

LEmMMA 1.6 ([20]). Let X < P" be a set of d points with the UPP. Then,
for any integers t,,...,t, one has Hy(t; + --- +t,) > min(d, .- | Hx(t)—m+1).

2. Numerical invariants

In a recent years there has been a great deal of work on the subject of
arithmetically Buchsbaum (briefly a.B.) subschemes and, in particular, on
2-codimensional a.B. subschemes in P* as a natural extension of arithmetically
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Cohen-Macaulay 2-codimensional subschemes in P". A sample of the kind
of problems considered may be found in [2-10], [12], [16-18], [22-24], [29],
[32]. The purpose of the following sections is to extend and to improve
these considerations by studying the following numerical invariants.
Given a reduced, irreducible, non-degenerate subscheme X = P” of codimension
r, we will use the following notations:
d =d(X) = degree of X
g = g(X) = geometric genus of X
s = s(X) = min {t| H*(P", I4(t)) # 0}
e=e(X)=max {t|H" " 1(P", Ix(1)) # 0}
¢; =ci(X)=max {t| H(P", Ix(t)) # 0} for i=1,...,n—r
b; = b(X) = min {¢t| H(P", Ix(t) #0} for i=1,...,n—r (c;=b;= — o0, if
H. Iy =0) and
r=r(X)=min {t| H(P", Iy(t — i)) = 0 for i = 1,...,n} index of regularity (in
the sense of Castelnuovo-Mumford) or Castelnuovo’s regularity.
Note that b;<c; and r>c;+ 1 +ifori=1,...,n—r
Before proving the main results of this section, we will give the following
technical but key lemma which we needed in the sequel.

LemMa 2.1. Let X < P" be a k-Buchsbaum subscheme of codimension r
and k> 1. Assume that H'(P", Iy(t)) #0 for some teZ and ie{l,...,r}.
Then:

(a) For some t<p<t+k—1 there exists 0# xeH'I(p) such that x is
annihilated by all Lem.

(b) For some t—k+1<p<t there exists xeH'Iy(p) such that x¢
mH'Iy(p — 1).

Proor. (a) We argue by contradiction. If (a) does not hold, then for
any 0 # xe€ H'I,(t) there exist linear forms L,,...,L, such that (L,---L,)x # 0,
contradicting k-Buchsbaum.

(b) We also argue by contradiction. Let 0 # xe H'I,(t), then there exist
ag ', in H'Iy(t —1) such that x =37  x;¢i"'. But each o« '€
HiI4(t — 1) can be written as a linear combination of elements in H'I(t — 2)
with coefficients x,,...,x,. Continuing in this way we get 0 # x = xhof*

k t—k : t—k i k +n : st
+ o X0 with o "eH'Iy(t — k)| y = , , again contradicting
k-Buchsbaum.

ProprosITION 2.2. Let X < P" be a k-Buchsbaum subscheme of codimen-
sion r and k> 1. Then: s(X) — k < s(XNH) < s(X) and b,(X nH) < b;(X) for
i=1,...,n—r—1 and for all general hyperplane H < P".

Proor. Obviously s(XNH) <s(X) and b(XnH)<by(X) for i=1,...,
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n—r— 1. Let Lbe a linear form defining H, let ¢ = s(XNH), and let F be
a general form of degree k. We have the commutative diagram:

HIy0) — H'lyulo) — H'Lyo—1) — H'Ix(0)

| N |

HIy(o + k)THOIXnH(o+ k)THllx(a +k— 1)—?H11X(o + k)

Let 0# xeH%Iy,4(0c). By commutativity, 0= Fg(x) = gF(x). Hence
0 # F(x)eKer(g), i.e. there exists 0 # ze HIy(o + k) such that h(z) = F(x).
So s(X) <o +k

As a consequence we have the following lower bound for the degree:

CorROLLARY 2.3. Let X = P" be an irreducible, reduced, non-degenerate
subscheme of codimension r. Assume that X is (k, £)-Buchsbaum, 0 </ <n—r.

