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Abstract: For a regression problem with a binary label response, we ex-
amine the problem of constructing confidence intervals for the label prob-
ability conditional on the features. In a setting where we do not have any
information about the underlying distribution, we would ideally like to pro-
vide confidence intervals that are distribution-free—that is, valid with no
assumptions on the distribution of the data. Our results establish an ex-
plicit lower bound on the length of any distribution-free confidence interval,
and construct a procedure that can approximately achieve this length. In
particular, this lower bound is independent of the sample size and holds for
all distributions with no point masses, meaning that it is not possible for
any distribution-free procedure to be adaptive with respect to any type of
special structure in the distribution.

MSC2020 subject classifications: 62G08, 62G15, 62F35.
Keywords and phrases: Distribution-free, nonparametric inference, bi-
nary regression, adaptive inference.

Received May 2020.

1. Introduction

Consider a regression problem where we would like to model the relationship
between a feature vector X € R? and a response Y € R, based on a sample of n
data points, (X1,Y1),..., (X, Ys) X p a high-dimensional setting where d
is large, many modern methods are available to build powerful predictive models
for Y given X, but relatively little is known about their theoretical properties—
for example, if we train a neural network on the n available data points, can we
quantify its accuracy on unseen test data, without making strong assumptions
on P, the unknown distribution of the data?

If we are willing to assume that the data follows a regression model
Ep[Y | X = z] = f(x) where the function f satisfies certain assumptions, then
classical statistical results assure that these questions can be answered using
more simple regression methods. For example, if f(z) lies in a parametric fam-
ily (e.g., linear regression) then we can perform inference within this parametric
model. In a more general nonparametric setting, if f(x) is assumed to satisfy
some smoothness conditions, classical nonparametric methods such as nearest
neighbors will also yield guarantees on the accuracy of our estimate of f(x).
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However, the reported results will be invalid if the assumptions (the parametric
model, or the smoothness conditions) do not hold.

To address this concern, the recent field of distribution-free prediction consid-
ers the problem of providing valid predictive inference without any assumptions
on the data distribution. The aim of distribution-free prediction is formulated
as follows: given a training data set (X1,Y1),...,(X,,Y,) € RY x R, our task is
to construct a map 6”, mapping a new data point z € R? to an interval or set
Cp(z) C R, such that

IP’(X_ vy p {Yn+1 IS én(Xn+1)} >1—a for all distributions P on R? x R.
(1)

Here the probability is taken with respect to (X;, Y;) X pfori= 1,...,n+1 (the
training and test data are drawn from the same distribution P). The bound is
required to hold uniformly over all distributions P, without constraining to, say,
distributions that satisfy some notion of smoothness. For example, the conformal
inference methodology (Vovk et al., 2005) provides an elegant framework for
distribution-free prediction, and can adapt to the favorable properties of the
underlying distribution to achieve asymptotically optimal prediction intervals
in certain settings (see, e.g., Lei and Wasserman, 2014; Lei et al., 2018).

Distribution-free prediction has also been studied in the context of a binary
response Y € {0, 1}, where the output is a set Cp,(Xp4+1) € {0,1} (or more
generally, in a setting with a finite set of possible labels) (Vovk et al., 2005; Lei,
2014; Sadinle et al., 2019). For a binary Y, the goal is to satisfy

Pxvoip {Y’”H € aﬂ(Xn-‘rl)} >1-«
for all distributions P on R? x {0,1}. (2)

For distributions P where the conditional probability 7p(X) =Pp{Y =1 | X}
is typically close to either 0 or 1, given sufficient data the resulting distribution-
free predictive set Cy,(Xp,4+1) can often be a singleton set, {0} or {1}. If the
labels are inherently noisy, however—that is, if mp(X) is typically bounded
away from both 0 and 1—then {0, 1} will often be the only possible set offering
guaranteed predictive coverage, even if we were to have oracle knowledge of the
distribution P. In other words, predictive coverage (whether distribution-free or
not) is not a meaningful target for binary regression problems with noisy labels;
we would like to estimate the label probability mp(X) directly, rather than try
to predict the inherently noisy label Y.

1.1. Summary of contributions

In this work, we ask whether the distribution-free framework can be extended
beyond the prediction task, in the binary regression setting. We will aim to
provide distribution-free inference on the conditional label probability 7p(X) =
Pp{Y =1| X}. We are particularly interested in scenarios where mp(X) is
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typically not close to either 0 or 1 and so meaningful predictive inference would
not be possible even if P were known. In this type of setting, is it nonetheless
possible to provide a nontrivial confidence interval for mp(X), and to ensure a
distribution-free guarantee of coverage?

Specifically, our goal is to investigate the feasibility of constructing an algo-
rithm that satisfies the following condition:

Definition 1. An algorithm Ch provides a (1 — «)-distribution-free confidence
interval for binary regression if it holds that

P yoiop {7P(Xni1) € Cu(Xnin) 21— 0
for all distributions P on R¢x{0,1}. (3)

This notion of a valid distribution-free confidence interval was previously
studied by Vovk et al. (2005, Section 5.2), under the name “weakly valid prob-
ability estimators”.

Definition 1 requires a fairly weak form of coverage—we ask that cover-
age holds on average over the new feature vector X,,;1, rather than requiring

P {71']3(33) € an(x)} > 1 —a to hold uniformly over all z € R%. Nonetheless, the

main results of our work establish that even this weak notion of distribution-free
coverage is fundamentally incompatible with the goal of precise inference; with
some caveats, the main message of our results is that the property (3) can only
be attained by algorithms én that return confidence intervals whose length does
not vanish with the sample size n. To make this more precise, our main results
are the following:

e Distribution-free confidence leads to distribution-free prediction.
In Theorem 1, we prove that any algorithm C,, satisfying (3) will inevitably
also yield a valid prediction interval for Y;,; 1, for any nonatomic distribu-
tion P, i.e., P has no point masses. This result is closely related to Vovk
et al. (2005, Proposition 5.1), where it is shown that C,, must include
the endpoints 0 and/or 1 with large probability. Intuitively, this implies
that, in a noisy setting where 7p(X) is not typically close to 0 or 1, any
distribution-free confidence interval CA’,L(XHH) is likely to be quite wide
since it needs to reach one or both endpoints.

e A lower bound on the length of a distribution-free confidence
interval. In Theorem 2, we formalize the above intuition, establishing a
lower bound on the expected length of C, (X,,+1) with an explicit function
of the distribution of 7p(X) (again, for any nonatomic P). Importantly,
this lower bound is independent of the sample size n. In other words,
for any fixed nonatomic distribution P, the length of our distribution-
free confidence intervals cannot go to zero even as n — oco. This means
that distribution-free confidence intervals cannot be adaptive—by requir-
ing coverage to hold for all distributions P, we no longer have the pos-
sibility of providing precise confidence intervals for any distribution P,
regardless of whether mp satisfies “nice” conditions such as smoothness.
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e A matching upper bound. In Theorem 3 we propose a concrete con-
struction for C),(X,,+1) that satisfies the distribution-free coverage prop-
erty (3). In particular, Corollary 1 proves that the length of our proposed
algorithm is asymptotically equal to the lower bound established in The-
orem 2, for any distribution P where it is possible to estimate 7mp(X)
consistently as n — oco.

1.1.1. Fized vs. random intervals

In some cases, we may want to allow additional randomness in our construc-
tion (formally, we would define C,, as mapping a new feature vector = to a
distribution over subsets of R, and an(x) denotes a subset drawn from this dis-
tribution). In this case, the probability in statements such as (1), (2), and (3)
should be interpreted as being taken with respect to the distribution of the data
(X, Y:) 14 p and the additional randomness in the construction of an(XnH).
From this point on, we will assume that probabilities and expectations are taken
on average over any randomness in the construction of the relevant prediction or
confidence interval, without further comment. In particular, all results proved
in this paper apply to both fixed and random intervals.

1.2. Related work

As mentioned above, the problem of valid distribution-free confidence intervals
was previously studied by Vovk et al. (2005, Section 5.2). In addition, this prob-
lem is closely related to two lines of work in the recent statistical literature—
nonparametric inference (specifically, confidence intervals for nonparametric re-
gression), and distribution-free prediction.

Nonparametric confidence intervals Suppose the response variable Y fol-
lows a model Y = f(X) + noise, where f(X) = E[Y | X] and where the noise
distribution is constrained (e.g., subgaussian with some bounded variance). In
this setting, we may assume that the true regression function f lies in some con-
strained class—for example, it may be constrained to be Lipschitz, or to have
a Lipschitz gradient (corresponding to a smoothness assumption with exponent
B =1 or B =2, respectively). There is a rich literature on the problems of es-
timating f(z), and providing inference (e.g., confidence bands) for f(x). If the
smoothness level 8 > 0 is known, then the problem is fairly straightforward—for
example, a k-nearest neighbors method with k ~ n2#/(26+d) yields the optimal
estimation error rate O(n =" /(28 +Ul)), ignoring log factors (and, correspondingly,
confidence intervals of this length) (Low, 1997; Gyorfi et al., 2006).

