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The generalized Igusa local zeta functionZQp (s) associated to(SL7; �), where � is the Cartan product of the first, third and

fifth fundamental representations of SL7, is explicitly com-

puted and shown not to satisfy the expected functional equa-

tion ZQp (s)jp 7!p�1 = p�7sZQp (s):
1. INTRODUCTIONIgusa [1974; 1975] inaugurated the study of localzeta functions of Igusa type. In [Igusa 1989], heintroduced the generalized Igusa local zeta func-tion and accompanied this introduction with sev-eral conjectures about the general properties ofsuch functions. In particular, he conjectured thatsuch functions satisfy functional equations of a cer-tain form. This conjecture is disproved here. Byway of comparison, we note that Igusa local zetafunctions de�ned, unlike the generalized Igusa localzeta function, with respect to translation-invariantmeasures have been shown to satisfy functionalequations of the expected form [Denef and Meuser1991].Let Q p denote the �eld of p-adic numbers, wherep is chosen such that Q p contains the seventh rootsof unity. Let Zp denote the ring of integers of Q p ,and pZp the ideal of nonunits of Zp . By de�ni-tion, Zp=pZp has p elements. Let j jp be the ab-solute value on Q p , normalized as jpjp = p�1. LetG0 = SL7, and set � = �1 � �3 � �5, the Cartanproduct of the �rst, third and �fth fundamentalrepresentations of G0 as indexed by the Dynkin di-agram of G0. By de�nition, � is the irreducible
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subrepresentation of �1
�3
�5 containing high-est weight equal the sum of the highest weights ofeach of �1;�3 and �5. For ease of computation,represent SL7 in the standard basis v1; : : : ; v7 ofQ 7p so that �3 has a basis of elements of the formvj1 ^ � � � ^ vj3 , for 1 � j1 < � � � < j3 � 7, and �5has one of elements of the form vk1 ^ � � � ^ vk5 , for1 � k1 < � � � < k5 � 7.Let G a = A�1 denote the one-dimensional a�negroup, and G m = GL1 the one-dimensional lineargroup. The almost direct productG = �(G0)(G m1dim �)is a subgroup of GLdim � not contained in SLdim �.Let T be the maximal torus of G. We note here theuseful fact that, with R denoting the root systemof G0, the group G is generated by T and the distin-guished one-dimensional subgroups ��(G a), where� 2 R and the homomorphisms �� : G a ! G aresuch that G a �= ��(G a) and t��(u)t�1 = ��(�(t)u)for all t 2 T and u 2 G a . De�ne f as the pos-itive generator of Hom(G; G m) and G0 = GQp \Matdim �(Zp), where GQp denotes the Q p-rationalpoints of G.
Definition [Igusa 1989; Martin 1996]. The general-ized Igusa local zeta function associated to (G0; �)is ZQp (s) = ZG0 jf(g)jsp�c(g);where �c is Serre's canonical measure de�ned onGQp , and s is a complex number with Re s > 0.It is conjectured in [Igusa 1989] that ZQp (s) has a�nite form that expresses ZQp (s) as a rational func-tion Z(p�1; p�s) satisfying the functional equationZ(p�1; p�s)jp 7!p�1 = p� deg(f)sZ(p�1; p�s): (1.1)We disprove this conjecture by �nding the rationalexpression for ZQp (s) and showing that (1.1) fails.
2. REDUCTIONSWe follow the setup of Igusa. The details are in[Martin 1992b]. Since the measure �c is di�cult