r+s —1

Then, d = d(X) > ( ) where s':=max (2, s — (/ — Dk — 2"~ ' 7"k).

s’ —
Proor. Consider a generic section X':= XNnL, of X with a sufficiently
general linear space L, of dimension r where we set L,=H,n---nH,_,. By
Bertini’s theorem, X’ is not lying on a linear space of dimension r — 1. On
the other hand, it follows from remark 1.1.2, definition 1.2 and proposition
2.2 that X"’ is not lying on a hypersurface of degree <s — (£ — 1)k — 2"~ *"k.
Thus, X' is not lying on a hypersurface of degree < s'. Hence,
r+s —1
d=d(X)=d(X’)2< , )
s —1
ProPOSITION 2.4. Let X <= P" be a k-Buchsbaum subscheme of codimen-
sion r and k> 1. Then:
(a) eX)=c,_,(X)—k—1
b) ¢, (X)—k+1<e(XnH) and ¢;(X)—k+1<c¢(XnH) for i=1,...,
n—r—1 and for all general hyperplane H < P".
(c) e(X)+1<e(XnH)<e(X)+ k+1 for all general hyperplane H = P".

PrROOF. (a) Suppose that H" "*'I,(t)=0 for all n>c,_,—k—1.
Therefore, for all general hyperplane H = P" we have the exact cohomology
sequence::

H™ " Ix(t) — H" "Ix(t + 1) — H" " Ixou(t + 1) — 0

forall t >¢,_.(X)—k—1. Bylemma 2.1, for some t > c,_,(X)— k + 1 there
exists xe H" "I, (t) such that x¢ mH" "Ix(t — 1). Now, take two linear forms
L, and L,, we have the commutative diagram:
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H""Ix(t = 2) = H""Ix(t = 1) —> H" "lyqp(t = 1) —0

le J'Lz ng

H* It — 1) = H"7"Ix(0) - H" "Ixnu(t) —0
|
0

Let xe H" "I4(t) be as indicated. In particular, f(x) #0. Since g and
h are surjective, there exists 0 # ye H" "I(t — 1) such that g(h(y))) = f(x).
Moreover, f(L,y)=f(x) by commutativity. Hence, (L,y — x)eKer(f)=
Im (L,), i.e. there exists ze H" "Ix(t — 1) such that x = L,y — L, z, contradic-
ting the choice of x.

(b) For all general hyperplane H = P" and for all n > ¢;,(X n H) we have
Hily(n — 1) — H'Iy(n) — H'Iy,yz(n) = 0.
Taking k-times H, we get
H'ly(n—1)— H'Iy(n + k — 1) — 0.

By hypothesis, X is k-Buchsbaum. Thus, Hly(n+k—1)=0 for
n>c,(XnH). Equivalently, ¢,(X)—k+ 1 <c¢,(XnH). Similarly, we prove
Cpr(X) —k+1<e(XnH).

(¢) From the surjective map
H" " Ixau(e(X) + 1) — H" " 1y (e(X)) — 0,

we get e(X)+ 1 <e(XnH). To proving that e(XnH)<e(X)+k+1 we
argue by contradiction. If not, H" "Iy (e(X) + k + 2) #0 and hence we
have H" "Iy(e(X)+ k+2)#0 that is to say c,_,>e(X)+ k+ 2 which
contradicts (a).

REMARK. Let X < P"” be a k-Buchsbaum subscheme of codimension r
with k> 1. Is then e(X)>s(X)—(n—r+ 1)(k + 1)?

Proposition 2.4 has an interesting consequence which will be used in next
section.

COROLLARY 2.5. Let X < P" be a k-Buchsbaum subscheme of codimen-
sion r with k> 1. If XnH is m-regular; then X is (m + k — 1)-regular.

Proor. It follows from Proposition 2.4.
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3. Bounds for Castelnuovo’s regularity

A. Castelnuovo bounds for (k, £)-Buchsbaum schemes in P".

Using the results of §2 we will give a bound for Castelnuovo’s regularity
of the ideal sheaf of (k, £)-Buchsbaum subschemes of P". Examples show that
the bounds of the following theorem are optimal.