However, a key question of interest is that of adaptivity—if 8 is unknown but
is assumed to satisfy 8 > By is it possible to construct confidence intervals that
are valid at smoothness level Sy, but if applied to data with smoothness 5 >
would still achieve the optimal rate at that 57 This question has been studied
extensively in the literature—see, e.g., Low (1997); Genovese and Wasserman
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(2008); Cai et al. (2014) and the references therein. It turns out that the question
of adaptivity is closely tied to how we choose to define coverage—if we require
coverage at a given point zg, i.e., a confidence interval for f(z¢) at a fixed
zo, then adaptivity is impossible (Low, 1997), while relaxing to nearly-uniform
coverage (coverage of f(z) for “most” points z) allows for adaptivity up to
B < 2By (Cai et al., 2014); a bootstrap based approach for nearly-uniform
coverage is studied also by Hall and Horowitz (2013). Adaptivity in the regime
B > 25y can be obtained by excluding certain regions of the function space—for
instance, under the assumption that the function f is either S-smooth, or is [5o-
smooth and is sufficiently far from any S-smooth function, it becomes possible
to detect the correct smoothness level of f and construct the confidence band
accordingly. Results of this type are studied by Carpentier (2015); Szabé et al.
(2015); Picard and Tribouley (2000); Hoffmann and Nickl (2011); Giné and
Nickl (2010); Bull and Nickl (2013). (An overview of many of these results can
be found in Giné and Nickl, 2016, Section 8.3.)

A different relaxation of the coverage condition is coverage on average over
a random draw of X, studied by Wahba (1983), which is similar to the cover-
age condition (3) studied in this work. Genovese and Wasserman (2008) pro-
pose a different relaxation, providing confidence intervals guaranteed to cover a
“surrogate” of the function f (a smoothed version of the regression function).
A different notion of coverage is the “confidence ball”, guaranteeing a bound ¢,
error [ (f(z) — f(x))? dz rather than providing pointwise confidence intervals
for f(x) at each z (see, e.g., Li, 1989; Cai and Low, 2006).

Distribution-free prediction The field of distribution-free prediction aims
to provide prediction intervals that are uniformly valid over all distributions,
without assuming some minimum level of smoothness as in the nonparametric
inference literature. As mentioned above, the conformal prediction framework
(Vovk et al., 2005) provides methodology for this aim. Alternative methods of-
fering distribution-free predictive guarantees include holdout set methods (also
known as “split” or “inductive” conformal prediction, see, e.g., Papadopoulos
et al., 2002; Vovk et al., 2005; Papadopoulos, 2008; Lei et al., 2018), and the
jackknife+ (Barber et al., 2019), a variant of the jackknife (i.e., leave-one-out
cross-validation). Lei and Wasserman (2014) establish that distribution-free pre-
diction is possible while (approximately) achieving the minimum possible length
prediction intervals for any “nice” (e.g., smooth) distribution P.

The work of Vovk (2012); Lei and Wasserman (2014); Barber et al. (2020)
study whether a stronger form of predictive coverage can be attained—mnamely,
distribution-free conditional coverage, aiming for a guarantee that holds point-

wise at (almost) every z, i.e., ]P’{YnH € an(XnH) ‘ Xpi1 = :c} > 1—a.
Distribution-free pointwise coverage is shown to be impossible for any finite-

length interval (Vovk, 2012; Lei and Wasserman, 2014). Barber et al. (2020)
study a weaker notion of conditional coverage, aiming to ensure

P {Yn+l € én(Xn+1) ‘ Xnt1 € X} > 1 — « for all sufficiently large subsets

X € R%, and prove lower bounds on the length of any resulting distribution-free
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interval. Some of the techniques in these lower bounds are related to the proof
techniques we use in the present work.

In the setting where the response Y is binary or takes finitely many val-
ues, as discussed earlier, Vovk et al. (2005); Lei (2014); Sadinle et al. (2019)
apply the conformal prediction framework to the problem of distribution-free
classification. If the goal is to estimate label probabilities (rather than output
a predictive set), an alternative notion of validity in the binary setting is cali-
bration, where for an estimate 7(X) of the label probability 7p(X), we require
P{Y =1|7(X)} = 7(X). This framework is studied in the distribution-free
setting by Vovk and Petej (2014) via the methodology of Venn predictors, and
more recently by Gupta et al. (2020).

2. Main results: lower bounds

In this section, we will prove that a distribution-free confidence interval for
binary regression cannot provide precise inference about the parameter mp(X).
To do this, we first compare to the problem of predictive inference, and then
turn to proving lower bounds on the length of any distribution-free confidence
interval.

2.1. Confidence vs. prediction

Our first main result proves that, in the binary regression setting, any algorithm
providing distribution-free coverage of 7p(X) must necessarily also cover the
binary label Y, for every distribution P that is nonatomic (i.e., zero probability
at any single point).

Theorem 1. Let C'n be any algorithm that provides a (1 — «)-distribution-free
confidence interval for binary regression, as in (3). Then C, also satisfies (1—a)
predictive coverage uniformly over all nonatomic distributions P. That is, @n
satisfies

]P) iid
~

(X:,Y3) {Yn+1 S @L(XRH)} >1—a

for all nonatomic distributions P on R%x {0,1}.

P

For example, consider a distribution P with a constant label probability,
wp(z) = 0.5. Given a large sample size n, we might hope that our algorithm
would detect the simple nature of this distribution, and could output a nar-
row interval, Cp,(X,4+1) = 0.5 £ o(1). However, Theorem 1 tells us that any
distribution-free confidence interval én must necessarily include both endpoints
0 and 1 with substantial probability. In particular, this example suggests that,
unless mp(X) is usually close to 0 or 1, any distribution-free confidence interval
C,, is unlikely to be precise (i.e., Cp(Xn41) is unlikely to be a short interval).
In Theorem 2 below, we will formalize this intuition by finding a lower bound
on the expected length of C), (X, 41).
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We note that Theorem 1 is closely related to a result of Vovk et al. (2005,
Proposition 5.1) (see also Nouretdinov et al. (2001, Theorem 7, Corollary 18) for
an earlier related result). Their work establishes that if C,, provides a (1 — )-
distribution-free confidence interval for binary regression (3), then there exists
some other algorithm C,, also satisfying the property (3), such that

P {én(Xn+1) C (0, 1)} <P {Cn(Xn+1) = @} .

Clearly this last quantity cannot be larger than « (since this would immediately
contradict the coverage property (3)), and so this result, like Theorem 1 above,
indicates that C,,(X,41) must often include endpoints 0 and/or 1. While Vovk
et al. (2005)’s result appears different from the conclusion of Theorem 1 above,
the construction in their proof in fact suffices to prove Theorem 1 as well.

2.1.1. A key lemma

Rather than proving Theorem 1 directly, we will instead generalize to a more
powerful result:

Lemma 1. Let C'n be any algorithm that provides a (1 — «)-distribution-free
confidence interval for binary regression (3). Let P be any nonatomic distribu-
tion on (X,Y) € R? x {0,1}. Then for data points (X;,Y;) drawn i.i.d. from P
and any random variable Z, 1 € [0,1] satisfying

Zpir L Cp(Xny1) | Xns1r and  E[Zpiq | Xps1] = 7p(Xns1) almost surely,

it holds that R
P {Zn+1 € Cn(XnH)} >1-a

(Proofs for this lemma and all subsequent theoretical results are deferred to
the Appendix.)

With this lemma in place, Theorem 1 follows immediately—namely, defining
Zp+1 = Ynyt1, we have proved the theorem. The lemma is substantially more
general, however, and we will need its full generality in order to prove our lower
bounds on the length of C;,(X;,41) below.

2.2. A lower bound on length

Next, we will establish bounds on the length of a distribution-free confidence
interval for binary regression. We begin with a few definitions. First, for ¢ € [0, 1]
and a € [0,1], we define

2(l—a)t, a>3,

t 1
0(t,a) = 2a,a a>tand 0 <a< 3,

1*@, a<t,

0, a=1t=0,
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Fic 1. Hlustration of the function £(t,a). The dots indicate the points where the function
switches between the three cases in its definition (i.e., a = % and a = min{t,1 — t}).

and for ¢ € (3,1] let £(t,a) = £(1 — t,a). The function £(t,a) is illustrated in
Figure 1. To understand the role of this function in our work, we begin with the
following lemmas:

Lemma 2. For any t,a € [0,1], define

7o - Measurable functions f : [0,1] — [0, 1] satisfying }
t,a —

{ E[f(Z)] > 1 — a for any random variable Z € [0,1] with E[Z] = ¢

Then it holds that .
Lt a) = fér}-f,a {/s=0 f(s) ds} .

