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ABSTRACT. In this paper we prove that, under appropriate hypotheses, the nonlinear

n
neutral delay differential equation % [x(t) — p(t)g(x(t — p))] + q(t)h(x(t — 5)) = O has
the same oscillatory character as its associate linear equation for the case when n is

odd. Our result can also be applied to the case when p(t) itself is allowed to change
its sign.

1. Introduction

Neutral delay differential equations are differential equations in which the
highest order derivative of the unknown function appears both with and
without delays. The theory of neutral equations is of both theoretical and
practical interest. Neutral delay differential equations appear in networks
containing lossless transmission lines (as in high speed computers where the
lossless transmission lines are used to interconnect switching circuits), in the
study of vibrating masses attached to an elastic bar and also as the Euler
equations in some variational problems. See Driver [3], Hale [4] and the
references cited therein.

Consider the n'-order neutral delay differential equation

dn
7 X(0) = p(8)g(x(t — 2))] + g(O)h(x(t - 8)) = 0 (L.1)

where n is an odd positive integer,
p,q € C([to, ©),R),g,he C(R,R), >0 and 6>0. (1.2)

The linearized oscillation theory for (1.1) was first studied in Ladas and
Qian [8], see also Gyori and Ladas [5]. They proved
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THEOREM 1.1 [5, 8]. Assume that (1.2) holds,
limsup p(t) =POE(O71)a hfngonf p(t) =Ppo € (07 l)a (13)
t—00 -

Lim 4(t) = go € (0, )

OSMSI for u # 0, IimM:I, (1.4)
u u—0 U
uh(u) >0 for u # 0, |h(u)| = ho > 0 for |u| sufficiently large  (1.5)
and
lim h(w) _ 1. (1.6)
u—0 U

Suppose that every solution of the linearized equation

%n; () = poy(t — 7)] + qoy(t — 8) =0 (1.7)

oscillates. Then every solution of (1.1) also oscillates.

The question naturally arises as to how one may establish the corre-
sponding linearized oscillation results of (1.1) for the case when the coefficient
p(t) takes values outside the interval (0,1). Also see the open problem 10.10.4
in [5]. In the recent work [10], Yu, Shen and Qian investigated the case
when p(t) > 1. But the case p(t) <0 has not yet been handled. This case
appears to be more difficult. Our aim in this paper is to deal with the more
general case when p(¢f) may also be allowed to oscillate. In Section 2 we
establish conditions for the oscillation of all solutions in (1.1) in terms of the
oscillation of all solutions of its associated linearized equation. In Section 3
we show that, under appropriate hypotheses, the converse theorem is also
true. To the best of our knowledge, this is the first paper dealing with the
case when p(t) itself is allowed to change its sign eventually.

For the special case when n = 1, the linearized oscillation problem of (1.1)
has been studied in [1, 2, 5, 6, 9]. Similar results for even-order neutral delay
differential equations have been obtained in [7]. For the general theory of
neutral differential equations, we refer to [4].

Let p=max{r,6}. By a solution of (1.1) we mean a function xe€
C([t1 — p,©),R) for some t; >ty such that x(t) — p(t)g(x(t —t)) is n times
continuously differentiable on [t;, o) and such that (1.1) is satisfied for t > ¢t;.

2. Main results

Throughout this section, we define for any t > t,
Ei(t)={s>t:p(s) <0} and  Ex(t) ={s>t:p(s) > 0}.
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Clearly, E;(t) UE,(t) = [t,00). For any Lebesgue measurable subset E of the
real number set R, let u(E) denote the Lebesgue measure of E.
The main result in this section is the following

THEOREM 2.1. Assume that (1.2) holds and that there exists T > ty such
that

{s=T:p(s+1) >0} = E(T). (2.1)
Suppose further that
p(t) is bounded, and li{nglf p(t) = —po € (—o0, —1], (2.2)

tlirg q(t) =qo€ (Oa CD)’ (23)
ug(u) >0 for u#0  and lin(l) giulﬁ =1 (2.4)
|h(u)| = ho > 0 for |u| sufficiently large (2.5)
and
uh(u) >0 for u#0 and liné @ =1 (2.6)
Uu—!

and that every solution of the linearized equation

dn
(O + poy(e = 9] + doy(t = 8) =0 @7)
oscillates. Then every solution of (1.1) also oscillates.