THEOREM 3.1. Let k>1 be an integer. Let X < P" be an irreducible,
reduced, non-degenerate subscheme of codimension r. Assume that X is
(k, £)-Buchsbaum, 0 </ <n —r. Then, we have:

r+s—1 T
r(X)S(S’—l)[(d(X)—l)/<< ¢ >—1> +p+ 14+ aX),

where §':=max (2, s — (£ — )k —2""*7"k),

, r+d r+s—1 [ rts -l
pemmin ez (") s ao0-1-((7 ) 20) - (7

— 1>:|}, and a(X):=k(/+1)—n+r+ 2k "1 - 1).

Proor. As in Corollary 2.3 we have that a generic section X':= XnL,
of X with a sufficiently general linear space L, = H,n---nH,_, of dimension
r is a set of points not lying on a hypersurface of degree <s. By lemma
1.4, X’ is a set of points with the UPP. Hence lemma 1.5, definition 1.2,
remark 1.1.2 and corollary 2.5 yield our bound.

In the following examples we will see that there exist curves in P3, surfaces
in P*, and three-folds in P° which reach the bounds given in Theorem
3.1. Unfortunately, we do not know in general how good the bounds of
Theorem 3.1 are.

ExampLE 3.1.1. (a) Let C = P3 be a general smooth connected rational

quartic. It is well known that C is (1, 1)-Buchsbaum, s(C) =s'(C) =2, p =1,
o =0 and r =3. Hence, this example shows that the bounds of Theorem 3.1
are sharp.
(b) Let C = P3 be a general smooth connected rational quintic. By [23]
Corollary 2.10 C is (2, 1)-Buchsbaum. Moreover, an easy calculation shows
that s(C)=3, s(C)=2, p=0, a =1 and r=4. Hence, this example also
shows that the bounds of Theorem 3.1 are sharp.

ExAMPLE 3.1.2. Let X = P* be the Veronese surface in P*. Using the
following locally free resolution of its ideal sheaf I:

0 —20p: —> QL.(2) — I4(3) — 0
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we can prove that X is (1, 2)-Buchsbaum and r(X) = 3.

On the other hand, s(X)=3, s5(X)=2, p=1, and a =0. Thus, the
Veronese in P* gives an example proving that the bounds of Theorem 3.1
are optimal.

ExampLE 3.1.3. Let X < P° be a smooth connected three-fold in P> such
that its ideal sheaf I, has a locally free resolution of the following kind:

0—>20ps —> Q}s(2) — Ix(4) — 0

One can easily compute that X is (1, 3)-Buchsbaum, r(X) =4, s(X) = 4,
§(X)=2,p=0, and « =0. Thus, X gives us an example proving that the
bounds of Theorem 3.1 are optimal.

ReEMARK 3.1.4. Let X < P" be an irreducible, reduced, non-degenerate
subscheme. The Castelnuovo’s bounds of Theorem 3.1 are given in terms of
d(X) and s(X). For codimension 2 subschemes, using the well known
correspondance between codimension 2 subschemes in P" and rank 2 reflexive
sheaves and applying the vanishing results on cohomology given in [23]
Proposition 1.4 and Proposition 1.5, we can find stronger Castelnuovo’s bounds
in terms of d(X), s(X), and e(X). See [23], Theorem 3.1 and Theorem 3.3,
for the case of curves in P3.

Finally, we want to state two special cases of theorem 3.1.