Next, for any distribution @ on [0,1] and any « € [0, 1], define

La(Q)=  inf {ETNQ[E(T,a(T))];ETNQ[a(T)}g a}.

Measurable fns.
a:[0,1]—[0,1]

In the following theorem, we will see that this function allows us to explic-
itly characterize lower and upper bounds for the length of any distribution-free
confidence interval.

Theorem 2. Let C'n be any algorithm that provides a (1 — «)-distribution-free
confidence interval for binary regression (3). Then for any nonatomic distribu-
tion P on R x {0,1}, it holds that

Eox.voiep leb(Cn(XnH))} > Lo(p),

where Ip is the distribution of the random variable mp(X) € [0, 1].

Here leb() denotes the Lebegue measure on R.
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2.2.1. Proof sketch for Theorem 2

First, for intuition, we can consider a simple case where IIp = §;, a point mass at
some ¢ € [0, 1]—that is, the label probability is constant, with mp(z) = ¢ for all x.

Define a function f : [0,1] — [0,1] as f(s) = P(X_ v)idp {s € 6n(Xn+1)}. By
Lemma 1, for any random variable Z € [0, 1] with E [Z] = t drawn independently
of the data, it holds that

l-a< IP’{Z e 5n(Xn+1)} —E [JP’{Z € O (Xni1) ‘ ZH —E[f(2)].

Applying Lemma 2, we therefore have

1 1
0(t,a) < /5:0 £(s)ds = /S:O Pyt {s € Cn(XnH)} ds
1 ~ o~
=E  yup US_O 1 {s € C’n(XnH)} ds} =E {1eb(cn(Xn+1))] :

by Fubini’s theorem. We can also verify that L(IIp) = L(d;) = £(t, ), complet-
ing the proof for this simple case.

Now, in general, 7p(x) will not be a constant. Consider any distribution-free
confidence interval C,,, and let ap(t) be the noncoverage rate over test points
Xp+41 conditional on wp(X,,+1) = t, for a particular distribution P:

ar(t) =B p {70 (Xat1) € Ca(Xasr) | 7p(Xnsr) = ]

We must therefore have Erri, [ap(T)] < «, in order to achieve at least 1 — o
coverage. By comparing to the constant-probability case, informally we can see

that £(¢,ap(t)) must be a lower bound on E [leb(an(XnH)) ‘ mp(Xny1) = t].

Therefore, marginalizing over mp(X,,41), we see that E [leb(an(XnH))} is lower

bounded by Erom, [l(T,ap(T))], which is > L,(IIp) by definition. The full
details of this proof are deferred to the Appendix.

2.2.2. Interpreting the lower bound

As mentioned in the proof sketch above, we have seen that
If mp(X) =t almost surely, then L, (IIp) = (t, o),

giving us an exact expression for the lower bound on length in the case where
the label probability is constant.
More generally, we can verify that, for any ¢ € [0, 3],

If 7p(X) € [t,1 — t] almost surely, then L, (IIp) > £(t, «).
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(This bound holds because, for any s € [t,1 — t], we have {(s,a) > £(t,a) for
all a; examining the definition of L, leads immediately to this lower bound.)
This inequality means that, if 7p(X) is bounded away from 0 and 1, then there
is a fundamental lower bound on the length of any distribution-free confidence
interval regardless of the sample size n, since the lower bound ¢(¢, a) > 0 does
not depend on n. In other words, an infinite sample size does not lead to infinite
precision.

2.2.3. Comparison to existing results in predictive inference

Vovk et al. (2005, Section 3.4) study distribution-free prediction in a setting
where the label Y takes values in a finite set ), with binary labels Y € {0,1}
as a special case. Their results (specifically, see Vovk et al., 2005, Proposi-
tions 3.3-3.5) characterize the minimum possible expected cardinality of any
distribution-free predictive set in terms of the “predictability” of Y given X—
in the special case of a binary label, this translates to studying the distribution
IIp of wp(X). However, the two problems (predictive subsets of {0,1} versus
confidence intervals that are subsets of [0, 1]) are very different in nature, and
their results are not directly related to the map L, (Ilp) derived in our work.

3. Main results: upper bounds

We will next investigate whether the lower bound on confidence interval length,
proved in Theorem 2, can in fact be achieved by a distribution-free method. In
order to be able to construct confidence intervals based on a finite sample, we
will work in a setting where we approximate P via a partition.

We begin by defining some notation. First suppose we are given a predefined
partition RY = X} U--- U &X). (Later on, for a distribution-free algorithm, we
will allow the partition to be chosen as a function of the data.) For each x € R?,
we define m(z) to be the index of the region containing z, i.e., Xn(z) D . For
each m, we define

bppm = PPX {X S Xm}a

the probability of X lying in the mth region, and

Tpm =Ep, [mp(X) | X € X, =Pp{Y =1| X € X},
the average label probability within the mth region.

We will consider confidence intervals that pool data within each region—in
particular, we will construct a confidence interval C,,(X,+1) that depends on
Xp+1 only through m(X,,11). As a result, it is clear that we will only be able
to produce a precise confidence interval if wp(z) is approximately constant over
x € X, for each m. To capture this notion, we define the “blur” of the partition

X = { X }m=1,... M as

AP(XLM) = EPX [|7TP(X) - '/TP,m(X)” .
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In other words, Ap(X;.pr) will be low if the partition is highly informative,
separating R? into regions where 7p(x) is nearly constant. For example, if we
have access to a good estimate of the function 7p(z), we can partition R? by
clustering together points with similar estimated probabilities. Of course, the
blur Ap(X1.pr) cannot in general be small unless we choose M to be large. We
will discuss this tradeoff later on.

3.1. An oracle algorithm

In order to motivate our distribution-free construction, we begin with a simpler
problem. Suppose that we are given a fixed partition Rd XpU---U &y, and
are given oracle knowledge of the probabilities pp,, and 7p,, deﬁned above.
What is the best possible interval length that can be obtained using this oracle
knowledge?

As for the lower bound, let us begin by examining the function £(¢,a). For
any t,a € [0,1], define a function fy, : [0,1] — [0,1] as follows. If ¢ € [0, 3],
define

(1—a)- 1., if t =0,
(1—a), ift =1,
ftya(s) = . 2 1 1 (4)
2(1 —a) -max{1l - 5,0}, if0<t<ganda>g3,
max{1 — 4,0}, if0<t<ianda<i,

and for t € (%, 1] define f;.4(s) = fi—t,a(1—s). In the proof of Lemma 2, we will
establish that f; , satisfies f::o fr.a(s) ds =£(t,a), and that E[f; ,(Z)] > 1—a
for any Z with E [Z] = ¢. In other words, the function f; , attains the infimum
in the statement of that lemma.

Next we will leverage this function to construct a confidence interval using the
given partition. Fix any t = (¢1,...,ty) € [0,1]™ and any a = (a1,...,anm) €
[0, 1]™. Given a test point = € R?, we first draw an independent random variable
U ~ Unif[0, 1], and then define

Cralz) = {s €10,1]: fi, 0 .amw (5) = U}. (5)

The following lemma examines the length and coverage properties of this con-
struction:

Lemma 3. Consider a fized partition R = Xy U ---U Xy, and a fived t =
(t1,...,tm) €0, 1M and a = (a1,...,an) € [0,1]M. Then for any distribution
P on (X,Y) e RY x {0,1},

Ep, [leb(Ct.af Z P l(tm; am)-

If additionally it holds that

For all m, either 0 < 7p,, <t,, <

l\DI»—t
N | —
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then

M
Ppy {p(X) € Cea(X)} > 1= ppmtm.
m=1

(Note that Cy a(X) is a randomized interval, and so the probability and ex-
pectation are taken with respect to the data point X ~ Px and the independent
random variable U ~ Unif{0, 1] used in the construction of Cy »(X).)

Next, we define the oracle confidence interval. Suppose we are given oracle
knowledge of the pp,,’s and 7p,’s. Define

M M

ap = (apy,...,ap )€ argmin Z PPl (TP m, Gm) Z DPmGm < 0p.
a1,...,anm€[0,1] m=1

(7)

(This is a convex optimization problem, since £(t,a) is convex in a.) Given a
test point = € RY, we define the oracle interval as

C;(x) = Oﬂp,a} (I)v (8)

where we write wp = (mp1,...,7p ). To understand this oracle interval, by

m=1

the results of Lemma 3, we can observe that the constraint Zi\f:l PPmlm <
ensures 1 — « coverage for the distribution P, while minimizing
2%21 PPml(Tpm,am) ensures the lowest possible length under this coverage
constraint.

