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ABSTRACT. In this paper we consider the Cauchy problem for the parabolic system
arising in biology. By the method of the analytic semigroup developed in Osaki and
Yagi [9], Yagi [14] we show existence, uniqueness and non-negativity of global solutions.

1. Introduction

Budrene and Berg [2] report that complex patterns are formed by motile
cells, and this phenomenon is formulated by a parabolic system of the following

type:

0

al: = dAu—V - {uVy(e)} + f(u,v) in R? x (0, 0),
@—dAv—k (u,v) in R? x (0, 0)

(0.1) at_ v g ) ) )

0

a_(;:chc+[3u—yc in R? x (0, 0),

u(x,0) = up(x), v(x,0) = vp(x), ¢(x,0) = ¢o(x) in R?

(see, for example, Kawasaki, Mochizuki and Shigesada [6]). As one of typical
systems for chemotaxis which is different from (1.1) we refer to Mimura and
Tsujikawa [8]. Here u(x, ), v(x,?) and c(x, ) are the bacterium density, the
nourishment density and the concentration of the chemical substance at a place
xeR? and a time 7€ [0, 0), respectively. We also denote the diffusion con-
stants of u, v, ¢ by d,, d,, d.. Furthermore f and y are positive constants.
The term V - {uVy(c)} in (0.1) represents a mobility of individuals by high
concentrations of the chemical substance, which is called chemotaxis, and y(c)
is a sensitive function due to chemotaxis which is the three times continuously
differentiable function on [0, c0) such that y'(¢) > 0 for ¢ > 0. Here we assume

d'y(c)

0.2 -
( ) sup dc’

0<c

<o, i=12,3.
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The smooth functions f(u,v), g(u,v), u,v € [0, 0) stand for the predator-prey
dynamics, which are given by

(0.3) fu,v) = (—py —viu+1iv)u = fi(u,v)u,
g(u,v) = (y — vav — Tou)v = gy (u, v)v,

where 1, W, vi, va, T1, T2 are positive constants.
Our objective of this paper is to prove the existence of a unique global
nonnegative solution of (1.1) such that

0 <ue%([0,00); L*(R*))N%"((0,00); H ' (R*)) N((0, 0); H' (R?)),
0 <ve%([0,00); H'(R*)NE'((0,0); L*(R*)) N%((0, 0); H*(R?)),
0<ce%([0,0); H*(R*)NE'((0,0); H'(R*))NF((0, 0); H*(R?))

for the initial functions 0 < ug € L'(R*) N L?(R?), 0 <vpe H'(R*) and 0 < ¢y €
H*(R?).

First we show local existence, uniqueness and non-negativity of the solu-
tions for (1.1) such that

ue ([0, Ty s L(R*) N €' ((0, Ty, H' (R?) N ((0, Ty, ; H' (R?)),
ve ([0, Tu,J; H'(R?)) N €' ((0, Ty, ; L*(R*) NE((0, T, ; H(R?)),
ce ([0, Ty, J: H*(R?)) N4 (0, Ty, J; H' (R*)) N 6((0, Ty, J; H (R?))

for initial functions 0 < ug e L*(R?), 0 <wvpe H'(R?) and 0 < ¢y e H*(R?).
Here Ty, > 0 is a local time depending on |jug||, > + |[voll ;1 + |lcoll g2

Our approach to show the existence and uniqueness of the local
solution is done in the framework of the abstract evolution equation with
the aid of the analytic semigroup, which is studied in Osaki and Yagi [9,
Theorem 3.1]. Then we show the non-negativity of solutions is applied to the
truncation method used in Yagi [15]. Finally we show the global existence of
the solution by deducing a priori estimate under the additional condition
Ug € Ll (Rz)

We organize the paper as follows. In Section 2 we prepare the function
spaces, the fundamental inequalities and the results to the Cauchy problem of
the abstract evolution equation. Section 3 is devoted to proving the existence
and uniqueness and the non-negativity of the local solution to the problem
(1.1). Finally in Section 4 we prove the existence of the global solution to
(1.1) by obtaining a priori estimates. In appendix, we describe a detailed proof
of the existence of the local solution to (1.1).
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2. Preliminaries

As is stated in Introduction, we use the analytic semigroup method de-
veloped in Osaki and Yagi [9, Theorem 3.1]. To do so we shall list the results
in the theories of function spaces and abstract evolution equations (see Adams
[1], Freidman [5], Lions and Magenes [7], Taira [10], Tanabe [11, 12], Tribel
[13)).

For —o0 < 59 < s < s; < oo, H*(R?) is the interpolation space
[H*(R?), H" (R?)],,

where s = (1 — 0)so + 0s;. Then we have

1-0 0
1Al < Coll - o |l - Wz -
When 0 <s< 1, H'(R?) = LP(R?), £ =15¢, with

(2.1) -]
When s =1, H'(R*)NL?(R*) = LY(R?), 1 < p < ¢ < o, with

o < Gl Ml

1—
(22) I llzo < Capll- - 122
When s > 1, H(R?) c 2(R*)N%(R?) with
(2.3) I 1ls < Gl g

Let 1 <p<2andlet 0<e<1. From (2.1), (2.2) and (2.3) we have

(2.4) vl < Collullolloll oo, we LX(R?), ve H2P(R?),
(2.5) vl > < Collull o lloll e, we L2(R?), ve HT(R?),
(2.6) vl > < Collull e lloll ey we HE(R?), ve H'™*(R?),
@7 Nwlg < Collullgllollgre,  we H'(R?), ve H™(R?).

If we identify L?(R?) with its dual space, we have H'(R?)' = H !(R?).
This together with (2.6) leads to

(2.8) IV AVt < Cellull eIVl e
for ue H'-*(R?) and y e H'**(R*). We also have, from (2.7),

(2.9) V- Vil < Cellull e [V

H

for ue H'**(R?) and y e H*(R?).
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Let %(-) be an extended function of y(-) in (0.2) on (—o0,00), which
satisfies

d'z(c)
dct

sup < o0, i=1,23.

—oo<c<oo

For any ¢e (0,1] let ce H'**(R?). Then for any 0 <s < 1, the multi-
plication of the 7(c) defines a bounded and continuous mapping of H*(R?) into
itself, and further the following estimates hold:

(210)  Nz()lge < pelllell gl lllle, ce HYH(R?), Le HY(R?),

Q@11 [{i(e) = 7)Y e < pelllellgree + 11 e le = Ell eIl e
c,ée H'™(R?), (e H'(R?).

where p.(-) denotes some continuous function determined by j(-).

