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We present the results of our computations concerning the space

groups of dimension 5 and 6. We find 222 018 and 28 927 922

isomorphism types of these groups, respectively. Some overall

statistics on the number of Q-classes and ZZ-classes in dimen-

sions up to six are provided. The computations were done with

the package CARAT, which can parametrize, construct and iden-

tify all crystallographic groups up to dimension 6.

1. INTRODUCTION AND DEFINITIONSThe classi�cation of the isomorphism types of spacegroups in a given dimension is an old problem. Fe-dorov and Sch�on
ies gave in 1895 a list of the 219a�ne space-group types in three dimensions. Thislist was later extended to dimension 4 [Brown et al.1978]. Continuing this work in this way (that is,giving a list of representatives) does not seem to beappropriate for higher dimensions, because the num-bers grow rapidly. We suggest replacing this kind ofclassi�cation by a set of algorithms which enablesone to perform at least the following tasks:� give a space group R a \name", that is, computeinvariants/properties that determine the a�netype of R uniquely;� construct speci�c space groups on demand,� count speci�c space groups, i.e., all space groupsin a given Z -class, as de�ned below.As an example of this philosophy we calculated thenumber of space groups in dimensions 5 and 6, andthe results are presented in this paper. A secondapplication is given in [Cid and Schulz 2001], wherethe torsion-free space groups in dimension 5 and 6are classi�ed, which correspond to the compact Eu-clidean 
at manifolds of that dimension.The computer programs and data which can beused to obtain these results are part of CARAT, a
c
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software package available on the Internet at http://www-math.math.rwth-aachen.de/~LBFM/carat/.The package, the algorithms, a lot of the underlyingtheory and the terminology used in this paper isgiven in [Opgenorth et al. 1998].Recall that the structure of a space group R isgiven by the exact sequence0 �! Z n �! R �! P �! 1;where P � GLn(Z ) = Aut(Z n) is �nite and actsnaturally on Z n. We call P the point group of R.We say two space groups R and R0 belong to thesame
(i) a�ne class if they are isomorphic,
(ii) Z -class if the corresponding point groups P andP 0 are conjugate in GLn(Z ),
(iii) Q -class if the corresponding point groups P andP 0 are conjugate in GLn(Q ).For a �nite subgroup G � GLn(Z ) we de�ne thespace of invariant forms of G byF(G) = fF 2 Z n�nsym j gtrFg = F for all g 2 Gg:Crystal families correspond to the transitive closureof �, de�ned as follows: For two �nite subgroupsG;H � GLn(Z ), we say G � H if there exist sub-groups G0 � G and H 0 � H with F(G0) = F(G),F(H 0) = F(H) and G0 and H 0 belong to the sameQ -class. If one requires that the commuting alge-bras of G and G0 as well of H and H 0 in Q n�n arethe same, one gets strict families instead.For strict families one can easily de�ne a sym-bol by taking advantage of the following propertyof strict families: the natural representation of anygroup G in the strict family can be decomposed intorational irreducible representations �i with multi-plicities ni, that is,n1�1 �+ � � � �+ na�a:The ni and the strict families of the �i(G) are char-acterising invariants of the strict family of G. Asnames for the strict families of irreducible groupsof dimension d we choose the symbol d � �, where� numbers the irreducible families of dimension d.Putting some order on these symbols, one assigns toG the symbol(d1-�1; : : : ;d1-�1| {z }n1 ; d2-�2; : : : ;d2-�2| {z }n2 ; : : : ; da-�a; : : : ;da-�a| {z }na ):

