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ABSTRACT. Our aim in this paper is to deal with the existence of tangential limits
for monotone functions u in the upper half space R’ of R" satisfying

f |grad u(x)|P w(x)dx < o for any bounded open set D = R},
D

where p>1 and w is a non-negative measurable function on R}. We are mainly
concerned with the case when w(x) = x2™", p > n — 1, and show that u has tangential
limits at boundary points except those in a small set. For this purpose, we first
give a fine limit result for BLD (or p-precise) functions on R, and then apply the
estimate of the oscillations of monotone functions by the p-th means of partial deriva-
tives over balls.

In case w(x) is of the form g(|x|)x?~", we give a condition on g for u to have
a tangential limit at the origin; in case w(x) = g(x,)x?™", the same condition on g
will assure that u has a usual boundary limit at any point of JR’.

1 Introduction

Our aim in this paper is to study the existence of tangential boundary
limits of monotone functions u in the half space R} = {x = (xy,..., X,): X, >
0}, n = 2, which satisfy

1) J [Pu(x)[Px?™"dx < o0 for any bounded open set D = R%,
D
where F denotes the gradient; note that u is locally p-precise in R’ in the

sense of Ohtsuka [16]; see also Ziemer [21]. Here a continuous function u
is said to be monotone (in the sense of Lebesgue) on an open set G = R" if
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max u(x) = max u(x) and min u(x) = min u(x)
D oD D oD

hold for any relatively compact open set D such that D c G (see [4]).
The class of monotone functions is considerably wide. We give some
examples of monotone functions.

ExampLE 1. Harmonic functions on an open set G are monotone in
G. More generally, solutions of a wider class of partial differential equations
are monotone (see Gilbarg-Trudinger [2]).

ExampPLE 2. Weak solutions for variational problems may be monotone;
in particular, weak solutions of the p-Laplacian are monotone. Moreover,
if f is a quasi-regular mapping on G, then the coordinate functions of f
are monotone in G. For these facts, see Heinonen-Kilpeldinen-Martio [3],
Reshetnyak [17], Serrin [18] and Vuorinen [19], [20].

ExaMPLE 3. Let f(r) be a non-increasing (or non-decreasing) continuous
function on (0, o0). If we define u(x) = f(|x — &|) for xe R} and ¢ € OR%,
then u is monotone in R’;.

To evaluate the size of exceptional sets, we use the capacity

Ce.p.o(E; G) = inf f SOPa(ly.)dy,

where E is a subset of an open set G in R", @ is a non-negative measurable
function on (0, o0) and the infimum is taken over all non-negative measurable
functions f such that f =0 outside G and

flx -y f(y)dy 2 1 for every x € E;

see [6] and [14] for the basic properties of capacity. We write C, , ,(E) = 0 if
Cor.oENG;G)=0 for every bounded open set G.

In case w(r)=r?, we write C,,4(E;G) for C,, ,(E;G); if f=0, then we
simply write C, ,(E; G) for C, , 4(E; G).
For y > 1 and & € 0R"}, consider the set

T,() = {x = (x1, .., X,) € Ryt [x — &Y < x,},

which is tangential at £, If lim u(x) = ¢ for every y > 1, then u is said
x—=&,xe Ty(§)

to have a T -limit £ at & (cf. [11]).
Our main aim in this paper is to establish the following result.
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THEOREM 1. If u is a monotone function on R’ satisfying (1) for p >n — 1,
then u has a finite T, -limit at every boundary point except that in a set
E c 0RY} such that C,, ,(E)=0.

The case p =n was treated in [15, Theorem 1]. For the non-tangential
case, we refer to the result by Manfredi and Villamor [5]. For harmonic
functions, see [1], [9], [12]; for weak solutions of the p-Laplacian, see [10].

For a proof of Theorem 1, we need the fact that if u is monotone on
B(x, 2r), then

lu(x) — u(y)|? < Mr?™" J [Pu(z)|Pdz whenever y € B(x, r),
B(x,2r)

where B(x, r) denotes the open ball centered at x with radius . This estimate
is obtained by an application of Sobolev’s inequality over the spherical
surface. For this purpose, we need the restriction p > n — 1; see Manfredi-
Villamor [5, Remark after Lemma 4.1], which is an extension of [20, Corollary
16.7, Chap. IV]).