COROLLARY 3.1.5: Let X < P" be an irreducible, reduced, non-degenerate
subscheme of codimension r. Assume that X is (k, n — r)-Buchsbaum with
k>1. Then we have

r(X) < {degree X — 1/codim X} + (n—r)(k— 1)+ L

Applying this bound to curves in P" we get an upper and lower bound for
k. For this we introduce the following notation. If I(X) is the defining ideal
of a subscheme X of P", we denote by m(X) the highest degree of the
homogeneous elements in a minimal basis of I(X). Using corollary 3.1.5,
remark 1.2.1, (a) and some well-known results we get

CorROLLARY 3.1.6. Let X < P" be an irreducible, reduced and non-
degenerate curve. Let k>1 be an integer such that X is strictly
k-Buchsbaum. Then we obtain the following bounds for k:

m(X) — {degree X — 1/codim X } < r(X) — {degree X — 1/codim X}
<k<r(X)—2<degree X —codim X — 1.

B. Castelnuovo bounds for equidimensional and locally Cohen-Macaulay
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schemes in P”".

The aim of this section is to improve bounds for Castelnuovo’s regularity
stated in [30], [21], [1]. Moreover, we will describe some applications of
these new bounds. For example, we give an afirmative answer to the problem
posed in [31] on p. 367. Before stating our main results, we give some general
observations.

Let A= @ A, be a graded k-algebra, i.e., A, =K and A is generated as a
n>0

K-algebra by A;,. Let M = @ M, be a graded A-module. The i-th local

nez

cohomology module of M with support in the irrelevant ideal P:= @ A4,,

n>0

denoted by HjL(M), is also a graded A-module. Let [M]; denote the i-th
graded part of M, ie., [M],=M,.

For an integer p, let M(p) denote the graded A-module whose underlying
module is the same as that of M and whose grading is given by
[M(p)]; = [M],+; for all integers i. Moreover, we will study the following
numerical invariants

e(M):=sup {neZ such that [M], # 0}.
This invariant is connected with e(X) and c¢;(X) for schemes X.
AMHp(M)):=inf {reN such that P"- H,(M) = 0},
d—1

i

d—-1
AM):= Z <
where d > 0 is the Krull-dimension of M,

1 if H;',(M)an}
0 if HiM)=0)"

>/1(H§=(M)),

sgn H},(M):z{

Finally, we introduce some more notations. Let X be a subscheme of P”
with defining ideal I(X) < S:= K[x,,...,x,]. Consider the K-algebra A4 =
S/I(X). Then Castelnuovo’s regularity reg(A4) of A is defined by r(X)— 1
where r(X) is the index of regularity of X (see section 2). If a is any
homogeneous ideal of S, we put

a: g(P) ={seS§/3teZ such that P'-s < a}.
Moreover, we set for integers a, b > 0

{a/b}:=inf {teN with a <¢-b}.

We will prove the following two statements.
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THEOREM 3.2. Let 4 = K[x,,...,x,]/p be a graded and locally Cohen-
Macaulay K-algebra where p is a homogeneous prime ideal of the polynomial
ring S:= K[xg,...,X,] such that p does not contain forms of degree 1 and
Krull-dim 4 =d > 2. Then we have the following bound for Castelnuovo’s
regularity

’ a-1
reg A < {degree p — 1/codim p} + A(A) — Y. sgn Hp(A).
i=1
THEOREM 3.3: Let K be any infinite field. Let 4 = K[xq,...,x,]/a be
an equidimensional and locally Cohen-Macaulay graded K-algebra of
Krull-dimension d > 1. Then we have the following bound for Castelnuovo’s
regularity

d—1
reg A < degree a + A(4) — ), sgn Hp(A).
i=0
Before embarking on the proofs of these statements we must prove a key
lemma which is connected with our Proposition 2.4, (b).

Lemma 3.4. Let A be a graded K-algebra of Krull-dimension d > 1. Let
xe[A]; be any parameter for A. Assume that length ,([0: ,x]) < 0. Then
we have e(HL(A)) < e(H5(A/xA)) + A(HL(4)) — 1 for all i > 0.

ProoF. There is not loss of generality in assuming that H.(A4) # 0 and
A(HL(A)) < co. We set p:= e(HL(A4)), q:= e(H5(A/xA)) and 1:= A(H5(A)) > 1.
We suppose p > q + 4 and look for a contradiction. Consider the following
exact sequence (see, e.g., lemma 2.3 of [33]) for i > 0:

[Hp(4)];-1 == [Hp(4)]; — [Hp(4/xA)];.