Since p(t) < 0 eventually implies that (2.1) holds, we immediately have the
following corollary

COROLLARY 2.2. Assume that (1.2), (2.2)-(2.6) hold. If
p(t) <0  for large t, (2.8)

then the oscillation of all solutions of (2.7) implies the oscillation of all solutions of
(1.1).

Proor of THEOREM 2.1. Assume, for the sake of contradiction, that (1.1)
has a nonoscillatory solution x(t). We will assume that x(t) is eventually
positive. The case where x(t) is eventually negative is similar and is omitted.
Let t; > tp be such that g(t) > 0, x(t — p) > O for t > t;, where p = max{r, d}.
Set

2(t) = x(t) — p(t)g(x(t — 7). (2.9)
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Then by (1.1),
Z™(t) = —q(t)h(x(t — 6)) <0 for t>1 (2.10)

which means that the consecutive derivatives of z(t) of order up to n—1 are
strictly monotonic functions eventually. Since z(t) > 0 for t > t; with t € E1(t1),
it follows that z(¢) > 0 for all ¢t >t;. Furthermore by (2.10), z"~V(¢) > 0 for
t>t;. Set

— lim
o tl_lgl)z ().

Clearly, 0 < a < 0c0. Thus, by integrating (2.10) from t; to oo, we find

joo q(s)h(x(s — 6))ds < o

t

which, together with (2.3), implies

00
J h(x(s — 6))ds < oo. (2.11)
ty
We will prove that
tlirg x(t) =0. (2.12)

To this end, we first prove that x(t) is bounded. Otherwise, x(t) is un-
bounded. Set

B = lim z(z).

t— 0

Then 0 < f < o0. We will show f=oc0. Suppose f < co. Then z(t) must
be decreasing on [t;,00). Choose an increasing real numbers sequence
{sm} such that s, > T + 1, sm — 00, X(sm) > 2(T) and x(sm) — 0 as m — oo.
Hence

P(sm)g(x(sm — 7)) = X(8m) — 2(5m) >0 and goes to oo as m — oo

which implies s, € Ex(T) and x(sy —t) — 00 as m— oco. By (2.1), su—
1€ Ei(T), ie., p(sm —1) <0. Hence,

X(Sm —T) = z(Sm — ) + p(sm — 1)g(x(5m — 27)) < z(sm — 7) < 2(T)

which yields a contradiction. And so = co. From (2.5) and (2.6), let N >0
be so big that h(u) > hy for u > N. Set

Fi={t=>t;:x(t) >N} and Fy={t>t:x(t) <N}
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Thus by (2.5) and (2.11), we have
u(F1) < oo,  p(F2) = co.
For t € F,, we have
—p()g(x(t — 1)) = z(t) — x(t) = z(t) - N — © as t — oo
which implies that

lim g(x(t—1)) =00

teFy,t—0
and hence

lim x(t—1) = o0.
te Fp,t—o00

Hence there exists t; > t; + © such that
x(t—1) >N fort>1t, teF,

which means that t € [t;, 0) N F, and so t — 7 € Fy. Since u([t2, ©0) N F;) = oo,
it follows that u(F;) = oo, which is impossible and so x(t) must be bounded.
Let M > 0 be a positive constant such that

x(t—p)<M fort>t.

Now set

g(u) .o h(u)
= 2 = inf —2.
b= sup == and  fp= inf =

Then by (2.4)-(2.6), 1 < f; < o0, 0< B, <1. Thus, we get
g(x(t—1)) < Byx(t—1) and h(x(t — 8)) = Byx(t —98), t=ti.
By (2.11), we have
0
J x(s — 6)ds < o0
5]
and hence

Jw g(x(s — 7))ds < 0.

t

This yields by (2.2) that

jw —p()g(x(s — 7))ds < oo

t
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and therefore

.ro z(s)ds < 0.

ty

Since z(t) is positive and eventually monotonic, it follows that lim,_, z(¢) = 0.
Since for t € E;(t1),

x(t) = z(t) + p(t)g(x(¢ — 7)) < (1),
we get
lim  x(t) =0. (2.13)

teE(t),t—0
Also by (2.1), we see that t € E»(t; + ) implies t — t € E;(t;). Thus, we have
lim g(x(t—1)) =0

te Ey(ty+t),t—00
and hence

im — p(t)g(x(t—7)) =0

teE(ty+1),t—00

which implies that
x(t) = lim [z(t) + p(t)g(x(t — 7))] = 0. (2.14)

teEz(tlli'*-nfl),t—'OO te Ey(t;+1),t—0
Since E;(t;1)UE;(t; + 1) 2 [t1 + 1, 0), it follows from (2.13) and (2.14) that
X0 =0
which completes the proof of (2.12). Set
p*(t) = —p(t)g(x(t —7))/x(t—7),  q"(t) = q(t)h(x(t — 8))/x(t — 5).
Then (1.1) becomes