Consider the Laplace operator Ay = —a14 + ag (ap,a; > 0) with the do-
main %(4y) = H'(R?). Then we can consider 4y as a bounded linear oper-
ator from Z(A4) to H'(R?). Then we have

9(4)%) = LA(R?).
Since
H'(R*) c L*(R?*) < H !(R?),

the restriction 49 = A~0‘L2(Rz) of Ay to L>(R?) is defined. Then A is a positive
definite self-adjoint operator of L?(R?) with 2(4,) = H?*(R?).
For 0 >0 the fractional power AJ is defined in L>(R?), and is also a
positive definite self-adjoint operator with the domain Z(4¢) = H*(R?).
Consider the initial value problem of an abstract semilinear evolution
equation

dU

—+4+ AU =F <T
(2.12) dl+ U (U), 0<t<T,

U(0) = Uy

in a Banach space X. Here 4 is a closed linear operator in X the spectral set
of which is contained in a sectorial domain 2 = {1 e C;larg 4| < ¢}, 0 < ¢ < Z,
and satisfies

M
|Al+ 17

(2.13) (2= ) g < i¢ X

—14

Therefore, —A generates an analytic semigroup 7(7) = ¢ on X and the solu-

tion of (2.12) is represented as
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Uit) =T Uy + J; T(t—s)F(U(s))ds, 0<t<T.

Furthermore we assume the initial function U, and semilinear term F(U)
as follows. For 0 <a <y <1

(2.14) Upe2(4%),  [[4*Uol| <R
and F:2(A") — X is a Lipschitz continuous function satisfying

(2.15) [1E(U) = F(V)lly < o((l4*Ullx + |47Vl x)
A 4"(U = V)lly + (14" Ul x
14"V x + DIA*(U = V)llx}
for U,V € 2(A"), where R >0 is a constant and ¢(-) is an increasing con-

tinuous function.
Then Osaki and Yagi [9, Theorem 3.1] showed the following.

THEOREM 2.1 (Osaki and Yagi). Under the conditions (2.13), (2.14) and
(2.15), the initial value problem (2.12) admits a unique solution in the function
space

U e %([0. Tr]; 2(4*)) N6 (0, Tr); X) N%((0, Tr]; 2(4)),

(2.16) { ll—“UEe@((()’ Tr); 2(A4))

where, Tr >0 is a constant determined by R.
Moreover, the estimate

AU @) || + | 4%U (1) < Cr, 0<t<Tr

holds with a constant Cr > 0 determined by R.

3. Local solutions

In this section we consider the local solution for (1.1). To do so we
extend the functions fi(-,-) and g;(-,-) on R? with the property (1.3), and we
write them as

fiG) = (= vilul + 7110)
and
g1(-5°) = (1 — v2v — T2m0).

Then the system (1.1) is rewritten as
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a_b; = dyAu—V - {uVz()} + fi(u,v)u in R? x (0, 0),

A
o

(1~1) %:dvdv—&—g](u,v)v in R? x (0, 00),
oc . 2
E:dCchhﬁu—yc in R” x (0, o0),

u(x,0) = up(x), v(x,0) = v(x), ¢(x,0) = co(x) in R?

where d,, d,, d., p, y are the same positive constants in (1.1).

THEOREM 3.2.  For any initial functions uo € L*(R?), voe H'(R?) and ¢ €
H?*(R?) the Cauchy problem (1.1) admits a unique solution such that

ue (g([oa TUU]; LZ(RZ)) n (gl((ov TU()]; Hﬁl(Rz)) n (g((ov TUU]; HI(RZ))y
ve ([0, Ty,J; H'(R?)) NE'((0, Ty, ; L*(R*) N6((0, T, ; H*(R?)),
ce6((0, Tu,J; H*(R?))NE'((0, Tu,]; H' (R*)) NE((0, Ty J; H(R?)),

with a constant Ty, > 0 depending only on |luo||;> + ||voll 1 + ||coll 2, and

G0 Velllu@lg + Mo + e}
Hu@ll: + leOllg +le@Dllg> < Cup, 0< 1< Ty,
holds, where Cy, is a constant depending only on |[ug||;> + ||[voll ;1 + llcoll 2

TuroREM 3.3. Suppose uge L*(R?), voe H'(R?) and cye H*(R?) and
Sfurthermore ug, vy, co = 0. Then the solutions u, v, ¢ of (1.1) are nonnegative.
Therefore the functions u, v, ¢ are solutions of (1.1).

PrOOF OF THEOREM 3.2. By applying the Theorem 2.1, this theorem is
proved. In fact, putting

X = H'(R?) x L*(R?) x H'(R?),
u Uo 4 0 0
U=|o|, Up=| vo |, A= 0 4, 0
c €o —ﬁ 0 4;

Ay =—d A+, Ar=-dA+1, As=-dA+y

with

and
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—V - {uVz(e)} + {m + fi(u,0)bu
(3.2) F(U) = {1+ g,(u,v)}v )
0

we can rewrite (ﬁ) as in (2.12). Moreover we see A is the closed operator
with the domain

7(A) = H'(R?) x H*(R?) x H*(R?)

the spectral set of which is contained in a sectorial domain, and satisfies (2.13).
By taking initial functions U such that
Upe (A7) = L*>(R?) x H'(R?) x H*(R?)
o

the condition (2.14) is satisfied with o =1. For 0 <& <1puty=1-%, from

which o <# <1 holds. The nonlinear term (3.2)
F(U): 9(A") = H"(R?) x H**(R*) x H"*(R?) — X
satisfies
(33)  F(U) = FW)lyx < o(IA2Ully + |42 W]ly)
< AU = W)y + (142U

AT PW Ly + DAYV U = W)y}

u W
Uz(v), Wz(p), U, We2A"
¢ <

which corresponds to the condition (2.15) and is proved in Appendix. Thus
from Theorem 2.1 we have Theorem 3.2.

for any

ProoF oF THEOREM 3.3.  We show non-negativity of the solutions, which is
proved by the same method in Yagi [15, Theorem 2.1]. First, we verify that u,
v and ¢ are real valued. Denote the complex conjugate of u, v and ¢ by i, ¥
and ¢, respectively. Then @&, ¢ and ¢ is also a solution to (1~.1). Therefore, by
uniqueness of the solution, we have u=#, v=17 and ¢ =c¢.

Next, let 0 < upe L*(R?), 0 <voe H'(R?) and 0 < ¢y € H*(R?). Con-
sider C3 class function H(u) in u € (—oo,00) which satisfies

Hu)=0 for u>0,
Hu)>0 for u<0



84 Hiroshi Mor1

and further

0 < H(u) < Cu?,
0 < H'(u)u < CH(u),
0<H"(u) CH (u)

with a some positive constant C. Such the function is, for example,

Hw) =1 +2u+1 if u<—1,
H(u)=5u* if -1<u<0,
Hu)=0 if u>0.

