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Asymptotic non-null distributions of the LR criteria
in a parallel profile model with random effects
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ABSTRACT. We consider a parallel profile model which is a mixture of the MANOVA
and GMANOVA models. The covariance structure based on a random-effects model
is assumed. Asymptotic non-null distributions of the likelihood ratio tests for two
hypotheses are derived under the parallel profile model. A numerical example is also
presented.

1. Introduction

Suppose that a response variable x has been measured at p different
occasions on each of N individuals, and each individual belongs to one of
k groups or treatments. Let x{ = (x),...,x¥) be a p-vector of measurements
on the j-th individual in the g-th group, and assume that x are independently
distributed as N,(u®, %), where j=1, ..., N,, g=1, ..., k. Further, we as-
sume that profiles of k groups are parallel, ie.,

(1_1) ﬂ(a)=5(y)1p+”’ =1,..., k,
where 1, is a p-vector of ones. Without loss of generality we may assume
‘that 6® = 0. In the following we shall do this. Let

X =[x, xf) o, xP, x0T

s XN e X1, XY

Then the model of X can be written as
1.2) X ~ Ny, (4,01, + 1yp, X ® Iy),
where N=N, + -+ N,
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is an N x (k — 1) between-individual design matrix of rank k — 1 (SN —p — 1),
0=(",...,6%VyY and g=(u,,..., p,) are vectors of unknown parameters,
2 is an unknown p x p positive definite matrix. The model (1.2) is called
a parallel profile model, which is a special case of mixed MANOVA-
GMANOVA models (see, Chinchilli and Elswick [1], Verbyla and Venables
[61).

This paper is concerned with profile analysis under a random-effects
covariance structure, which is based on random-coefficients models (see, e.g.,
Rao [2], [3], Ware [7]). In our model the structure can be expressed as

(13) =211, + o2,

where A2 >0 and 62 >0. The parallel profile model with random effects
can be written as

(1.4) X ~ Ny, (4,01, + 1ypt, 21,1, + 62L) ® Iy) .

For an extension of the model (1.4) to the multiple-response case, see
Yokoyama [9]. In order to examine whether or not the model (1.4) can be
assumed, Yokoyama [8] obtained the likelihood ratio (=LR) criterion for
the hypothesis

(1.5) Hy: 2 =2*1,1,+ 6%, vs. H:not H,

under the parallel profile model (1.2). Srivastava [4] obtained the LR tests
for “no condition variation” hypothesis

(1.6) Hyp:p=v1, vs. Hjj:ip#v1,
and “level” hypothesis
(1.7) Hoz: (s = 0 VS. le: 6 ?é 0

under the assumptions that X' is an unknown positive definite matrix and
the response means u’s satisfy (1.1), where —o0 < v < co. In this paper we
consider to test these two hypotheses under the random-effects covariance
structure (1.3). The LR criterion for the hypothesis (1.7), along with its
asymptotic null distribution, has been obtained by Yokoyama and Fujikoshi
[10]. In Section 2 we give a canonical reduction. In Section 3 we derive
asymptotic non-null distributions of the LR criteria for the hypotheses (1.6)
and (1.7) under the parallel profile model (1.4). In Section 4 we apply the
results of the asymptotic null distributions of these tests to a data set of
repeated measurements.



Asymptotic non-null distributions of the LR criteria 225

2. A canonical reduction

The random-effects covariance structure (1.3) is based on the following
model:

(2.1) X9 =09 +u), +pu+e?,

where 4 and e are independently distributed as N(0, %) and N,(0, 6*1,),
respectively. Here, the latent variables u{®’s can be regarded as variables
denoting variation between individuals for each group. From (2.1), we have

V) = 5 = 321,01, + o2,

which implies (1.4).

We now derive a canonical reduction. Let Q =[p™?1,0,] and H =
[N~'21, H,] be the orthogonal matrices. Then a canonical form of the model
(1.4) can be written as

Zy 25 6, 6,
2.2) H'X =[ ]~Nx <[~ :I,&”@I),
Q »y Y, Nxe Ay O N

where 6, = N"21yA,y + NY2p™2u'1,, 0, = N'*u'Q,, 4, = H Ay, y=p'?o
and

2?2 + o? 0
Y =05 = (” ;“ GZIM) .
We can express the hypotheses (1.6) and (1.7) as
(2.3) Hy,:0,=0 vs. H;;:0,#0
and
(2.4) Hy,:y=0 vs. H,:y#0,
respectively.

3. LR tests for two hypotheses

We consider the LR test for the hypothesis (1.6) under the parallel profile
model (1.4). This is equivalent to considering the LR test for the hypothesis
(2.3) under the model (2.2). It is easily seen that the MLE’s of 6,, 8, and
y under H,, are given by
(3.1) él = Iy, éz =0, 7=(1“1~'1-"Tl)_1/?1}’1 .

