HirosHIMA MATH. J.
27 (1997), 467-475

An approximation of Hausdorff dimensions of
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Asstract. We give a method of approximation of Hausdorff dimensions of generalized
cookie-cutter Cantor sets using the thermodynamic formalism.

1. Introduction

Cookie-cutter Cantor sets in the line are studied as simple examples of
fractals which are invariant sets of dynamical systems. This enables us to
develop applications of some ideas from dynamical systems theory to fractal
geometry (see [1], [S]). In this paper, we study an approximation of Hausdorff
dimensions of ‘generalized’ cookie-cutter Cantor sets using the thermodynamic
formalism. The reader should refer to the thermodynamic formalism, for
example, in [2], [8], [9].

The original cookie-cutter Cantor set, whose prototype is the standard
middle-third Cantor set {} ", x,3™":x,=0,2}, was defined and studied
minutely by Bedford [1]. We define a generalized cookie-cutter map and a
generalized cookie-cutter Cantor set in the line as follows.

Write I = [0,1], and take 0 = xp < x1 < --- < x3p—1 = 1. Put Jo = [xo, x1],
Ji = (x2i,%2i11] for i=1,...,p—1 and D= Uf:—ol Ji. A generalized cookie-
cutter map f is a mapping f : D — I with the properties that
(i) f 7 is a one-to-one map onto (0,1),

(ii) f is continuous on J; and in C*?(y > 0), i.e., |f'(x) —f' ()| < L|x—y|
for any x,y € J; with some L > 0 (independ of x,y), moreover inf{|f'(x)| :

xeJi}>1 fori=1,...,p—1, where J denotes the interior of J.

A generalized cookie-cutter set C(f) associated with f is the set:

C(f)={xeD:fr(x)eDforanyn > 1}.

Put
C, =f"(I), for any n e N.
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Then C, is equal to the union of p” disjoint closed intervals I,( ), Ay (")
(N =p"), such that maxl(") < mlnl ifi<j for any ne N. Since we have
C,> Cyy1 for any neN, we see that C(f ﬂn=1C =lim, ., C,. By
definition, the generalized cookie-cutter map f has a repelling fixed point, so
that C(f) # 0. If we take x; = 1/3, x, =2/3, f(x) =3x (mod 1) and skip
(%1,x], then C(f) is the middle-third Cantor set.

For a generalized cookie-cutter map f, set

A" = (a (")), ‘-1, where a;

o _ { 1 i) NI =0,
0

otherwise,
(n) _ 1
B® — p™N_ where p® = { 5 i@y =
g ( v )"J"l v 0 otherwxse,
where s = (s1,...,55). We call A™ and Bﬁ") the structure matrix and the

‘weighted’ structure matrix with weight s of n-th step, respectively. Set

ey = (), (Y, ..., (")),
(resp. R, = (R™)", (RY), ..., (RD))),

where

er )

A= inf 1/, RY = swp 1S5 fori=1,..,N.
xel]

We denote the maximal eigenvalue of B (resp. B(")) by A, (0,n) (resp.
o
At (4,n)). We can show that there exists a unique solutlon O, (resp. 4,) of

the following equation

j';12\)((57") =1 (resp max(A n) - 1) (11)

Our main result is the following. The reader should refer to examples in
84 for motivation.

THEOREM. The Hausdorff dimension H-dim(C(f)) of the generalized
cookie-cutter set C(f) satisfies

op < H-dim(C(f)) <4,  foranyneN. (1.2)
Moreover we have
On <0ni1, An = Any1, foranyneN, (1.3)
and
lim &, = hm 4, = H-dim(C(f)). (1.4)

n—oo
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The above limits converge exponentially, i.e., there exists C >0 and 0 < ¢ < 1
such that

0 < H-dim(C(f)) — 6, < C&¢", 0< 4, — H-dim(C(f))<C¢&" forany neN.
(1.5)

REMARK 1.1

(i) For the right end x3;,41 of Ji, f'(x2:41) denotes the left derivative of f at
x2i+1 and f'(0) denotes the right derivative of f at 0.

(i) To simplify the notation and the statement, we defined the domain D as
above, but we can also prove the theorem even if D is the union which
skips at least one interval in [xp,x;] and (x;,xi11], i=1,...,2p — 2.

