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ABSTRACT. Let u be a positive continuous function on [0, c0) satisfying the conditions:
(i) lim,_o, 2 log u(r) = oo, (ii) inf,»ou(r) = 1, (iii) lim, ., 7' log u(r) < oo, (iv) the
function log u(x?), x>0, is convex. A Gel'fand triple [&], = (L?) < [£]; is con-
structed by making use of the Legendre transform of u discussed in [4]. We prove

characterization theorems for generalized functions in [¢], and for test functions in [&],
in terms of their S-transforms under the same assumptions on #. Moreover, we give an

intrinsic topology for the space [&], of test functions and prove a characterization

theorem for measures. We briefly mention the relationship between our method and a
recent work by Gannoun et al. [10]. Finally, conditions for carrying out white noise
operator theory and Wick products are given.

1. Introduction

Let & be a real topological vector space with topology generated by a
sequence of inner product norms {|-|,}~,. We assume that & is a complete
metric space with respect to the metric

5772 =~ Ened.

In addition we assume the following conditions:
(a) There exists a constant 0 < p <1 such that ||, <p|-|; < - <
P, <
(b) For any p >0, there exists ¢ > p such that the inclusion i, ,:
6, — &6, is a Hilbert-Schmidt operator. (Here &, is the completion
of & with respect to the norm |-|,.)
Let &' and é’p' denote the dual spaces of & and &), respectively. We can
use the Riesz representation theorem to identify &, with its dual space &.
Then we get the following continuous inclusions:
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(a@<—>§p<—>£0<—>é‘;’<ﬁ(§’, p=>0.

The above condition (b) says that & is a nuclear space and so & = & =
&' is a Gel'fand triple. Let x4 be the Gaussian measure on &' with the
characteristic function given by

J O du(x) = 2 fes.
éﬁ/

The probability space (&’,u) is often referred to as a white noise space.
For simplicity, we will use (L?) to denote the complex Hilbert space L2(u).
By the Wiener-Itd theorem, each ¢ € (L?) can be uniquely represented by

o0

(1.1) p(x) =D LX) =D X fy, fes,
n=0 n=0

where I, is the multiple Wiener integral of order n and : x®": is the Wick

tensor of x € &' (see page 33 in [21].) Moreover, the (L?)-norm of ¢ is given

by

o 1/2
(1.2) ol = (Zn!mé) :
n=0

Recently Cochran et al. [8] have introduced a Gel'fand triple asso-
ciated with the above Gel'fand triple & = &y = &’ and a sequence {a(n)},~,
of positive real numbers satisfying the conditions:

(A1) «(0) =1 and inf,>oa(n)c” > 0 for some o > 1.

(A2) lim,_., (%)W: 0.

Actually, a stronger condition inf,>oa(n) >0 in (Al) is assumed in [8].
However the above weaker condition for some ¢ > 1 in (Al) is strong enough
to assure that the nuclear space [&], is a subspace of (L?), a fact to be shown
below. This weaker condition was first introduced in [5].

For ¢ € (L?) being represented by Equation (1.1) and p > 0, define

- 1/2
(1.3) Il = (Z m(ﬂ)ﬂlﬁ) :
n=0

Let [6,], = {p € (L?); lell,, < oo} Define the space [6], of test functions on
&' to be the projective limit of {[&,],; p > 0}. The dual space [&], of [£], is
called the space of generalized functions on &'.

By using conditions (a) and (Al) we see that

S s ;= (inf o) 3l

n=0
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for p large enough such that ¢~'p=% > 1. This inequality, in view of Equa-
tions (1.2) and (1.3), implies that [&,], = (L?) for all p > (—2logp) ' loga.
Hence [&], = (L?) holds. By identifying (L?) with its dual space we get the
following continuous inclusions:

]

where [&,], is the dual space of [6,],. Moreover, [&], is a nuclear space and
so [¢],

c (Lz) < [6], is a Gel'fand triple. This triple is refered to as a CKS-
space. Note that [£]; = U,=0[&,]; and for p > (=2 log p) " log g, [6,]; is the
completion of (L?) with respect to the norm

o 1/2
(1.4) loll_p, 172 = (meﬁ) :

n=0

L= 6, = (L) = &) = [6,  p=(-2logp) ' loga,

For ¢ belonging to the complexification &, of &, the renormalized ex-
ponential function : <€ : is defined by

o0
L& 1 ES_1/2E
e = 30— (O By OIS,
nzon.

whose norm is evaluated as

(1.5) e, = G(1€])' 2, p=0,

where G, is the exponential generating function of the sequence {a(n)}, i.e.,

(1.6) G,(r) :iMr”.

|
n=0 n

By condition (A2) G, is an entire function. Hence Equation (1.5) implies that
1e¢© e8], for all &eé..
On the other hand, by Equation (1.4), we have
& 2\1/2
(1.7) I ety = Gral€2,) 2,

where G, is the exponential generating function of the sequence {1/a(n)}, i.e.,

(1.8) Gl/a(r):i ! .

“— nlo(n)

It follows from condition (Al) that G/, is an entire function.
For @ € [&]], its S-transform S® is defined to be the function

o’

(S¢)(f): <<¢7:e<'7é>:>>; éegm

where «-,->» is the bilinear pairing of [£]; and [&],.
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An important problem in white noise analysis is to characterize generalized
and test functions in terms of their S-transforms. For this purpose we need
the following conditions:

| 1/n
(B1) limsup, ., (n_ inf,~o G“(r)) < .
“\a(n) rh

~ Gy, 1/n
(B1) lim sup,_,., (n!oc(n) inf,~o 1;}1(’)) <o
(B2) The sequence y(n) zy, n >0, is log-concave, i.c.,

y(n)y(n+2) < p(n+1)7, Vn > 0.

(B2) The sequence { } is log-concave.

1
nlo()
It follows from Theorem 4.3 in [8] that condition (B2) implies condition
(B1). Similarly, condition (B2) implies condition (B1), [3]. Characterization
thorems are proved in [8] for generalized functions under (B2) and in [3] for
test functions under (B2). In fact, those conditions can be replaced by weaker
conditions. We say that two sequences {a(n)} and {b(n)} of positive real

numbers are equivalent if there exist K, K>, cy,c; > 0 such that for all n,

Kicia(n) < b(n) < Kzcja(n).

Now, we state the weaker conditions for the sequence {o(n)}:

Near-(B2) The sequence {o(n)} is equivalent to a sequence {A(n)} of
positive real numbers such that {i(n)/n!} is log-concave.