Condition (1) may not assure the existence of T, -limit at any given point,
which may be assumed to be the origin. In studying the existence of T, -limit
at the origin, we consider a positive non-increasing function g on the half
interval (0, co) satisfying the doubling condition

M™g(t) < gQt) < Mg(t) for t>0

with a positive constant M and the condition

1
V)] J g(t) VP D714t < 0.

0o

For £ € 0R"% and r > 0, set
B.(&n)=RiNBEr) and  B.(r) =B \R.
THEOREM 2. Let g be as above. If u is a monotone function on B,(0, 1)
satisfying
(©) J [Pu(x)IPg(|x])xy"dx < oo
B4(0,1)

for p>n—1, then u has a finite T,-limit at the origin.

We shall also show by an example that condition (2) is necessary for u
to have a finite T, -limit at 0 (see Remark 3 given later).

THEOREM 3. Let g be as above and p>n — 1. If u is a monotone func-
tion on R". satisfying
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4 j |Vu(x)|Pg(x,)xF"dx < oo for every bounded open set D — R%,
D

then u has a finite limit at every boundary point.

2 Preliminary lemmas

Throughout this paper, let M denote various constants independent of
the variables in question.
For a function u on B,(0, N), N > 0, define

o {u(x’, X,), x € B,(0, N),
O %) = u(x’, —x,), x€B_(0,N).

If u is p-precise in B,(0, N), then # is extended to a p-precise function on
B(0, N); see Ziemer [21] for the definition of p-precise functions.

LemmA 1 (cf. [13, Lemma 3]). Let p > 1 and u be a continuous p-precise
function on B,(0, N). Then there exist a constant c¢ depending only on n and
a harmonic function v on B(0, N) such that

—y; ou

5) u(x) = c i X Wy + v()

j=1 JB(0,N) Ix Y|"ay1

for almost every x € B,(0, N); in fact, c = w;! with w, denoting the surface
measure of 0B(0, 1).

Proor. We first note that the extension # is p-precise in B(0, N) as was
remarked above. Consider

1 —y; Ou
U(x J
()= Z L(o N |x =yl ayj( )y

We see that U is locally integrable on R". If ¢ € CF(B(0, N)), then

f Udpdx = z ( — A<p(x>dx> % y)dy
B(O,N) Ix 0y;

g do, ou
= —c™! —(N—Wdy
,-; L(O,N) ayj(y) 3 yj(y)

=c! f Ao(y)ua(y)dy
B(O,N)

for a constant ¢ # 0 depending only on n. With the aid of Weyl’s lemma,
we can find a harmonic function v on B(0, N) such that v =4 — cU a.. on
B(0, N).
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COROLLARY 1. Let u be a continuous locally p-precise function on
B, (0, N) satisfying

(6) j [Pu(y)lP|yal*dy <
B,(O,N)

for p>1and o <p— 1. Then there exists a harmonic function v on B(0, N)
such that

ux) = ),

Jj=1

for x € B,(0, N)\E' with a set E' such that C, ,(E') = 0, where (uy, ..., u,) = cVu.

f (x; = yp1x — y[""u(y)dy + v(x)
B(O,N)

Proor. By Holder’s inequality we have

J [Pu(y)lfdy < o0
B.(O,N)

when 1 < g < p and q(1 + a) < p. Hence # is g-precise in B(0, N). By Lemma
1, we can find a harmonic function v on B(0, N) such that (5) holds for
almost every x e B,(0, N). Since [pq 2y (X; — ¥;)Ix — y|™u;(y)dy is p-precise
in R" whenever B(a, 2r) = B,.(0, N) (cf. [8, Lemma 3.3]), we see that

f (x; = yplx = y|T"u(y)dy = f (x; = yplx — y|™"u(y)dy
B(O,N)

B(a,2r)
+ J (x; = yp)lx — yI™"u(y)dy
B(0,N)\B(a, 2r)

is p-precise in B(a, r); note here that the second term on the right hand side
is infinitely differentiable on B(a,r). Since u is continuous on B,(0, N), (5)
holds for every x e B,(0, N)\E' with a set E' such that C, ,(E') =0 (cf [8,
Lemma 2.3]).

LemMMA 2. Let E < R%. If C, ,(E') =0, then C, , ,(E') =0 for any mea-
surable function w such that inf,_, ,;(r) > 0 whenever 0 <a < b < oo.