2. Proofs

We first prepare some tools and results on the thermodynamic formal-
ism. Bowen [2] and Walters [9] used the pressure of some real analytic
functions (potentials) to study the equilibrium state. We study pressures for
some function corresponding to the generalized cookie-cutter map f. Put
p(x) = —log|f'(x)| for xe C(f) and

¢;(x)=logr§c"), (o;r(x)zlongc") er,E"),k——-l,...,N
for each n e N. Clearly we see that
9, (x) <p(x) <g¢f(x) foranyxe C(f)andneN. (2.1)
The pressures for potentials ¢, (x) and ¢} (x) are given as follows:
LEmMMA 2.1
P(og;) = log A, (a,n), P(ap}) =log il (a,n)  foranya >0, (2.2)

where P($) denotes the pressure for ¢.

max (

Proor. We show only P(ag,) = logi
we see that

a,n). By elementary calculus,

m—1
Z exp Z ap, (f*(x)) = Trace(Bﬁﬁ') ) for any m e N.
xeFixfm k=0 @
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Therefore in this particular case we have
P(ag;) = lim L Trace(B™)" = lim — lo i 27 (o, m)™
¢n - m—o m g rz') - m—oo m g pa i )

= log Apax (2, 1)
by the definition of the pressure. W

REMARK 2.2 We can calculate the Ruelle’s zeta function [7, Proposition 1]
for ¢, and Agp; as follows:

N N
1
_ i) =] ————— 2.
Lo () = 1} 1 —u). n)’ (reSp Cani () IJl 1 —udf (4,n) ) @3)
where A7 (0,n) (resp. Af(4,n)), i=1,...,N, are the eigenvalues of Bff,') (resp.
B(") ). Mori [6, Theorem B] calculated the zeta function using a ("r)enewal

equatlon
Now since f is in C'*” and expanding on C(f), the matrices 4" and B(")

are non-negative and irreducible by [2, Lemma 1.3]. The following well-
known lemma is applicable to the matrices.

Lemma 2.3 Let P = (py);;_; and Q = (qy); j—, be non-negative irreducible
matrices. If p;j < q; and there exist 1 < i,j < n such that p; < q;j, then Ap < Ag,
where Ap and Ag are the maximal eigenvalues of P and Q, respectively.

In the present settlng, we assume that | f’(x)| > 1 for any x € C(f). Hence
we see that (b )) > (b )’gforO <a<pfPandl <i,j< NforanyneN. There-

fore we can apply Lemma 2.3 to B(()) and B(f,) and we obtain that
n ")

Amax(,1) > A (B, 1), AL a(aym) > AL (B, n) forO<a<p (24)

for any ne N. Let us remark the following fact which is called the Bowen-
Ruelle formula. The Hausdorff dimension of the mixing repeller is a unique
solution ¢ of the equation P(—tlog|f’|) =0 (see [7, Proposition 4]).

Using these arguments, we prove the theorem.

PRrROOF OF (1.2) IN THEOREM. By (2.1) and [9, Theorem 9.7 (ii)], we have
P(ag,) < P(ag) < P(agp;). Using (2.2) and the Bowen-Ruelle formula we
obtain the following inequalities.

Aoa(t,n) <1 <At (t,n) for any n € N, (2.5)

max ( max (

where ¢t = H-dim(C(f)). By the definition of J,, we have A_, (t,n) <1 =
Amax(On,n), so we have d, <t by (2.4). Similarly we see that 7 < 4,.
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Proor oF (1.3). Clearly we have ¢ (x) < ¢;,,(x) for any x e C(f) and
neN. Therefore we have P(ag;) < P(ag,,,) for any « >0 and neN. By
(2.2), we have logA_, (a,n) <logi_, (a,n+1), s0 Ay, (o,n) < A, (,n+1).
Similarly we obtain that A}, (a,n) > A}, (a,n+1) for & > 0. Therefore by
definition, J, and J,.; satisfy the following relations

1= j';21)((5n+17n + 1) - A;)ax(amn) < A;ax(émn + 1)
By (2.4), we obtain d, < d,+1. Similarly we obtain 4, > 4,;.

PrOOF OF (1.4). Since we assume that f is in C'*7, there exists C; > 0
such that |l —¢,| < Ci&", where |[|4|| =sup,cciyld(x)] and 0< &=
max,cc(nl/lf'(x)| <1 (see [3, Lemma 4]). Since we have ¢ <g, +
lle— o, |l <@, +Ci&", we see that

P(ag) < Plag; + C&") = Pag;) + G,
where C) = aC; (see [9, Theorem 9.7 (iv)]). This implies that
0 < P(ag) — P(ag,) < C¢" -0  asn— oo. (2.6)
By the Bowen-Ruelle formula and (2.2), we have
0= P(tp) = nll»ngo P(tp,) = ’1113.10 log A, (2, n) for t = H-dim(C(f)). (2.7)
By (1.2) and (1.3), d, converges to a limit s. Lemma 2.1 and (2.6) guarantee

that 1 = limy— o0 Ay, (On, 7) = limy_ o, A, (5,7) = €79, By the Bowen-Ruelle
formula, we obtain that ¢ =s. Similarly we obtain that lim, . 4, = .