For crystal families one similarly de�nes a symbol,which di�ers from the above only in cases where a\;" shows up: One �rst notes that a family is theunion of strict families. For the symbol of an irre-ducible family one chooses a symbol d-� like above.In the symbol of a reducible family one uses thesefor the constituents of multiplicity one, and the sym-bols for the strict families for the other constituents.For instance for dimension 1 one has just one strictfamily (= family), which gets the symbol 1. Fordimension 2, one has two irreducible families 2-1(quadratic) and 2-2 (hexagonal): the �rst splits intotwo strict families 2-1 and 2-10, and the second intostrict families 2-2 and 2-20. For dimension three oneagain has just one strict irreducible family, whichtherefore is also a family, and gets the symbol 3.
2. CONSTRUCTING THE Q-CLASSESIn the given approach, constructing a set of repre-sentatives for the Q -classes of �nite subgroups ofGLn(Z ) up to dimension 6 is the �rst di�culty. Wesolve it by taking a list of Q -maximal subgroups ofGLn(Z ) from [Plesken and Pohst 1977a; 1977b], andcompute their subgroups via an algorithm describedin [Cox et al. � 2000] and implemented in the stan-dard group theory package MAGMA [Bosma andCannon 1993].In principle, we could test each pair of these sub-groups for GLn(Q )-conjugacy to obtain a set of rep-resentatives. For a short description of the GLn(Q )-conjugacy test used, see [Opgenorth et al. 1998]. Toreduce the number of pairs which have to be consid-ered for a GLn(Q )-conjugacy test, these invariantsproved to be helpful:
(a) the family symbol [Plesken and Hanrath 1984];
(b) the order;
(c) the elementary divisors of the Gram matrix ofthe Z -bilinear form � : ZG�ZG! Z de�ned by�Xg agg;Xh bhh� 7!Xg;h agbhTr(gh);which is in line of the GLn(Q )-conjugacy testmentioned above.This greatly reduces the number of pairs to be pro-cessed, and it was feasible to tackle them directly.We found 955 Q -classes in dimension 5 and 7104 in



Plesken and Schulz: Counting Crystallographic Groups in Low Dimensions 409

dimension 6. The tables below show how they aredistributed into crystal families. These computa-tions took 4 weeks on an HP-9000/J282 and two HP-9000/730. An explicit list of representatives of theQ -classes up to dimension 6 is now part of CARAT.
3. FROM Q-CLASSES TO AFFINE CLASSESThe splitting of Q -classes into a�ne classes (that is,isomorphism types of space groups) is done in twosteps.The �rst is to split the Q -classes into Z -classes,for which an algorithm has been described in [Opge-north et al. 1998, Section 3.2.2].The second step, splitting into a�ne classes eachof the resulting 6079 Z -classes in dimension 5 and85311 in dimension 6, is classical [Zassenhaus 1948;Brown et al. 1978]. As a matter of fact, for given�nite G � GLn(Z ), the isomorphism classes of spacegroups with point group GLn(Z )-conjugate to G arein bijection with the orbits of the normalizer N :=NGLn(Z)(G) onH2(G;Z n) �= H1(G; Q n=Z n):The only slight problem here is that the number oforbits might be too large to compute them all, but inthis case the lemma of Burnside is applied (bear inmind that although N might be in�nite, H2(G;Z n)is not, and hence the acting group is �nite).
4. RESULTS FOR DIMENSIONS 4, 5, AND 6Table 2 gives the results of our computations con-cerning the crystallographic groups in dimension 5and 6. For comparison, we give in Table 1 the

known results for the dimensions 2, 3 and 4 [Brownet al. 1978]. Starting from the Q -classes as input,the computations take respectively about 10 min, 6hours, and 3 days in dimensions 4, 5, and 6 (timingagain on a HP-9000/J282 workstation).To interpret the family symbol, see [Plesken andHanrath 1984] or call the appropriate CARAT rou-tine. The �rst number following a comma or a semi-colon or the number at the beginning denotes thedimension of an irreducible Q -constituent. Equiv-alent constituents are separated by a comma, andinequivalent ones by a semicolon.
APPENDIX: CARATCARAT is an acronym for Crystallographic Algo-Rithms And Tables. It handles enumeration andconstruction problems, as well as recognition andcomparison problems for crystallographic groups upto dimension 6. Besides the above mentioned ta-bles of Q -classes, it contains a table of the Bravaisgroups (full automorphism groups of lattices) andtheir inclusions up to dimension 6. From this basicinformation the above tasks can be performed by aset of algorithms whose implementation are part ofCARAT.The most basic algorithms are:
(a) the Zassenhaus algorithm [1948] to split a Z -classinto a�ne classes;
(b) the sublattice algorithm, which for G � GLn(Z )and L � Z n aG-lattice computes the maximalG-sublattices of L [Plesken and Pohst 1977a; 1977b];

f.s. Q Z a�.1,1 2 2 21;1 2 4 72-1 2 2 32-2 4 5 5
P 10 13 17

f.s. Q Z a�.1,1,1 2 2 21,1;1 3 6 131;1;1 3 13 592-1;1 7 16 652-2;1 12 21 453 5 15 35P 32 73 219

f.s. Q Z a�.1,1,1,1 2 2 21,1,1;1 3 6 131,1;1,1 2 6 121,1;1;1 4 25 2071;1;1;1 5 54 10012-10,2-10 1 1 12-1,2-1 1 3 62-1;1,1 7 16 88