Near-(B2) The sequence {a(n)} is equivalent to a sequence {i(n)} of

. 1 .
positive real numbers such that < —— 5 is log-concave.
nli(n)

As shown in Lemma 2.1 below, near-(B2) and near-(B2) are equivalent
to the conditions (B1) and (B1), respectively. Then, we have the following
theorems.

THEOREM 1.1. If F = S® for ® €8], then F satisfies the conditions:

(1) For any & 5 € 8., the function F(z¢+n) is an entire function of z € C.
(2) There exist constants K,a,p >0 such that

|F(é)‘ = KGa(a|é|j) 1/27 é € g&

Conversely, assume that condition near-(B2) holds and let F : . — C be a func-
tion satisfying conditions (1) and (2). Then F = S® for a unique generalized
Sfunction @ € [&]]

o

THEOREM 1.2. If F = S¢ for ¢ € [&],, then F satisfies the conditions:

o
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(1) For any & n € 8., the function F(z¢E+n) is an entire function of z € C.
(2) For any a,p >0, there exists a constant K >0 such that

F()] < KGiaald?)' . eé.

Conversely, assume that condition near-(B2) holds and let F:&. — C be a
Sfunction satisfying conditions (1) and (2). Then F = S¢ for a unique test func-
tion ¢ € (&),

Now, for a general sequence {x(n)}, we cannot expect to find the sums
G, in Equation (1.6) and G;/,, in Equation (1.8) as elementary functions.
Therefore, it is desirable to find elementary functions to replace G, and Gy,
in Theorems 1.1 and 1.2. This leads to the concept of equivalence in the next
definition.

DEerFINITION 1.3. Two positive functions f and g on [0,c0) are called
equivalent if there exist constants cy,cy,aj,a; > 0 such that

cif (air) < g(r) < caf (azr), Vr e [0, 00).

In order to find elementary functions that are equivalent to G, and Gy,
in Theorems 1.1 and 1.2, we have developed in [4] the crucial mathematical
machinery.

ExampLE 1.1. When o(n) =1 for all n, condition (B2) is obviously
satisfied and G,(r) = Gy/,(r) =e". In the case of Hida-Kubo-Takenaka,
Theorem 1.1 is due to Potthoff and Streit [29], while Theorem 1.2 is due to
Kuo et al. [24].

EXaMPLE 1.2. When a(n) = (n!)?| 0 < < 1, condition (B2) is easily seen
to be satisfied. The functions G, and Gy, are given respectively by

(1.9) GPry=>" 11_ﬁr”, G =Y )11+ﬁr".

n=0 (I’l') n=0 (I’l'

However we see that G/¥ and G- are equivalent to the functions

(110)  gy(r) =expl(1 = Hr/OP) g 4() = exp[(1 + )/ 1],

respectively. Theorems 1.1 and 1.2 with the growth functions gz and g_g,
respectively, are due to Kondratiev and Streit [12] [13] (see also [21].)

ExaMpPLE 1.3. When o(n) = bi(n) (the Bell numbers of order k,) con-
dition (B1) is shown to be satisfied in [8]. However actually condition (B2)
is satisfied [2]. In this case, G,(r) = exp;(x)/exp;(0) (expi(x) is the k-th iter-
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ated exponential function) and Theorem 1.1 is due to Cochran et al. [8].
On the other hand Gy, is not an elementary function. However it is
equivalent to the function

(1.11) wi(r) = exp {2\/rlogkl \/;],

where the function log; is defined inductively by
log,(r) = log(max{r,e}),  log;(r) =log,(log;, (r)),  j=2.

The first purpose of the present paper is to construct a CKS-space [6],
(L*) = [¢]; with a given growth function u and to obtain the general char-
acterization theorems by applying the results in [4]. The second purpose is
to give the intrinsic topology for [£], and to show properties of the space
relating to the features of u. The basic idea is to start with a growth function
u and then apply the Legendre transform to get a Gel'fand triple [&], =
(L2 < [&];.

We remark that Gannoun et al. [10] studied a similar Gel’fand triple
consisting of spaces of entire functions governed by a convex function ¢ and its
dual. Their inclusions and duality are rather abstract. We will give com-
ments about relationships between u and 6 in section 4.

Further we will discuss the characterization of measures in [&], by an
integrability condition in section 4. (See also [6]). Ouerdiane and Rezgui [28]
showed the Bochner-Minlos theorem, which tells an integrability condition of
measures in terms of growth order of characteristic functions.

2. Legendre and dual Legendre transforms

First we mention the following concepts which will be frequently used. A
positive function f on [0, c0) is called
(1) log-concave if the function log f is concave on [0, o0);

(2) log-convex if the function log f is convex on [0, c0);
(3) (log, exp)-convex if the function log f(e*) is convex on R;
4) (log, x*)-convex if the function log f(x*) is convex on [0, c0). Here

k> 0.
It is easy to check that if f is log-concave, then the sequence {f(n)},,
is log-concave. If f is increasing and (log, x)-convex for some k > 0, then f
is (log, exp)-convex (see Proposition 2.3(3) in [3].) Further, if {f(n)/n!},-,
is log-concave and f(0) =1, then for any n,m >0,

2 ponem) < (") gl < 2 o).
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Let C, 1o; denote the collection of all positive continuous functions # on
[0, 00) satisfying the condition:

lim log u(r) =
r—o  logr

The Legendre transform ¢, of ue Cy 1o, is defined to be the function

1€ [0, o).

Let C, i), denote the collection of all positive continuous functions u
on [0,00) satisfying the condition:

lim log u(r)
r—o  \/r

The dual Legendre transform u* of ue C, 1/, is defined to be the function

o2V

u*(r) :iggm, rel0,00).

Assume that u e Cy 15, and lim,_o /u(n)l/ "=0. We define the L-function &,
of u by

(2.2) PLu(r) = Z/u(n)r”.
n=0

Now, let ue C, 1/, and assume that limn_,w(/,,(n)(n!)z)"/”:O. We
define the Lf-function of u by

- 1
(2.3) L) = Z_;Wﬂ

For discussions in the rest of the paper, we will need the following facts
from papers [4] [5].

Fact 2.1.  The inclusion Cy 15 = Cy 1og holds. If u is increasing and (log, x?)-
convex, then u is (log, exp)-convex.

Fact 2.2. Let ue Cy 0. Then the Legendre transform ¢, is log-concave.
(Hence ¢, is continuous on [0, 00) and the sequence {/,(n)},, is log-concave.)

Fact 2.3. Let ue Cy 105 be (log, exp)-convex. Then
(1) 2u(2) is decreasing for large t,
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) lim,_.. 4,(0)"" =0,
(3) u(r) =sup,s o Zu(t)r" for all r = 0.