;T':' [x(2) + p*(O)x(t — )] + q¢*(t)x(t — ) = 0. (2.15)
In view of (2.2)—(2.4), (2.6) and (2.12) we obtain
limsup p*(t) =po, ~ lim ¢*(t) = qo. (2.16)

By the definition of z(t), (2.15) reduces to

zZ™(t) + p*(t — 9) #(_I)T)z(”)(t — 1)+ ¢*(t)z(t — 6) = 0. (2.17)
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For any ¢ € (0, qo), let n = n(e) € (0,1) be sufficiently near to 1 such that ngo >
qo — ¢ Also choose y =y(e,n) > 1 to be near to 1 such that ngo > y(qo — &).
By (2.16),

, q’(t)
limsup p*(t — 6 =po =1
t—»oopp( )q"‘(t—‘t) po
Then there exists t; > t; + 6 such that
q'(t) o
*(t — 6) ———— * = .
p(t )q*(t—r)<p0+8’ q*(t) ) fort>1t,
Substituting this into (2.17), we have
(n) ™ — 9, _
2™ (t) + (po + &)z (t — 1) + ) zZ(t—0) <0 t=>1. (2.18)
Now set
0(t) = —[z" () + (po + &)z (¢ — 7)]/2(t - 9). (2.19)
Then by (2.18), we have
o) >gy9 for t > t,. (2.20)
Rewrite (2.19) as
Z"(t) + (po + )z (t — ) + Q(t)z(t — 8) = 0. (2.21)
It is easy to see that lim,_z"(t) =0, for i=0,1,...,n— 1. In what follows,

for the sake of convenience, we define

1 © n
Q') ={ (»=2)! Jz (s—1)"Q(s)z(s— 6)ds, ~ when n>1
Q(1)z(t - 9), when n=1.

Integrating (2.21) from ¢ to infinity n — 1 times and recalling that n is odd, we
get

Z(t) + (po + &) (t— 1) + Q*(1) =0

which yields
2(t) + (po + £)2(t — 7) = j 0" (s)ds

or equivalently

) = ——— st 1)+

0
*(s)ds. 2.22
DPo+¢ P0+8Jz+rQ() ( )
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By iteration, we have

e o]

z(t) = ij(—l)"“(po + e)"'J Q*(s)ds + (—1)™(po + &) ™z(t + mx).

i=1 t+it

Since pp+¢&>1 and z(t) - 0 as t — oo, we let m — oo to have

() =3 (1) (po + ) || o

i=1
i t+(i+1)

= S+ s

j=1 t+it

8

|
-

8

DT — (—po—¢)”
Jt+n l+po+e “Tapore 20

+(i+1)T
=3 [ e - - g s

1

=1 Jt+it 1+p0+8
_ —[(s=0/dy o

e M R AL

where [-] denotes the greatest integer function. From (2.20), we have for ¢ > t,,

qo ® n—2
(s—t)"“z(s—06)ds, when n>1

-2)!
Q*(t) > (n ) 'Y t
%Z(t -9), when n = 1.
Thus, we obtain
( U ® [(s-0)/4
1= (—py — ) ls=0)/e
(1+p0+8)7(n_2)!Jt+r( (=po—2) )
0
z(t) > 4 X J (u — )" 2z(u — 8)duds, ifn>1 (2.23)
——%—Jw (1= (=po— &) (/s — 8)ds, if n=1.
{ (1+Po+8)yJese

Since every solution of (2.7) oscillates, it follows by [5] that the characteristic
equation of (2.7)

f() = 2"(1+ poe™) + goe™ =0

has no real roots. Consequently
T < 0. (2.24)
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Next we will need the following claim, which can be proved by a slight
modification in the proof of Lemma 2 of [6].

Claim: There is an ¢ € (0,q0) such that for every #e0,g)] every
solution of the equation

dn
amm
also oscillates.