to work with, de�ne a Q �p (GQp \ GLdim �(Zp)) bi-invariant function � on GQp by�(g) = �c(g(GQp \GLdim �(Zp)))�(GQp \GLdim �(Zp)) ;where � is the Haar measure on GQp normalizedto be canonical measure on GQp \ GLdim �(Zp). Itfollows that �c(g) = �(g)�(g) and, thus, thatZQp (s)=ZG0 jf(g)js+(dimG=deg f)p �(g)jf(g)jdimG=deg fp �(g):Let S = f�1; : : : ; �6g be the standard basis forthe root system R. With respect to this basis,R decomposes into a direct sum of positive andnegative roots as R = R+ q R�. De�ne positiveintegers a1; : : : ; a6 byY�2R+ � = 6Yi=1 �aii :Let $ denote the highest weight of the irreduciblerepresentation of G in a�ne n-space A n de�ned byg 7! tg�1. Set �0 = f jT . By construction, �0; : : : ;�6, and $ generate Hom(T; G m) with relation
$deg f = ��10 6Yi=1 �bii ;de�ning positive integers b1; : : : ; b6.Choose �0; : : : ; �6 2 Hom(G m ; T ) satisfying theconditions h�i; �ji = �ij for 0 � i; j � 6. It followsthat �0; : : : ; �6 generate Hom(G m ; T ). In a commonabuse of notation, the Weyl group of G0 will bedenoted by Sym(7). The action of an element w 2Sym(7) on an element � 2 R is given by w(�)(t) =�(w�1(t)), for t 2 T .From the p-adic Bruhat decomposition and theproperties of the length function � for the Weylgroup of SL7 [Igusa 1989, pp. 703{6; Martin 1992a],we haveZQp (s) = �(GQp \GLdim �(Zp)) � Xw2Sym(7)p��(w)��X p�(n0;:::;n6) �(�(�))jf(�(�))jdimG=deg fp �; (2.1)
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where the summation on the second line is over alln0 2 N and all (n1; : : : ; n6) 2 N 6 such that ni > 0if �i 2 w(R�), and where
� = �deg(f)n00 6Yi=1(�bi0 �i)ni ;�(n0; : : : ; n6) = �(49 + deg(f)s)n0+ 6Xi=1�ai � bi�s+ dimGdeg f ��ni:

3. EXPLICIT FORM OF ZQp
(s)The explicit form for ZQp (s) as a rational functionmay now be obtained. These �rst few computa-tions are straightforward: dim � = 3402, dimG =49, deg f = 7, (a1; : : : ; a6) = (6; 10; 12; 12; 10; 6),and�(GQp \GL3402(Zp)) = (1� p�1) 6Yi=1(1� p�(i+1)):

There is also a formula for �(�(�)), which will nowbe exhibited. It is a result of �Elie Cartan [1913,pp. 3{5] that the weights !� of G satisfy
!� = $�1 6Yi=1 �cii ;where c = (c1; : : : ; c6) 2 �, a �nite subset of N 6 .With these conventions, and with n = (n1; : : : ; n6),we then have�(�(�)) = p�(49n0+(Pc2�� c+P�2R c�;�)�n);where �� is the subset of � that forms a basis forQ 6 such that c � n for all c 2 �� takes the smallestvalue, and c�;� is the c 2 � associated to a rowr = r�;� such thatddu(��(u))ju=0 6= 0and c � n takes the smallest value (see [Igusa 1989,p. 713]). The proof of this fact can be found in[Martin 1992b]. Thus, the computation of �(�(�))