Fact 2.4. Let ue Cyoy. We have the assertions:
(1) u is (log, x*)-convex if and only if £,(t)t* is log-convex.
(2) If u is (log, x*)-convex, then for any integers n,m >0,

Lu(n)u(m) < £,(0)2K0FM 4, (n 4 m).

Fact 2.5. (1) Let ue C, 1o be (log, exp)-convex. Then its L-function &, is
also (log, exp)-convex and for any a > 1,

eda

ZLu(r) < u(ar), Vr > 0.

log a
(2) Let ue Cy g be increasing and (log, x¥)-convex. Then there exists a
constant C, independent of k, such that

u(r) < CL,(2%),  Vr>0.

Fact 2.6. Let ue C, 5. Then its dual Legendre transform u* belongs to
Cy 12 and is an increasing (log, x? )-convex function on [0, o0).

Fact 2.7. If ue Cy ) is (log, x2)-convex, then the Legendre transform - of

*

u* is given by
o2

Ly (1) = O

t€[0, o).

Fact 2.8. Let ue Cy 1), be (log, x?)-convex. If u is increasing on the interval
[ro, 00), then we have (u*)"(r)=u(r) for all r>ry. In particular, if u is
increasing on [0, 00), then (u*)" =u on [0, ).

Fact 2.9. Let ue C, 1) be (log, x?)-convex. Then the functions u*, %,-, and
L are all equivalent.

LEMMA 2.1.  The conditions (B1) and (B1) are equivalent to near-(B2) and
near-(B2), respectively.

Proor. It is enough to show the equivalence of (B1l) and near-(B2). Put
u(r) = Gy(r). It is easy to see that ue C, 1o, and a(n)/n! </,(n). By Fact
2.2, /,(n) is log-concave. Since inf,~g G,(r)/r" =¢,(n), the condition (B1)
is equivalent to that there exists a positive constant C such that /,(n) <
C"a(n)/n!. Hence {o(n)/n!} is equivalent to the log-concave sequence {/,(n)},
if (B1) holds.
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Conversely, suppose that there exists a positive sequence {f(n)} and
positive constants K, K5, ¢1,¢; such that {f(n)/n!} is log-concave and

chf’% < % Schg[)%.

Then we have
KiGp(cir) < Gu(r) < K> Gg(car).
Therefore,

' 1/n | K 1/n
lim sup (n_ inf Ga(if)) < lim sup ( X c’z[)’ 0 inf 2Gp (czr))
1

nooo \o(n) >0 1" - >0 "

! G 1/n
— 2lim sup " inf p(r) < o0,
€1 oo \fB(n) >0 1"

since the condition (B2) for {f(n)} implies (B1) for {f(n)} (see [8]). [

For more precise discussion, We will need the following conditions on
ue C+’ 1/2¢

(U0) inf,sou(r) = 1.

(Ul) wu is increasing and u(0) = 1.

(U2) lim, ., r ! logu(r) < oo.

(U3) u is (log,x?)-convex.

Recall that the A-conditions are needed in order to set up the Gel’fand
triple [£], = (L?) =[], and to make sure that the renormalized exponential
functions : e+<” 1, & € &,, are test functions in [£],. Moreover, note that the B-
conditions are used for the characterization theorems [3] [8]. Keeping these in
mind, we consider the relationship between the U-conditions and AB-conditions
for the rest of this section.

For a given u € C; 1y, define a sequence {o,(n)} by

1

(2.4) () =

LemMA 2.2. If ue Cy 1og satisfies conditions (U0) and (U2), then o,
satisfies the condition (Al).

Proor. By the definition of Legendre transform, /,(0) = 1. Since u sat-
isfies condition (U2), there exist constants ¢, ¢; > 0 such that u(r) < ¢je®” for
all r > 0. Therefore,

Cz\/"z‘)n
n!

< ety

(&18 n
ly(n) = inf@ <inf&C — ci1cy (2) <

>0 1" >0 r"

by the Stirling formula n! < e\/n(n/e)". Therefore o, (n)(c2v2)" > (c1e)”'. [
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Further, we can show the condition (A2) by the following lemma.

Lemma 2.3. Let ue Cy ) satisfy condition (U3) and o, be in (2.4).
Then w, satisfies the condition (A2). In addition, G\, defined in (1.8) and A%
defined in (2.3) are the same entire function, i.e. G, (r) = L (r).

Proor. The equality is obvious. By the condition u € C, |/, and by Fact
2.6 the dual transform u* belongs to C, i, and is an increasing (log,x?)-
convex function. By Fact 2.1, u* belongs to C; jo; and is (log, exp)-convex.
Therefore /,- satisfies (2) in Fact 2.3. Then we see

1 v Ly (n)n?" v
lim (————| =lim(~“5—] =lim /.(n)"" =0
n— oo /u(l’l)(l’l') n— oo (nl) e2n n— oo

by Fact 2.7 and the Stirling formula. Hence the condition (A2) holds. [

LeMMA 2.4. If ue Ciog satisfies condition (U3), then the sequence
{a,(n)} satisfies condition near-(B2).

ReEMARK. Even if we assume that ue C, , with condition (U3), we
cannot conclude that {a,(n)} satisfies condition (B2). On the other hand, if
we assume that ue Cy jog is log-convex, then {o,(n)} does satisfy condition
(B2). For the proof, see Lemma 3.3 in [5].

PrOOF. We can apply Fact 2.4 (1) to see that {/,(n)n*"} is log-convex.
However /,(n) = (a,(n)n!)™'. Hence the sequence {(o(n)n!) 'n*'} is log-
convex and so the sequence {a,(n)n!/n*'} is log-concave.

Let A(n) = o, (n)(n!)*/n®. We have just shown that {i(n)/n!} is log-
concave. On the other hand, it follows from the Stirling formula that
{ay(n)} and {A(n)} are equivalent. Hence {«(n)} satisfies condition near-

(B2). O

LemMA 2.5. Let ue Cy 1o5. Then the sequence {o,(n)} satisfies condition
(B2).

PROOF. By Fact 2.2, {/,(n)} is log-concave. However 7,(n) = (nloy(n))""

and so the sequence {(n!ocu(n))_l} is log-concave. This means that the sequence
{ay(n)} satisfies condition (B2). [J

Putting the above four lemmas together, we get the next theorem for the
Gel’'fand triple [£], = (L?) < [&]] associated with a growth function w.

THEOREM 2.6.  Suppose ue C, iy satisfies conditions (U0) (U2) (U3).
Then the sequence oy,(n) = (£u(n)n!)™", n >0, satisfies conditions (A1), (A2),
near-(B2), and (B2).
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3. Characterization theorems

In the following we construct a Gel’fand triple [&], = (L?) = [&] associated
with ue C, ), satisfying conditions (U0) (U2) (U3) and discuss character-
ization theorems for test and generalized functions under the same condition.