Then we have H'(u) € H'(R?) for ue H'(R?). 1In fact this follows form

(lull> + 1), w<—1
”H ||L2 { CHu3||L’ u>—1

C'(1 A+ [lul 2 + fu

76) < C"(U+ [lull 2+ [feall 71 el 2)
and

IVH' ()]l 2 = [|1H" ()Vul| > < SHEIH”(M)I Vull> < CllVul| 2.
ue
Put
o(t) = J H(u(x,1))dx, 0<t<Ty,.
RZ

Then, ¢(¢) >0, 0 <t < Ty, Since ue ([0, Ty,); L>(R?)), ¢(t) is continuous
in te0,Ty]. It is easy to see ¢(f) is also C! class in te0,Ty,]. Since
for any />0, ue H'(R?) and H(u)e H'(R?), the first equality in (1.1)
leads to

o' (1) = J H (u(x, z))% dx

RZ

= JRZ H'(u)[d,du—V - {uVj(c)} + f,(u, v)uldx

= 7duJ . VH'(u) - Vu dx + J i uVH' (u) - Vi(c)dx +J i H'(u) f (u, v)u dx
R R R

= —duJ H" (u)|Vul*dx + J uH" (u)Vu - Vy(c)dx + J H'(u) f, (u, v)u dx
R’ R’

R2

=—d,od+ ¥+ Q, 0<t<Ty,.
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Here @ > 0. From the Cauchy inequality, (0.2) and (2.5) it follows that for
any 0 <g <1 and >0

Y < (L |uH”(u)1/2V;z(c)|2dx>l/2 (JR |H”(u)‘/2vu|2dx>

" () 2V ()| = 1 H" () V| 2

1/2

| —

< —uH"()" *Vz(c)l|7: + el H" () *Vull7

&

-

= ") 7 (el + o0

C
< o " () PVl + e

C
= %Caol\uH”(u)l/zllizHVCIIfwso +ed

IA

c’ J H()dxel + e
R

= C'|lclrnp(t) +e®,  0<t< Ty,

Since 0 < H'(u)u < CH(u) and ve %((0, Ty,); H*(R?)), it follows from (2.3)
that for 0 < ¢ < 1

Q= J H'(u)u(—p; — vi|u|)dx + 7, J H'(u)uv dx
R? R?
S,ulj H'(u)u dx—l—nJ H'(u)ulv|dx
R’ R’

< CJ H(u)dx + C' sup \U|J H (u)dx
R’ R?

xeR?

< Gy (LA ol gre)o(t), 0 <1< Ty,
Summing up these, for sufficiently small ¢ > 0 we have
0'(1) < (=du+ &) + C(llelz20 + [0 10 + Dor(0)
< Clllel3en + ol + Dolt),  0< 1< Ty,
By the Gronwall inequality we have

(3.4) (1) < gp(o)eCfO(HC(S)HZHEO+\|L‘(5)|‘H1+fo'H)ds’ 0<t< Ty,
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From (3.1) we have

Cy,
ol e < ()| < —2 0<1<Ty,

i

and so

t t
C
L lo($)|| e ds < J % ds < oo, 0<t<Ty,.

0 Vs
Thus for 0 <& < 1 we have ve L'(0, Ty,; H'**(R?)). From (3.1)
Vilel + @l < Cup 0<1< Ty,
holds. By applying interpolation inequality it follows that for 0 < g < 1
Il < Calle@I el 0 <1< Ty,

Combining these, we have

Cu\™ ,
le(@)]| v < CooC™ < JUI) <l 0<i<Ty,

Thus for 0 <¢g < 1
t t
J lle(s)]13,20 ds < CZJ s ds < oo, 0<t< Ty,
0 0

holds, which means ¢ e L>(0, Ty,; H>**(R?)) for 0 < & < 1. Since uy > 0, we
have H(ug) =0, which leads to ¢(0) =0. By (3.4) for 7€ [0,Ty,] we have
p(t) = 0, that is, u(z) > 0. Similarly we have v(¢),c(f) >0, 0 <t < Ty,. The
proof is complete.

4. Global solutions
In this section we prove the global existence of (0.1).

PrOPOSITION 4.1, Let 0 <uge L'(R*) NL*(R?), 0 < vy e H'(R?) and 0 <
coe HX(R?). Let u, v, ¢ be local solutions of (0.1) on [0, Ty) such that

0 <ueb(0, T);: L*(R%) N6 (0, Ty); H~ (R) N((0, Ty); H' (R?)),
0 < v e %(0, To): H'(R2) N6 (0, T ); LARY) N%((0, Ty, ); HA(R)),

0<ce®([0,Tu); H*(R*)) NG (0, Ty); H' (R*) N%((0, Ty, ); H (R?)).
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Then ue ([0, Ty); L'(R?)).  Furthermore, for some continuous increasing func-
tion p(-) independent of u, v, ¢ we have
@1 Nu@ller + (@)l 22 + ol + N

< plt+ luoll s + ol + ool + llcollgs), 0 <1< T

Proor. First we show ue%([0,Ty); L'(R?)). We consider the first
equation of (1.1) in H~'(R?) and rewrite as

%-‘FLL[: G(1), 0<t< Ty,
u(0) = uy,
where

is a linear operator of H'(R?) to H~'(R?) and

G(t) = =V - {uVx()} + {m + fiu, 0)}u

is a function on %((0,Ty); H '(R?)). Let upe L'(R*)NL*(R?). Then u is
rewritten as
t

u(t) = e Lug + J e TILG(s)ds, 0<t<Ty.
0

From (3.1) we have
1GONr < V- {uVx(e)} e + M+ (s v)ull
< Vi V(o) + lludz(e)l g +villu?ll g+ ifJuoll
< C(IVu- Vel g+ ulVelll o + ludel g+ llullz2 + lall 2ol 2)

2 2
< C([IVull Vel 2 + [Jull L2 IV ell e + [lull 21 el 2 + [l

L2

+ lull2llv] )

2 2
< C{llull gollell g+ lull 2 (Vellzp + llellzz) + llullze + llull 2 ]lv

2}

2
< C"{lull o llell o + el 2 Nell g Ulell gz + 1) + lallzz + el 210l 2}

1
SCU<7Z+1)7 0<t< Ty.

Therefore we see

t
(4.2) J 1G()||,ds < 0,  0<t< T
0
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By this together with the fact that —L generates an analytic semigroup on
L'(R?) (Tanabe, [12, Sec. 5.4]), we have u e ([0, Ty); L' (R?)).
In fact, let

T()=e'F,

and put
t

W (t) = T(t)uo, V(t) = J T(t—5)G(s)ds, 0<t< Ty.
0
Then
u(t)=wi(t) + V(), 0<t<Ty.
We consider the case ¢t # 0. Since
[W (@l = 1T (0)uoll 1 < Clluol[,1 < o,
we have W(t)e L'(R?). Since, for 0 < t+4e&< Ty,
[W(t+e) = W)l = T(t+e)uo — T(uol,
= [[(T'(e) = )T (t)uol| 1.
—0 (e —0),

we have W(1) € 6((0, Ty); L' (R?)). Next we consider V(7). For small ¢ > 0,
put

—¢
mnzj T(t—5)G(s)ds, &<1<To.
Then it follows from (4.2) that
t
V) =Vl <[ 160Ids 0. c—0)
t—e

which means ¥, converges to V(¢) uniformly in 7€ (0,7y). Since, for 0 <
t+h< Ty,

Vo(t+h) — Vi(t)

tMET@+h®Q@ﬁJHTU@ﬂQ¢
0 0

t+h—e
= T(t+h—s)G(s)ds + J

t—¢ 0

t—¢

{T(t+h—s)— T(t — )} G(s)ds

_ t+h—e T(Z N he s)G(S)dS + {T(h) o I} J’S T(f — S)G(S)dSa
0

t—e&
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according to (4.2) we have
t+h—¢ 1—¢
|G(s)||L1ds+H{T(h) —I}J T(t—5)G(s)ds

i)~ Vil < 0

t—e Lt

—0 (h—0),

which leads us to V;(¢) € ((0, Ty); L' (R?)). Since ¥, converges to V() uni-
formly in ¢, we have