involves a detailed understanding of the weights of� and the homomorphisms ��, for � 2 R.The weights of � are easily described, and areexactly all unique products !1 � !3 � !5, where !1,!3 and !5 denote arbitrary weights of �1, �3 and�5, respectively [Cartan 1913, pp. 11{13]. In par-ticular, de�ne !i : T ! G m by !i(t1; : : : ; t7) = ti,so that !i is the weight of the basis element vi. Inthis notation, then,!1 = !i for 1 � i � 7,!3 = !j1 � !j2 � !j3 for 1 � j1 < j2 < j3 � 7,!5 = !k1 : : : !k5 for 1 � k1 < � � � < k5 � 7,R = f�ij = !i!�1j : 1 � i; j � 7 and i 6= jg;S = f�i = !i!�1i+1 : 1 � i � 6g:The highest weight $ of the irreducible repre-sentation of G in A 3402 de�ned by g 7! tg�1 isthe product (!7 � !5!6!7 � !3 : : : !7)�1. It fol-lows that (b1; : : : ; b6) = (9; 18; 20; 22; 17; 12) andthat, if we set U = f(0; 1; 0; 0; 0; 0); (0; 0; 0; 1; 0; 0);(0; 0; 0; 0; 0; 1); (1; 1; 0; 0; 0; 0)g, the value of �� isgiven by the following table:condition ��n2 < n4 < n6 U [ f(0; 1; 1; 0; 0; 0); (0; 0; 0; 1; 1; 0)gn2; n6 < n4 U [ f(0; 1; 1; 0; 0; 0); (0; 0; 0; 0; 1; 1)gn2; n6 > n4 U [ f(0; 0; 1; 1; 0; 0); (0; 0; 0; 1; 1; 0)gn2 > n4 > n6 U [ f(0; 0; 1; 1; 0; 0); (0; 0; 0; 0; 1; 1)gInformation about the ��ij , for 1 � i; j � 7with i 6= j, is obtained in a more subtle fashion.Let �0�ij (G a) denote the unipotent subgroup of SL7composed of unipotent matrices �0�ij (u) with non-identically zero (i; j)-th entry u. We mean to ex-ploit the fact that ��ij (u) = �(�0�ij (u)), for u 2 G a .But �rst we consider �1
�3
�5(�0�ij (G a)), which,by construction, is de�ned by the action of a �0�ij (u)on a basis elementvi1 
 vj1 ^ vj2 ^ vj3 
 vk1 ^ � � � ^ vk5 :This action is given by�0�ij (u)(vi1 
 vj1 ^ vj2 ^ vj3 
 vk1 ^ � � � ^ vk5)= (�0�ij (u)vi1)(�0�ij (u)vj1^vj2^vj3)(�0�ij (u)vk1^� � �^vk5):
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Therefore, ddu(�1 
 �3 
 �5(�0�ij (u)))ju=0has nonzero entries in the rows indexed by thesebasis elements:vi 
 vj1 ^ vj2 ^ vj3 
 vk1 ^ � � � ^ vk5 ;vi1 
 vl1 ^ vl2 ^ vl3 
 vk1 ^ � � � ^ vk5 for l1; l2; l3with 1 � l1 < l2 < l3 � 7 and i 2 fl1; l2; l3g;vi1
vj1 ^vj2 ^vj3
vm1 ^� � �^vm5 for m1; : : : ;m5with 1�m1< � � �<m5�7 and i2fm1; : : : ;m5g:Consider the case (i; j) = (1; 2). In this example,ddu(�1 
 �3 
 �5(�0�12(u)))ju=0has nonzero entries in the rowsv1 
 vj1 ^ vj2 ^ vj3 
 vk1 ^ � � � ^ vk5;vi1 
 v1 ^ vl2 ^ vl3 
 vk1 ^ � � � ^ vk5for l2; l3 with 1 < l2 < l3 � 7;vi1 
 vj1 ^ vj2 ^ vj3 
 v1 ^ vm2 ^ � � � ^ vm5for m2; : : : ;m5 with 1 < m2 < � � � < m5 � 7:Since vi1 
 vj1 ^ vj2 ^ vj3 
 vk1 ^ � � � ^ vk5 has weight!i1 � !j1!j2!j3 � !k1 � � �!k5 , and since $ is known tobe (!7 � !5!6!7 � !3 � � �!7)�1, the row whereddu(�1 
 �3 
 �5(�0�12(u)))ju=0has a nonzero entry and weight, with associatedc2� making c�n minimal (where n=(n1; : : : ; n6)),is v7
v5^v6^v7
v1^v4^� � �^v7. The particularc here is (1; 1; 0; 0; 0; 0). Note that this choice forc is independent of n, and so also independent of�. It is not always possible to arrange this, as thetable on the next column will illustrate. Againfrom Cartan, � has a basis of elements of the formv =Xl ci;lvi1;l
vj1;l^vj2;l^vj3;l
vk1;l^� � �^vk5;l;where ci;l 2 Q p and the vectorsvi1;l 
 vj1;l ^ vj2;l ^ vj3;l 
 vk1;l ^ � � � ^ vk5;l