Note that condition (U0) is merely a normalization condition and is
equivalent to /,(0) =1, which guarantees the condition «(0) =1 in (Al).
Obviously, (Ul) is stronger than condition (U0). However we have the
following lemma:

Lemma 3.1. For ue C, 1), there exist a minimum point r of u and a
S

maximum point ¥ of u on [0,r], i.e. u(r) =inf,>ou(r) and u(r) = supy, ., u(r).
Let

U(V):{u(z) for 0<r<r

u(ry  forr<r.
Then v belongs to C, 1), and is equivalent to u, in fact
f

(r

<
—
~—

o(r) < u(r) <

o(r).

<

~—

Moreover
L) =4,(0) for t=0 and ZL(r)y=L,(r)  for r=0.

If u satisfies (UO) and (U3), then v satisfies (U1) and (U3) with v(0) = u(r) =1
and u(F) = u(0).

Proor. Since ' is decreasing on [0, r] for a fixed ¢ > 0 and u(r) takes the
minimum value at r,

inf u(r)r " =u(r)r"=v(r)r'= inf v(r)r'.

O<r<r O<r<r

This implies 7,(¢) =/,(¢) for t>0. Other statements are obvious from
above. []

If u satisfies (UO) and (U3), then by Fact 2.1, this v is (log,exp)-convex
and hence by Fact 2.5 v is equivalent to %,. This means that u is equivalent
to %, by the above lemma.

Now we will construct a Gel'fand triple [¢], = (L?) = [£], associated with
a fixed function u € C, ;/, satisfying conditions (U0) (U2) (U3). First we will
relate the Gel'fand triple [¢], = (L?) = [§]; to a CKS-space. By (U3) and

Fact 2.1, we have a log-convex function {/,(¢)}. Define log-concave sequence
o, like (2.4) by

(3.1) o, (n) =
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Thus, by Lemmas 2.2 and 2.3 we can construct a Gel'fand triple [6], <
(L?) = [6], which is denoted by [&], = (L?) = [£];. Norms for p >0 are

Uy u

also denoted as

u

" 1/2
(3.2) ol = llel,,., = (Z )

=0

for p =>7 <@, f,> €[6], and

12
(33) 1Py, 00 = 1Pl _p,1/2,. = (Z/ )1, I,,>

for @ =357 ,<:-®": f,>€[&],. Subspaces are denoted as

(&), = 6], and (&) = (6], for p > 0.

Applying Theorem 1.1, we can show the following theorem:

THeOREM 3.2, Suppose ue C, iy satisfies conditions (U0) (U2) (U3).
Then
(i) There exist positive constants ¢ and a such that for @ € (&),

(34) (SD)E)| < |1DI|_,, () Veu' (@e])' P, Eeé

(i) A complex-valued function F on &, is the S-transform of a generalized
Sunction @ € [&) if and only if it satisfies the conditions:
(1) For any &,n € 8., the function F(zE+n) is an entire function of z € C.
(2) There exist constants K,a,p >0 such that

IFO)| < Ku*(ale])'?, ceé

iii) In the above case (2), for any q > p such that ae?||i, 2 < 1, we have the
¢,p|lHS
inequality:

(3.5) 1Py < K(1 = ae?[liy pll7s) ">,

RemMARK. The growth condition (2) is equivalent to the condition:
There exist constants K, p > 0 such that

FO| < Ku'(1g))'7, ceé.
Proor. By Equation (1.5) and Lemma 2.3, we have

I: e, = 20N p=0.
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Since Gy, (r) = Z:(r) is equivalent to u* by Lemma 2.3 and Fact 2.9
e 201/2 201/2
[SB(E)| = [K@,: e D] < [|BI|_, ) L2 < @I, Veu™ (alé])"

with suitable c¢,a >0. Thus we see (i). By Lemma 2.4, {«(n)} satisfies
condition near-(B2). By Fact 2.9, (ii) follows from Theorem 1.1.

We can prove the estimation of the norm (3.5) with the same idea as
in the proof of Theorem 8.2 in [21]. @ and F = S® are expanded as & =

S > and F(E) = Y (f,,, ¥y, respectively. For any ¢&j,...,¢&, €
n=0
é., applying the Cauchy formula to F(z¢ + -+ + z,&,), we have

N - K u* (1)
[Kfir €1 ® - @& < aan/znn (#) [STPARRR (S
Take the infimum over r > 0 and use the definition of the Legendre transform
to conclude that
" Kz n n
(3.6) 12 < —=a"n? s () lig s
(n!)

Then by Equations (3.3) and (3.6),

o0

12, 0 =D Lum)(@)?|1,]2 <1<22/ a"n® ¢, (n)lig, I3

n=0
However by Fact 2.7, we have /,(n) = /,(n)"'n"*"¢?". Therefore,
2
H‘D|L ) = K? Zanezn”lq ollzts < K2(1 = ae®[lig plls) ™"
n=0

by the assumption ae?||i,, p||12{S < 1. (Of course, this estimation implies (ii),
directly.) [

ProposITION 3.3. (i) For @ =57,<:-®": > and p >0, we define a
new norm

| 1/2
(37) H¢pr,u* = (Z/ “(n) '|2p> .

8

log 2
2log(p~!y

For any p>0 and g > p+ we have

(38) 671H¢||—q,(u) = HQSH < ||¢||—p,(u)7 Vo e [(’)(6[7]:

—p,u*
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In particular, if S®(&) satisfies the conditions (1) and (2) in Theorem 3.2, we

have
. 2 —1/2
1D, < K(1 = ae?[ligpll7s) .

(i) For a test function p =37 (<:-®": f,> and p >0, a new norm corre-
sponding to the norm || -|_, ,. in Equation (3.7) is given by

1/2
(3.9) [ (Z/ m) :

We have the corresponding inequalities, i.e., for any p>0 and g>p+
log 2
2log(p~!)
ol < el @) <ellelly, Yo elbyl,

Proor. First we point out the following inequalities from page 357 in [21]
(3.10) e 1272 < (E)n <nl.
e

By Fact 2.7 and the second inequality in Equation (3.10),

s}
n
11,0 =D ) (%) |fn|,1,_§j/ CORVARRES LT
n=0

This gives the second inequality in Equation (3.8). On the other hand, we can
use the first inequality in Equation (3.10) to get

2 _
P, = sz G EA

Note that [f]_, > p?79|f|_, for any ¢ >p and f e, . Therefore,

o0

@12, 0 = e fu(m)(n)> (27 2PN | £,)2,
n=0
2 . log 2 . . .
When 2p @-r <1, ie., q=p +m, the above inequality yields that
1@)2, . = e tum)m)’[f, 12, =22,
n=0

This proves the first inequality in Equation (3.8). The assertions for test
functions are proved similarly. []

Next we consider the characterization of test functions.
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TueorEM 3.4.  Suppose ue C. iy satisfies conditions (U0) (U2) (U3).
Then
(i) There exists a positive constant a such that for ¢ € [&],,

2
1S0(&)] < llgll, , Zul1E12) < Hwnu,,,,/@u(a\éﬁ).