Hence we have for all j > g+ 1

[H5(A)];-, > [Hi(4)], — 0.

Take an element 0 # ue[Hp(4)],. Since A>1 we have by assumption that
p>q+ 1. Therefore there is an element, say u,e[Hp(4)],-, such that
u=uy-x. If A>2 then there is an element u,e[Hp(A)],-, such that
u; = u,x, that is, u = u,x>. Finally we get u=u,x* where u;e[Hp(A4)],-;.
Since P*H(A) =0 we obtain a contradiction u = 0, g.e.d.

Proor oF THEOREM 3.2. We induct on d. First we have to prove the
result in case d = 2. Then, by the General Position Lemma [19], (2.13)-(2.16),
there is a generic form, say xe[A]; such that A'= A4/x-A: (P) has the
following Castelnuovo bound (see also lemma 1 of [30])
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reg A’ < {degree p — 1/codim p}.
Moreover, we have
reg A =reg A/xA = max {reg A', e(H3(A4/xA))}.

We consider again the exact sequence

0 — HP(A/xA) — Hp(A)(— 1) = Hp(A) — Hp(A/x) — -
Hence we obtain
e(Hp(A/xA)) < 1 + e(Hp(A))
< 1+ e(HNA/xA)) + A(HL(A)) — 1 by lemma 3.4
<reg A + A(Hp(A)) — 1
Therefore we get
reg A < max {reg A', reg A’ + A(Hp(4)) — 1}
=reg A + A(HL(A)) — 1
< {degree p — 1/codim p} + A(Hp(A4)) — sgn Hp(A).

This completes the proof in case d = 2.

Let d > 3. Applying theorem 5.5 of [15] we choose a generic linear form ¢
of S such that (p +¢-S): (P) is a prime ideal, say q. Moreover, we have
degree g = degree p, codim p = codim g, and g contains no linear forms (see
lemma 3 of [30]). Therefore we get by induction

d-2
reg S/q < {degree p — 1/codim p} + A(S/q) — > sgn Hx(S/q).

i=1

Hence we obtain by using lemma 3.4 and the above observations in case d = 2:

reg A =reg A/{ - A = max {reg S/q, e(Hp(A/xA))}
< reg S/q + A(Hp(A)) — sgn Hp(4)
< {degree (p) — 1/codim p} + A(S/q) + A(H}(A)

d—2
— (X sgn Hp(S/q) + sgn Hp(4)).

i=1

Consider again the exact sequence

Hi(A) — Hb(S/q) — H 1 (A)(— 1) 45 HE 1(4)
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for 1 <i<d-—2. Then it follows that
A(S/q) + A(Hp(A)) < A(A).

Moreove, if Hi(S/q) =0 then we get Hi*!(4) =0, that is, sgn Hp(S/q) >
sgn Hy*1(A) for 1 <i<d—2. Therefore we obtain
d-1

reg A < {degree p — 1/codim p} + A(A) — Z sgn HL(A).

i=1
This concludes the proof of theorem 3.2, g.e.d.

PrROOF OF THEOREM 3.3. We induct on d. The case d =1 follows from
theorem 2 of [30] since sgn Ha(4) < 1. Let d > 2. Take an element xe[A],
such that 0: ,x =0: ,(P)». Then we get from lemma 2.3 of [33]:

reg A = max {reg A/xA, e(Hp(A)}.
Applying lemma 3.4 we obtain
e(Hp(A)) < e(Hp(A/xA)) + A(Hp(A)) — 1
<reg A/xA + A(H3(4)) — 1.

Therefore we have:

reg A <reg A/xA + A(HP(A)) — sgn HD(A)
< degree (a + x - S) + A(A/xA) — diz sgn HL(A/xA)
+ A(Hp(A)) — sgn H3(A), by induction
< degree a + A(A) — dil sgn Hi(A)
i=0
by Bézout’s theorem and using the same arguments as in the proof of theorem
3.2. This completes the proof of theorem 3.3, g.e.d.