Our next result shows that if the blur Ap(X;.ps) of the partition is low, then
the expected length of C%, is close to the distribution-free lower bound L, (IIp).

Lemma 4. The oracle interval C} constructed in (8) satisfies
]PPX {WP(X) S C}*p} >1—«

and
. 2Ap (XM
By [lb(CH(X))] < L(llp) + ) 222 01)

Of course, C% is not a distribution-free confidence interval—its coverage is
guaranteed for a specific distribution P (not uniformly over all P), with the
assumption that we have information about the distribution—mamely, the pp ,,’s
and 7p,,’s. We next extend this construction into the distribution-free setting

by using the training sample to estimate these quantities.

3.2. A distribution-free algorithm

We are now ready to present our distribution-free algorithm. For now, assume
again that we are given a fixed partition R? = X; U --- U Xy (we will allow
for a data-dependent partition later on). After observing a sample (X1,Y1),. ..,
(X, Yn) € RY x {0,1}, we first estimate the probability pp,,, in each region,

~ Z?:l 1 {XZ € Xm}

m =
n
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and estimate the corresponding label probability 7p,,,

=
nPm

or set T, = % if p,, = 0. In order to ensure distribution-free coverage we will
need to work with slightly more conservative estimates. Let

B = B + \/;5 _ 3log(4Mn/a) N 3log(4Mn/a) ©)

m )
n n

which is chosen to ensure that p,, < p,, with high probability, and let

. 1 - ~ | 2log(4Mn/a) 2log(4Mn/a) e 1
R S EE N oo RIS S Y

Tm =
max{%7%m - \/(1 — %m) . QIOgF:éwn/a) - Qlogféwn/a)} 5 if %m > %
(10

This definition of 7, is designed to pull the estimate 7, closer to 1 (since 3
is the most challenging label probability for coverage, this is therefore a more
conservative estimate of 7p ., ).

From this point on, we use the same construction (5) as for the “oracle”
interval C'5 above, but with the conservative empirical estimates p,, and 7, in
place of the unknown true quantities pp,, and mp,. Define

M M
a=(ay,...,ap) € argmin P l(Tmy ) Z Pmm < ap, (11)
ai,...,ap €[0,1] 1

m= m=1
and define ~
Cn(Xnt1) = Cx a(Xny1), (12)
where we write & = (T1,...,7Tnm).

We now prove that this construction offers a distribution-free confidence in-
terval, and establish an upper bound on its expected length.

Theorem 3. Let n > 2. The confidence interval C, constructed in (12) pro-
vides a (1 — «)-distribution-free confidence interval for binary regression (3).
Furthermore, for all distributions P on R? x {0,1}, the confidence interval C'n
satisfies

C 2Ap(X1:m) M logn
E . yoyisp [D(Cn(Xnia)) <La(np)+\/ - oy

where ¢ 1s a universal constant.

Comparing to the upper bound calculated in Lemma 4 for the oracle con-

fidence interval C%, the only additional term is cy/ 108"

with n — oo as long as the partition size M is sufficiently small relative to the
sample size n.

, which is vanishing
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8.2.1. Sample splitting for a data-dependent partition

Thus far we have assumed that the partition R = X; U --- U Xy is fixed (and
has low blur Ap(Xi.p), in order for the upper bound to be meaningful). Of
course, in practice, the partition itself would need to be constructed using the
data. To do so, we follow a sample splitting strategy. We will use the first half
of the training data to estimate the function mp(z) and define the partition
accordingly, and the second half of the training data to construct CA’,L based on
this partition. Our construction can be paired with any regression algorithm R
that maps a training data set of size n to an estimate 7 (x) of the function
mp(x)—for example, we might take R to be logistic regression or k-nearest
neighbors. We define the expected error of this regression algorithm as:

A, p(R) =E |7 (Xns1) — 7p(Xns1)|]
where the expected value is taken over (X1,Y7),..., (X, Ys) 24 P and an inde-
pendent test point X, ;1 ~ Px. We mention a few special cases:

e In a well-specified parametric model (e.g., Y| X follows a logistic model),
d

we typically have A, p(R) ~ /% in a low-dimensional (d < n) setting,

or A, p(R) ~ 4/ % in a high-dimensional sparse setting, e.g., running
£1-penalized logistic regression when the true model is k-sparse (Negahban
et al., 2012).

e In a nonparametric setting, if x — 7p(x) is assumed to be Lipschitz contin-
uous, a k-nearest neighbors (k-NN) method yields A, p(R) ~ n~1/(+d)
or A, p(R) ~ n~2/(4+d) if we make the stronger assumption that z +
7wp(x) is smooth (see, e.g., Gyorfi et al., 2006). In the special case where
the data is supported on a dy-dimensional manifold in R? for some dy < d,
then the bound may hold with dy in place of d for a faster convergence
rate (see, e.g., Jiang, 2019 for finite sample results).

Now we split the sample to construct our distribution-free confidence interval.
First, define %@,J, fitted on data points ¢ = 1,..., |5 ]. Fix M = [{/n/logn],
and define

~ 1
XF{xERd:OS%@J(x)<M},...,

fﬁ:{xeﬂ%d: i SﬁL%J(a:)gl}.

With this partition in place, we then define én exactly as before, except that we
restrict our sample to the remaining data points s = |5 ] +1,...,n. Specifically,
let

~ ~

Shgmt{xear} o Siyat{xednyvi-i

" (5] " (5 1Pm ’
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or set T, = 3 if P, = 0. Define the py,’s and 7,,’s exactly as in (9) and (10)
except with [ ] in place of n. We then define a as in (11) before and set

CR(Xp41) = Caa(Xns1). (13)

Corollary 1. Letn > 3. The interval 5,73 constructed via data splitting with re-
gression algorithm R (13) provides a (1— «)-distribution-free confidence interval
for binary regression (3). Furthermore, for all distributions P on R% x {0,1},
6,75 satisfies

5 AyeR) ¢ fiogn
R lz],P c g
]E(Xi,}/,-)ifi\'iip [leb(cn (Xn+1)):| < La(HP) +2 T + ﬁ o

where ¢’ is a universal constant.

This corollary will follow directly from Theorem 3 by observing that, due

to the construction of the random partition J?f?M, we have E {A p(.)?f?M)} <
2821, p(R) + 37-

4. Discussion

The lower bounds established in this paper prove that, in the distribution-free
setting, parameter estimation is fundamentally as imprecise as prediction, and
confidence intervals for estimating the label probabilities 7p(X)=P{Y =1 | X}
have a lower bound on their length that does not vanish even with sample
size n — oo. Unlike the classical literature where these types of results are
established for pointwise coverage (i.e., coverage of mp(x) for all z), our new
results prove this fundamental lower bound holds even when we require coverage
to hold only on average over a new point X drawn from the distribution, and
we provide an exact calculation of the minimum possible length. These lower
bounds imply that, if we wish to maintain the versatility of the distribution-free
setting (i.e., avoiding smoothness assumptions), we can only obtain meaningful
confidence intervals by substantially relaxing our notion of coverage. In future
work, we hope to examine alternatives—for instance, coverage of a surrogate
function approximating 7p(X), as in the work of Genovese and Wasserman
(2008) for confidence bands in nonparametric regression.

We may also ask whether the results here, proved in the setting of binary
regression where Y € {0,1}, may be extended to a more general regression
setting—that is, whether it is possible to estimate pp(X) = E[Y | X] under
a joint distribution P over (X,Y) € R? x R. An initial exploration suggests
that such an extension would not be straightforward. Specifically, if YV is un-
bounded, then confidence intervals for pp(X) must necessarily have infinite
expected length. To see why, consider a contamination model, where, after draw-
ing (X,Y) ~ P, with probability ¢, we replace Y with a corrupted value ¢,,. If
we choose €, < n~!, we cannot distinguish between P and this contaminated



3502 R. F. Barber

model P’ on a sample of size n—this means that C,, (X, 1) must cover the mean
whether the distribution is P or P’. But, by choosing ¢, so that c,e, — oo,
the means pp(X) and pp/(X) are arbitrarily far apart, leading to arbitrarily
large length of an(XnH). Therefore we cannot obtain nontrivial results for un-
bounded Y. If we instead assume that Y is bounded, on the other hand, then
the lower bounds established for the binary case no longer apply (for example,
if Y = 0.5 almost surely, a distribution-free confidence interval could potentially
have vanishing length even if it is constructed only assuming Y € [0, 1]). It is
therefore not clear whether there are settings for the general regression problem
where we may obtain meaningful upper and lower bounds for distribution-free
confidence intervals on the conditional mean pp(X), and we leave these ques-
tions for future work.