We choose the above ¢ >0 to be in (0,]. Our aim is to prove the
equation

() + (po+ M)y(t — )] + (90 —H)y(t—6) =0 (2.25)

n

L0 + (o + (e — )] + (a0 — e)y(e — §) =0 (226)

has a positive solution. The method used here is the Banach contraction
principle. We consider the Banach space X of all bounded functions defined
on [t + 17— 6,00) with the sup-norm. Let

A={weX:0<ow(t) <1 for t>t,+ 17— 6}

Then A is a bounded, closed and convex subset of X. Define a mapping
S: A— X as follows for t >t

(14 po -:1 (.)s)zna— 2)!z(t) LT(I — (po — 8)_[(5—1‘)/1])

4

(Sw)(t) = ﬁ X Jw(u — 8)" 2z(u — 8)w(u — 8)du ds, if n>1

s

\(l—iﬁm J:_r(l —(—po—&) " %)z(s— 8)wo(s — d)ds, if n=1
(2.27)

and for h+1—-0<t<t

(Sw)(t) = (Sw)(tz) + "= — 1 (2.28)

where h =1In(2 —%)/(6 — t) > 0. It is very easy to see by (2.22) that S maps A
into itself. Next we prove that S is a contraction on A. In fact, for any
wi,wy €A and t > t;, we have if n > 1

|(Se1)(t) — (Se2) (2)]

T ) — (=pg — &)"l6=0/1
= (14 po + &)(n — 2)!z(¢) Jz+z(1 (=po—¢) )

X r (u—5)"%2(u — 8)|w1 (u — &) — wy(u — 8)|duds
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[¢]

(1= (=po— &)
+1

qo — €
S 0+ m+9n-2120) lleox — e J

t

X Jw(u — )" %2(u — 6)duds

<llow - 0o 2= (by (223))
q0

< nf|wr — |
and if n=1

|(Swy(2) — (Sw2)(t)]

< _LJOO (1 — (=po — &) "6=9/4)
(1+po+8)z(t) J4s

X z(s — 0)|wi(s — ) — wa(s — 8)|ds

qo — €
< Tl - el j

7(q0 — &)
q0

0

(1 = (—po — &)=z (5 — 8)ds
+7

< ||o1 — w| < nl|wy — w|.

And for th+1—0<t <ty
|(Sw1)(t) — (Sw2)(t)] = [(Swi1)(t2) — (Sw2)(t2)| < nllewr — 2.

Hence

[Swy — Swa|l = sup |(Sw1)(t) — (Sw2)()| < nljwr — 2.
t>t+1-5

Since 0 <# < 1, this shows that S is a contraction on A. By the Banach
Contraction Principle, S has a fixed point we A. That is for t > t;

( qo— ¢ L ot
(1+ po+¢)(n—2)!z(t) Jm(l ~(=po — &) (s=0)/)

o(t) =< X ro (u— )" 2z(u — 8)w(u — 6)duds, if n>1

| T+ +Z2—1 Z)z(_t) Jw (1= (=po = &) ™ )z(s — S)o(s — d)ds, if n=1
(2.29)

and for b +71—-0<t<t

o(t) = o(ty) + e"e9 — 1. (2.30)
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Set

() = o(t)z(1).

Then y(t) satisfies for t > t;

RErer e I R
(T+p0+0)(n =2 Jure

y(t) = ¢ X Jw (u—5)"2y(u — 6)duds, if n>1 (2.31)

s

go— € J'°° Ay .
—_— 1-(-py—c¢ s —0)ds, if n=1.
{ (1 + po +8) t+1.‘( ( Po ) )y( )

We are now going to prove that y(t) is continuous on [t + 7 — d, ). Clearly,
y(t) is continuous on [t + 7 — d,t;]. Next we show that y(t) is continuous on

[t2,0). We suppose n > 1. The case n =1 is exactly similar and the proof is
omitted. For any sy,s; € [t, ),

(14po+e)(n—2)
qo— ¢

!IY(SI) - y(s2)]

[ 0= cm=ar e [y duds

s1+1 s

[o0]

- r) (1= (=po — ¢)"le=)/d) J (u— )" 2y(u — &)duds

s+1 s

rm r (= )"y = 8)duds - iz:);(—Po ~g)” rﬂiﬂ)t Jm (u—s5)"?