(i) A complex-valued function F on &, is the S-transform of a test function
p e8], if and only if it satisfies the conditions:

(1) For any & n € 8., the function F(z¢E+n) is an entire function of z € C.

(2) For any a,p >0, there exists K >0 such that

(3.11) |F(&)] < Ku(ale]?)'?,  ¢eé.

(iii) In the case (2), let q €10, p) be a number such that aez||i,,7q||i,s <L
Then

(3.12) lolly,. < K(1 = ae[lip.qll75) ">,

qu —

ReMARK. The growth condition (2) is equivalent to the condition: For
any p >0 there exists a constant K > 0 such that

F(&) < Ku(|é?))'?, e

PrOOF. Let v be as in Lemma 3.1. It is easy to see that Gy, (1) =
ZLu(r) = Z,(r) and hence

I e 2l 0 = ZullE? )" p=0
by Equation (1.7). Therefore
Sp(&)] = K®,: e | < loll,.., ZullE,) .

By using Fact 2.5 (1) for v with a =2, we have

2e
log 2

¢ u(2r).

2
L) = % (r) < v(2r) < fog 2

Thus we see (i).
By using Fact 2.5 (2) for v with k =2, we have

u(r) < u(0)o(r) < Cu(0)Z,(2%r) = Cu(0)L,(2°r).

2e
log 2

We have already seen %,(r) < u(2r) in the proof of (i). Thus u and
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2, = Gy, are equivalent. Due to Lemma 2.5, {,(n)} satisfies the condition
(B2). By Theorem 1.2, we can prove (ii).

The proof of (iii) is similar to that of Theorem 3.2 (iii). The key of the
proof is the estimation

(an2r2)1/2

= a”/zn”/u(l’l)l/z < (Cll/ze)n”!/u(ml/z
rn

. u
fulp < inf

for F(&) = i {fo, €@, This implies (iii). [
n=0

Theorems 3.2 and 3.4 can be applied to the following examples.
ExampLE 3.1. Consider
u(r)y=u*(r)y=-e".
Then it is obvious to check that consditions (U0) (U2) (U3) are satisfied.

ExampLE 3.2. For 0 <f <1, let u be the function defined by
u(r) = expl(1 + p)r'/ 9.

It is easy to check that u belongs to C, , and satisfies conditions (UO)
(U2) (U3). By Example 4.3 in [4], the dual Legendre transform u* of u is
given by

u*(r) = exp[(1 — )r'/P].

Hence Theorems 3.2 and 3.4 can be applied to the Gel'fand triple [£], =
(L?) = [&]; for the pair of functions u* and u.

ExampLE 3.3. Consider the function v(r) =exple” —1]. Obviously, ve
Cy15. Let u=v* be the dual Legendre transform of v. Then u(0)=
SUPy= 0 v(s)f1 =1 and by Fact 2.6 u belongs to C, ;, and is an increasing
(log, x*)-convex function on [0,00). Hence ue C, j, satisfies conditions
(Ul) and (U3). It is shown in Example 4.4 in [4] that u is equivalent to the
function

(3.13) w(r) = exp {2\” log ﬁ} .

Obviously, w satisfies condition (U2) and so u also satisfies condition (U2).
On the other hand, we have u* = (v*)" = v by Fact 2.8. Hence Theorems 3.2
and 3.4 can be applied to the Gel'fand triple [£], = (L?) = [£], for the fol-
lowing pair of functions:

u*(r) = exple” — 1], u(r) = (u*)".

u
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Observe that there is no exact form for the function u. Thus for Theorems
3.4 we should use the equivalent function w in Equation (3.13) as the growth
function.

In general, let exp,(r) = exp(exp(--- (exp(r)))) be the k-th iterated expo-
nential function and consider the function

expy (r)
%) = o)

The dual Legendre transform u, = v; belongs to C, ;/, and satisfies conditions
(Ul) (U2) (U3). The function u; is equivalent to the function wy given in
Equation (1.11) i.e.,

(3.14) wi(r) = exp [2\/rlogklﬁ].

We have u; = vr and Theorems 3.2, and 3.4 can be applied to the Gel’fand

triple [¢], <= (L?) = [&], for the following pair of functions:
' expy (r) yr
u,(r) = R Uup(r) = (u .
k( ) Cka(O) ( ) ( k)

Again there is no exact form for the function u;. Thus for Theorems 3.4
we should use the equivalent function wy in Equation (3.14) as the growth
function.

4. Intrinsic topology and Hida measures

In the space [£], of test functions there are two families of norms, namely,
{Il -1l ;i » = 0} defined in Equation (3.2) and {|| ||, () p =0} defined in
Equation (3.9). As we pointed out in the Remark of Lemma 3.3, these two
families are equivalent. Observe that both ||¢|, , and [|¢l|, ., are defined in
terms of the Wiener-It6 expansion of ¢.

In this section we will introduce another equivalent family of norms on
(6], i€, {I -y, ,;» =0} This family of norms is intrinsic in the sense that
loll.,, is defined directly in terms of the analyticity and growth condition of ¢.

First the analyticity, each test function ¢ in [&], has a unique analytic
extension (see §6.3 of the book [21]) given by

(4.1) p(x) = <: % Op>, xeé!,

where @ is the unique linear operator taking << into : << : for all ée
é.. This operator turns out to be the same as ¥; | defined in Equation (5.3) in
section 5. By Theorem 5.6 this operator is continuous from [&], into itself.

u
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Now, let p>0 be any fixed number. Choose p, >p such that
2p%(P1=P) < 1. Then use Equations (4.1) and (3.11) to get

. 2e 2 \1)2
lp(X)| < 100l I € 211, 0y < 1109l , @”(2|X|_pl) &

Note that 2\x|zp1 < 2p2(1’1’1’)|x|3p < |x|ip by the above choice of p;. Since u
is an increasing function, we see that

2e 2 4172
lo(x)] < ||@</)Hp,,u\/@u(\xu) :

However @ is a continuous linear operator from [&], into itself. Hence
there exist positive constants ¢ and K, , such that [|@¢|, , <K, o[,

Therefore,

2 \1/2
(4.2) ool < Crlloll, ullx2,)"?, xed,

p.c

where C, , = K, ;,1/2¢/log 2. This is the growth condition for test functions.
Being motivated by Equation (4.2), we define

2 \-1/2
(4.3) loll.y,, = sup lo(x)u(x2,) ">,
xed,
Obviously, |||, , is a norm on [£], for each p > 0. The next theorem gen-

eralizes the results of Kuo [21] and Lee [25].