V(1) e 6((0, Ty); L' (R?)).
Now we proceed to the proof of (4.1). To do so we remember the lemma

in Osaki and Yagi [9, Lemma 5.2]. Let gg(r) be a smooth function in re
[0, c0) which satisfies the following

pr=1 for 0 <r <R,
0<pr<1 for R<r<R+1,
pr=0 for R+1<r.

and

sup (| <C  (i=1,2,3).

0<r<oo

LemMa 4.1. For ue L'(R*), Ue L*(R*) and V € H'(R?)

(4.3) lim J Aupgp(|x])dx =0,
R—x R?
(4.4) Igim J UVV -Vor(lx|)dx =0
— 0 RZ

hold in distribution sense.
PROOF OF INEQUALITY (4.1). We shall prove (4.1) in series of steps.

Step 1 (L? estimate of v (p > 2)) From the assumption of Proposition 4.1 we
see ve H'(R?) for each re[0,Ty). Put U=0v""', V' =v. Since

- - -1
o)~ M2 = llo() 2 < o5 < o0,
it follows U e L?>(R?), V € H'(R?). Thus we apply Lemma 4.1.
Multiply the second equation of (0.1) by v”~!, p >2 and ¢g(|]x|) > 0 and
integrate this on R?. Then we have
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1 0
_ —pP
. o) 507 a

:dvj uP*AwR<|x|>dx+j o7 g, 0)pg (x| )dx

R? R?

_ —dvj {(p = Vo2 V0 2pR(1x]) + 07 'V0 - V() b
R2

+ ] o gt ool

=~ | (p = DAVl ()~ d, | UV V(s
R R

+J V" g (u, v)pR(|x])dx.
R2

Letting R — oo, we have
1 d 217,12 -1
—— | vvdx=—d,| (p— D" |Vu|7dx+ | v’ g(u,v)dx,
R? R?

because limg_o ¢g(|x]) = 1. From
" g (u, v) = 0P (1y — o0 — Tau)0 < py0?
it follows that

1d

- — P dx < ? dx.

Multiply this by e %% >0 and integrate in s (0,7). Then we have

1! d '
—J e_p”ZS—J vP dxds < J /lze_p“zsj v? dxds
2o ds Jg2 0 R?

and therefore

t

1 1
e = ollf) = | e | o v
p P R°

0
t

< J uze’pﬂzsj v? dxds.
0 R’

Consequently we have

(4.3) le()l, < e lloollZ, < e luollfy, 0 <1< To.
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Step 2 (L' estimate of u(z,-) and L?(0,¢)-estimate of ||u(s)||;.) First we shall
get an L' estimate of . Now we note that the assumptions of Proposition 4.1
lead to

ue (0, Ty); L' (R?)).
For te [0, Ty) put U = uy’(c), V =c. Since ue L*(R?), c € H*(R?), we have
llux' ()]l > < sup (Il > < Cllul] 2 < o0,
<c
and so U e L*(R?), Ve H'(R?). Thus we can apply the Lemma 4.1. Mul-

tiply the first equation of (1.1) by @x(|x|), and integrate this on R%. Then we
have

0
|, o) S a
—d, | aupn(ixia | V- wwr@lonllshis + | foonxds

RZ

—d.| dupplisha [ 0V Vor(siar+ [ fluoor(inh
R R R-

Letting R — oo, we have

d
EJRz udx = JR2 f(u,v)dx.

Integrating this in se (0,¢), we get

t
(4.6) (@)l = ol +J J Fluv)dxds, 0<i< Ty,
0 JR?

From the Cauchy inequality it follows that

(4.7) S (u,v) = —pyu — viu® + tyuw
2 ( 2, 1 2)
< —wmu—viu + 1| euw +—v
4e

2,71 2
< —(vi —T1&)u” +-—v".
(v = me) 4e

Take ¢ = ' Then from (4.7) we have
T

I ' le ! 2 le 2 t 5
J, |, e orsas < Z [ el < el | e as

2

1
! 2 2 2 2
< E\lvollu o (%2 — 1) < Ce¥||n|2,, 0 <t< Ty.
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Therefore we have
(4.8) lu()||, < lluollr + Ce||vol|2., 0 <1< Ty.

Furthermore from (4.6) it follows that

_JZJ S (w,v)dxds < luo]| -

0JR

Taking ¢ = ;—] in (4.7), we have

7
) 2
u? < —V—f(u,v) —1—(1—1) v,
I

V1

By integration in x € R* and s e (0, 1),

4.9 ulds <~ 2 [ dvds+ () [ (o)
o) [ s <=2 [ ] o (2) ] oo

2 o\ (! 2
o llwoll ()| llo(s)lzads
1 V1 0

2 71 : 2 ! 2ys
—luollr +{ =) llvollz2 | e ds
Vi Vi 0

2
o luoll + Ce?||ug|7.2

IA

IA

IA

IA

C'(lluoll, + e*2'||vol3.),  0<t< Ty.

Step 3 (H '-estimate of ¢) First note that we see from Proposition 4.1 that for
te(0,Ty), ce H*(R?) and ¢, € H'(R?). Then putting U=c¢, U' =¢,, V =c,
we have U,U’eL?*R?*, VeH'(R?). Now we apply Lemma 4.1.
Multiply the third equation of (1.1) by ¢ > 0 and ¢g(|x|) > 0, and integrate this
on R?. Then we have

3| a5 ax
:dcj cAc¢R<|x|>dx+ﬁj cum\xwdx—yj (|
R? R? R?