s+t Js s1+it s

X y(u— 6)duds + i(—po —-¢)” J
i=1

S+t

s2+(i+1)t poo
J (u— 5)" 2y(u — &)duds

N

$2+T o0 ) o | a1+ poo )
< J J (u—5)""y(u—d)duds| + Z(po +¢)”" J [ (u—s)""
sitt Jds i=1 sp+it s
s2+(i+1)r poo
x y(u — d)duds - J J (u— )" 2y(u — 8)duds
s+it s
S2+1T (00 ) @ | gs2tit oo )
= J J (u—5)""y(u—d)duds| + Z(po +¢)”" J J (u—s)""
si+t Js i=1 si+it Js

X y(u — 0)duds - J

s2+(i+1)t Joo
s1+(i+1)r

(u— )" *y(u~ 6)duds

s
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[ee]

<|s2 —SIIJ

ty i=1

_ 2 * n—-2
= (1+;;)—-|:8T1) |s1 —Szlj (u—t2) z(u—é)du

t

(u— )" z(u — &)du (1 +2 i(l’o + s)—i>

which shows that y(¢) is continuous on [t;, 00). Finally, we show that y(¢) > 0
for t >t +17—9. Obviously, y(t) >0 for t,+7— <t <t It suffices to
prove that y(t) > 0 for all t > t,. In fact, if there is a t* € [tz,t, — T + J) such
that y(¢t*) =0, then by (2.31),

[ == [ 7yt duds =0

t*+ s

which implies

J (u—1t*—7)" 2y(u—8)du=0
t*+1

and hence y(u) =0 for allu >¢t*+7— 5. Butsince t* +1— €[t + 71— 4,t2),
it follows that y(t* +t—6) > 0. This is a contradiction and so y(t) is posi-
tive on [t,t —7+4). In general, by induction we have y(t) >0 for te
L2+ i(—=t+9), o+ (i+1)(—-t+9)), i=0,1,2,..., which shows that y(t) >0
for all t > t,. Thus, we have proved that y(t) is positive and continuous on
[ta+1—0,00). From (2.31), we have for t >t + 7

y(t) + (po+e)y(t—1) = o

0

(q0 — E)J y(u — 6)du, if n=1.

t

Differentiating both sides n times, we have

DO+t Oy =]+ (@—ey(t-0)=0, 20+t

which contradicts the Claim and hence the proof is complete.

Since (2.8) together with n =1 implies that every nonoscillatory solution
of (1.1) is bounded, it follows that (2.5) can be removed in this case. Thus, we
immediately have the following Corollary, which is an essential improvement
of Theorem 1 in [1].

COROLLARY 2.3. Assume that (1.2), (2.2)—(2.4), (2.6) and (2.8) hold. If



Linearized oscillations for neutral equations 569
every solution of the linearized equation

10 + poy(t = ) + qoy( ~ 8) =0 (232)

oscillates, then every solution of (1.1) with n =1 also oscillates.

3. The existence of positive solutions
Consider the n'* order neutral delay differential equation
dn
dtn

where n is an odd integer

[x(t) + px(t — )] + q()h(x(t — 6)) = 0 (3.1)

p>1, >0, 6>0, geC(to,o),Rt) and he C(R,R). (3.2)

The next theorem is a partial converse of Theorem 2.1 and shows that, under
appropriate hypotheses, (3.1) has a positive solution provided that an associated
linear equation has a positive solution.

THEOREM 3.1. Assume that (2.24) and (3.2) hold and that there exist
positive constants qo and M such that

0 < q(t) < qo, (3.3)
and either
O0<h(uy<u for0O<u<M (3.4)
or
0>hu)>=0 for —-M<u<O. (3.5)

Suppose also that h(u) is nondecreasing in u and that the linear equation

n

20 + py(t — O] + quy(t — ) =0 (36)

has a nonoscillatory solution. Then (3.1) has also a nonoscillatory solution.

Proor. Suppose that (3.4) holds. The case when (3.5) holds is similar
and will be omitted. Let y(t) be a positive solution of (3.6). It is easy to see
that lim,_,,, y(t) = 0. Thus, there exists a T >ty such that 0 < y(t) < M for
t>T—06. Now integrate (3.6) from ¢t > T to infinity n times, we have

0+ py(t= 1) = B (5= " y(s - s
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which yields for t > T — 1

U—+17)%—_2)7 Jt L1 (—p)e=0/d)

y(t) = J X ro (u—8)"2y(u — 8)duds, if n>1 (3.7)

do J ® ~[s-0/1] oo _
1-(- s—0)ds, if n=1
T+ m( (-p) )y(s — )

where [-] is the greatest integer function. In light of (3.3) and (3.4), (3.7) yields
fort>T—-1

