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ABSTRACT. Hausdorff and packing dimensions are used to measure the complexity and

irregularity of a set, though their calculations are in general not so easy. In this paper

we define scattered sets which describe a typical form of explosions and then estimate

their Hausdorff and packing dimensions.

1. Introduction

Let (X,d) be a complete metric space and @>n(X) denote the family
of subsets of X having n elements. Then we call a set valued map φ : A a

X —> ^n(X}-, n > 1, an n-scattered map on A.
For a sequence Φ = {φk} of %-scattered maps, φk : Ak~l —>• &nk(X), in

which A = {Ak} is defined inductively by

AQ = {xi,^,...,*^} and Ak = \Jyk_ιeAk-ι Φk(yk-ι)

for each k e N, we call (A, Φ) a scattered system. Here the image of yk_l e

Ak~l may also be denoted by φk(yk_\) = [yk-\j ' j = 1,2, . . . ,«&}. Moreover,
when there exists a function / : \J™=QAk —» (0, oo) and 0 < a < 1 such that

(1) d(yk,yk+l)ίf(yk)-f(yk+l),

(2) d(yk,y

r

k)>(l+a){f(yk)+f(y'k)},

(3) a < f(ykj]/f(yk} - f(yί,W(yί) and /(Λ) \ ° ask - oo
for each yk, y'keAk and yk+\, ykj, yf

kj eAk+l, we call (A, Φ) an f-bounded
scattered system.

We recall the definition of Hasudorff and packing dimensions [2], [3].
Let F be a given set and \U\ denote the diameter of a set U. Then {ί/J^

is called a ^-covering of F if F c \JfUf and |t//| < δ, and is called ^-packing of

F if {[//} is pairwise disjoint, UiΓ\F Φ 0 and |t//| < <5. Then ^-dimensional

Hausdorίf measure HS(F) and Hausdorίf dimension dimu(F) are defined by
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HS(F) = lims^HI(F) where Hj(F) = inf{Σ£ι \Ut\
s {^} is a ^-covering

of F}, and dimH(F) = sup{s > 0 : HS(F) = 00} (or mf{s > 0 : HS(F) = 0}).

And let 9(F} = liπu_>o<W) where <%(F) - sup{£, |t/, |J : {£/,} is a
^-packing of F}. Then s-dimensional packing measure PS(F) and

packing dimension dimp(F) are defined by PS(F) = vaf{Σi&(Fi) '• F ^ UΞi ̂ '}
and dimp(F) = sup{s > 0 : PS(F) = 00} (or infj> > 0 : PS(F) = 0}).

In this paper, we define a scattered set from the scattered system and
estimate its Hausdorff and packing dimensions. From now on, B(yn) denotes
the closed ball B(yn,f(yn)).

2. Main results

LEMMA 1. Let (A, Φ) be anf-bounded scattered system and let {yk} be any

sequence such that yk_λ e Ak~l and yk e φk(yk-\) for eac^ A: e N. Then {yk} is
a Cauchy sequence in X and so has a limit point.

PROOF. Since f(yn) \ 0 as n — > oo, for every ε > 0 there exists an Jf e
N such that f(yk) < ε for k > N and yk 6 Ak. Then for any n > m > Jf,

d(ym, yn) < d(ym, ym+l) 4- d(ym+l,ym+2) +

< {f(ym) - f(ym+ι}} + {/(jwi) - f(ym+2)}

Thus {yn} is a Cauchy sequence. Π

From the above Lemma, we can define the following set,

DEFINITION 2. For a given /-bounded scattered system (A, Φ), its scattered
set is defined by

Λ(A, Φ) = {y e X : y is the limit of a sequence {jn} satisfying
the condition of Lemma 1}.

From the following Theorem, we can find some topological properties of
the scattered set.

THEOREM 3. Λ(A, Φ) is perfect, totally bounded and compact.

PROOF. Let yeΛ(A,Φ). Then there exists {yn} such that yn->y as
n — > oo. Since f(yn) \ 0 as « — > 0, for every ε > 0 there exists an Jf e N
such that /(.yj < ε/2 and d(yn,y) < ε/2 for each n > Jf> '. And for this N
any sequence {y'n} with ^ — yf for ^ < ^Γ and y^ φ y'^ satisfying the
condition of Lemma 1 has a limit point y' in Λ(A, Φ). Since d(yk,y'k) >

f(yk) + f(yβ, B(yk] n ̂ (^) - 0 and since d(yk, yk+l] < f(yk) - f(yk+l) for
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each yk+l 6 φk+\yk), B(yM) = B(yk). Then f^o^π) - M, fT=o
= {X} and X e #(j,ε)\{y}. Hence Λ(A, Φ) is a perfect set.