Proor. We show that C, , ,(E'N B(a, r); B(a, 2r)) = 0 whenever B(a, 2r) =
R’. In fact, for A < B(a,r), we can show that C, , ,(4; B(a, 2r)) = 0 if and
only if C; ,,(4)=0. By our assumption,

W) C,,,(E'N B(a, r); B(a, 2r)) = 0,

so that we can find a non-negative function f e L?(B(a,2r)) such that
fIx = yI*"f(y)dy = o for every x € E'NB(a,r) (cf. [8, Theorem 3.2]). Since
infyeB(a.Zr) w(yn) > 0’
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flx — I (a(y,)dy = ©

for every x € E'N B(a, r), which implies
Ci,,.0(E'NB(a, r); B(a, 2r)) = 0.
Now the required conclusion follows.

For a positive measurable function w on the interval (0, c0), define

ho(r) = <I1 [t"""co(t)]_”“’“"t‘ldt>1_p

for 0 <r <27 set h,(r) = h,(27!) for r> 271

LEMMA 3. Let w(r) =g(r)r®™" for a non-increasing function g on (0, o)
such that

1 Zg(r) < Mg(2r) for all r> 0.

If xe€ B,(& 1), then
, , yp'
<J Ix — Yyl a(|y,) P "’dY> < M[h,(x,)17",
B(&, 2|x—&)\B(x, x/2)

where 1/p + 1/p’' = 1.
Proor. For x =(xy,..., X,—1, X,), Write x’ = (xy,...,X,—1,0). Then we

have

j |x — yIPE P aw(ly,l)"??dy
B(&, 2|x—&|)\B(x, x,,/2)

< f lx — yIP Y| y,) P Pdy
B(x’, 3|x— &N \(B(x, xp/2)UB(x’, xpn/2))
+ (xu/2P 0 f (ly,l) 7"y = I +J.
B(x’,xn/2)

Note that |[x’' — y| < x, + [x — y| £ 3|x — y| for ye B(x’, 3|x — E)\B(x, x,/2).
Since g(|y.l) 2 9(|x" — y|) and —p’(p — n)/p > —1, we have for x e B, (¢, 1)

f=M |x" — P4 "Pax(|y, |y Pdy
B(x', 3|x—&D\B(x", x,,/2)
3)x—¢|
=M g(t)—ll(r‘l)t—l dt < th(xn)l/(l—p)-
xp/2
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On the other hand, since g(r)™! is non-decreasing, we have

TS (/2P (1) f VAl Ry < M.
B(x’,xn/2)

Thus Lemma 3 is established.

Let h be a non-decreasing positive function on the interval (0, c0) sat-
isfying the doubling condition. We use H, to denote the Hausdorff measure
with the measure function h. For a measurable function f, set

Ap = {é € 0R% :f 1€ = yI' " f () dy = 00}
B¢, 1)
and

Ay, = {5 € OR, :limsup [h(n]™ Lf P @ (ya)dy > 0}-

B+(&,n)

The following is easily shown:

LEMMA 4. Let f be a non-negative function on R", satisfying
8) J JOPo(ly,)dy < c© for any bounded open set G = R".
G

Then
Cipoldf)=0 and  Hy(A,,) =0.
In view of [14, Lemma 12.4], we can show the following (see also [6],
[71).
COROLLARY 2. If f satisfies (8) with w(r)=r""" for p>n — 1, then
Copp.p(A,UA, ;) =0,
where h(r) = h,(r) (= [log (1/)]'7? for 0 <r < 271)

LemMa 5 (cf. [11, Theorem 2’ and Remark 1]). Let w(r) = g(r)r?™" be
as in Lemma 3. For a positive non-decreasing function h on (0, o) satisfying
the doubling condition and a > 0, define

Ty(& a) = {x € R} : h(|x — ¢|) < ah,(x,)}.

