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WAVELET CHARACTERIZATION OF THE POINTWISE
MULTIPLIER SPACE X,

SADEK GALA, YOSHIHIRO SAWANO

Abstract: In the present note we characterize the function space X, which is the set of pointwise
multipliers which map L2 into H~". To this end, we use wavelets and capacity.
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1. Introduction

The aim of the present paper is to characterize the function space X, in terms of
wavelet expansion, where the space X, is the set of pointwise multipliers which
map L2 into H~", which is defined as follows:

Definition 1.1. For 0 < r < g, the space X, is defined as the space of functions
feL? (Rd) that satisfy the following inequality:

loc

Ifllx, = sup [IfgllL> < oo,

llgll <1

where H” (Rd) stands for the completion of the space D (Rd) with respect to the

norm ||ul| 5 = H(—A)% u‘

L2’

We refer to [2] for the reference of this field which contains a vast amount
of researches of the multiplier spaces. Here and below we place ourselves in the
setting of R? with d > 3.

We shall characterize this norm in terms of the H” capacity and wavelets.
In the present paper we use the compactly supported wavelet functions with -
regularity (7 > 1) proposed by I. Daubechies [3]. For j € Z and v € Z%, we write
Qi = {x €eR?: 2y —y €0, 1)d}. Let Q be the set of all dyadic cubes in R?, i.e.,
Q= {Q =Qj:JEL,y=(V1,72,-7d) € Zd}. Suppose ¢ and ¢ are r-regular
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compactly supported functions obtained by multiresolution approximations. Let
Yo = @ and ¢y = . Forany ¢ € E := {0,1,---,2¢ — 1}, we use binary expansion
to write

d
e=) 2705, g e{o1)
j=1
For Q;, € Qande=1,2,--- .24 — 1, we let

(4 , _
Vejn () = V@, , = 2720 (2021 — 1) -+ e, (27 Ta — 7a)-
It is known that the 1. ;,’s enjoy the following properties :

(a) The system {we’j,w}Qj .€Q,cep forms an orthonormal basis of L? (RY);

(b) supp (¢s,j,~) C M Qj~, M > 1, where MQ is the cube concentric with Q
but with the side lenght M times that of @ (i.e., the M-times expansion);

(03

(c) H ai

M .
—e || < C27HV ja <y

oo

(d) [x%ej~(z)dx =0, |af <7
Here we present the definition of capacity (see [1], [2]).

Definition 1.2. The quantity cap(e,HT) stands for the H"-capacity of a compact
set e C R?, which is defined by

cap (evHT> = inf{||u||{‘;¥r(Rd) tu €D (Rd) ,u>=1on e} .
Having clarified the definition of capacity, let us now formulate our main result.

Theorem 1.1. Let 0 < r < g. Then the following statements are equivalent:

(i) feX, (RY).
(ii) The function f can be expanded as follows:

241

F=0 Y Acintejn(@)

e=1 (j,y)eZxz4

where { e jyYem12,.. 24_1, (jy)ezxzd Satisfies

241

DD DR L / e @) o < C cap (e 117)

e=1 (jy)ezxzs
for any compact set e of R%.

Finally let us make a remark on the usage of the constant C; C denotes a
constant independent of f. However, it varies at each occurrence.
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2. Proof of Theorem 1.1.

Denote by M the centered Hardy-Littlewood maximal operator.
1
Mfw) = sw o [ 7)) da.
@)=z QI Jq

where @ runs over all compact cubes in R? and ¢(Q) denotes the center of the

cube Q.

Lemma 2.1. Let e be a compact set. If we set E,, = {x € R? : Mx.(z) > r},
then we have - '
cap (E’m HT) < ek 2cap (aH’”)

Proof. Choose u € D (Rd) so that
uzl one and |lull - < 2cap (6,HT) .

Pick a function v € D (Rd) so that xg(1) < ¥ < Xxg(2), where, if R > 0, we wrote
Q(R) for the cube given by
QR) ={z = (21,22, -+ ,ma) : max(|z1], |22, -+, [z4]) < R}
Let x € E,.(C E, /2)- Then, by the definition of the centered Hardy-Littlewood
maximal operator, there exists a cube @ centered at z such that |Q Ne| > g|Q|

Let us write £(Q) = % and Py (z) = @ﬂw (6(2)) Therefore, we have

1 nQ
Yoq) * ulx) = @/EW(Q)(QS—:U) dy > |8|Q| | > g

Hence it follows that
cap (E, H’) < ek |eg) * ull e < cw73ull g < ek Pcap (aHT) . n

Corollary 2.1. Let 0 <1 < %. The following statements are equivalent.
(1) For any compact set e of RY,

291

YooY el / [the jo (x)|* d < C cap (e,Hr> . a

e=1 (jy)ezZxz?

~—

(2) For any compact set e of RY,

291

S Y Dol [ Wi @ Mix)@) do < Ceap(e 7). (2)
R4

e=1 (j,v)ezxz?
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Needless to say, significance of this corollary is that (1) implies (2).