Tueorem 4.1. Suppose ue C, ,y satisfies conditions (U0) (U2) (U3).
Then the families of norms {|| - ||, :p =0} and {||- |, ,; p = 0} are equivalent,
Le., they generate the same topology on [8)

pu

u

REMARK. This theorem has been announced in [6], but (Ul) condition
was assumed there instead of (U0). It can be used to give an alternative
construction of test functions.

For p>0, let </,, consist of all functions ¢ on & satisfying the
conditions:

(a) ¢ is an analytic function on &, .

(b) There exists a constant C > 0 such that

lp(x)| < Cu(|x|31,)1/2, Vx e é’]jc
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For each ¢e€./,,, define [¢l, by Equation (4.3). Then .7,, is
a Banach space with norm | || MM.' Let o/, be the projective limit of
{/y.;p =0}. We can use the above theorem to conclude that .z, = [£], as
vector spaces with the same topology. Here the equality o7, = [£], requires
the analytic extension of a test function ¢ € [§], in Equation (4.1).

u

u

Proor. Let p >0 be any given number. We have already shown that
there exist constants ¢ > p and C,, >0 such that Equation (4.2) holds. It
follows that

2 \-1/2
I9ll.s,, = sup lo(x)[u(|xI2,) ™" < Goglloll,, -

X€é, .

Hence for any p >0, there exist constants ¢ > p and C,, >0 such that

(4.4) 191y, < Cogllollyr  Voelbl,

To show the converse, first note that by condition (U2) there exist
constants c¢j,c; >0 such that u(r) <cje®, r>0. Next note that by
Fernique’s theorem (see [9] [20] or page 328 in [21]) we have

J el igy(x) < oo for all large 4.

Now, let p > 0 be any given number. Choose ¢ > p large enough such
that

(4.5) 4eiy pllis < 1, J 22 gy (x) < o.
éﬂ,
With this choice of ¢ we will show below that

(46) ”(ollp,u = L%q”ﬁ””,g/q_ua V(ﬂ € [g]m

where L, , is the constant given by

. - CXZ
(4.7) Ly =Vl =4y )™ || sdut).

Observe that the theorem follows from Equations (4.4) and (4.6).
To prove Equation (4.6), let ¢ € [£], and F = Sp. Then F can be written
as an integral (see page 36 in [21])

H@zjww+@wux feé..

&'
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Hence for the above choice of g, we have

F(&)] < j 0(x + &)ldu(x)

&'

< L/(|(/7(x+é)\u(|x+§|gq)—1/z)u(|x+éﬁq)l/zd,u(x)

<lolly, |l +&2,) dut).

However by condition (U0), u>1 on [0,c0). Hence u(r)"? < u(r) for all
r>0. Therefore,

(48) F()] < ||¢|\,9/{,_,1J (I + &2 )du().

u
ép/
By condition (U3), u is (log,x?)-convex. Thus in particular, we have
u((3ri+3r2)?) <uld)u3)'?, Vri,r 2 0.
Put r :2|x|_q and r, :2|f|_q to get
u(lx + &2, < u((20x]_, +321¢_,)%)
2 172 2 41/2
< u(4lx?) Pu(ael? )",

Then integrate over &’ to obtain the inequality:

@9) | e+ &P duto) < el )" | uldla® ) P dut).

Put Equation (4.9) into Equation (4.8) to get

(4.10) FOI < ol 41ER) 2 [ i) ).
Now, by the inequality u(r) < cje®’, we have

(4.11) Jg/ u(4|x|iq)1/2dlu(x) < \/ajé/ e%z\x\%qdﬂ(x),

which is finite by the choice of ¢ in Equation (4.5).
By Equations (4.10) and (4.11), we see that

2

IFO)] < ol Ve (L ezcz'*qdﬂ(x)) u4e)? )", ceé.
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With this inequality and the choice of ¢ in Equation (4.5) we can apply
Theorem 3.4 to show that for any ¢ € [£],,

ol < Lp.gllelly, .

where L, , is given by Equation (4.7). Thus the inequality in Equation (4.6)
holds and so the proof is completed. []

Next, we consider the characterization of Hida measures. We need to
prepare two lemmas.

LemMa 4.2. Suppose ue Cy 105 is (log, x¥)-convex. Then
(4.12) Lu(r)? < 6,002,251, Yrel0, ).

REMARK. Note that %,(r) >7,(0) for all r>0. Hence we have
inequalities

£0(0)L,(r) < Lu(r)? < 4,00 Z,25 ), Vrel0, ).

Thus %, and ,Quz are equivalent for any (log, x¥)-convex function u e Ci 1og-
It follows that u and u” are equivalent for such a function u.

ProOE. Apply Fact 2.4 (2) to get

Then change the order of summation and use the inequality n+ 1 < 2" to
get

ZLu(r)? < 4,(0) i(n + 1)2k 4, (n)r"

< 4,(0) > 25507, (m)r”
n=0

= £,(0) 2,25 1r). O
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LeMMA 4.3. Suppose u € Cy 1oq is increasing and (log, x*)-convex. Then
for any a > 1, we have

(4.13) L) < [ 1a(0) (a2 ),

log a

Proor. Recall a fact mentioned in the beginning of section 2 that if u is
increasing and (log, x¥)-convex, then u is (log, exp)-convex. Hence this lemma
follows from Lemma 4.2 and Fact 2.5 (1). O

A measure v on &’ is called a Hida measure associated with u if [£], =
L'(v) and the linear functional ¢ — [,, ¢(x)dv(x) is continuous on [£],. In this

case, v induces a generalized function, denoted by v, in [&], such that

(4.14) LV, > = L/ p(x)dv(x), pelé],

The next theorem generalizes the results of Kuo [21] and Lee [25].

Tueorem 4.4.  Suppose ue C, ), satisfies conditions (U0) (U2) (U3).
Then a measure v on &' is a Hida measure with v € [&], if and only if v is
supported by (5”1,' for some p >0 and

(4.15) Jmm@mmm<w.

‘g;/’/

REmMARK. This theorem has also been announced in [6], but the con-
ditions (U1) (U2) (U3) were assumed.

Proor. To prove the sufficiency, suppose v is supported by éjj for some
p >0 and Equation (4.15) holds. Then for any ¢ € [£]

@16 | el = | o)

4

= [ (oColual,) a2, (o)

o!
é{’

u’

< lloll,

pou

|| a2 avc.

