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ABSTRACT. We give a method of approximation of Hausdorff dimensions of generalized

cookie-cutter Cantor sets using the thermodynamic formalism.

1. Introduction

Cookie-cutter Cantor sets in the line are studied as simple examples of
fractals which are invariant sets of dynamical systems. This enables us to
develop applications of some ideas from dynamical systems theory to fractal
geometry (see [1], [5]). In this paper, we study an approximation of Hausdorff
dimensions of 'generalized' cookie-cutter Cantor sets using the thermodynamic
formalism. The reader should refer to the thermodynamic formalism, for
example, in [2], [8], [9].

The original cookie-cutter Cantor set, whose prototype is the standard
middle-third Cantor set (J^li xn3~n : xn = 0,2}, was defined and studied
minutely by Bedford [1]. We define a generalized cookie-cutter map and a
generalized cookie-cutter Cantor set in the line as follows.

Write / = [0,1], and take 0 = jc0 < x\ < < X2P-\ = 1. Put /0 = [*o, *ι],
Jί = (*2i»*2/+i] for i = 1 , . . . , / ? — 1 and D = (j^~0 Ji A generalized cookie-
cutter map f is a mapping / : D —> / with the properties that
(i) f \ j is a one-to-one map onto (0,1),
(ii) /is continuous on /, and in Cl+*(γ > 0), i.e., \f'(x)-f(y}\ <L\x-y\γ

for any c, y e /,- with some L > 0 (independ of x,y), moreover inf{|/'(x)| :
x e //} > 1 for i = 1, . . . ,/? — 1, where / denotes the interior of /.

A generalized cookie-cutter set C(f) associated with / is the set:

C(f) = {xeD :fn(x) e D for any n > 1}.

Put

Cn = f~n (I), for any n e N.
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Then Cn is equal to the union of pn disjoint closed intervals I^\...,I%\
(N =pn), such that max//n) < minT^ if i <j for any n e N. Since we have

Cn is CΛ+ι for any n e N, we see that C(f) = f^i d = lim^oo Cn. By
definition, the generalized cookie-cutter map / has a repelling fixed point, so

that C(/) 7^ 0. If we take jq = 1/3, x2 = 2/3, /( c) = 3x (mod 1) and skip
(jci,jC2], then C(/) is the middle-third Cantor set.

For a generalized cookie-cutter map /, set

^ - (-W, „ where <ίf = ( l if ̂ (Φ) Π ̂  * 0,
* '' " \ 0 otherwise,

^) = (4"))5=1. where 6« = ('' if f = ''
[0 otherwise,

where ^=(51,...,^). We call A^ and 5̂  the structure matrix and the
'weighted' structure matrix with weight s of «-th step, respectively. Set

rδ _ ((r(«)\* (r(»)\δ (M\S\
r(n) — (Vl ) Λr2 ) i iVN ) )>

(resp. RΔ

(n}

where

r|Λ) - inf 1/l/WI, ΛJΛ) - sup l/\f(x)\ for / - 1, . . . ,N.
**1? X 6 / W

We denote the maximal eigenvalue of S$ (resp. B^} ) by >^max(^'w) (resp.
>) (»)

^ϊnax(^'w)) We can show that there exists a unique solution δn (resp. Jπ) of
the following equation

^maxM = 1 (resp- ^max(Λ,«) = 1). (M)

Our main result is the following. The reader should refer to examples in
§4 for motivation.

THEOREM. The Hausdorff dimension H-dim(C(/)) of the generalized
cookie-cutter set C(f) satisfies

δn < H-dim(C(/)) < Δn for any n e N. (1.2)

Moreover we have

δn < δn+ι, An > An+\, for any n e N, (1.3)

and
lim δn = lim Δn = H-dim(C(/)). (1.4)

«—>oo n—»oo
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The above limits converge exponentially, i.e., there exists C > 0 and 0 < ξ < 1
such that

0 < H-dim(C(/)) - δn < Cξn, 0 < An - H-dim(C(/)) < Cξn for any n e N.

(1.5)

REMARK 1.1
(i) For the right end X2t+\ of /,-, f'(xii+\) denotes the left derivative o f/at

X2i+\ and /'(O) denotes the right derivative o f / a t 0.
(ii) To simplify the notation and the statement, we defined the domain D as

above, but we can also prove the theorem even if D is the union which
skips at least one interval in [xo,xι] and (xi,xi+\\, i— 1, . . . ,2/? —2.

2. Proofs

We first prepare some tools and results on the thermodynamic formal-
ism. Bowen [2] and Walters [9] used the pressure of some real analytic
functions (potentials) to study the equilibrium state. We study pressures for
some function corresponding to the generalized cookie-cutter map /. Put
φ(x) = -log|/'(jc)| for x e C(f) and

φ~(x) =

for each n e N. Clearly we see that

φ~ (x) < φ(x) < <ή (x) for any x e C(f) and n e N. (2.1)

The pressures for potentials φ~(x) and φ+(x) are given as follows:

LEMMA 2.1

P(κφ-) = log Λmax(α,«), P(αp+) = log^ax(α,«) for any α > 0, (2.2)

where P(φ) denotes the pressure for φ.