are all of the same weight [Cartan 1913, pp. 11{13]. This, together with the fact that the weight!7�!5!6!7�!1!4 : : : !7 associated to v7
v5^v6^v7
v1 ^ v4 ^ � � � ^ v7 does occur in � with multiplicityone and ddu�(�0�ij (u))ju=0has a nonzero entry in the row indexed by v onlyif ddu(�1 
 �3 
 �5(�0�ij (u)))ju=0has a nonzero entry in a row indexed by one of thevi1;l
vj1;l^vj2;l^vj3;l
vk1;l^� � �^vk5;l, allows oneto conclude that v7
 v5 ^ v6 ^ v7
 v1 ^ v4 ^ � � �^ v7is a basis element for �. Therefore, c�12;� = c =(1; 1; 0; 0; 0; 0).Following the same line of reasoning for the other�ij 2 R, we get these values for c�ij ;�:i j = 1 2 3 4 5 6 71 110000 110000 111000 111100 111110 1111112 010000 010000 011000 011100 011110 0111113 000000 000000 011000001100 001100 001110 0011114 000000 000000 010000000100 000100 000110 0001115 000000 000000 000000 000000 000110000011 0000116 000000 000000 000000 000000 000100000001 0000017 000000 000000 000000 000000 000000 000000We have omitted the commas and parentheses fromthe vectors due to typesetting limitations. More-over, when two vectors are given for the same (i; j),the correct answer depends on the ni. Thus,c�12;� = (1; 1; 0; 0; 0; 0) for all �;c�13;� = (1; 1; 0; 0; 0; 0) for all �;c�34;� = � (0; 1; 1; 0; 0; 0) if n2 < n4,(0; 0; 1; 1; 0; 0) if n2 > n4,c�43;� = � (0; 1; 0; 0; 0; 0) if n2 < n4,(0; 0; 0; 1; 0; 0) if n2 > n4,c�56;� = � (0; 0; 0; 1; 1; 0) if n4 < n6,(0; 0; 0; 0; 1; 1) if n4 > n6,c�65;� = � (0; 0; 0; 1; 0; 0) if n4 < n6,(0; 0; 0; 0; 0; 1) if n4 > n6,
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and so on. The author used the Maple packagecrystal [Joyner and Martin 1994] to help checkthese computations.The choices in �� and c�ij ;� require that the sumin parentheses in (2.1) be split into eleven pieces,re
ecting the possible expressions for �(�(�)) interms of the relative values of n2, n4 and n6:condition �(�(�))n2 > n4 > n6 p�(49n0+7n1+14n2+13n3+16n4+11n5+10n6)n2 > n4 = n6 p�(49n0+7n1+14n2+13n3+16n4+11n5+10n6)n2; n6 > n4 p�(49n0+7n1+14n2+13n3+19n4+11n5+7n6)n2 = n4 > n6 p�(49n0+7n1+14n2+13n3+16n4+11n5+10n6)n2 = n4 = n6 p�(49n0+7n1+14n2+13n3+16n4+11n5+10n6)n2 = n4 < n6 p�(49n0+7n1+14n2+13n3+19n4+11n5+7n6)n4 > n6 > n2 p�(49n0+7n1+17n2+13n3+13n4+11n5+10n6)n4 > n6 = n2 p�(49n0+7n1+17n2+13n3+13n4+11n5+10n6)n4 > n2 > n6 p�(49n0+7n1+17n2+13n3+13n4+11n5+10n6)n2 < n4 = n6 p�(49n0+7n1+17n2+13n3+13n4+11n5+10n6)n2 < n4 < n6 p�(49n0+7n1+17n2+13n3+16n4+11n5+7n6)As a result, we have the explicit expression forZQp (s) given in the sidebar below.