Proof. We may assume that |e| > 0. Otherwise, the right-hand sides of (1) and
(2) are zero and there is nothing to prove. Also, we freeze ¢ = 1,2,--- 24 — 1;
the estimates will be independent of e. We write E, = {Myx. > &} as before.
For all z € RY, there exists a large cube @, which is centered at z, that engulfs
el
[Ql

(oo}
Consequently we have R? = U E5—«. We decompose R? by using this collection
k=1

the compact set e. Hence it follows that My.(z) > > 27! for some | € Z.

{E5-«}. The result is

Z ‘)‘EJ,V

(G erxz?

[ Wesa@ M@ do
R

< ¥

(G ELxL?

DS

k=1 (jy)ezxz*

o) dx

,j,'y(

C [ W@ M) de

Byt \Ey—k+1

2)|? da

2Js 'Y
(4, 'y)EZde

+ Z S oG,

k=1 (j,v)ezx2?

’ / e s (@)

E, 1\Ey ki1

From the assumption (1) we deduce

Yo Pegal® / Ve i (2)]° dz < Ccap(Ey-r \ Ey-r41, H")

5 d
(3,7)EZXZ Ey 1 \Ey_j+1

< Ccap(Ey-«, HT)

If we invoke Lemma 2.1 with x = 2%, then we have

S Pl [ WP do < Catcap(e ).

; d
(F)ELXL Byt \Ey_r41

Now that we are assuming d > 3, we see that Z 9~ 5 k+2k converges. Thus, it

k=1
follows that
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L o~ 4d .
Z ;]7"/| /Ww,v | Mx.](z)s <C ZQ 5k+2k0ap (65H>

<m>erZd k=0
= C'cap (e,Hr> .
Therefore, the assertion that (1) implies (2) was proved. [ |

Our main result relies also upon the following proposition :

Proposition 2.1 ([1, Section 3.2]). Let 0 <r < 4. Then f € X, if and only if
Fllpze
sup 1Al 22 ) 1
eCR? : compact (cap (e Hr)) 2

Furthermore, if this is the case, the following norm equivalence holds:

11 22e) .

Now let us finish the proof of Theorem 1.1.

Begin with the “only if " part.

For notational convenience we shall write A\ g = A;j 4 = (f,¥:q) for the
wavelet coefficient of f associated with the wavelet 1. . Then we have the fol-
lowing decomposition for f :

291 9d_1
IEDIDIPITED DD DY PP R NCEEEN
e=1 QEQ e=1 jEZ yezd

Let A be a fixed finite subset of Z%t!. For j € Z and v € Z¢ we shall write

(]77) = (j771772a-~-a’7d)' For 0 € {_LI}A = {{Hjﬂ’}j,’YEA : ej,'y € {_1’1}}’ we
define the operator Ty ¢ by

291
TAOf Z Z 0]7 f71/}€,J"/>1Z)EJ’)’( )
e=1 (j,y)eA

The operator T} ¢ is actually an integral operator given by

Thof(z /KAe:cy y)dy,

where the kernel is given by

241

KAG z y Z Z oj,'yweg,'y ¢s,], ( )

e=1 (j,v)€A
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Since the MRA is r-regular, we conclude that {Th g} ¢ is a family of Calderén-
Zygmund operators (see [4]). Then by a classical result of harmonic analysis we
obtain, for some constant C' independent of A,

ITaofllx, < Cllflx,

for all f € X,. Also denote by y the measure on {0, 1}ZXZd generated by the coin

toss. Let us set
=l [ mer@Pdee |

e 96{71’1}Zd><Z

= [ | [1mes@rd | due)

9e{—1,1}5 2 \e¢
2 oy
<Clff cop(er) [ duo
05, €{-1,1}2%2
— C||fI1%, cap <eH) .
Meanwhile, if we use the Fubini theorem and write out T g f, we obtain

Y

0e{—1,1}24x2

Then, we have

B 2
241
S D3N D SURIASRI | RO}
pef—1,1}24xz (Jyea \ e=1 L2(e)
Moreover, using Khintchine’ s inequality, we have
4 2
291
2 2
T Y D0 Kol [en]
e=1||(4,7)€A L2(e)
241
2
= Z/ Z (f, 1/)8,377| [the iy ()] d
e (U)EA
241
= Z Z f7¢€Jw| /W’eav | dx
e=1 (j,y)eA
291

- Z Z |>\57j77|2/|¢57j,'y($)‘2d213.

e=1 (jy)ezxz?
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Thus for all f € X,, we obtain

291

S Y Pl [P do < Ceap (e dr7).

e=1 (jy)ezZxzd

As a consequence, we conclude that (i) implies (ii).
Let us show the proof of converse. We use once more the expansion:

241

f = Z Z )\E,Qws,C}

e=1 QeQ

It is well-known that M [Xe]% is an Aj-weight. Therefore, we are in the position
of using the usual Calderéon-Zygmund theory to conclude

<¢ Z ) |)\s,j,v|2/|¢e,j,7(w)|2M[xe](m)%da;.
Rd

e=1 (jy)ezxzd

1oy < |17 MIcIE |

We remark that the proof is similar in spirit to the main theorem in [5]. If we use
this inequality and Corollary 2.1, then we have

£l <C sup N2
eCR4 : compact cap (e HT)
1

<C sup _—
eCR? : compact cap (e HT)

291

<Y Pl [ e @) M@ do < oc.
Rd

e=1 (jy)ezxzd

This is the desired result.
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