Let f be a non-negative measurable function on R’ satisfying (8) and vanishing
outside a bounded set. For each positive integer j, 1 <j < n, set

I N/
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If £€0R\\(A;U A, ;) then there exists a set E() = R such that

(@) lim U(x) exists and is finite for any a > 1;
x¢,x€ T(&,a)\EQ)
(i) ,}im [h279)17 Cy, 5, o(Eu(&); Bel(£)) = O,

where E ()= {x€E(£);27*<|é—x|<27%1} and B(¢)={xeR%27*'<
€ — x| < 27%+2),

Proor. For x e R%, write

r

Ui(x) = (; = y)lx = yI™"f(y)dy,
J R™\B(§, 2|x—¢))
"
Uy(x) = (xj - .Vj)|x —yI™"f(y)dy,
J B(§, 2|x—~ &) \B(x, x,,/2)
.
Us(x) = (x; = y)lx = y|™"f(y)dy.
J B(x,x,/2)

If ye R"\B(, 2|x — £&|), then we have |x — y| = 27|y — £|, so that

G = y)lx = Y17 S 1x = yI' " f(y) £ 277 |y — &I ().
Since £ ¢ A,, Lebesgue’s dominated convergence theorem implies that

im U,(x) = UQ).

x—=§,xe R}

Next, if x € B,(¢, 1/4), then we have Holder’s inequality and Lemma 3

U, (%) = J lx — yI* " f(y)dy

B(S, 2|x— &) \B(x, x,/2)

1/p
< (j f(y)"w(ly,.l)dy)
B(&,21x—¢&)

vy’
x (f |x — YIP'“_")GJ(IY..I)_"'/MJ’)
B(E, 20~ E)\B(x, x,/2)

1/p
/i (y)”w(ly,.l)dy> -
B(,2|x—¢])

Since ¢ ¢ A4, ; and [h,(x,)]1™" £ a[h(lx — &|)]7" for x € T(&, a), we see that
lim  Uyx)=0.

x=¢,x€ Ty(S,a)

=M ([h,.,(x,.)]‘1

Finally, let {b,} be a sequence of positive numbers such that b, — 0. We
set E, = {x;27% < |x — & < 27", |Us(x)| 2 b;'} and E(¢) = (JyEr. For xe
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E,, we have

lx — y[' " f(y)dy < f

B

be! S |Us(x)| < J

B(x,xn/2)

lx — yI* " f(y)dy,

where we set B, = B,(¢) for simplicity. By the definition of C, , ,-capacity,
we have

Ci,po(Ex B) S b j S(yPo(ly.l)dy.

By

Here, since ¢ ¢ A, ;, we can choose the sequence {b,} in such a way that

[h27™)17' b2 L JYo(ly.))dy -0 as k- co.

With this choice of {b,}, condition (ii) of the lemma is satisfied, while

limsup |Us(x)| £ limsup b;! = 0.
x—§,xe R} \E(%) k=0

Thus Lemma 5 is established.

LEMMA 6. There exists a positive constant M such that
f lz — yI'"dy < Mr"(r + |x — z|)! ™
B(x,r)

for any x, ze R" and r > 0.

Proor. First note that

f |z —y|*™"dy < f Ix — y|'™"dy = Mr
B(x,r) B(x,r)

for all z. Hence the required inequality holds if |[x — z| £ 2r. If |x — z| > 2r,
then |z —y| 2|z — x| — |x — y| 2 27|z — x| for y e B(x,r), so that

j lz—y'"dy < 2" |x —z|'™" f dy < M|x — z|'™"r".

B(x,r) B(x,r)

Since r + |x — z| £ (3/2)|x — z|, we obtain the required inequality in case
|x — z| > 2r.

LeMMA 7 (cf. [14, Lemma 7.3]). Let w(r) = g(r)r’™" be as in Lemma 3.
Then there exists M > 0 such that

Cl,p,w(B(x3 xn/4)’ B(é’ l)) g th(xn)

whenever x € B,(¢,271).
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Proor. Let f be a non-negative measurable function such that f=0
outside B(¢, 1) and

jlz -y fydy 21 for every z e B(x, x,/4).

For x =(xq,..., X,_1, X,), Where x’ = (xy,...,%,-4,0). Since x, + |x' —y| <
2(x, + |x — y|), we have by Fubini’s theorem, Lemma 6 and Holder’s inequality

f dz < f (flz - yI“”f(y)dy> dz
B(x,x,/4) B(x,x,/4)

= ff(y)dy f |z — y|'™"dz
B(x, x,/4)

< Mx, f SO {xs + |x" = yI}* "dy
B¢, 1)
1/p
< Mx,'.'( J f(y)"w(ly..l)dy>
B, 1)

1/p’
X (J [(x, + 1x" =y (] yal) V777 dy) ‘
B, 1)
Here note that

f [en + X" = y' D) (| yal) 217 dy
B¢, 1)
< j [0 + 1x" = y)* "oo(lyal) V217 dy
B(x',2)
2
< M_[ (xn + r)p'(l—n)g(r)—p’/pr—p'(p—n)/prn-ldr
]

2
<M (J rp'(l—n)g(r)—ll(p—l)rp’(n—l)-ldr

Xn

+ xp7mg(1)~Ve7D Ix" r""""”“dr)

0o

1
= M(f g~V Vr ldr + 1) < Mh,(x,)1P),

Xn

Thus we have
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Mh,(x,) < f F(yPo(ly.l)dy,

B¢, 1)

which yields the required inequality.