We will conclude this section by describing some applications and studying
some examples. First, we will solve the problem posed in [31] on p. 367. Let
V be a reduced, irreducible and nondegenerate subvariety of P". Let
p < K[xq,...,x,] =:S be the defining prime ideal of V. We set 4 =S/p.
Following [31] V is said to be a variety with minimal syzygies of maximal
degree if Castelnuovo’s regularity of 4 is given by

reg A = {degree p — 1/codim p} + A(A).
The problem of [31] on p. 367 is to describe the locally Cohen-Macaulay
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varieties with minimal syzygies of maximal degree. Applying our theorem 3.2
we give the following affirmative answer to this problem.

CoroLLARY 3.5. If V is a variety with minimal syzygies of maximal
degree then V is arithmetically Cohen-Macaulay.

Proor. The above definition and theorem 3.2 yield the following relation:

reg A = {degree p — 1/codim p} + A(A)
d—1
< {degree p — 1/codim p} + A(A) — >, sgn Hp(A).
i=1
Hence we get Hy(A) =0 for all i=1,...,d — 1; that is, 4 is Cohen-Macaulay,
g.e.d.

The next application gives new Castelnuovo bounds even for curves in
P". Let C be a reduced, irreducible and non-degenerate curve of P". In the
sense of our definition 1.1 such curve C is h-Buchsbaum for some h > 0. Of
course, C is arithmetically Cohen-Macaulay if and only if h = 0. The following
corollary results immediately from theorem 3.2 or 3.1.5.

CorOLLARY 3.6. Let C be a reduced, irreducible and nondegenerate curve of
P". We assume that C is strictly h-Buchsbaum with A > 1. Then we have
for Castelnuovo’s regularity

r(C) < {degree C — 1/codim C} + h.
In genereal, this bound is sharper than degree C-codim C + 1 (see example 3.8).

ExaMpLE 3.7. Consider the smooth and rational curves I'y in P? given
parametrically by

{s¥, sV, stV )

It is well-known that I'y is strictly (N — 3)-Buchsbaum (see, e.g., [13], [23],
[14]). Hence we get for Castelnuovo’s regularity r(I'y) < {N — 1/2} + N — 3.

Hence the case N = 5 shows that the bound stated in theorem 3.2 and corollary
3.6 is sharp. Of course, r(I'y) < N — 1.

ExamPLE 3.8. Let a,b > 1 be integers and d > a + b — 1. Consider the
curves C in P**®~! given parametrically by

{Sd’ sl s Sbtd—b,”"td}'

We set h = max ({d — b — 1/a}, {d —a — 1/b}) — 1. It is then not too difficult
to show that C is strictly h-Buchsbaum. Moreover, we have degree C =d
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and codim C=a+b. Hence we get for h>1 the following bound for
Castelnuovo’s regularity by applying corollary 3.6.

r(C)S{u}+max({d—b— 1/a}, {d —a—1/b}) — 1.
a+b

Using the special structure of these monomial curves we can show that
r(C) <max({d —b—1/a}, {d —a — 1/b}) + 1, which extends results of [35],
corollary 2.

4. Bounds for the genus of certain Buchsbaum schemes in P"

In this section, using the results of section 2 together with theorem 1 and
2 of [26], we will give a bound for the geometric genus of (k, £)-Buchsbaum
subschemes of P". Moreover, we will state an upper bound for the genus of
k-Buchsbaum curves in P3 not contained in any surface of degree < s.

THEOREM 4.1. Let X < P" be an irreducible, reduced, non-degenerate
subscheme of codimension r. Assume that X is (k, /)-Buchsbaum, 0 </ <

n—r. Then we obtain
M j—1 L

J=n

M
g=g(X)S< )d(X)—
n—r

where M := min {teN |hy(t) = d(X)} — 1, s':=max (2, s — (£ — 1)k — 2"~ ¢""k),

and h,’((i(s’—l)+t)=min{d(X), i<<r+,s/;1)—1>+<t+r>} for all
S — r

0<t<s -1

Proor. It follows from [26] Theorem 1 and the fact (see Corollary 2.3)
that a generic section X':= X nL, of X with a sufficiently general linear space
L, of dimension r is not lying on a hypersurface of degree <s'.