f.s. Q Z a�.2-1;1;1 15 113 16702-1;2-1 11 41 3022-20,2-20 2 2 22-2,2-2 2 5 52-2;1,1 12 21 492-2;1;1 22 84 4712-2;2-1 22 40 1082-2;2-2 26 63 87

f.s. Q Z a�.3;1 16 85 4714-1 37 73 2054-10 2 2 34-2 22 45 534-20 2 2 24-3 7 16 204-30 4 5 5P 227 710 4783
TABLE 1. Families of two-dimensional (left), three-dimensional, and four-dimensional crystallographic groups. Ineach subtable, the �rst column gives the family symbols; the others give the number of Q -classes, Z -classes anda�ne classes.
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f. symbol Q Z a�.1,1,1,1,1 2 2 21,1,1,1;1 3 6 131,1,1;1,1 3 9 211,1,1;1;1 4 25 2261,1;1,1;1 4 38 3961,1;1;1;1 8 169 80831;1;1;1;1 8 279 496592-10,2-10;1 3 6 142-1,2-1;1 4 31 2012-1;1,1,1 7 16 902-1;1,1;1 24 232 6113
f. symbol Q Z a�.1,1,1,1,1,1 2 2 21,1,1,1,1;1 3 6 131,1,1,1;1,1 3 9 211,1,1,1;1;1 4 25 2281,1,1;1,1,1 2 8 171,1,1;1,1;1 5 60 8661,1,1;1;1;1 8 177 105371,1;1,1;1,1 3 41 3961,1;1,1;1;1 8 374 348751,1;1;1;1;1 15 1439 9348911;1;1;1;1;1 15 2273 85994962-10,2-10,2-10 1 1 12-10,2-10;1,1 3 9 232-10,2-10;1;1 5 35 2762-10,2-10;2-1 5 14 902-1,2-1,2-1 1 3 82-1,2-1;1,1 4 40 3542-1,2-1;1;1 10 311 89892-1,2-1;2-1 10 131 23062-1;1,1,1,1 7 16 902-1;1,1,1;1 24 232 70122-1;1,1;1,1 15 207 76472-1;1,1;1;1 64 3244 7385042-1;1;1;1;1 78 9938 112553812-1;2-1;1,1 59 869 711052-1;2-1;1;1 218 12717 42589912-1;2-1;2-1 113 2355 2342292-20,2-20,2-20 2 2 22-20,2-20;1,1 5 9 152-20,2-20;1;1 7 20 712-20,2-20;2-1 7 8 16

f. symbol Q Z a�.2-1;1;1;1 33 912 849972-1;2-1;1 59 728 294872-20,2-20;1 5 7 122-2,2-2;1 7 24 562-2;1,1,1 12 21 492-2;1,1;1 35 146 12712-2;1;1;1 45 432 108782-2;2-1;1 119 592 72202-2;2-2;1 116 416 19403;1,1 16 85 5653;1;1 31 445 8789
f. symbol Q Z a�.2-20,2-20;2-2 15 27 432-2,2-2,2-2 2 6 62-2,2-2;1,1 7 27 672-2,2-2;1;1 15 114 6732-2,2-2;2-1 15 51 1462-2,2-2;2-2 25 122 1802-2;1,1,1,1 12 21 492-2;1,1,1;1 35 146 13302-2;1,1;1,1 22 126 12142-2;1,1;1;1 84 1177 667162-2;1;1;1;1 101 3121 6652332-2;2-10,2-10 8 11 212-2;2-1,2-1 14 69 3192-2;2-1;1,1 119 592 133082-2;2-1;1;1 433 7580 5926662-2;2-1;2-1 277 2131 479562-2;2-2;1,1 116 428 26582-2;2-2;1;1 358 3004 558482-2;2-2;2-1 358 1524 82122-2;2-2;2-2 264 1379 25343,3 5 36 1093;1,1,1 16 85 5713;1,1;1 51 904 293433;1;1;1 65 3004 3825663;2-1;1 179 3744 2184433;2-2;1 293 2973 544053;3 60 806 105384-10;1,1 7 16 954-10;1;1 15 113 18094-10;2-1 17 67 5404-10;2-2 22 40 108