PROOF. We show only P(κφ~) = log/l~ax(α,w). By elementary calculus,
we see that

m-l

exp ̂  ocφ-(fk(x)) = Trace(^} )m for any m e N.



470 Toshio NAKATA

Therefore in this particular case we have

1 1 N
P(*φ~) = lim - log Trace^Γ = Um - log V λ7(a,n)n

v n / ΛI-KJO m V r(nV m->oo m *-^ l v '
V~ „, ^._j

by the definition of the pressure.

REMARK 2.2 We can calculate the Ruelle's zeta function [7, Proposition 1]
for όφ~ and Δφ* as follows:

(2 3)

where Az (5,w) (resp. At(^,«)), z = 1, . . . ,7V, are the eigenvalues of 5γ (resp.

J?S ). Mori [6, Theorem B] calculated the zeta function using a renewal
(«) .

equation.
Now since /is in Cl+γ and expanding on C(/), the matrices A^ and i?y

rw
are non-negative and irreducible by [2, Lemma 1.3]. The following well-
known lemma is applicable to the matrices.

LEMMA 2.3 Let P = (/ty)"y=1 and Q = (#/y)"7=1 be non-negative irreducible
matrices. Ifpy < q^ and there exist 1 < ij < n such that py < qy, then λp < λζ),
where λp and λς> are the maximal eigenvalues of P and Q, respectively.

In the present setting, we assume that |/;(*)| > 1 for any c e C(f). Hence
we see that (bf)* > (b^)β for 0 < α < β and 1 < ij < N for any n ε N. There-
fore we can apply Lemma 2.3 to B^ and B^ and we obtain that

<") T(n)

A-ax(α,«)>Amax(^,«), A+ax(α,n)>4ax(y9,n) f o r O < α < y S (2.4)

for any n e N. Let us remark the following fact which is called the Bowen-
Ruelle formula. The Hausdorff dimension of the mixing repeller is a unique
solution t of the equation P(-dog|/'|) = 0 (see [7, Proposition 4]).

Using these arguments, we prove the theorem.

PROOF OF (1.2) IN THEOREM. By (2.1) and [9, Theorem 9.7 (ii)], we have

P(α^~) < P(oup) < P(u(pn}' Using (2.2) and the Bowen-Ruelle formula we
obtain the following inequalities.

^maχ('> «) < 1 < Of, n) for any n e N, (2.5)

where t = H-dim(C(/)). By the definition of δn, we have λ^fari) < 1 =
A~ax((5Λ,«), so we have δn < t by (2.4). Similarly we see that / < Δn.
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PROOF OF (1.3). Clearly we have φ~(x) < <Pn+\(χ} f°Γ anY *e C(f) and
n e N. Therefore we have P(aφ~) < P(uφ~+l) for any α > 0 and n e N. By
(2.2), we have logΛ~ax(α,«) < logΛ~ax(α,« -f 1), so Λ~ax(α,«) < /l~ax(α,« + 1).

Similarly we obtain that ^max(a>n) ^ ^ϊnaχ(a>w + 1) f°Γ α > O Therefore by
definition, <5n and Jw+ι satisfy the following relations

By (2.4), we obtain δn <δn+\. Similarly we obtain An > An+\.

PROOF OF (1.4). Since we assume that / is in Cl+γ, there exists C\ > 0
such that \\φ - φ~\\ < C\ξn, where ||^|| = supxeC(/)|^(x)| and 0 < ξ =

m a x x e c ( f ) l / \ f ' ( χ ) \ < 1 (see PJ Lemma 4]). Since we have φ < φ~ +
\\φ - φ~\\ < φ~ + C\ξn, we see that

~ -f C2ξ") =

where €2 — αCi (see [9, Theorem 9.7 (iv)]). This implies that

0 < P(βφ) - P(«φ-) < C2ξ" -» 0 asn^oo. (2.6)

By the Bowen-Ruelle formula and (2.2), we have

0 - P(tφ) = lim P(tφ-) = lim logA^(/, «) for t = H-dim(C(/)). (2.7)
— —

By (1.2) and (1.3), δn converges to a limit s. Lemma 2.1 and (2.6) guarantee
that 1 = limπ_+oo >*max(^ Ό = lίm«-oo X^(s,n) = ep(sφ\ By the Bowen-Ruelle
formula, we obtain that t — s. Similarly we obtain that limn^oo An = t.