Proor of (1.5). By (2.6), the definition of §, and Lemma 2.1, we have
(C3)én =(G)* Amax(On, 1) < A, (8, 1) for any n e N,
where 0 < C3 =e % < 1. We can choose C > 0 such that

FONe
1Ea<xN(’ ) =G
Put &, =6, + C&. Then we can apply Lemma 2.3 to both B(") and
(C3)* B(") Therefore we obtain that "
")
l;u(é n) < (C3) lmax(émn) < lmax( n). (2.8)

By (2.4), we have 6, <t <d), =0, + C&. So we deduce that 0 <t—J, <
C¢&". Similarly we obtain that 0 < 4, —t< C&. W

We can obtain (1.2) without using the theory of the thermodynamic
formalism. Yin [10] proved (1.2) for a fixed ne N in a setting of iterated
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function systems. But in this paper, by only simple calculus, we show it easily
using the theory of the thermodynamic formalism.

REMARK 2.4 Recall that d, (resp. 4,) was defined by the unique solution
of (1.1). Now we can see that

dx =max{d € [0,1] : det(B") — Ey) = 0}, (2.9)
(n)
4, =max{4 € [0,1] : det(B%) — Ey) =0}, (2.10)
(n)

where Ey is an N-dimensional identity matrix. We had better use (2.9) and
(2.10) to calculate J, and 4, with computer simulations.

3. Examples

To help understanding our theorem, we apply our method to the
approximation of the Hausdorff dimension of a cookie-cutter set C(f) given by
a map f satisfying following properties:

(i) the domain of fis [0,x;]U (x2,1],

(ii) f is unimodal and f(x) > 1 for some x € (0, 1),
(iii) f"(x) <0 for x € [0,x;], (x; < 1/2) and

(iv) f is symmetrical with respect to 1/2-axis.

A prototype of above maps is the logistic map: f;(x) =f(x) = ax(l — x)
for a > 2+ /5.

ReEMARK 3.1 As to the above case, if we assume that a > 4, we can apply
our theorem. In fact, if a >4, f;, is expanding on C(f,), i.e., there exists
moeN,A>1 and const. > 0 such that

I(f™)(x)| = const. A" form >my, xeC(f,).

Hence for sufficiently large m, we can apply our theorem to f)".

THE FIRST STEP.
Set I =[0,a] and IV =[a;,1], where a=minsf~!(1),a; =maxsf!(1).
Then the matrices in the first step are

AMD — 11 B — N
1 1 ’ § Sy 5 ’

The maximal eigenvalue of Bgl) is 51 + 5. We see that

Ry =07, L0, Rl =@ @).
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Since d; and 4, are the unique solutions of the following equations respectively:

07 =1,  2f' (@) =1,

they are expressed as

5 — log2 log2
' log f(0) ~ log maxycc(s) If' (%)’

| | (3.1)
A, = og2 _ og?2

log f'(x)  log minyec(p) |f'(X)]
If f(x) = fa(x) = ax(1 — x) for a >2++/5 then we have

5 log2 log2
'“loga ~ log maxyeys) | £ ()]’
log?2 log2
4y = og - og

logvVa? — 4a ~ log minye gy |7 (x)]
The estimation J; is equivalent to Brolin’s one [4].

THE SECOND STEP.
Set 11(2) = [0, y],Iz(z) = [B, a]1§2) = [0y, 7] and Ijz) = [B,,1], where

p =min £~ (o), = min (), B, = max /' (),7, = maxf~ (2).

Then the matrices in the second step are

1 0 0 1 S 0 0 S1
1 0 0 1 s 0 0 &
4@ — B@ — | 2 2
0110} s 0 s3 s3 O
01 1 0 0 S4 5S4 0

The maximal eigenvalue of B§2) is %{31 + 853+ \/ (s1 — S3)2 + 4S2S4}. We see
that

= ('O LB LB SO7),
RE’Z) = (f( ) (a) 7f (a)_ ’f (y)_A)’
Now 0, and 4, are the unique solutions of the following equations respectively:
OB =1, O +f ()" =1

Clearly we see that §; < d» < H-dim(C(f;)) < 42 < 4,. Figure 1 and Figure 2
show the relation between approximations of the Hausdorff dimensions of
C(f2) and the parameter a, where f,(x) = ax(l — x) for steps 1 ~ 4.
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Figure 1: Upper and lower estimations of Hausdorff dimensions of C(f;), fa(x) = ax(1 — x)
horizontal axis: a, vetical axis: Hausdorffdimension
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Figure 2: Upper and lower estimations of Hausdorff dimensions of C(fs), horizontal axis:
approximation step, vetical axis: Hausdorff dimension
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