Appendix A: Additional proofs: lower bounds
A.1. Proof of Lemma 1

The proof of this lemma follows a similar strategy as in Barber et al. (2020,
Lemma 3), and is a generalization of the construction used in the proof of Vovk
et al. (2005, Proposition 5.1). First we embed the variables in the lemma into a
distribution on triples (X,Y, 7). Writing PX, z to denote the joint distribution
of (Xy41, Zn+1), we define P as follows:

(X7 Z) ~ PX,Za
Y|X, Z ~ Bernoulli(Z).

Note that, marginalizing over Z, the pair (X,Y) follows distribution P. In other
words, the joint distribution of

(Xla YVI); ey (X’ru Yn)a Xn—i-l) Zn+1
under the model (X;,Y;, Z;) i P, matches the distribution specified in the
lemma. Therefore, it is equivalent to prove the bound

Py pyitp { Znit € Cu(Xnsn) } 21— 0 (14)

Next fix any integer M > n + 1, and let (X(m),Z(m)) id I—j’X’Z for m =
1,..., M. Let L specify this sequence of M pairs. Next, fixing £, we draw
{(X:,Y:, Z;) Yiz1,... n+1 as follows:

Sample my, ..., my41 uniformly without replacement from {1,..., M},
Set (X;, Z;) = (X)), z(m)) for each i = 1,...,n + 1,
Draw Y; ~ Bernoulli(Z;) for each ¢ =1,...,n+ 1.

(15)
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Then clearly, after marginalizing over £, the triples (X;,Y;, Z;) are drawn i.i.d.
from P. In other words,

P(Xi,YmZi)iSlS {Zn+1 < Cn(Xn+1)}
=E, {PDistrib. (15) {Zn+1 € Cn(Xps1) ‘ EH . (16)
Now consider any sequence £ = {(X(m)7 Z(m))}mzL,__,M, and let Q. be the

distribution on (X, Y, Z) defined by sampling (X, Z) uniformly at random from
iid

L, then drawing Y ~ Bernoulli(Z). We can consider drawing (X;,Y;, Z;) ~ Q¢
for i =1,...,n+ 1, which is equivalent to
Sample my, ..., m,41 uniformly with replacement from {1,..., M},
Set (X;, Z;) = (X(m) Z(m)) for each i = 1,...,n+ 1,
Draw Y; ~ Bernoulli(Z;) for each i =1,...,n+ 1.
(17)
A simple calculation shows that, when my, ..., m,1 are sampled uniformly with

replacement from {1,..., M}, the probability of the event {m; = m; for any
i # j} is bounded by n?/M. Therefore, for any fixed £, the total variation
distance between the two sampling schemes (15) and (17) is at most n?/M, and
S0

Ppistrib. (15) {Zn+1 € Co(Xni1) ’ E}

'fl2

= IP(XuYuZi)i’inQL {Zn+1 < Cn(Xn_H) ‘ £} B M (18)
Next we calculate mg,.(x), i.e., the label probability under Q.. If
X XM) gre all distinct for this £, then by definition of @, we can see
that g, (X)) = Z(m) for each m = 1,..., M. (In particular, we can observe
that the probability function mg, corresponding to this distribution @@, may
in general be highly nonsmooth even if 7p is smooth—we have |rg, (X (™)) —
To (X)) = 20m — Z0m)| which may be O(1) even if | X (™) — X (™) is
arbitrarily small.) Therefore,

{Zn+1 € C(Xni1) ] L}

IP(XLY;’ZJNQE
iid {WQC(XnJrl) € 6n(Xn+1) ’ E} >1-a,

=P
(X:,Y3,Z:)~Qr

where the last step holds since én is assumed to be an algorithm that provides
a (1 — a)-distribution-free confidence interval for any distribution (3), and in
particular must provide coverage under Q. In other words, for any £, we have
proved that

P(Xign,Zi)iSQg {Z"H € Cpn(Xn+1) ‘ E}

>(1-a)- ]l{X(l),...,X(M) are distinct}.
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Combining this bound with (16) and (18) establishes that

]P)(Xi,Yi,Zi)iSP {ZnJrl S Cn(XnJrl)}
2

>(1-a) -P{X(l),...,X(M) are distinct} — nM

Since P is assumed to be nonatomic, the marginal Py is nonatomic as well, and
so the X (™)’s are distinct with probability 1. Therefore,

n2

sy (o Gt} 210

Finally, since M can be taken to be arbitrarily large, this establishes the desired
bound (14), and thus completes the proof of the lemma.

A.2. Proof of Lemma 2

We will prove a stronger form of Lemma 2. We define a set of distributions on
[0,1], @ = QU QM where each distribution is a mixture of a point mass and
a uniform distribution:

Q) = {pdo + (1 — p)Unif0,c] : p,c € [0,1]},

(19)
oW = {pd; + (1 — p)Uniffe, 1] : p,c € [0,1]}.
Lemma 5. For any t,a € [0, 1], define

Measurable functions f : [0,1] — [0, 1] satisfying
7+ — ) E[f(Z)] > 1~ a for any random variable Z € [0, 1] such that

ta 11
eitherOSE[Z]gtg§or§§t§IE[Z]§1

and

7o Measurable functions f : [0,1] — [0, 1] satisfying
ba " Eq[f(Z)] > 1— a for any distribution @ € Q with Eg [Z] =t [~

and let F; , be defined as in the statement of Lemma 2. Then it holds that

oot ([0} ([ o) . 100)

Proof of Lemma 5. Since j’-'+ C Fta C F,, it clearly holds that

1
A Loebz ([ ooz o {[ oef
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We now need to prove two remaining inequalities to establish the lemma:

[ r6ras} ) (20)
and
fér}l{‘fa {/\910 f(s) ds} < {(t,a). (21)

First we prove (20). Fix any ¢,a € [0,1] and any f € F;,. We split into cases:

e If t =0, then ¢(¢,a) = 0, and the bound holds trivially.
o IfO<t< % < a, let Q = Unif[0, 2t]. Then Q € Q with Eq [Z] = ¢, and so

we have
1 2t

/ f(s) d822t-/ Ef(s) ds =2t-Eq[f(Z)] > 2t(1 — a) = £(t,a).
s=0 s=0

e If0<t<a< 3, let Q= (1-2a)-d + 2a-Unifl0, £]. Then Q € Q with
Eq [Z] = t, and so we have

t/a
/1 f(s)dsZL-Za-/ E-f(s)ds
s=0 L

2a s=0 t

t t/a a
2 22 (2(1./.9_0 ;~f(s)ds—l—(1—2a)-f(0)—(1—2a)>
= o (Bo[f(2)] - (1~ 20))
= # (1 =a) = (1-2a)) = % = ((t,a).

eIf0<a<t<i let Q= (1—2t) 6 + 2t Unif[0,1]. Then Q € Q with
Eg [Z] = t, and so we have

1 1 1
/s:Of(S) ds = % 2t - L f(s)ds

1
22%. <2t'/s_0f(5)ds+(12t)'f(0)(1215))
= o (EQ[f(2)] - (1 - 20)
1 a
> (- (1-20) =1 5 = (r,0)

e By symmetry, the analogous calculations hold if ¢ > %

Therefore fslzo f(s)ds > £(t,a) in all cases, which completes the proof of (20).
Next we turn to (21). For any ¢,a € [0,1], define the function f;, : [0,1] —
[0,1] as in (4). We first verify that

/:0 fra(s)ds =L(t,a). (22)
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We split into cases:
e If t = 0 then f::O fta(s)ds =0={(t,a).

It t=1 then [1 fia(s)ds=1—a=~L(ta).
If0<t<%anda2%,then

/Sio fra(s) ds = 2(1 — a) /;t L— 2 ds =201~ a)t = (t,a).

=0

If0<t§a<%,then

1 t/a as t
a = 1 _ = —— = 5 .
/S:O fr.a(s) ds / ds 50 L(t,a)

s=0 13

If0§a<t<%,then

1 1
as a
/S:Oft,a(s) ds_/s:ol_ — ds=1-5 ={(ta)

e By symmetry, the analogous calculations hold if ¢ > %

Therefore we have established that (22) holds in all cases. Next we check that
fra € f:a. Let Z € [0, 1] be any random variable satisfying either 0 < E [Z] <
t < % or L <t <E[Z] <1. We again split into cases.

e If ¢t =0 then E[Z] = 0 and so Z = 0 with probability 1. Then E [f; ,(Z)] =

fo’a(O) =1-—a.
o Ift =3 then f, .(Z) = f1.4(Z) =1—a almost surely, and so E [f;.«(Z)] =
1—a.

e If0<t<ianda>1, thenE[Z] <tandso

E[fi.0(Z)] = 2(1—a)E :max {1 - 2ZtOH > 2(1a).<1 - EQ[tZ]> >1-

e If0<t<ianda< i, then E[Z] <t and so

; =

E[fia(2)] = E :max{l - ?70” L1

e By symmetry, the analogous calculations hold if ¢ > %

Therefore, the bound E [f; (Z)] > 1 —a holds in all cases, and so f, € F;, by
definition. Therefore,

1 1
i {[1oaf< [ g o=uea.

and so (21) holds. O
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A.3. Proof of Theorem 2

Recall the set of distributions Q defined in (19). Define a function g : [0, 1] x
[0,1] — [0,1] as

9(t,2) =P {2 ¢ CulXns1) | mp(Xns1) = 1},
and define another function A : [0,1] x @ — [0, 1] as

h(t’ Q) = EQ [g(tv Z)] .