f. symbol Q Z a�.3;2-1 31 200 21473;2-2 59 281 13334-10;1 7 16 704-1;1 141 534 69764-20;1 7 7 234-2;1 104 250 9794-30;1 12 21 454-3;1 23 70 1625-1 13 39 1125-2 10 40 89P 955 6079 222018
f. symbol Q Z a�.4-1;1,1 141 562 125004-1;1;1 365 4760 4468874-1;2-1 399 2868 921784-1;2-2 576 1950 123454-20;1,1 7 7 254-20;1;1 15 30 2494-20;2-1 17 23 684-20;2-2 28 45 524-2;1,1 104 250 12234-2;1;1 315 1604 215994-2;2-1 343 1123 53594-2;2-2 481 1747 23884-30;1,1 12 21 494-30;1;1 22 84 4714-30;2-1 22 40 1084-30;2-2 34 67 674-3;1,1 23 62 1574-3;1;1 46 296 16964-3;2-1 49 155 4904-3;2-2 69 236 2685-1;1 43 228 15615-2;1 32 222 9566-1 93 519 25386-2 125 334 4416-20 4 5 56-3 15 34 456-30 4 5 56-4 2 9 236-40 2 6 11P 7104 85311 28927922

TABLE 2. Families of �ve-dimensional (top) and six-dimensional (bottom) crystallographic groups. The �rstcolumn gives the family symbols; the others give the number of Q -classes, Z -classes and a�ne classes.
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(c) the lattice automorphism and isometry algorithmto compute isometries/automorphism groups ofquadratic forms [Plesken and Souvignier 1997].Building up from these algorithms, CARAT o�ersan implementation of the normalizer (and Z -equiv-alence) algorithm [Opgenorth 2001], based mainlyon (c), to construct isometries between so called G-perfect forms. Combining this with the sublatticealgorithm (b) one gets an algorithm to split a Q -class into Z -classes. Note that the normalizer algo-rithm also provides input necessary for the extensionalgorithm (a).In the data bank of Q -classes, each class has aname, from which certain invariants can be read o�.CARAT automatically extends this name to a nameof the isomorphism class of a space group, via aname of the Z -class by using the above algorithmsas numbering devices. Two space groups are iso-morphic if and only if CARAT produces the samename for both of them.To use CARAT one need not learn a new lan-guage; instead uses the Unix command line to callthe various programs, each of which comes with anonline help. It should be portable to any Unix ma-chine.
REFERENCES[Bosma and Cannon 1993] W. Bosma and J. J. Can-non, Handbook of MAGMA functions, School of Math-ematics and Statistics, University of Sydney, Sydney,1993. See http://www.maths.usyd.edu.au:8000/comp/magma/Overview.html.

[Brown et al. 1978] H. Brown, R. B�ulow, J. Neub�user, H.Wondratschek, and H. Zassenhaus, Crystallographicgroups of four-dimensional space, Wiley-Interscience,New York, 1978.[Cid and Schulz 2001] C. Cid and T. Schulz, \Computa-tion of �ve- and six-dimensional Bieberbach groups",2001. To appear.[Cox et al. � 2000] B. Cox, J. Cannon, and D. Holt,\Computing the subgroup lattice of a permutationgroup", J. Symbolic Comput.. To appear.[Opgenorth 2001] J. Opgenorth, \Dual cones and theVoronoi algorithm", Experiment. Math. 10 (2001). Toappear.[Opgenorth et al. 1998] J. Opgenorth, W. Plesken, andT. Schulz, \Crystallographic algorithms and tables",Acta Cryst. Sect. A 54:5 (1998), 517{531.[Plesken and Hanrath 1984] W. Plesken andW. Hanrath,\The lattices of six-dimensional Euclidean space",Math. Comp. 43:168 (1984), 573{587.[Plesken and Pohst 1977a] W. Plesken and M. Pohst,\On maximal �nite irreducible subgroups of GL(n;Z ),I: The �ve and seven dimensional cases",Math. Comp.31:138 (1977), 536{551.[Plesken and Pohst 1977b] W. Plesken and M. Pohst,\On maximal �nite irreducible subgroups of GL(n;Z ),II: The six dimensional case", Math. Comp. 31:138(1977), 552{573.[Plesken and Souvignier 1997] W. Plesken and B.Souvignier, \Computing isometries of lattices", J.Symbolic Comput. 24:3-4 (1997), 327{334.[Zassenhaus 1948] H. Zassenhaus, \�Uber einen Algorith-mus zur Bestimmung der Raumgruppen", Comment.Math. Helv. 21 (1948), 117{141.
Wilhelm Plesken, Lehrstuhl B f�ur Mathematik, RWTH-Aachen, Templergraben 64, 52064 Aachen, Germany(plesken@momo.math.rwth-aachen.de)Tilman Schulz, Lehrstuhl B f�ur Mathematik, RWTH-Aachen, Templergraben 64, 52064 Aachen, Germany(tilman@momo.math.rwth-aachen.de)
Received July 9, 1999; accepted in revised form December 15, 1999