_ —ch Ve pn(|x])dx — ch UV - Vop(lx|)dx
RZ RZ

8| cupplishax = | | ogllxs
R R-



The Cauchy problem for a chemotactic system 93

Letting R — oo, we have

lij czdx:—d(,J |Vc|2dx—|—ﬂJ cudx—yj ¢* dx.
2 dt R2 R2 R2 R2

From Cauchy’s inequality it follows that

[)’JchudeﬁJ (mc +£u )dx

2
_7 2 ﬁ; 2
_ZJch dx—|—2yJR2u dx,

which leads to

d 2
—J ? dx+2dCJ |Vc|2dx+yj cdx < ﬂ—Hu(l)Hiz
dt R2 R? R? 14
Integrating this in #, we have, by (4.9)
2 » P 2 2
(4.10)  [le(z2 = leollz2 +7C(|Iu0||u + e fvol )
< C'(luoll i + €™ lvollzz + lol72), 0 <1< Ty,

Next we shall obtain the L?-estimate of Ve. Multiply the third equation
of (1.1) by 4c and ¢g(|x|) >0 and integrate this on R>. Then we have

0
Lz (pR(|x|)AcEc dx

= d| AP oullxhds-+ 8| udeonllshax =7 | cdepn(ishax

As for the left hand side we have

0 1
J or(|xNdc—=cdx = —= (|x|) \Vc| dx—J U'VV -Vor(|x|)dx
R2 5t 2 R- Rz

On the other hand, as for the third term of the right hand side we have

_VLz cAcpp(|x])dx =y o Vel pr(]x])dx + yLZ UVV -Vog(|x)dx
Therefore letting R — oo, we have

1
——ij |Vc|2dx:dCJ \Ac|2dx+ﬁj udc dx+yJ Ve|?dx,
2 dt Jx2 R? R2 R?
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from which it follows that

d
_J |Vc|2dx+2dcj |Ac|2dx+2yJ Ve|?dx < ZﬁJ |udc|dx.
dt R2 R2 R2 R2

Since Cauchy’s inequality yields

B, de 2) Bl >
2 J udcldx <2 J (—u + —|dc dx:—J u dx+ch Ac| dx,
B luacdas<2p| (5ot + 351 N 14
we have
(4.11)

d 2
—J Vel 2dx + ch |dc|*dx + 2yJ Ve|2dx < r ()72, 0<tr<Ty.
dt R2 R? R? dc

Integrate this in ¢#. Then it follows from (4.9) that

2

Ve()IR: < IVeollZs +2- s +e*huoli)
c

< C'(luollp + e llwollz2 + [Veolz2),  0<t< T
This together with (4.10) leads to
(4.12) ez < C(luollpr + e [loollzz + lleolzpn), 0 <1< T

Step 4 (L'-estimate of (1 + 1) log(u + 1)) Since it follows from Proposition 4.1
that u e H'(R?) and ¢ e H*(R?) for te (0, Ty),

log(u + 1)l z2 < [lull 2,

log(u + Duy' ()]l > < guplx’(C)I |2 < Clul,

<c

[(log(u + 1) —u)x' ()]l > < sup % ()2l 2 < Cllull -
=c

Therefore putting
U =log(u+1), U, = log(u + uy'(c), U, = (log(u+ 1) —u)y'(c),
V =u, Vi =c,
we have

U, Uy, Uy e L*(R?), V,Vie HY(R?).
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Therefore we can apply Lemma 4.1. Multiply the first equation of (1.1) by
log(u+1) and ¢g(|x|), and integrate this on R*. Then we have

0
(4.13) J or(|x]) log(u+ 1) —u dx
R2 ot

=d, | log(u-+1)dupg(|x|)dx
RZ

- log(u + 1)V - {uVy(c) }pr(|x])dx

| o loslu D G, v)gr(lx|)dx

— 0=+ | Togu-+ 1))l
where
D = J . log(u + 1)dupg(|x|)dx and ¥ = JRZ log(u+ 1)V - {uVy(c)}pr(|x])dx.
By

u :%{(u+ 1) log(u+ 1) — u},

Q>

log(u+1)

we have

(4.14) JRZ or(|x]) log(u + 1)%1{ dx = JRZ ¢R(|x|)%{(u + 1) log(u+ 1) — u}dx.

On the other hand since
1
=~ | Wl o | UVV - Vp(ixa
reu+1 R?
by R — oo we have
1 2
(4.15) @ — _J vl
rR2U + 1

Similarly we have

q/:_J u Vu~V){(c)goR(|x|)dx—J UiV V1 - Vog(|x|)dx
reu+1 R2

=-Q - J UV -Vogr(|x])dx,
RZ
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where
0= J U Vi()pn(|x])dx
- R2U+ 1 KPR '
From
|, ftogtu-+ 1)~ upaz(chpullxiyax
u
—— | v vaepasiay | U1 Pogllapax
=-0Q - J . U,V V- Vogr(|x])dx,
R
we have

¥ = | ot 1) = ) dr(e)ol I
4 J UV V(I )dx - J UV - Vog(])ax.
R R~°
By R — oo we have
Y — J {log(u+ 1) — u}dy(c)dx.
R2

Therefore by (4.13), (4.14) and (4.15) we have

%JRZ{(LH— 1) log(u+1) — u}dx

1 2
=—d, JRZ T |Vu|“dx — JRz{log(u + 1) —utdy(c)dx

+ J log(u+ 1) f(u, v)dx.
R2

From
Ax(e) = 7"() Vel + 1 (c) e,

it follows that

d 1 2
EJRZ{(” 1) log(u+ 1) — u}dx + d JRZ IV

< J [{log(u + 1) — utAy(c)|dx + J log(u + 1) f(u,v)dx
RZ RZ
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< J [{log(u+ 1) — u}y" (c)|Ve||dx + J . [{log(u+ 1) — u}y'(c)Ac|dx
R? R

+ J . log(u+ 1) f(u,v)dx
R

—p+vto,

where
o= [{log(u + 1) — u}y" (c)|Ve|?|dx,
R’

Y= . [{log(u + 1) — u}y'(c)dcldx,

o= log(u+1)(—uu— viu* + tyuv)dx.
RZ

From (2.2) we have

1-2/4 2/4
¢ < Cllull 2| Vel 2 = Cllull 2 Vel 2 < Cllull 2 (CallVel 1 IVel 72

H!
d, 1
< C'lfull 2 llell e el < €5 75 ez + o Ul allelz0)?
4c 436
()’

d 2 d 2 2 2 d 2 2 2
=7 l4ellz +Z llellzn + lellzallell < - 14ellze + C” el (lullz: +1).

de

Similarly we have
b= | Hiogu+ 1) — /() delas
< Clullall el = F el + €l
From Young’s inequality it follows that for small ¢ > 0
W= Lz log(u + 1) (—pyu — viu? + tyuv)dx
< - JRZ log(u + 1)u?* dx + 1, JRZ log(u + 1)uv dx

< —v||log(u + 1)||23 + 71 |[log(u + Vuv||,

< —vifllog(u + D)llzs + 7 log(u + D)l paflul 2 o]l s
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1
< i log(u + D[} + n{enlogw DR+ c( )<||u||Lz||v|

B
I\ (3, 6/2@m 1, 624
<nc(G) {3 + G

2 6
< C(llullzz + [lollze)-

L6)3/2}

Consequently we have

%JRz{(u—k 1) log(u+1) — u}dx

d,

: 2 2 2 2
< 5 lellzz + Cllellz (lullz: + 1) + Cllullz2 + C”|lo]

6
2 L&

from which together with (4.11) it follows that

G|, e+ 1) togtut 1) — u + ePla

dt
d. AclZ. 4+ Cllel2 2 4
< 5 el + Cllellz (a2 + 1)
I 2 " 6 2 ﬁz 2
+ C'l|ullz2 + C"[oll7s — de||c]|1 T [l 72
C

2 2 2 2 ;
< "l el + el + el + lollge)

< C"{(lelz + D(llullz2 + D) + llel3s},  0< 1< To.
Integrating this in ¢, we have
(4.16) [[(u(2) + 1) log(u(2) + Dl = [[(wo + 1) log(uo + D] .
= ()l = lluoll 1) + IVe(t) 172 = IVeol|z2
< CJ;{(||C<S>|§{1 + D) (lu(s)172 + 1) + os)ll7o .
Now put
Nipg(t) = [|(u+ 1) log(u + 1)]| .1, ue LY(R*)NL*(R?), u> 0.