Let L(,, 0, y, 6%, %) be the likelihood function of (z,, z,,y;, Y,). Then we
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have
g(c% %) = —21log L(8,, 8,, 3, 0, 4?)

S11

= NlOg(p}.2 + 0'2) +ﬁ0’—

1
+ N(p—1)log a? + ?(z'zzz +tr;Y,),

where s;; = yi(Iy—; — Pi,)y1, Pi, = A;(4,4,)'4;. The minimum of g(a, 42)
is achieved at

A 11 1
A? = max {—[—s - (hz, + 1 VY, ],O} s
p N11 N(p__l)(ZZ 2 2)

(3.2)

1
62=min{—zz +trY,Y, S + 252 +trYY}
N(p )(22 22) (11 242 22)

Therefore, from (2.7) in Yokoyama and Fujikoshi [10] and z5z, >0 we can
write the LR criterion as

Ry, i 25,/{N(p— 1} <s,,/N—-tr ;/{N(p - 1)},
(33) 41?=<R,, if0<s,/N-tr ;Y,/{N(p—1}<2z2,/{N(p-1},
Ry, ifsyy/N-tr L, Y/{N(p—-1} <0,

where

R, = ( tr Y, >N(p-l)/2 , R, = ( s +tr Y, >Np/2 ’

225 +tr 1Y, S11+ 225, +tr 1Y,

1 N/2 1 N(p—1)/2
(v) {2

R, = 1 N2
{m(su + 222, +tr Yz'Yz)}

The LR criterion (3.3) can be expressed in terms of the original observations,
using

1 1 1
su= LS, wRh=uS - LS, n= N{f’f - ;(f'l,,)l} :

where S, and S, are the matrices of the sums of squares and products due
to the total variation and within variation, i.e.,

2

M=

¥ @B —F, S, -

j=1 g

(x(a) —(a))(xl(.y) _ f(g))f ,

Ma-
il

Il
-

1

<.

g=1
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X and X are the sample mean vectors of observations of all the groups and
the g-th group, respectively.

THEOREM 3.1. Let AY? be the LR criterion for testing Ho,: p=v1, vs.
Hy,:u#v1,. Then, under the sequence of local alternatives

1
HY:p=v1,+ —p,
H PN

it holds that

lim P(—Nlog 4; <¢)=P(;-,(68) <o),

N-o

where p is a constant vector, y2_,(6¥) denotes a x* variate with p — 1 degrees
of freedom and noncentrality parameter 5f = {p'p — (p'1,)*/p}/c*.

ProoF. From the definition of AY2 we have
P(—Nlog4,<c¢)
= P(—210g R, < ¢, 22,/{N(p — 1)} < 5;1/N — tr Y,/{N(p — )})
+ P(—2logR, <¢,0<s,/N—tr ; ,/{N(p — 1)} < 232,/{N(p — 1)})
+ P(—=2logR; <c¢,s,;/N—tr Y;Y,/{N(p — 1)} <0).

Let
1 1 1 1
2N<T2 H > : 2N(p—1)(6’ o ’

where © = (pA? + ¢?)"2. Then U, and U, are independent, and the limiting
distribution of U;is N(0, 1), i = 1, 2. Note that under HY, z;z, is distributed
as a2x2_; (p'Q,Q5p/0%). Since Q,Q, =1, — 1,1,/p, the noncentrality param-
eter is p'Q,0,p/c* =5F. Using log (1 + x)=x—x2/2+ O(x®), we can expand
—21logR, as

1
—~21logR, = ?z’zz2 + 0,(N2).

When A% >0, we have

lim P(z;z,/{N(p— D} <s5,;/N-tr ;Y,/{N(p—D}) =11

N-=o
and hence

lim P(—Nlog4; <c)= lim P(—21log R, <c¢)

N-w N-wo

= P(r3-,(07) < o).
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p_—-
Z¥= | U, — fUz

Then the limiting distribution of Z¥ is N(0,1). When /12 =0, we have
lim PO <s,,/N—tr ; ,/{N(p — )} <232,/{N(p — D)}) =0

N-w

Let

and
1 ’ -1/2
—210g R3 =Fz2z2 + Op(N ).

Here we note that z3z,/{N(p — 1)} <s;;/N —tr Y;Y,/{N(p — 1)} is asympto-
tically equivalent to Zf > 0, and s,,/N — tr Y, Y,/{N(p — 1)} <0 is equivalent
to Z¥ <0. Therefore

lim P(—Nlog 4, <¢)

N-w

1 1
= lim {P( 232, < ¢ Z¥ >O)+P< 252, < ¢, Z¥ <0)}
N—-w

= P(;-1(0¥) < o),
which proves the desired result.