For each t € [0,1], let Q; = {Q € Q:Eg[Z] =t}. By Aliprantis and Border
(2006, Theorem 18.19), the function

t— a(t) := sup h(t,Q)
QEQ,
is measurable, and furthermore there exists a measurable function ¢t — Q; € O,
such that
h(t, Qi) = a(t) = sup h(t,Q)
QeQ,
for all ¢ € [0,1], as long as we verify the following conditions:

e Q is a separable metrizable space. To verify this condition, we will use the
total variation distance as our metric on Q. Define

kao) = {pdp + (1 — p)Unif[0, ] : p,c € [0,1] N Q},
M {pd1 + (1 — p)Unifle, 1] : p,c € [0,1] N Q}.

where Q is the set of rational numbers. Then kao) U kal) is a countable set,
and is a dense subset of Q (under the total variation distance). Therefore,
Q is separable.

e O, is compact for all £. To prove this, first consider the case t < % Ift=0
then Q; N Q) = {5y}, and is trivially compact. Now consider 0 < ¢ < 1.
Writing Qp.c = pdo + (1 — p)Unif[0, ¢], fix any Qp.c, Qp o € Qe N Q) We
must have ¢, ¢’ > 2t and p,p’ < 1 — 2t in order to obtain expected value t,
and we can calculate that this implies

p =P+ 2t — ¢| < drv(Qpe; Qprer) < Ip =P/ + (21) e = €].

This proves that, on Q; N Q)| the topology induced by total variation
distance is the same as the topology induced by the Euclidean distance
on (p,c) € [0,1]2. Therefore, since Q; N Q) = {Q,.: (1 —p)- £ =t}
corresponds to a closed subset of (p, c) € [0, 1]?, this set is compact for the
case t < % If instead ¢t > %7 then Q; N QO = @ and is trivially compact.
An analogous argument shows that Q; N oW ig compact. Therefore, Q; =
(9N Q(O)) U((Q:N Q(l)) is compact.
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e ¢ — h(t,Q) is measurable for all @, which holds since ¢ — g¢(t,2) is
measurable by definition of the conditional expectation, and therefore
t— h(t, Q) =Eqg [g(t, Z)] is measurable as well.

e () — h(t,Q) is continuous for all ¢, which holds since |h(t, Q) — h(t, Q’)| <
drv(@Q, Q) for all Q,Q’.

Now define a random variable Z,,; drawn from the distribution Qr,x,,
after conditioning on X, 1. Then by definition, Z,,;1 satisfies

+1)

Zny1 1L én(XnH) | Xn+v1 and E[Z,41 | Xnt1] = 7p(Xpp1) almost surely,

and by Lemma 1 it therefore holds that P {Zn+1 IS an(XnH)} > 1— «. There-

fore,

a>P {Zn+1 ¢ én(Xn+1)}

=E {E []P’{Znﬂ ¢ Co(Xnt1) ‘ Zn+177TP(Xn+1)} ‘ WP(XnH)H
=E[E[g(rp(Xnt1): Zns1) | m7p(Xni1)]]
=E [h(np(Xnt1), Qrp(x,11))] = Ela(mp(Xny1))] = Era, [a(T)] .

Recalling the definition of L, (ITp), this means that L, (Ilp) <Epomn, (T, a(T))].

Next, fix any ¢t € [0, 1]. By definition of a(t), for any Q € Q;, Eq [¢(t, Z)] <
a(t). In the notation of Lemma 5, the function z — 1— g(t, z) belongs to ()
and so

/=0(1 —g(t,8)) ds > £(t,a(t)).

Since this holds for all ¢ € [0, 1], we therefore have

Eronp {/_0(1 —g(T,s)) ds} > Eron, [U(T,a(T))] > Lo(Ilp).

Finally, applying Fubini’s theorem completes the proof:

E [1eb(€n(xn+1))} _g| / io 1 {s e 6n(Xn+1)} ds}

_E /iop{s € Cn(Xpir) ] 7TP(X7H_1)} ds]

_E /io 1= g(mp(Xnin), s) ds]

= Eron, |:/si0 1—g(T,s) ds} > Lo(Ilp).
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Appendix B: Additional proofs: upper bounds
B.1. Proof of Lemma 3

First we check expected length. By definition of Cy a(X,,+1), we have

M
E [leb(ct,a(Xn-i-l))} = Z pP,mIE [leb(ct,a(Xn-i-l)) | X7L+1 € Xm]

m=1

M
=Y prmElleb({s €[0,1]: fi, .0,,(5) = U})]

m=1

M 1
> o | [ 1) 20 a
m=1 s=0

1
s=0

M 1 m
= Z pP,m/ ftmﬁam (S) ds = Z pP,mg(tmv am)v
m=1 s=0 m=1

M
Z pp,m/ P{fi.,. a,(s) > U} ds by Fubini’s theorem
m=1

where the last step applies the calculation (22) from the proof of Lemma 5.
Next we check coverage under assumption (6). We have

P{rp(Xn+1) € Cea(Xns1)} =P{fi. (Xni)amXni) (TP(Xns1)) =2 U}
=E[P{fi,.(Xns1)sam(Xns) (TP(Xnt1)) 2 U | Xpi1}]
= [ftm(XnJrl)vam(Xn+1) (WP(Xn+1))]

M
= Z pP7mE’ [ft,,,“am (7TP<Xn+1)) ’ Xn+1 S Xm} .

m=1

e Ft

m 7am

Next, for each m, in the proof of Lemma 5 we established that f;
By definition of this set, this implies that

m 70’771,

E [ftm,am (ﬂ-P(Xn+1)) ’ XnJrl S Xm] Z 1- A,

since E [mp(Xp11) | Xnt+1 € Xn] = Tpm, and 7p,;, satisfies the assumption (6).
Therefore,

M M
]P){WP(Xn-i-l) € Ot,a(Xn—i-l)} > Z pP,m(l - am) =1- Z PPmOm,
m=1 m=1

as desired.
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B.2. Proof of Lemma 4
First, the coverage statement follows immediately from Lemma 3, since

Zf\:{:l PPm@p,, < a by definition of aj,. Now we consider the expected length.
For each x define

3(x) = |7p(x) = Tpma) |-

\/@]S\/EPX [5(X)]:\/AP(X1:M)_ (23)

Let

=E
¢ Px 20 200 200

If € > 1 then the result of the lemma holds trivially, since leb(ChH(X)) <
leb([0,1]) = 1 always. Therefore we can restrict our attention to the case that
e€[0,1].

Now fix any function a : [0,1] — [0,1] with Er. oy, [a(T)] < «. Define a
vector a° € [0,1]M with entries

ad(X)

9 +(16)'G(WP(X))‘XGX,"]}.

o .
a,, = min {1,]EPX

We can calculate

M M

Z PPmapy, < Z prmEpy a6(2X) +(1—¢€)-a(mp(X)) ’ X e Xml
~Ep, l N 4 (19 By fafmp ()]
<Ep, [ aé(QX) + (1 —€)-a by definition of a

=« by definition of e.

Therefore, a° is feasible for the optimization problem (7), and so by optimality
of a}, we must have

M M
> ppml (TP, @) <D praml(Tpm, a5,).
m=1 m=1

We next need to bound this right-hand side. For each m, we have either a;, =1
in which case £(mp,m,ay,) = 0, or if instead a2, < 1, then we have

X
U pm,al,) =L <7rp,m,EpX 0‘5(2 )

+(1—¢)-a(rp(X)) ‘ Xe Xm]>

< Ep, >

¢ (mm X)) L1 g. a(WP(X))> ’ X e Xm]
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) aln 7P (X) = 7pm|
< Bpy | £(np(X), (1 — ) almp(X)) + N Xex,
= Ep, |£(rp(X), (1~ 0) - almp(X)) + 1/ 22 Xexm],

where the second step applies the fact that £(¢,a) is convex in a, while the
third step applies the fact that ¢(¢,a) is i—Lipschitz in ¢ for any fixed a, and
is nonincreasing in a for any fixed t. Next, since £(¢,a) is convex in a and is
bounded by 1, we have

t(mp(X), (1 =€) -a(mp(X))) = £(rp(X), (1 =€) -a(rp(X)) +€-0)
< (I —¢) - Ump(X),a(rp(X))) + € Lrp(X),0) < l(mp(X),a(rp(X))) +e

Combining everything, then,

UTpm, ay,) <

EPX [f(’lTP(X%a(TFP(X))) | X e Xm] +€+EPX % ‘ X e Xm] .