( mj‘:z(l - (—p)-[(S—t)/f])

y(t) =« X Jw(u — )" 2q(u)h(y(u — 6))du ds, if n>1 (3.8)

s

b
(1+p

o0

| a=p e ngwhiis - ands, it m=1.

t+1

Define the set of functions
W={weC(T-6,0),R"):0<w(t)<y(t) fort>T-5}

and define the mapping S on W as follows for t > T

| m 1:1(1 - (—p)"[(S—t)/T])

(Sw)(t) = 4 X J:O(u — 8)"2q(u)h(w(u — 8))duds, if n>1

ﬁﬁ,(l = () Nah(eo(s - 3)ds,  if n=1

and for T—-6<t<T

(s0)(0) = s (o)D) 2D+ (1 725500

where h > 0 is a constant with T + h > 4.
It is easy to prove that S maps W into itself. Now define the following
sequence of functions on W:

zo(t) = y(¢) and  zy(t) = (Szpm-1)(2) fort>T-6,m=1,2,....
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By induction, we have
0<zpn(t) <zmi(t)<y(t) fort=T-6.

Set x(t) = limpy— Zm(t) for t > T —6. It follows by Lebesgue’s dominated
convergence theorem that x(t) satisfies for t > T

| m -[:1:(1 - (—p)_[(s—t)/r])

x(t) = < X Jw (u— )" 2g(u)h(x(u — &))duds, if n>1 (3.9

s

1
\1+p

J (1 = (=p) 1 Ng(s)h(x(s — 8))ds, if n=1
t+t
and for T-6<t<T,

x(t) = ;-:_;;lx(T)-}%+ (1 _ ;*J'r';l) (@) > 0.

Then by a similar method to the proof of Theorem 2.1, we can easily prove that
x(t) is continuous and positive. By (3.9), we have

X0 +px(t=0) =y | (-0 aOhx - s, e2 T

(n
Clearly, x(t) is a positive solution of (2.1) on [T +1t,00). The proof is
complete.

By combining Theorems 2.1 and 3.1, we obtain the following necessary
and sufficient condition for the oscillation of all solutions of (3.1).

COROLLARY 3.2. Assume that (2.6), (2.24) and (3.2) hold and that h(u) is
nondecreasing in u. In addition, assume that there exist positive constants qo
and M such that either (3.4) or (3.5) are satisfied and

0.<q(t) < go = lim g(¢).

Then all solutions of (3.1) oscillate if and only if all solutions of (3.6) oscillate.

References

[1] Ming-Po Chen and J. S. Yu, Linearized oscillations for first order neutral delay differential
equations, Panamerican Math. J. 3(3) (1993), 33-45.

[2] Q. Chuanxi and G. Ladas, Linearized oscillations for equations with positive and negative
coefficients, Hiroshima Math. J. 20 (1990), 331-340.



572

[3]

[4]
[5]

[6]

[7]
(8]
[91]

(10]

L. H. ErBe and J. S. Yu

R. D. Driver, Existence and continuous dependence of solutions of a neutral functional
differential equation, Arch. Ration. Mech. Anal. 19 (1965), 149-166.

J. K. Hale, Theory of Functional Differential Equations, Springer-Verlag, New York, 1977.
I. Gyori and G. Ladas, Oscillation Theory of Delay Differential Equations with Appli-
cations, Clarendon Press, Oxford, 1991.

G. Ladas, Linearized oscillations for neutral equations, Proceedings of Equadiff 87, Vol.
118, pp. 379-387, Lecture Notes in Pure and Applied Mathematics, Differential Equations,
Marcel Dekker, Inc., 1989.

G. Ladas and C. Qian, Linearized oscillations for even order neutral differential equa-
tions, J. Math. Anal. Appl. 159 (1991), 237-250.

G. Ladas and C. Qian, Linearized oscillations for odd order neutral delay differential
equations, J. Differential Equations 88 (1990), 238-247.

J. S. Yu and Z. Wang, A linearized oscillation result for neutral delay differential equa-
tions, Math. Nachr. 163 (1993), 101-107.

J. S. Yu, J. H. Shen and X. Qian, A linearized oscillation theorem for odd order neutral
delay differential equations, J. Math. Anal. Appl, to appear.

Department of Mathematical Sciences
University of Alberta
Edmonton, Alberta
Canada T6G 2G1
and
Department of Applied Mathematics
Hunan University
Changsha, Hunan 410082
China