Now for any ε > 0, take an Jf e N such that /(jμw) < ε for any yne A"
with rc > ΛΛ Then as above, every y e Λ(A, Φ) is contained in B(yn) for some
yn E An and so Λ(A, Φ) c (J eAn B(yn,ε). Hence Λ(A, Φ) is totally bounded.

The compactness follows from the above two properties. Π

We will estimate the Hausdorff and packing dimensions of the scattered
set.

THEOREM 4. Let

D = supJ s > 0 : liminf V f(yn)
s = oo I

n-»oo ^— <
I yneAn )

= inf J s > 0 : liminf V /(^Π)J = 0 I.

dimHyl(A,Φ) = ̂ .

PROOF. Since f(yn) \ 0 as n -> oo, Φ(j,fc) = Σ^eΛ*/W is contin-
uous and decreasing for s and for sufficiently large k. And since Φ(s,k) — > 0

as 5 ^> oo and Φ(0, fc) = n§n\nι «£ — > oo as A: — >• oo, 0 < liminf^oo ^( ,̂ ̂ ) <
oo implies liminf^oo Φ(s\,k) — oo and liminf^^oo Φ(sι,k) — 0 for s\ < s < 82,
and so D is well-defined. We may suppose 0 < D < oo.

For s > D and for given δ > 0, take an n e N such that f(yn) < δ/2 for all
yn e An. Then as in the proof of Theorem 3, we have Λ(A, Φ) c (J e^M B(yn)
and

Hence ^5(^(A, Φ)) < liminf^oo 2s ΣyneA» f(VnY < °° for s > Ώ. or
dimHΛ(A, Φ) < D.

Now let s < D. To define a mass distribution on JΓ, let 3Fn be the
family of arbituary unions of B(yn)

9s and 2F be the completion of the

smallest σ-algebra generated by (J^V And define a set function μ on

: Λ 6^, Λ 6 N} by

y'nεAn

Since f(yl

kj)/f(y'k)=f(ykj)lf(yk) for ;= ι,2,...,«*+ I j
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Σ (f(yfkj}/f(y'k}}s = Σ

Therefore we have

μ(B(ynj))

Σf(y'*>'{ Σ
y'eA"

= μ(B(yn)} f(ynj

and so ΣynjEφn^(yn]μ(B(ynj) = μ(B(yn)). Moreover

Σ

= Σ Σ

So // can be extended to a mass distribution on 2F with support in Λ(A, Φ)
[2]. Now consider j6vi(A, Φ) and {yn} with yn^y as n-*oo. As in
the proof of Theorem 2, {j} = P)5(^rt). For every small r > 0, take an w
such that f(yn+\)<r<f(yn). For α > 0 in the definition of/-bounded

scattered system, ar < af(yn) < d(yn,y'n} - { f ( y n ) J r f ( y ' n ) } and so B(y,ar) c

, Or)) < ̂ (^i,))- For 0 < / < .,
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μ(B(y,ar}}/(ar}t<μ(B(yn}}/{a^f(yn+ιγ}

<μ(B(yn))/{a2tf(yn)
t]

so supr^μ(B(y,r)/r< < limsup^αo f(ynΓΊ{^ ' Y y^A fW} = ° Hence
/Γ(Λ(A,Φ)) = oo by the density theorem [2], and dimHΛ(A, Φ) > D, Q

THEOREM 5. Let

D — sup< s > 0 : limsup Y^ f(ynY — °° \

= inR s > 0 : limsup V f(yn)
s = 0 >.

I °̂° ^eΛ« J

dimPΛ(A, Φ) = D.

PROOF. As in Theorem 4, D is well defined. Let 0 < s < D. Take an

Λ^E N such that f(yk) < ε/2 for each yk e Ak with k > J f . Then for each
yn e An with n > yΓ,

> sup
k>n

limsup /(Λ)J /(Λ)J = oo.