Make use of the inequalities (4.5), (4.9) and (4.12). Then from (4.16) we have
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2
Niog(u(1)) < Nigg(tt0) + [|u(0) 11 + Vol

t
2 2 2
+ Clluoll 1 + € [[vollz2 + lleoll7) JO(H”(S)”LZ + Lds

t
0
<N/ Ce |y |I? Veoll?
< Nigg (o) + [luol[ 1 + Ce™[uol| 72 + [[Veol |72
2urt 2 2 240t 2
+ C([[uoll L + e [lvollz2 + llcolln + ) (l[uoll 1 + e [vollz2 + 1)

+ Ce®!|ug|6

< Niggtto) + Ce¥ (1t 1+ [luol| . + 0]l g1 + lleoll ), 0 <1< T

In the following Step 5, we need the following lemma which is shown by
Biler, Hebisch and Nadzieja [4, p. 1199] and is used by Osaki and Yagi [9,
Lemma 5.3].

LemMma 4.2. For any { >0
3 2 .
lullzs < Ll Niog @) + gDl we L'R)NH'(R?), u=0
holds, where q(-) is an increasing continuous function.

Step 5 (Final stage) Now we are in a position to prove our estimate. So we
begin to get an L*-estimate of u, then H'-estimate of v and finally H>-estimate
of c.

Step 5.1 (L’-estimate of u) Put U=V =u, U =u’y'(c), V1 =c. Then by
proved part of Proposition 4.1 we have U, U, € L*(R?), V,V; e H'(R?).
So we apply Lemma 4.2. Multiplying the first equation of (1.1) by # > 0 and
px(]x]) = 0, and integrating this on R?, we have

(4.17) EJRZ (pR(|x|)Eu dx

—d, | wdupn(isa | a7 (v}l
AT

=d,P - ¥ + Lz uf (u, v)pp(|x|)dx.

Since
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&= J udupg(|x|)dx
RZ

= | wuPontishar— | vy voglisha
by R — oo we have
D — —J \Vu|*dx.
R2
Similarly, since

v = | a7 () on()ay
R

1 1
:—Jz&wwwaumu——j UV V1 - V().
2 R2 2 R2

by R — oo we have

¥ — lj u? Ay (c)dx.
2 R2

Consequently, form (4.17) we have

(4.18) % %J u? dx = —duJ \Vuldx — %J u? Ay (c)dx + J uf (u,v)dx.
R’ R’ R’ R?

As for the second term of this equation we have
Ax(e) = 7' () de+ 1" () Vel

so we get

1 1 1
- —J u? Ay(c)dx = — —J 2 (u*de dx — —J 7" (P Ve Pdx
2 R2 2 R2 2 R2

=g+
From (2.2) and interpolation inequalities it follows that
1
¢ = ——J 7' ()P dc dx < CJ |u? Ac|dx
2 R2 R2

2
< Cl | paplldells = Cllulzslle]l

2 1-2/3 2/3 2 1/3 2/3
< Cllull7:(Cs ol el 2 AclF5) < Cull: el )3 el 22

2 1/3 1-1/2 1/2\2/3 2 2/3 1/3
< C'llull3sllellys (Copaliel el )™ < Cllull3sllell2 lell,)s -
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From Lemma 4.2 for any { > 0 we have

§ < CClullz N @) + g llull ) >3 lellz3 el
< C{(CllullFn Mg () + (@&l 1) Hlel 373 el 2

4/3 2/3 2/3 1/3 2/3 2/3 1/3
< Pl el N G )Nl s + (D Nl lel2s el

43 32 23 1/3
s68”<HMI/ O 1 L@ )N@wf“wv

e ﬁnn”3 <|WHHW5”}

2 2 2/3 1/3
< 'R (ullzyr + Nellzs )N () llell )

_ C 12
+eq(C el +§€l( Dllaall el

Here putting &= (**/q((™") and ¢ =]/(C"NL,w)llc|y?) with arbitrary
constant {; > 0, we have

—1
¢ < C"CP(lulzn + llellz) Mg () lell 17 + U+CG$mvﬂ lall llely7

2 2 _
< Gllullzgr + Nellz) + p(Nigg) + llell g + &),

where p(-) and ¢(-) are certain increasing continuous functions stated in Prop-
osition 4.1 and Lemma 4.2, respectively. Similarly, we have

1 2 2 2 2
Y= _ELz 2" (@ |Vel*dx < Cllu?|| el Vel s = Cllulz: Vel

1-2/6 2/6 4/3 2/3
< Cllull2:(Co 2 Vel IV el 255)2 < Cllullalel| 3 el

1-1/2 1/2 2/3 2/3 4/3
< C'lullz:(Crpalielin Pllelli) P lelz? < Cllullallel2 el

-1
Saﬁmmw%+wﬁgm@wWW¢“+n+c<gﬂvﬂlWMuWMI

< Gllullzpr + Neliz) + p(Nigg) + llell + &)

Then it follows from (4.18) that
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(4.19) % %JRZ u? dx + d, Lz \Vu|*dx
< L(lullzn + llell7) + p(Nibg () + llelln + ) + j uf (u, v)dx.
Since
1cl> < (CIvAe| ;2 el}2) = v a2 ]|e] 7
< ¢ (SIwaclf + 31
< C'(|VAe|72 + llel72),
we have

2 2 2
lellzs < Clllellz + IV AcllL2)-
By Young’s inequality we have

uf (u,v) = —pyu® — v + 1juv
2 3 3 1\ 3
< —wmu”—vuw +r1|lew’ +C " v
2 3 1y 5
= —wmu + (- +em)uw’ + 1 C L
Therefore by taking & :4v_1 > 0 it follows that
7|
3
|, o) < =gl = ol + ol

from which the inequality (4.19) is rewritten as

1d 2 2
3 EJRz u” dx+d, JRZ |Vu|~dx
< L(lullz: + IVullz: + lellzn + IVAel72) + p(Nigg () + llelzn +¢7)
3
= mllulz: = gvillulzs + Cllollz

3
2 2 2 3
< (E=p)llullz2 + (Va2 + IVAellz2) = Zvallellzs

+ P(Niog(ua) + [[oll s + llell 0 + 7.
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Consequently we have

(4.20) ij uzdx+(du—C)J Wul2dx — ¢V Ac|Z
d[ R2 R2

N —

3

2 3 —

< (€= )llullze = Zvillullzs + P(Niog () + [[oll 5 + [lell g + 7,
0<t<Ty.