3 Proof of Theorem 1

Let w(r)=r?™". Then h,(r) = [log (1/r)]*"? for 0 <r <27'. In view of
(1), we see that f = |V satisfies (8). Consider A; and A4, ; with h(r) = h,(r).
In what follows we show that u has a finite T, -limit at every &e dR%\
(AU A, ().

For N > 0, in view of Corollary 1, u is of the form

WD =Y | 5=yl =y uy)dy + o)
Jj=1 JB(0,N)

for x e B,(0, N)\E', where C, ,(E')=0 and vy is a harmonic function on
B(0, N). Note that

T(¢) = T,(¢,y*')  whenever y > 1.

Further Lemma 2 implies that C, , ,(E’) =0. By Lemma 5, for ¢ € (B(0, N)N
OR})\(A,U 4, ;), there exists a set E() = R} such that

lim u(x) exists and is finite for any a > 1
x—&,x e Tp(£,a)\E()
and
©) lim j?71C, , ,—2(E(§)N Bi(&); B(¢, 1)) = 0.

j=wo
If xeT,(¢) and 27 < |x — €| <277*2, then B(x, x,/2) = B(£). Since 2777 <
|x —¢|" < x, for x € T,(), Lemma 7 gives
JPCy p,p-n(B(x, x,/4); B, 1)) 2 M, j* [log (1/x,)]' P = M,

for some positive constants M, and M,. Hence it follows from (9) that there
is j, such that B(x, x,/4) & E(¢), so that there exists y(x)e B(x, x,/4)\E(¢),
whenever x € T,(£)N B(&,27%). Since u is monotone on R},

lu(x) — u(y)I” £ Mx7™" '[ |V u(z)|Pdz
B(x,%n/2)

for y e B(x, x,/4) = R (see [5]). Thus we infer that

lim ) lu(x) — u(y(x))| = 0,

x=+&,xe T, (&
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from which it follows that

lim u(x)= lim u(y(x)).
x—&,xeTy(%) x=&,xe T(%)

Note that there is a > 0 such that y(x) € T,(¢, a) if x € T,((). Hence the limit
on the left exists and is finite. Now, in view of Corollary 2, we see that
E = A;UA, ; has all the required properties.

4 Proofs of Theorems 2 and 3

First suppose u satisfies (3) with g satisfying (2). If we set f = |Vi| as
before, then

j IyI*"f(y)dy
B(0,1)
1/p’ 1/p
é(f 'Y"’"“"’[guyn|y,|"-~]-v”"dy) (j f(y)’g(|y|)|y,\v-"dY>
Bo.1) B(0,1)

1 1/p’ 1/p
<M (J g(r)“’""r“dr> (j fi (y)"g(lyl)ly,.l"‘"dy) < o0.
0 B(0,1)

Now let w(r)=r""" Then h,(r) = [log(1/r)]*? for 0 <r <27! as before.
Since

e ,
M2 J gty PP dt = g(r) """ log (1/4/7),
we see that [h,(r)]™* < Mg(r). Hence (3) implies

S(yPyr"dy < lim sup f SPa(lylyi—dy = 0.

B4(0,7)

limsup [h,(r)]~*
r—0

B+(0,r)

Thus 0¢ A,UA,_,, and the proof of Theorem 1 implies that u has a finite
T, -limit at the origin.

Next suppose u satisfies (4). Since g(|¢ — x|) < g(x,) for £e€dR%} and
x € R%, the above considerations show that

f 1€~ yI'"f(y)dy < co.
B, 1)
In the present case, let w(r) = g(r)r’~". Then h,(0) >0 by (2). Hence

11:% (ho®]1™* fPg(y)yE"dy =0

B4(&,r)
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for every £ e OR%, so that
Af = Ahmsf = @.