For the next theorem we introduce some notations. Let X = P* be a
reduced, irreducible, non-degenerate curve and M(X) = @, H}(P3, I(t)) its
Hartshorne-Rao module. For a linear form Le H°(P3, 0ps(1)), let ®,: M(X)—
M(X)(1) be the induced homomorphism; we set K;(X):= ket &,. Notice that
M(X), and hence K,;(X), is a graded S-module of finite length.

Furthermore, from the exact sequence:
00— Ix(—1)— Iy — Ixng —0

we get
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0— I(X)(— 1) — I(X) — I(XnH) — M(X)(— 1) — M(X)
/
K (X)(=1)

e ~N
0 0

In particular,
Hyog(t + 1) = Hy(t + 1) — Hy(t) — dim K (X), = 4Hx(t + 1) — dim K (X),.

Finally, given a reduced, irreducible, non-degenerate curve X in P3, we
denote b:=min {t|H'(P3, I,(t))#0} and c:=max{t|H (P3, I4(t))# 0}
(c=b= — o0, if C is arithmetically Cohen-Macaulay).

LEMma 4.2. Let X <« P3 be a reduced, irreducible, non-degenerate
curve. It holds:
(a) X is arithmetically Cohen-Macaulay if and only if M(X) =0 if and only
if K;(X)=0 for every Le H°(P3, 0ps(1)).
(b) X is 1-Buchsbaum if and only if M(X)= K (X) for every Le H°(P?,
Ops(1)).
(c) If X is k-Buchsbaum, k >2, then dim K (X) > h'Ix(c) + y(X), where
y(X):=#{i>1|c—ik>b and there exists j, c —ik <j<c—(i— 1)k, with
H'I(j) # 0}.

PrOOF. (a), (b) are well known. (c) follows from lemma 2.1 (a).
Now, we will improve Theorem 4.1 in the case of space curves.

THEOREM 4.3. Let X < P3 be a reduced, irreducible, non-degenerate
curve. Assume that X is k-Buchsbaum, k > 2. Then,

J

M
9.=90) < Md(X) = 3, () = b Ix(©) = 7(X)

where M:=min {teN|hy(t) =d(X)} — 1, s':= max (2, s — k), hy(i(s — 1)+ 1)

) 245 —1 t+2
=m1n{d(X), l<< 5 )—1>+( 5 )} for all 0<t<s —1, and

y(X):=#{i>1|c—ik>b and there exists j,c —ik <j<c— (i — 1)k, with
H'I(j) # 0}.

ProoOF. Consider a general plane section I":= X nH such that [ is a set
of d points with the UPP. Let /> 0. Then, by Riemann-Roch, we have:
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] ¢
dt —g+1 =ho(X, 04(£)) = Hy(() =1 + Z AHy(t) =1+ Z H(t)
=1 =1
‘
+ Z dim K, (X),_;.
=1
Therefore, t

g=dt— fj Hp(t) — dim K (X) <

t=1

i (d— Hp(t)) — dim K (X) <

t=1

i a- Hr 1)) — h*I4(c) — y(X), by lemma 4.2.

On the other hand, since I" is not lying on a curve of degree <s, we

have that hy(t) is a lower estimation of H,(t) (lemma 1.6). So we get:

(See

[1]
£21]
(3]
[4]

[5]
[6]

[7]
[8]

[91

M
g =9(X) < Md(X) — ¥ hx(j) — h'Ix(c) — y(X)

i=1

REMARK 4.3.1. For the case k=1,

g =9(X)<Md(X) - Z hi(j) = X h' (P2, Ix(£))

j= Lez

[26], Theorem 6).
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