Step 5.2 (L’-estimate of Vv) Put U=v,, U =v> V =v. Then from the
proved part in Proposition 4.1 we see that U, U, e L>(R?), Ve H'(R?).
Multiply the second equation of (1.1) by Av and ¢g(]x|) > 0, and integrate this
in R%2. Then we have

0
(4.21) or(|x])dv=v dx = d, |Av|2¢R(\x|)dx+ g(u, v) dvpg(|x|)dx.
R2 at RZ RZ

As for the left hand side of (4.21) we have

1

0 0
J wR<|x|>Av—vdx:~J ¢R<|x|>—|\7v|2dxfj UV - Vor(|x])dx.
R2 @Z 2 R2 61 R2

Therefore by R — oo we have

0 1d 2
MLpdy=—- 2L .
Lz Vv dx 2dtJRz |Vv|“dx

As for the second term of the right hand side of (4.21) it follows that
|, atm0)0p(ix)as
=l J vAvpg(|x])dx — vzj v Avpg(|x|)dx — 12 J uvAvgp(|x|)dx
R’ R’ R’

= J vAvpR(|x]|)dx — v, Q2 — 17 J uvAvgg(|x|)dx,
R’ R’

where
Q= J v* Avpg(|x|)dx = —ZJ o|Vol2og(|x])dx — J UVV -Vogr(|x|)dx.
R’ R’ R’
By R— o

Q— —2J v|Vo)*dx.
R2
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Consequently it follows from (4.21) that

1d
———J \Vo|?dx = va |Av|2dx—|—,u2J vAv dx
2 dt R2 R2 R2

+2V2J U|VU|2dX712J uvAv dx,
RZ RZ

which leads to

1d

2 2 2
3 EJRz [Vo|“dx + d, JRZ |dv|“dx + 2v, JRZ o|Vo|“dx

S,uzj |vAv|dx+12J |uvAv|dx
R’ R’

=4+
It follows from Cauchy’s inequality that for any & > 0

¢ = tollvdvl 1 < pofvl g2 [[40]] 12 < g1 (Clldvllp + o Ivlle>

. d,
By taking & = > 0 in this inequality we have

4y
fllﬁvllu + Cllellze.

From Young’s inequality it follows that for any ¢¢& >0

¥ = waljuvdv| e < wofjul vl o[l 40]] 2

1
<nwau+ kuwmQ

2 2
< ool + 2 (el + (5 ol )

4
. d, d,
By taking e=-— >0 and & = LV12 >0 we have
47y 4 ‘L'z)
ZLHA o} + 2 H 125 + Clloll3-

Therefore we have

1d

2 de 2
(4.22) 3 leRZ |Vu|“dx + 2 | |Av|~dx

V1 3 P 6
< o lullzs + Cllelze + lellze),  0<t<Ty.
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Step 5.3 (L’-estimate of Ac) In this step we put U=dc, V=¢, Vi=c.
Then we see that U e L>(R?), V,V; e H'(R?). Apply the third equation of

(1.1) by V, and take the inner product between this and VA¢, and multiply this
by ¢g(|x]) = 0. Integrating this on R* we have

(4.23) J or(|x|)V4c - V(a )dx
:dfj |VAC|2¢R(|X|)dx+,BJ VAc - Vupg(|x|)dx
R2 RZ

- yJ VAdc-Vepr(|x|)dx
RZ

As for the left hand side of (4.23) we have

JRZ pr(|x)V4c- V(%c)dx - Lz or(|x])dc - (%AC)dx

—J X UVV -Vog(|x|)dx
R
By R — oo we have

0 1 d P
JRzVAC V((’) )dx _EEJ |de|“dx.

As for the third term of the right hand side of (4.23) we have

| vac-vepulishax =y | 1aclorlxds+ | UPVi-Vor(as
By R — oo we have
—yJ VAc-Ve dx:yJ | dc|dx.
R? R?
Therefore from (4.23) it follows that

1d

———J |Ac|2dx:dcj |VAc|2dx+[>’J VAc-Vudx+yJ | Ac|dx,
2.dt Jg R2 R2 R2

from which for any ¢ > 0 we have

1d

|Ac\2dx+d \VAc|*dx+7 | |dcfPdx <p| |VAc-Vuldx
2. di R? R? R?

<ﬁ{e||m|u+ ||Vu||Lz}
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Taking & = ;’—;, we have
(4.24)

1d 2 d, 2 2 ﬁz 2
- — — < — 2 .
> ZJRZ |[dc|"dx + > JRZ |VAc| dXerJRz |dc|”dx > C||Vu||L_, O0<t< Ty

Step 5.4 (Proof of (4.1)) Multiply (4.24)
this. Then we have

1d du 2
ZdtJ ( L (o] o dude |A|)dx+(7—C>JR2|Vu dx

2
+% ] |Av2dx+<d"d c)] e W
2 Jr 28 B e

(4.20) and (4.22) to

2 Vi 3 _
< (E=m)llullzz == llullzs + P(Nigg () + [loll s + llell g +¢71)
2 6
+ C([[vll72 + llvllze)
2 —
< (= m)llull 2 + P(Niog () + [0l 22 + [1oll 5 + Nloll o + llell g + 7).

For small { > 0 we have

1d du 2
33 ( T vol? +ﬁ A|> v Y]

dJ | Av|dx +d“d J IV Ac|dx +dd‘yj | Ac|dx
af? £ e

2
< PWNigg) + [0l + llellzn + 1), 0<1< Ty,

that is,

d
G 0 70 14y < pONL o)+ ol + elly + 1. 0<1< T

Integrating this in ¢, we have

lu(O)NZ2 + IVe(DZ2 + 14e(0)]72

2 2 2
< [luollz> + IVvollz> + [|4eollz2

+ LP(Nlég(u(S)) + o)l + lle@)ll g + Dds
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t
< [luoll7> + [IVeoll72 + | dcollz> + Lp(le)g(uo)
+ Ce (1 4 s+ luoll 1 + lvoll i + llcoll 1)
+ e*fJvollLr + lluoll 1 + e |lvoll 2 + llcol| o + 1)ds
< |luollz= + IVwollz2 + [[4coll72 + p(Nyog(uo)

+ Ce® (1 1+ ol + ol s + lleoll )

+ e [lvoll Ly + [luoll L + **'l[voll 2 + llcoll g1 + 1) J; ds,
which together with (4.5) and (4.12) leads to
(D) 172 + 1017 + lle(D) 1772
< Cllluollr + lluollzz + llwoll 71 + leollz2)
+ p(t + luoll 1 + Mg (wo) + [[voll 1 + lleoll ), 0 <2< Ty
From this and (4.8) we have (4.1).