Now we derive an asymptotic non-null distribution of the LR criterion
for the hypothesis (1.7) under the parallel profile model (1.4). Noting that
Y1y1 2 y1(Iy-y — P3)y, = 51;, we can write the LR criterion as

Re, i 5,/N 2 tr GYANGp - D},
(34 AP =< Rs, if yiy,/N>tr ;L,/{N(p— 1)} = 5,,/N,
R¢ , if tr ;Y,/{N(p—1)}>ypiy,/N,

311 N2 sll + tr Yz’ Y2 Np/2
R4 = 7 > RG =\ T vV ’
Yiyi yiyi +tr Y,
1 Np/2
{N—p(sll + tr YZ,YZ)

1 NJ2 1 N(p—-1))2
— ¥ —  _trY;Y,
<Ny Y ) {N(p—l) o ’}

(see Yokoyama and Fujikoshi [10]), where

where

Rs

’ 1 ’
iy = ;lpstlp .
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THEOREM 3.2. Let AY? be the LR criterion for testing Hy,:0 =0 uvs.
H,,:0 #0, and assume that A1 A; = O(N). Then, under the sequence of local
alternatives

1
HY:6=——8,
" ﬁﬂ

it holds that

lim P(—N log 4, < ¢) = P({f,(63) < ¢),

N—-o©

where B is a constant vector, 8% = lim pp' A, A, p/(x*N).

N-w
Proor. From the definition of A} we have
P(—Nlog4,<¢)
= P(~2log R, < ¢,5,,/N > tr ;T,/{N(p — )}
+ P(—2log Rs < ¢, y1y1/N 2 tr ; Y,/{N(p — 1)} = 51,/N)
+ P(=2log Rg < ¢, tr ; V,/{N(p — 1)} 2 yiy,/N).

Let U; and Z} be the same ones in the proof of Theorem 3.1. Note that
under H, y\P; y, is distributed as t2y?_,(pp’'A} A, f/(z*N)), and is indepen-
dent of s;;. Then, by the same way as in Yokoyama and Fujikoshi [10],
we can expand —2log R, as

1 _
—2log R, = T_zy'lpil}ﬁ + O, (N71?).

When A% >0, we have

lim P(s,y,/N > tr V;Y,/{N(p — 1)}) = 1

N—-o
and hence

lim P(—Nlog 4, <c)= lim P(—2logR, <¢)

N-w N—-wo
= P(xi1(63) < o).
When A% =0, we have
lim P(yiy,/N 2 tr ;Y,/{N(p — 1)} > 5,,/N) =0

N-o

and
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1 -
—2log Rg = 5 yiPiyi + O,(N7'7) .

Here we note that s,;/N >tr Y, Y,/{N(p — 1)} is equivalent to Z¥ >0, and
tr ; Y,/{N(p — 1)} = yiy,/N is asymptotically equivalent to Zf <0. Therefore
lim P(—Nlog 4, <¢)

N—-wo

1 1
= lim {P(;z—y’lelyl <c¢Zf> 0) + P(T—Zy’nglyl <c¢Zf< 0)} R

N-wo
which implies the desired result.

We note that under the null hypotheses Hy, and H,,, the limiting distri-
butions of the LR criteria in Theorems 3.1 and 3.2 are central y2-distributions
with p — 1 and k — 1 degrees of freedom, respectively. The latter agrees with
the results in Yokoyama and Fujikoshi [10].

4. An example

We apply the results of Section 3 to the data (see, e.g., Srivastava and
Carter [5, Table 7.14]) of the price indices of hand soaps packaged in 4
ways, estimated by 12 consumers. Each consumer belongs to one of 2 groups.
For this repeated measures data, we may assume the parallel profile model
(1.4) in the case p=4, k=2 and N =12, ie,

1
4.1) X~ N12x4([ 06:] oy + 1,4, (1,1, + 0°L) ® 112) .

The adequacy of the model (4.1) to the data has been examined in Yokoyama
[8]. Now we consider testing the hypotheses (1.6) and (1.7) under the model
(4.1). Since

1 1
Siy = I—)I;Swlp = 76635, yly, = 51;5,1,, = 18131,

1 1
U GY, =S - 1,51, = 35130, gz, = N{i’i - ;(2'1,,)2} = 78204

and z5z,/{N(p — 1)} <s;,/N —tr ;Y,/{N(p — 1)}, it follows from Theorems
3.1 and 3.2 that

2 p—1
4, =<&> = 029782, A, =L — 42266,

22, +tir 1, Y, Yiri

and
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—Nlog A, = 42.166 > x2_,(01) = 11.345
—Nlog 4, = 10.334 > y2_,(.01) = 6.635.

Therefore, both hypotheses H,; and H,, should be rejected in this example.
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