Thus Ps(B(yn] Π/ί(A, Φ)) = oo. Now consider any {Λn} which satisfies

\J*=l Λn = >1(A, Φ). Since ^(A, Φ) is compact, \J™=1 Λn = Λ(A, Φ). By the
Baire category theorem, there exists a Ano whose interior in Λ(A, Φ) is not

empty, so there exists a large n such that B(yn)Γ\A(A,Φ)<^AnQ. Since

Ps(Ano) = PS(A^Q} > Ps(B(yn] Π Λ(A, Φ)) = oo, we have PS(Λ(A, Φ)) =
inf{Σ£ι Ps(Λn) : yi(A, Φ) = (J Λ} - oo. Hence dimP Λ(\, Φ) > D.

Now take an s > D and let μ be the mass distribution defined as in

Theorem 3. Consider y e A(A, Φ) and <jμw> satisfying yn^y as n^cc.

For given r > 0, take an n such that /(jμw+1) < r/2 < f(yn). For ί > s,
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μ(B(y,r))/r<>μ(B(yn+l))/(2f(yn)y

>(a/2 )' μ(B(yn+l))/f(yn+ιy

and so

]immfμ(B(y, r))/r' > lim inf (α/2) ' /(Λ+ι
r~" °̂°

= °°

By the packing density theorem [3], P'(Λ(A, Φ)) = 0 and dimpΛ(A, Φ) <
D. D

THEOREM 6. Let sn be the number satisfying

Σ
s = lim inf „_ oo sn and s = limsupn_co sn. Then

s < diniH Λ(\., Φ) < dimp Λ(A, Φ) < s.

PROOF. We may suppose 0 < j < ΐ < o o . Take an s with 0<s<s,
then there exists an Jf e N such that s < s/t for all A: > Jf. Since

+i, y») + d(yn, y'n+l) < 2f(yH) - f ( y n + ι )

we have f(yn+l)/f(yn) < 2/(2 + α) < 1 for eachfor each yn+l,y'n+l e ^"

e + l Then

")' = Σ f(y»v Π Σ

Σ
k=N

(2/2 + «)"*

where

II Σ

So liminfw = °° and
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In a similar way, we have limsupX^^ f(yn)
s = 0 for s > s and D < s.

Therefore from the above two theorems, ^<dimκ^(A, Φ) <dimpΛ(A, Φ) <

s. D

COROLLARY 7. If the sequence {sn} in Λ(A,Φ) satisfying

yneφn(yn_λ]

has a limit s} then

dimH Λ(A, Φ) = dim? Λ(A, Φ) = s.

3. Examples

Now we will give two examples.

EXAMPLE 1. Let X=[0,l], AQ = {x/3 + 1/6 : x = 0,2} and let Λ/**
be a fixed positive integer. For each positive integer k represented by k =

+ / for non-negative integers m and / with 0 < / < Λ/"*, put a^ = 1/2-
+ 1) + (/+!)(/ + 2)}. Define φk : Ak~l -* P2M(X) by

^(Λ-I) = (Λ-I+ Σ ^/3' + l/2.(l/3*-l/3^):^ = 0,2l
I /=αfc-/ J

where ^* = ̂ (^-1). and define / : (J™=QAk -* (0, oo) by /(Λ) =
l/(2 3α*). Then ^i(A, Φ) is an /-bounded scattered system. Since

}st = 1 for each sk = Iog2/log3,

, Φ) = dim? yi(A, Φ) = log 2/log 3.

EXAMPLE 2. For the same X and AQ as in above, we define another /-
bounded scattered system by

,Ϊ3«-ι *//3'-4/27» : x3«-ι = 0,2, x3« = 2}, (A: = 2n-l)

-i + ̂ «+ι/33n+1 - l/(3 - 27") : x3«+ι = 0, 2}, (k = 2n),

Π/(2-27«), (k = 2n-l),

\ l/(6 27"), (k = 2n),

for yk_l e Ak~l and for yke Ak. Then for this /-bounded scattered system
Λ(A,Φ), ίfc = log2/(21og3) for k = 2n - 1 and ίfc = log 2/log 3 for A: = 2n.
Hence

Iog2/(21og3) < dimHΛ(A,Φ) < dimP/ί(A,Φ) < Iog2/log3.
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