4. TESTING THE FUNCTIONAL EQUATIONIt remains to check whether the functional equa-tion holds. For notational convenience, denote byXw the rational function within the outer paren-theses of the expression for ZQp (s) in the sidebar.The �rst step is to express ZQp (s) with respectto the basis �(S), where � 2 Sym(7) is the uniqueelement such that �(R�) = R+:
ZQp (s) = (1� p�1)Q6i=1(1� p�(i+1))1� p�(49+7s)� Xw2Sym(7) p��(�w) � p�Q�w(1)(1+9s)1� p�(1+9s)

� p�Q�w(3)(1+20s)1� p�(1+20s) � p�Q�w(5)(1+17s)1� p�(1+17s) �X�w;
where the Q-notation is de�ned in the sidebar.Sending p to p�1 and using the relations �(�w) =cardR+ � �(w) and11� pA ���p 7!p�1 = �pA1� pA ;

ZQp (s) AS A RATIONAL FUNCTION IN p�1 AND p�sDe�ne Qw(i1; i2; : : :) to be equal to 1 if there exists j 2 fi1; i2; : : :g such that �j 2 w(R�), and equalto 0 otherwise. ThenZQp (s) = (1� p�1)Q6i=1(1� p�(i+1))1� p�(49+7s) � Xw2Sym(7) p��(w) � p�Qw(1)(1+9s)1� p�(1+9s) � p�Qw(3)(1+20s)1� p�(1+20s) � p�Qw(5)(1+17s)1� p�(1+17s)
� p�(4+18s)1� p�(4+18s)� p�(8+40s)1� p�(8+40s) p�Qw(6)(12+52s)1� p�(12+52s) + p�Qw(4;6)(12+52s)1� p�(12+52s) + p�(1+12s)1� p�(1+12s) p�Qw(4)(12+52s)1� p�(12+52s) �+� p�(8+40s)1� p�(8+40s) p�Qw(6)(12+52s)1� p�(12+52s) + p�Qw(2;4;6)(12+52s)1� p�(12+52s) + p�(1+12s)1� p�(1+12s) p�Qw(2;4)(12+52s)1� p�(12+52s) �+ p�(1+22s)1� p�(1+22s)� p�(5+34s)1� p�(5+34s) p�Qw(6)(12+52s)1� p�(12+52s) + p�Qw(2;6)(12+52s)1� p�(12+52s) + p�(5+34s)1� p�(5+34s) p�Qw(2)(12+52s)1� p�(12+52s) �+ p�(5+34s)1� p�(5+34s) p�Qw(2)(12+52s)1� p�(12+52s) + p�(1+12s)1� p�(1+12s) p�(5+34s)1� p�(5+34s) p�Qw(2)(12+52s)1� p�(12+52s) !:
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we obtainZQp (s) = p�7s (1� p�1)Q6i=1(1� p�(i+1))1� p�(49+7s)� Xw2Sym(7) p��(w) � p�Qw(1)(1+9s)1� p�(1+9s)
� p�Qw(3)(1+20s)1� p�(1+20s) � p�Qw(5)(1+17s)1� p�(1+17s) � (�X�w)jp 7!p�1 :