Summing over m, we obtain

M M
> ppml (TP, ) <D ppml(Tpm, a5,)
m=1 m=1

<Epy, [l(rp(X),a(rp(X)))] + €+ Epy

5(X)1

2Ap (X,
< By (67, o(T))] /2221020,
where the last step applies (23) and the definition of IIp. Since we proved this
bound for an arbitrary function a : [0,1] — [0,1] satisfying Ep.m, [a(T)] < a,
we have therefore shown that

M
2Ap(AXy.
> Pl (TP @) < La(Ilp) + y
m=1
Finally, Lemma 3 implies that Ep, [leb(C5(X))] = Z%:l peml(TPm,; @b, ),
which completes the proof.

B.3. Proof of Theorem 3

Before proving the theorem, we state two supporting lemmas. The first is a basic
property of the function ¢(¢, a).
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Lemma 6. Fiz any a,t,t' € [0,1]. If it holds that

[t —t'| <20%+6+/8min{t,1 —t},
then 5
0t a+1rd) <LU(t,a)+ -
r
for any r such that a + 16 < 1.

The second is a simple consequence of the Chernoff bound on the Binomial
distribution.

Lemma 7. Let n > 2. Then under any distribution P, with probability at least
1 — =, the following bounds hold for allm =1,..., M:

1
bPPm S ﬁm (1 - ) and
n
~ 18log(4Mn/« 12log(4Mn /o
n n
and
18 log(4M 12 log(4M
o — 7] < \/min{npm, e} 8log(4Mn/a) n og( n/oz)’
in,m in,m
. - 1 1 B
and either 0 < 7p,, < 7y < 3 or 3 < T, <7Tpm <1. (25)

Now we turn to the proof of the theorem. We first prove the coverage bound
under an arbitrary distribution P. Let & be the event that, for all m, it holds
that

or - <y <7pm < 1

DN | =

1 1
PPm < Dm (1 — E) , and either 0 < 7p,, < 7T, < B

Lemma 7 verifies that P{&} > 1 — £ for any distribution P. Recall that

n
Cpn(Xn+1) = Cx a(Xy41) depends on the training data only through 7, &, which
themselves are functions of the p,,,’s and 7,,’s. By Lemma 3, on the event &1,
it holds that

P {WP(XnJrl) ¢ Cn<X7L+1)

M 1 M 1
Spr,mdm§<1n> ﬁmam§a<1n>,

m=1

where the last step holds by definition of a. Therefore,
P ~ a
P{mp(Xat1) & Cu(Xni1) } < P{mp(Xat1) & Cu(Xns1) | &} + 5 <

which verifies the distribution-free coverage guarantee.
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Next we turn to proving the bound on expected length. Applying Lemma 3
it holds that
[leb(a ( n+1 ‘ { Xu sz i=1,.. ,n:| Z me 7Tm»am)

Let & be the event that, for all m, (24) and (25) both hold. By Lemma 7,
P{&} >1— %, and therefore,

M
]]-52 : Z pP,mg(ﬁ—ma dm)

m=1

+ % (26)

E [1eb(Co(Xnt1))| <E

We therefore now need to bound Z _1PP,ml(Tm, @) on the event Es.
From this point on, all our calculations will be conditional on {(X;, Y;) }i=1,...n

and we will assume that & holds. For all m, define

&m:{%}v’ﬁm_\/ﬂ—P,m}v WP,mS%»

% }\/1 — T, — \/1 _7TP,m| y TPm > 3

and let
9 Mlog(4Mn/a)

€ =
an

By (25), we can calculate

)

6log(4Mn/ca)
n 9

M M
mz::lpp,m(sm < Z pPm npPm >
(27)

< \/6M10g(4Mn/o<) _ e/ba

m=1

where the next-to-last step holds since Zm 1VPPm < VM Zm 1PPm =

VM.

Next, we will assume for now that € < 1. Let

ap, =min {1, (1 —€) - ap,, + omv/a}
where a} is defined as in (7). Now fix any m. If af, = 1 then £(7y,,a,) = 0. If
(I1—¢€)-ap,, +0mva, and we now derive a bound on 4(7,,, a3,)

not, then a;, =
By definition of §,,, we have

[Fm = Tl < b (/8 miN{Tpm, 1

— 7Tp7m} + 267211

Applying Lemma 6, we have

- m\/_)

U Ty ag) < U(TP.m, Gy

BiEs 513

= U(mpm, (1 = €)ap,,) +
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= U (1= +-0) + 2

<(l—¢)- E(’]prm7a*P7m) +e-Umpm,0)+ 5—\/%
Om,

S UTpm,apy,) + €+ —=

Va’
since £(t,a) is convex in a, and bounded by 1. Summing over all m, and apply-
ing (27),

M
V6
prm 7Tm, m prm ﬂ-PmaaPm) <1+ €
m=1 m=1

9

< Lo(Ilp) + %M—i-(l—i-?) e, (28)

where the last step applies Lemma 4 along with the calculation Ep, [leb(CH(X))]
=M ppml(TPm, ap,,,) from the proof of that lemma.

Next we will need to relate Z%zl PP.ml(Tm, as,) to Z%zlpp ml (T Gm)
Recalling the definition of a in (11), we see that by optimality of a
M

M M
If Y pmas, <o, then Y ppoal(Fm,dm) < Y ppml(Fm, ag,).
m=1 m=1 m=1

We now turn to verifying that 2%21 DGy, <
for the optimization problem (11). First, we have

(29)

< a, to ensure that a°® is feasible

Zmea < prm apm+5m\/_)

M
1- 6) Z pP,ma};,m + \/a Z prPm
m=1 m=

(1—-ea+Va Z PP.mOm by definition of ap (7)

m=1

<(1-¢

- V6o
9
=a—ae|l——1].
9
Next, applying (24

), along with the fact that a

by (27)

<1 by construction, we have

M M
- 18log(4Mn/a 12log(4Mn/a
m=1 m=1 n

o
am

n
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18log(4Mn/«) n 12M log(4Mn /)
n n

< 3w+ (32 Vi)

m=1

M
18M log(4Mn/« 12M log(4Mn /o
SZWM ZPWOV g(WMn/a) g( )
1=1 m=1

<a—ae (1 _ ?> +a- \/ 18M logsan/a) 12M logv(;an/a)

< a,
where the last step plugs in the definition of € along with the assumption that
e < 1. Thus we have proved that Zi\le DPmay, < «. This means that a° is
feasible for the optimization problem (11). Combining (28) with (29), we have
therefore proved that on the event &,

M

2Ap (X7, 6
> prnl(Fms @m) < La(llp) + % + (1 + %) ¢
m=1

After combining with (26), we therefore have

{leb(é ( n+1))} < Lo(Ilp) + W + (1 + ?) €+ %7

as long as € < 1. Furthermore, the assumption € < 1 ensures that log(4Mn/a) <
2logn, and so plugging in the definition of €, we have proved that

2Ap(X1m) i Mlogn
(6% an

E [mb(én(xnﬂ))} < Lo(IIp) + \/

for a sufficiently large universal constant ¢’. If instead we have € > 1, then we
have E [leb(an (XnH))} <1<’y % for a sufficiently large universal con-
stant ¢”. Taking ¢ = max{c’, "'}, we have completed the proof of the theorem.

B.4. Proof of Corollary 1

To help with the proof, we begin by adapting our prev10us notation to the
setting of a data-dependent partition. The partition X1 “v is a function of the
first half of the data, i.e., data points {(X;,Y;)}i=1 . | = . Conditioning on these
data points, we define

PPm = Ppy {X e AR ‘ {(Xivifi)}izl,.A.,\_%J}

and

.....