For £€0R% and h=h,, consider E(!) as in Lemma 5; here note that
T,(& a) = R for large a. With the aid of Lemma 7, we infer that

B(x, x,/4) ¢ E()  whenever x € B, (£, 27%) for some j,,.

Thus, as in the proof of Theorem 1, we see that u has a finite limit at &.

5 Remarks
Now we give some remarks on our theorems.

ReMARK 1. In this paper, we have assumed that p > n — 1. In this con-
nection, we remark the following: if u is harmonic in B,(0, N) and satisfies

(10) J [Pu(x)|?xP™"dx < o0
B.(0,N)
for 1 £p<n-—1, then u is constant.

For this, we first show that the extension # is harmonic in B(0, N). If
¢ € CP(B(0, N)) and ¢ > 0, then we have by Green’s formula

f udepdx = Ju(x’, €) {— O (x',€) + iqi(x’, —-a)} dx’
{x:|xp]>€} axn axn

+ J‘aa;‘ (x,5 8){(P(x,’ 3) + (P(x’, _8)}dx’ = Il + IZ'

Note that

u(x’, &) = u(x’, a) — 'r @/ox,)u(x’, x,)dx,, (0<ea<./N*—|x'|?)

so that

lu(x’, )| = lu(x', a)l + M (ja |(0/0x,)ux’, xn)I” x7 _"dxn)w-

Hence, by (10) we see that | xapwr<nvy [U(x', €)IPdx’ is bounded when 0 <¢<a
(0 <a< N — N’), which in turn implies

lim Il =0.

-0

Since p — n £ —1, (10) implies
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lim inf |Pu(x’, g)|Pdx’ = 0,

e-0 {x":]x’| <N’}

which gives

liminf I, = 0.
=0
Now it follows that
fﬁd(de =0

and thus # is harmonic in B(0, N). The above considerations also show that
f |Pu(x’, 0)|Pdx’ = 0.
{x’:]x’| <N}

Thus # is constant on B(0, N)NOR%, say, u=C on B(0, N)NOR%. This
implies that the function

uH(x) = u(x’, x,,) if x € B,(0, N),
" 2C —u(x’, —x,)  if xe B_(0, N),

is also harmonic in B(0, N). Thus
u(x’: —xu) =2C — u(x” _xn)
and hence u = C on B,(0, N).

REMARK 2. Let p>n—1. If EcdR} and C,, ,(E)=0, then we can
find a harmonic function u satisfying (1) such that

lim wu(x) = o© for every (€ E

x—&,xeR%}
(see [9, Theorem 2] and [12, Remark 3]).

ReEMARK 3. In Theorem 2, if g does not satisfy (2), then there exists a
monotone function u which satisfies (3) but fails to have a finite T, -limit at
the origin.

In fact, letting

2
G(r) = f g(®)~Ve~ V14,

we consider

u(x) = log [G(|x])/G(1)]
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for x € B(0, 1); set u = 0 outside B(0, 1). Then u is monotone on R, as was
pointed out in Example 3. Since |Vu(x)| = —G'(|x])/G(|x|) for x € B, (0, 1), we
have

f IPu()IPg(xl)xs " dx = M f G g0 D gt
R" 0

+

=M J 1 G P[-G'(r)]dr < o,
0

but

lim u(x) = oo.

x=0

REMARK 4. For any g considered in Theorem 2, we can find a monotone
function u which satisfies (3) but fails to have a finite limit at the origin.

For this purpose, we modify the function in Remark 3 as follows: let
¢,=(27,0,...,0) and consider

. log (1/|x — ¢;])
uj(x) = log (l/rj)

0 elsewhere.

on B,(e;, 1),

Set

s

u(x) = uj (X),

Jj=1

where {r;} is a sequence of positive numbers satisfying r; < 27"2 and
Zl g9(27)[log (1/r)]* 7 < 0.
=

Since {B,(e;, r;)} is disjoint, we see that u is monotone on R%}. Moreover,

limsup u(x) = o

x—0,xe R}

and

f PuG)Pg(Ixxz"dx < M Y. g(27) f P00l xE"dx
R" Jj=1

+

=M i 927 f” [log (1/0)]1 7Pt~ dt
Jj=1

V]

Q0

=M Y g(27)[log (1/r)]* 7 < c0.

J=1
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