Lemma. The equality ZQp (s)jp 7!p�1 = p�7sZQp (s)implies �X�jp 7!p�1 = X1.
Proof. Recall that �(w) = card(R+\w(R�)). Writep��(w)p�Qw(1)(1+9s)1� p�(1+9s) p�Qw(3)(1+20s)1� p�(1+20s) p�Qw(5)(1+17s)1� p�(1+17s) Xwas the Laurent seriesc(w)1p�N(w) + c(w)2p�(N(w)+1) + � � � ;andp��(w) � p�Qw(1)(1+9s)1� p�(1+9s) � p�Qw(3)(1+20s)1� p�(1+20s)� p�Qw(5)(1+17s)1� p�(1+17s) � (�X�w)���p 7!p�1as c(�w)1p�N(�w) + c(�w)2p�(N(�w)+1) + � � � ;where the c(w)i and c(�w)i are constants in C andthe N(w) and N(�w) are natural numbers. Weclaim thatminfN(w) : w 2 Sym(7)g = N(1) = 0and N(w) > 0 if w 6= 1. If w = 1, the leading termofp��(1)�p�Q1(1)(1+9s)1� p�(1+9s) �p�Q1(3)(1+20s)1� p�(1+20s) �p�Q1(5)(1+17s)1� p�(1+17s) �X1is 1, due to the termp�Q1(2;4;6)(12+52s)1� p�(12+52s) = 11� p�(12+52s)and the fact that �(1) = 0. Hence,c(1)1p�N(1) + c(1)2p�(N(1)+1) + � � �

equals 1 plus lower-order terms, so N(1) = 0. Fur-thermore, for any other w 2 Sym(7), we havep��(w) 6= 1. It follows that N(w) > N(1), es-tablishing the claim. A similar argument provesthat minfN(�w) : w 2 Sym(7)g = N(�) = 0and N(�w) > 0 if w 6= 1. These two results imply�X�jp 7!p�1 must equal X1, completing the proof ofthe lemma. �But �X� jp 7!p�1 = X1 if and only if p�(8+40s) =p�(5+34s). Therefore, the expected functional equa-tion ZQp (s)jp 7!p�1 = p�7sZQp (s) does not hold.
5. REMARKSThe function � is not residual in the sense of [Denefand Meuser 1991]. Further, ZQp (s) is not simple inthe sense of [Igusa 1989, p. 713], or [Martin 1996].Thus, the fact that ZQp (s) does not satisfy theexpected functional equation does not contradictprior work. Typical questions, such as whether amodi�ed form of the functional equation holds forZQp (s) and, more generally, what other representa-tions � have associated generalized Igusa local zetafunction ZQp (s) (for certain p) such that ZQp (s) hasa �nite form that expresses ZQp (s) as a rationalfunction Z(p�1; p�s) satisfyingZ(p�1; p�s)jp 7!p�1 = p� deg(f)sZ(p�1; p�s);are being examined. Partials answers can be foundin [Martin 1992a; 1996; a]. The obstruction to theexpected functional equation holding for the aboveZQp (s) is due to the failure of Xw = �(X�w)jp 7!p�1to hold for all w 2 Sym(7). This failure may betraced back to the vectors(a1; : : : ; a6) = (6; 10; 12; 12; 10; 6);(b1; : : : ; b6) = (9; 18; 20; 22; 17; 12);c 2 ��, and c�ij;� for 1 � i; j � 7 and i 6= j.However, experimental evidence suggests that thec�ij;� are the key to this obstruction. Therefore, wemake the following conjecture:
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Conjecture. Given a �nite algebraic extension K ofQ p with ring of integers OK and ideal of nonunits�OK satisfyingcard(OK=�OK) = q;the generalized Igusa local zeta function ZK(s) as-sociated to a simply connected simple Chevalley K-group G0 and �nite dimensional K-representation� of G0 satis�es the expected functional equationZ(q�1; q�s)jq 7!q�1 = q� deg(f)sZ(q�1; q�s)if and only if the matrix of vectors c�ij;� , where1 � i; j � rankG0 and i 6= j, has the propertyc�ij;� = c��ji;� ;where (x1; x2; : : : ; xn)� = (xn; xn�1; : : : ; x1).Igusa has suggested that a matrix of vectors satis-fying this property be called Hermitian symmetric.
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