P

By Theorem 4.1, {|[-|,, ;» >0} and {[|-],,;p >0} are equivalent.
Hence Equation (4.16) implies that [¢], = L!(v) and the linear functional

o | o, pelol,
&

is continuous on [¢],. Thus v is a Hida measure with v in [&],.
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To prove the necessity, suppose v is a Hida measure inducing a generalized
function v e [£];. Then for all g€ [&],,

u

(4.17) LV, p>»> = L' o(x)dv(x).

Since {|| - ||, ,;» >0} and {|| - [|, ,; p > 0} are equivalent, the linear functional
¢+ «¥,p> is continuous with respect to {|| - ||, ;p >0}. Hence there exist
constants K,q > 0 such that for all g € [£],,

(4.18) | <V, 9> < Kllgll -

Note that by continuity, Equations (4.17) and (4.18) also hold for all ¢ € o/, ,,
which is defined in the Remark of Theorem 4.1.
Now, with this ¢, we define a function y on 6(1/( by

y(x) = yf/(274<x7 x>7q)7 X E éﬂq,,m

where (-,-)_, is the bilinear pairing on 511’( Obviously, y is analytic on 5(1’(
On the other hand, apply Lemma 4.3 with a =k =2 to get

_ 2e .
[y(x)| < Zu(2 4|x|3q) < \/@”(Miq)l/za Vxeé, ..

This shows that y e 7, , and we have

2e
L <.
7. < 1 1og3

Then apply Equation (4.18) to the function y,

2e
v <K <K .
(<87 <Kl < Ky 1o

Therefore, from Equation (4.17) with ¢ =y we conclude that

2e
<Ki/l——.
- \/ log 2

Note that p(x) = 31,(2*4|x\3q) for x e &’. Hence Equation (4.19) implies
that

(4.19)

| vt

J 242732 )dv(x) < oo.
.
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However u(r) < C%,(4r) from Fact 2.5 (2) with kK =2. Therefore,
L, u(270x? ) dv(x) < 0.

Now, choose p > g large enough such that p*»=9 <27¢ Then |x|3p§
2’6|x|3q. Recall that u is increasing. Hence

J Iu(|x|ip)dv(x) < 0.

1/2

Note that u(r) > 1 and so u(r) ’~ < u(r). Thus we conclude that

J u(|x|3p)1/2dv(x) < o0.
(g/

This inequality implies that v is supported by ﬁp' and Equation (4.15)
holds. [

Before closing this section, let us explain the relationship with [10]. The
basic equalities are

u(r) = 200N u*(r) = Q20" (VD)

i

where 67 (s) = sup,.o{st — 0(¢)} is adopted in [10]. In the following table we
give the correspondence between our U-conditions and 6#-conditions.

u 0
(U0) ,1121% u(ry=1 ,1121% 0(r)=0
(U1) | u is increasing and u(0) =1 | € is increasing and 6(0) =0
1
(U2) lim log u(r) <0 lim @ < ®
r—w r r—ow
(U3) u is (log, x?)-convex 0 is convex

Our intrinsic topology is the same as their topology. However, we are inter-
ested in the equivalences between the intrinsic topologies and the Hilbertian
topologies defined in section 3.

5. Comparison with the CKS-space and continuous operators

In this section we will discuss the continuity of various operators and Wick
products. This matter is not addresed in [10].
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Let us consider again a CKS-space [&], = (L?) < [£], associated with a
sequence {o(n)} of positive real numbers. Due to the discussion in sections 3
and 4, we conclude that for a CKS-space it is reasonable to assume the four
essential conditions: (A1), (A2), near-(B2), near-(B2).

On the other hand, in [16] the following three conditions are imposed in
order to prove the continuity of various linear operators acting on the spaces
[6], and [&]:

(Cl) There exists a constant ¢; such that for all n < m,

o

o(n) < c'o(m).
(C2) There exists a constant ¢, such that for all n and m,
a(n+m) < S Ma(n)o(m).
(C3) There exists a constant ¢3 such that for all » and m,
a(n)o(m) < & a(n + m).

It is shown in [16] that (C3) implies (C1). In the next two theorems we will
show that conditions near-(B2) and near-(B2) imply conditions (C2) and (C3),
respectively.

THEOREM 5.1. If a sequence {a(n)} of positive real numbers satisfies con-
dition near-(B2) and o(0) > 1, then it satisfies condition (C2).

ProoF. Since {a(n)} satisfies condition near-(B2), it is equivalent to a
sequence {A(n)} of positive real numbers such that {i(n)/n!} is log-concave.
Apply Equation (2.1) to the sequence f(n) = A(n)/A(0). Then we get
(5.1) An+m) < A0)7'2"i(m)A(m),  Vn,m > 0.

On the other hand, recall that {«(n)} and {A(n)} are equivalent. Hence there
exist constants K, K5, c1,c; > 0 such that

(5.2) KicfA(n) < a(n) < KrcjA(n).
From Equations (5.1) and (5.2) we can easily derive that
a(n+m) < 2(0) K 2Ky (2¢;  er) " au(n)a(m), Vn,m > 0.

Let ¢ = max{l,A(0) 'K;2K»,2¢c;'¢c;}. Then the last inequality implies that
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a(n+m) < M o(n)a(m), Vn+m>1.

However by assumption «(0) > 1 and so this inequality also holds for n =
m =0. Thus the sequence {«(n)} satisfies condition (C2). [

THEOREM 5.2. If a sequence {oa(n)} of positive real numbers satisfies
condition near-(B2) and 0 < «(0) < 1, then it satisfies condition (C3).

ProoF. Since {u(n)} satisfies condition near-(B2), it is equivalent to a
. 1 .
sequence {A(n)} of positive real numbers such that {W} is log-concave.

Apply Equation (2.1) to the sequence f(n) = A(0)/A(n). Then we get
A(n)A(m) < A0)2"" A (n + m), Vn,m > 0.

We can repeat similar arguments as in the proof of Theorem 5.1 to show that
the sequence {«(n)} satisfies condition (C3). [

For the rest of this section we assume that u e C, ), satisfies conditions
(U0) (U2) (U3). We will state several theorems concerning various continuous
linear operators acting on [&], and [&] . These theorems follow from section
3 of the paper [16] as a consequence of the above Theorem 2.6. However, we
point out that they can be proved independently without using the corre-
sponding results in the paper [16].

The next theorem corresponds to Theorem 3.1 in [16].

THEOREM 5.3. For any y € &', the differential operator D, is a continuous
linear operator from [&], into itself.

The next theorem corresponds to Theorem 3.2 in [16].