THEOREM 4.4.  For any initial functions 0 < uge L'(R*)NL*(R*), 0 < v e
H'(R?) and 0 < ¢y € H*(R?) the system (1.1) admits a unique global solution
such that

0 <ue®([0,00); L*(R*) N%'((0,00); H ' (R?)) N%((0, 0); H' (R?)),
0 <ve®([0,00); H'(R*)N%'((0,00); L*(R*)) NE((0, 0); H*(R?)),
0<ceb([0,0); H*(R*)NE'((0,0); H'(R*))NE((0, 0); H*(R?)).

ProOF. Let 0<ugeL?’(R*), 0<wvye H'(R?) and 0<cye H*(R?).
Then from Theorems 3.2 and 3.3 the system (1.1) has a unique local solution
u(-) e L*(R?), v(-) e H'(R?) and c¢(-) e H*(R?) on [0,Ty,). If, furthermore,
we assume g € L'(R?), then u(-) € L'(R*). Now for any s € (0, Ty,) we con-
sider u(s), v(s), c(s) as initial functions of (1.1) then from Theorems 3.1 and 3.2
it follows there exists a unique solution of (1.1) such that

0<ieb(s,s+ Tu); L*R*)) NG ((s,5 + Tu);
H Y R?))NE((s,s + Tus); H' (R?)),
0<ve (g([S,S + TUS);HI(Rz)) m(g]((sas+ TU_S');

L*(R*) N%((s, s + Tuy); H*(R?)),
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0 <ceb(ls,s+ Tu) HR) NG (5,5 + Tuy):
H'(RY) (5,5 + Tu): H(R?)),

where Tys >0 is a local time which is determined by |[u(s)||,2 + [|[v(s)]l 51 +
llc(s)|| 2. Moreover by the uniqueness of solutions we have

u=u, V=, c=c.

Here we put
r=p(Tuy, + lluoll o + lluoll 2 + llvoll g1 + [leoll 2)-

From Proposition 4.1

lu()l 2+ ()l 2 + ()l e+ [le(s)]
< p(s + [luoll o + lluoll 2 + [lvoll g1 + llcoll 72)
< p(Tu, + lluoll 1 + lluoll 22 + llvoll g + llcol =)

=r

holds, from which we see the norm ||u(s)||,> + [[o(s)|| 1 + [|c(s)]| > depends
only on r. Consequently the Ty, > 0 depend only on r, not on 5. Thus the
local time Tys > 0 is determined by r, and independent on s, that is Ty, =
T, > 0. Since s is arbitrary in [0, Ty, ), the time interval [0, Ty, ) is extended by
T, > 0. Repeating this procedure we can construct the global solution.

5. Appendix

Here we continue verifying the inequality (3.3) holds. In fact from (3.2)
we have

1E(U) = F(W)] x

=V Auvx(o)} +{m + /fl (u,v) }u
+V AWV ()} = {w + fr(w, p)}w
{1 + gl(u7 U)}U - {1 + gl(w7p)}p
0 X

VA= w)VE)} V- ¥ [3e) ~ 2]}
A w0) = Fi 00 )yt {1+ £ 00.p) ) — )

v=p+{gi(w,0) = gi1(w, p) v + g1 (w, p) (v = p)
0

X
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< |V -A{—=wV()}H g + IV AV [x(e) = 2O g
+ {1 (s 0) = A 0w, p) bl g+ ey + F1 09, p) Y= W)
+ v =pllp2 + {91 (w, 0) — g1 (w, p) }oll 12
+ g1 (w, p) (0 = p)l| 2-
Owing to (2.8) and (2.10) we obtain
IV - L =w)Vr()H g+ < Callu = wll g1 IV (c)]

= Cyllu=wllgru 7' ()Vell o

H

= CfoHu - W||H‘*‘»’0pso<||c||1{l+so)||VC| H
< 2 (llell o)1t = w14

Form (2.8), (2.10) and (2.11) we have

V- {wVx(e) = ()}l -

< Coy Wl g IV 1x(e) = 2]l 0

= Colwll -« 12" (Ve = 7 (Ve o

= Coo|Wll w7 (Ve = 7' (Ve + 7' (Ve = Z (EVE] e

< CoolWll - {17 (€) = 2 (OIVell oo + 12/ (E)V (e = Ol o}

< Cool Wil -0 {2 (el g + €N rr)lle = Ell g Vel 170
+ Py (Il IV (e = Ol }

< Py llellzresn + 1€l Wl ialle = Ell -

From Holder’s inequality and (2.4) and (2.5) it follows that
/1ty 0) = A1 (v, ) Yutl -
= |{—u —viu+ 10— (= = viw + 71p) bl g
<vill(u = wull g1 + 1al|(v = plull -+

SC{ sup J |(u — w)ugldx + sup J (v—p)u¢|dx}
RZ RZ

H¢””1S1 H(]‘Hnlgl

< C§ sup (= wyull oo @l o0+ sup |[(v = pullal|¢l] 2
gl =<1 gl
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< C{l[(u = w)ull 20w + ([ (0 = pul 2}
< C{Coy 1l 2l = wil - + Calltl 210 = pllgoe
< Cllul Al = wllgprso + o= pllggzao }-

Similarly from Hélder’s inequality (2.4) and (2.6) we have

{1+ A1 0w, )}t = W)l -

= [[(aty = sy =viw +71p) (u = w)| -

IA

villw(u = w)ll g+ zallp(u = w)ll -

IA

C{ sup JRZ |w(u — w)dldx + sup JRZ |p(u— w)¢|dx}

gl <1 ol <t
< C{Copqpa) Wl 2l = wllggreo + [lp(u = W)l 2}
< C{Cyqupan Wl 2l = Wil + Coyllpll o e = Wil i}
< CU(lwllze + 1ol el = wll g1 -
From (2.6) we have
1461, 0) — Gy 0w, p) Yol
= {12 — v2v = 12u — (1 = v2p — T2w) } 12
<l[(v = p)oll + zall (u = w)vll 2

< C(Ceo ||U||H’50 |

0= plip + Callolgalln = wlpra)
< ol (o =l + 1= wlpra)
and
1910w, p) (v = Pl 2

= (2 = v2p = 12w) (0 = p)[ .2
< C(llv = pllp2 + ot = Pl 2 + w0 = p)ll.2)
< Cllo = pllg-a + Callpll e lo = pllgi-w + Callwll g llo = pll 1)
< C'A+ Nl + Wil llo = pll g1
< C'(Iwllg-o + Il oo + Dllv = plligp-

Summing up these we have, with a continuous function p(-)



1EU) = FOW)lx < pllull > + 1ol o + lell g + [l
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2+l + 1€l )
X (= Wl + D10 = pll e

+ (Wl + 12lae + Dl = pllgr + lle = Ell )}

which is the desired estimate.
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