PROOF OF (1.5). By (2.6), the definition of δn and Lemma 2.1, we have

(C3f = (C3fλmax(δn, n) < Λ-ax(ί, n) for any n e N,

where 0 < €3 = e~C2 < 1. We can choose C > 0 such that

Put #n=δn + Cζn. Then we can apply Lemma 2.3 to both B(n}n and
(C3)

ξnB(n}n. Therefore we obtain that rw
\n)

^(^,n) < (Cιfλmax(δn,n) < AmaxM). (2.8)

By (2.4), we have δn<t<#n=δn + Cξn. So we deduce that 0 < t - δn <
Cξn. Similarly we obtain that 0 < Δn - t < Cξ".

We can obtain (1.2) without using the theory of the thermodynamic
formalism. Yin [10] proved (1.2) for a fixed « e N in a setting of iterated
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function systems. But in this paper, by only simple calculus, we show it easily
using the theory of the thermodynamic formalism.

REMARK 2.4 Recall that δn (resp. Δn) was defined by the unique solution

of (1.1). Now we can see that

δn = max{<5 e [0,1] : det(Λj? - EN) = 0}, (2.9)

An = max{J e [0,1] : det(*J] - ̂ ) - 0}, (2.10)

where EN is an TV-dimensional identity matrix. We had better use (2.9) and
(2.10) to calculate δn and An with computer simulations.

3. Examples

To help understanding our theorem, we apply our method to the
approximation of the Hausdorίf dimension of a cookie-cutter set C(f) given by
a map / satisfying following properties:

( i ) the domain of / is [0, xi] U (x2,1],
(ii) /is unimodal and /(x) > 1 for some x e (0,1),

(iii) /"(x) < 0 for x e [0,xι], (xi < 1/2) and
(iv) / is symmetrical with respect to 1/2-axis.

A prototype of above maps is the logistic map: fa(x) = f ( x ) — cιx(\ — x)
for a > 2 + \/5.

REMARK 3.1 As to the above case, if we assume that a > 4, we can apply
our theorem. In fact, if a > 4, fa is expanding on C(fa), i.e., there exists

wo e N, λ > 1 and const. > 0 such that

I ^ const X" for ™ > »*o, x e C ( f a ) .

Hence for sufficiently large m, we can apply our theorem to /α

m.

THE FIRST STEP.

Set l[l) = [Q,a] and /^ = [α+, 1], where α - min/-1(l),α+ = max f~l(l).
Then the matrices in the first step are

The maximal eigenvalue of BS is ^i +^2- We see that

', = (f'(OΓδ,f'(VΓδ), Λ i = (/'(αΓV(αΓJ)
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Since δ\ and Δ\ are the unique solutions of the following equations respectively:

2/(OΓ*=l, 2f (*)-' = I,

they are expressed as

log 2log 2
1 ~ log/'(0) ~ log maxXEC(f} \f'(x)\'

_ loβ2 _ l°g2

log/'(α) ~ log minxeC(/) \f'(χ)\'

If f(x) =fa(χ) =ax(l-x) for a > 2 + \/5 then we have

_ l o g 2 _ log 2

logα " log maxxe/(/α) |/'(x)|'

log 2 log 2

(3.1)

logVa2 - 4a log minxe/(/α) \f'(x)\'

The estimation δ\ is equivalent to Brolin's one [4].

THE SECOND STEP.
Set /P - [0,y],7f - [^,α]/3

(2) - [α+,y+] and /f - [/?+, 1], where

y9 = min/-1(α+), 7 = min/-^^,^ - max/-1(α+),y+ = max/'^α).

Then the matrices in the second step are

/ I 0 0 1\ /si 0 0 Λ Λ
1 0 0 1

0 1 1 0

k o i i oy

,52 0 0 ^2

0 53 53 0

0 ^4 ^4 0 J

The maximal eigenvalue of By is - < ^i + £3 + y (^i — s^)2 + 4^2^4 ^
tUof 2 I J

' =

We see
that

Now ^2 and ^2 are the unique solutions of the following equations respectively:

/'(O)-5 +/'(/?)-'' = i, f'(yYA +f'(*TA = i.
Clearly we see that <5ι < 62 < H-dim(C(y^)) < ΔΊ < Δ\. Figure 1 and Figure 2
show the relation between approximations of the Hausdorff dimensions of
C(fa) and the parameter a, where fa(x) — ax(\ — x) for steps 1 ~ 4.
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upper dιm(n-1)- -
uppβr dim (n«2)-+-
uppβr dim (n-3)-o-
uppβr dim (n-4)_M_

Figure 1: Upper and lower estimations of Hausdorff dimensions of C(fa), fa(x) = ax(l — x)

horizontal axis: α, vetical axis: Hausdorffdimension

0.9

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

Figure 2: Upper and lower estimations of Hausdorff dimensions of C(f$), horizontal axis:

approximation step, vetical axis: Hausdorff dimension
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