THEOREM 5.4. For any y € &', the translation operator T, is a continuous
linear operator from [&)], into itself.

The next theorem corresponds to a fact on page 323 in [16].

THEOREM 5.5. For any z € C, the scaling operator S. is a continuous linear
operator from [&], into itself.

For a,b e C, define the Fourier-Gauss transform %, ¢ of ¢ € [§], by
(5.3) Gusol) = | olay+ b)du).

THEOREM 5.6. For any a,be C, the Fourier-Gauss transform operator

9, is a continuous linear operator from [&], into itself.
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For those operators in Theorems 5.3 to 5.6, their adjoints are continuous
linear operators from [&], into itself. All properties regarding to these oper-
ators in the book [21] are all valid with suitable modification. In particular,
the integral kernel operators in Chapter 10 and white noise integration in

Chapter 13 can be extended to the Gel'fand triple [§], = (L?) < [£];.

u u

THEOREM 5.7. The space &), is closed under the Wick product and the
mapping (®,¥) — @ o ¥ is jointly continuous from [&], x |&], into &), with

u
respect to the inductive limit convex topology.

Proor. By Fact 2.6, u* belongs to C, ;,, and is increasing and (log, x?)-
convex. Hence we may apply the Remark of Lemma 4.2 to u* to see that
u* and (u*)2 are equivalent. Hence by Theorem 3.2 we can see that the space
S[&), is closed under multiplication and hence [&] is closed under Wick
product by definition. Similarly to Theorem 3.5 in [16], we can show the

inequality
H¢0 y/qu,(u) = c”(’Dpr,(u)Hlpnfp.(u)’ v(p7 Ve [gp];

for any p, ¢>1 and ¢ > p+y(c) with a suitable constant y(c¢). The joint
continuity can be proved by applying Lemma A in Appendix to X' = [£]". [

The next theorem is for the Wick product of test functions. It corre-
sponds to Theorem 3.4 in [16].

THEOREM 5.8. The space [8],
mapping (g, ) — @ o is continuous from [&]

is closed under the Wick product and the
x [£], into [&]

u u u'

For the pointwise multiplication of test functions we have the next theorem
which corresponds to a fact on page 326 in [16].

THEOREM 5.9. The space [&],
the mapping (p,y) — oy is continuous from [&)]

is closed under pointwise multiplication and
x [&], into [8],.

u

Appendix

To prove the following Lemma A we borrow the idea in parts from the
proof of Lemma 2.1 in [19]. Let us give a short remark. It is shown in [19]
that the mapping x — x®” from a dual space &* of & to the symmetric tensor
product space ((§®”)jymm is continuous with respect to the inductive limit
convex topology. The nuclearity of & plays an essential role to prove this
fact. On the other hand, as illustrated in Lemma A, the nuclearity of & is not
an intrinsic assumption to verify the continuity of the mapping given by the

Wick product from a direct product space [&]) x [&]) to [&]).

u u u
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LEMMA A. Let X be a complete o-normed space with norms |- ||, <
[ -ly< - <l-l,< - and let X' be its dual and | -||_, the dual norm of
|- [l,- Suppose that X' is an algebra with multiplication xy € X' of x,ye X'
and that for any p > 1 there exist an integer y(p) = p and a positive constant
C(p) such that

| CplIxl Il

holds for any x,y € X" with ||x||_,,[|¥l|_, < oo. Then the mapping (x,y) — xy
is jointly continuous from X' x X' into X' with respect to the inductive limit
convex topology.

Proor. Recall that fundamental neighborhoods of x can be given in the
form

V(x;q, 46}, ,) = conv( Uz, < 8,,}) +x

r=q

for a given ¢ > 1 and a positive sequence {¢,},., (cf. [19]). Here “conv”
means the convex hull, just the collection of all finite convex sums. For

V(Ov qv {gp}qu)a PUt

g,
0, =ming 1, ’(m} for p>gq.
. { C(p)

For X,yE V(01q7 {(Sp}qu) there eXISt {O(P}p>q’{ﬂp}p>q and {xp}p>q7{y[)}p>q
such that

N N’
X = § :ul’x}” Y= E ﬂpyp and ||x17||7p < 5[7’ Hyp”—p < 6P’
— =

N’ N
=1, > B =1, =0 B,>0.
P=q P=q

Then put /y = min{y(p) : p > ¢} and put

Z Z By XpYp's Z Z APy

)=¢pvp'=k (k)y=¢pvp'=k

for />/y. Now estimate norms of zjs. Since ||lx,|_, < |x,|_, <J, and
[vpll e < ypll-p <0y for k=p v p', we have
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1
HZ/’H,/ < F17) Z Z “pﬁp’”xpyp’ll—/
)6

(k)=¢pvp'=k

A\
~

<70 Yo > @By CExll vyl

1
y(k)=¢pvp'=k
1

77 2 2 by CRs

IA
pNEY

N ylk)=tpvp'=k

1

IA
=

Z aﬁﬂp’ C(k)ék

'(/) y(k)=¢pvp'=k
<é.

Since

Xy = Zi(/)z/, Zi(/)zl, o = q,

(>0 )

we obtain xy e V(0;¢,{¢},.,). Hence the product is jointly continuous at
0.
Next we show the joint continuity at (xo,»p). Suppose that [[xol|_,

”yOH*P() < oo. For any given V(0;¢,{&},.,), put qo = max{q, py, py} and

e,
d, =min{ 1, ut) for p > qo
: { 3T + ol + Tal)

and take their neighborhoods as V(xo;q0,{dp},~,) and V(o;q0,{0p},,,)
and let x and y be in these neighborhoods, respectively. Then we have

N N
xeO"‘Z“pxpa y:y0+Zﬂpyp
P=490 P=490
as above. Then we see
Xy —Xoyo = (X = x0)(y — ¥o) + (x = X0) ¥y + (¥ — yo)Xo.

The first term of the right hand side belongs to V(0;q, {%gp}pZ ). Observe
the second term. Put /¢y = min{y(k);k > ¢o} and

1
Z} = l/(/> Z Ok Xk Vo l/(/) = Z Ol -

y(k)=¢,k=qo y(k)=(,k>q0

Then
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IA
p Y

1
[EA Z ol [ X yoll -

7
L (/) y(k)=¢,k>qo

IA

1
7 2 wCElwldnly

1
e C(K)Ok | yoll 5 < 3¢
y(k)=¢ . k=qo

This implies that (x —xo)y, € V(0; 4, {%sp}pzq). In the same way, we see

(y=y0)x0 € V(0;¢,{3&},>,)- Thus xy—xoy, € V(0;¢,{},-,) and the proof
is completed. []
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