TPm = EPX |:7TP(X) ’ X e .5(7,3, {(XZ,Y;)}Zzl L%J:| R



3516 R. F. Barber

where we should interpret this to mean that the partition 2?1RM is treated as
fixed, and the probability and expectation are calculated with respect to an
independent draw X ~ Pyx. Similarly, we will write

A(X,) =Ep, {|7TP(X) — TPm(X)] {(X%Yri)}i:l,.“,\_%j} :

These quantities are now functions of the data points {(X;, Yi)}izl,...,L%J-

Next we apply Theorem 3. Specifically, we will condition on the data points
{(Xi,Yi)}iz1,.. ») used to choose the partition so that the partition can be
treated as fixed, and will apply Theorem 3 with [5] > 2 in place of n (i.e., we
apply the theorem to data points i = [§] +1,...,n in place of i = 1,...,n).
This proves that

P yoyitp {7 (Xnt) € OF (Xui1) | {(Xe, Yo)bicr, 3y} 2 1 - a
and
E . vyt [JeDECR (Xnin) [ {(Xe Y bicr,.o 2]
2Ap(XR M log[2
< Lo(tlp) + 1/ 2200 | [AIo8]5
! alg]

Marginalizing over the data points {(X,-,Yi)}i:lw,L%J used to choose the par-
tition, we therefore have

P(X< Yv)%iP {ﬂ'p(Xn_;ﬂ) € é};(Xn_H)} >1—«

and after applying Jensen’s inequality,

E(thi)i’i\(}P 1eb((§r7f(Xn+1))}

2E iid AP(-)?lRM) M1 n
SLQ(HP)J’_ (Xi,Yi)NP[ :| +C Og|r2“

o alg]

Note that these bounds hold for any distribution P. The first statement there-
fore immediately verifies that C® satisfies the distribution-free coverage prop-

erty (3). We now complete the proof of the bound on length. Write mid,, =
m()]fd)—% 7 D¢
define the region XX. We have

S =
the midpoint of the range [%7 o

) of estimated probabilities that

A(XR,) = Ep, {|7rp(X) — TPm(X)] ’ {(X@‘,Yi)}i:l,,..,ng}

M
= ZPP,mEPX [|7TP(X) — TPm(X)] ‘ X e XTE;{(X%E)}#L..-,L%J}
m=1
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M
§ Z pPPm ( |7TP,m - mldm| +
m=1
Ep, [[mp(X) — mid,| | X € BRAKY)icr, 5] )

M
<2 ppmEpy {|7TP(X) — mid,, | ’ X eXl; {(Xi,Y})}i=1,...,LgJ]

m=1

=2Ep, [’WP(X) — midy(x)| ‘ {(Xivyvi)}izl,i..,L%j} ;
where the next-to-last step holds since, for each m,
| TP — mid,y,| = ’EPX [ﬂ'p(X) ‘ Xe .:Y\jf, {(Xi’}/;)}izl,.u,t%d - midm‘
<Epy [|7TP(X) — mid,, | ‘ X e 25;{(2(1'71/2')}1:1,...,[%]} ;

by Jensen’s inequality. Next, by definition of the partition )?fM, we have

5 1
|'/TP(X) - midm(X)| < ”/TP(X) - W@J (X)‘ + 577

almost surely. Therefore,
E[A(;?R )} <E|L 12E [w (X) — 7R, (X) ‘{(X- Y}, ]
1:M — M Px I L%J i z:l,...,L%J
1
= i + 2A[gJ,P(R)~

Combining everything, we have

E . voyip [190(CF (X))

2 (ﬁ + QAL%J,P(R)) o[ Mlog[ ]

o ¢ alg]

Plugging in our choice of M, we have proved the desired bound when the uni-
versal constant ¢’ is chosen appropriately.

B.5. Proofs of supporting lemmas

Proof of Lemma 6. Without loss of generality we can take t < % Furthermore,
if t' > 1 then ((t',a + r6) < {(3,a+rd), so it suffices to consider only the case
where ' < 3 as well. Finally, if ¢’ < ¢ then ((t',a 4+ ré) < {(t,a + r8) < U(t,a)
since /(t,a) is nondecreasing in ¢ € [0, 3] and nonincreasing in a, so the result
is trivial in this case. Therefore, from this point on we only need to prove the
result for 0 <t <t < %
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Now we split into cases.

o If t =a =0, then ¢(t,a) = £(0,0) = 0 and

v 207
(a+ré) =275 7’

Lt a+rd) < 5
where the first step holds since (¢, a) < o for all ¢, a.
o Ifa> %, then

0t a+or) —L(t,a) — g =2(1—a—-6r)t —2(1 —a)t — g

=2(1—a)(t' —t)— 26rt’ — g

<201 —a)(t' —t) — V8t since 2zy < 2% 4 y? for all z,y
<t —t—6V8t' since a > % implies 2(1 —a) < 1

<0,

where the last step holds by assumption on [t' — ¢].

o Ift <a< %, thent(t,a) = 1, and we also know that £(t', a+4r) < 2(at7—&:5r)

as before. Therefore,

t' t
Ut a+0r) —L(t,a) < Sator)  2a
t+0VBE+287 : -
(@t or) 5. Y assumption on [t' — ¢|
< bt or .ijjé.f)a + 267 ~ % since 2zy < 2% + 2 for all z,y
_(a4or) (Gt 9
2(a + dr) 2a 1’

e If a <tand a+ dr <t, then

E(t’,a+5r)—£(t,a)—g: (1-““”) _(1_£> _g

2t 2
a-(t'—t) or+2t'6/r
o0t 2t
t'—t  or+2t'8/r
2 2t/
- t—t—8V8t
= 2t
<0,

IN

since a < t

since 2zy < z? 4+ y? for all z,y

where the last step holds by assumption on [t' — ¢].
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e Ifa<tanda+dr >t then {(t,a) =1— £ > % and {(t',a + 6r) <

t’ 1
m S 5 and so

£(t',a+5r)f£(t,a)f§§0.
,

We have now verified that the bound holds in all cases, which completes the
proof. O

Proof of Lemma 7. Fix any m. We will show that the bounds hold for this choice
of m with probability at least 1 — 37-, and then the lemma follows by applying
the union bound.

The multiplicative Chernoff bound (McDiarmid, 1998, Theorem 2.3(b,c))
states that, for any integer N > 1 and any t € [0, 1], for a random variable
B ~ Binomial(N, ¢), it holds for all § > 0 that

IP’{B > Nt — 2Nt10g(1/5)} >1-6 (30)
and
P {B < Nt + \/3Ntlog(1/8) V 310g(1/5)} >1-06. (31)

Now fix any m. We will prove that the statements (24) and (25) hold with
probability at least 1 — 17~ for this m.
First, we have np,, ~ Binomial(n,pp,,), and therefore, applying (30) with

N =n,t=ppm, and § = g3}, with probability at least 1 — ;77 it holds that

2log(4Mn/a)

ﬁm Z pPm — \/pP,m . # (32)

Furthermore, applying (31) with N =n, ¢t = pp,, and 6 = with proba-

bility at least 1 — ;77 it holds that

o
4Mn>?

3log(4Mn/a) y 3log(4Mn/«)
n n '

ﬁm <ppm+ \/pRm : (33)

Now assume that (32) and (33) both hold. We will show that this implies (24)
for this m. First, by (33), we have

5 =Bt \/A 3log(4Mn/a)  3log(4Mn/a)

m
n n

18log(4Mn/a) = 12log(4Mn/«)

< PpPm + \/pP,m : + .
n n

Next, by (32), we have

2 log(4M 2log(4M .
 2log(4Mn/a) | 2log( n/a)gﬁm_pa

n n n—1

bPPm S ﬁm + \/ﬁm
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log(4Mn /o) > log(4n) > _1 - Ppm
n = n = n—-1= n-1"

where the last step holds since n > 2 and so

Thus we have
~ 1
bPPm < Pm <1 - > .
n

This verifies that (24) holds for this value of m.
Now we turn to (25). We will condition on p,,. We split into cases:

e First suppose mp, satisfies

3log(4Mn/a 3log(4dMn/« 1
”P“%P””' g(m3 /o) g(nﬁ />S§_

Then p,, > 0, and conditional on p,,, we have
NP Ty, ~ Binomial(npy,, mpm ).

Therefore, applying (30) with N = np,,, t = Tpm, and § = 37, with
probability at least 1 — ;77— it holds that

2log(4M
Tm = TPm — \/WP,m  Hog(4Mn/a) — n/a). (34)

nPm

And, applying (31) with N = np,,, t = 7pm, and 0 = g7, with proba-
bility at least 1 — 77 it holds that

3log(4M 3log(4M
Fom < Tpm + \/7Tp7m' og(4Mn/a) , 3log(4Mn/a) (35)
NPm, NPm
Now assume that (32), (34), and (35) all hold. By definition of this case, the

bound (35) immediately implies that 7, < % and therefore by definition,
Tm < % also. Applying (34),

3

- . 2log(4M 2log(4M
TP,m < T + \/ﬂ'm . g(n}/?\ n/a) + gSL]/?\ n/a)

and 7py, < % by definition of this case, so

T = Min {

By applying (35), we furthermore have

> TPm-

l\D|H

NPm NPm

\/A 2log(4Mn/a) | 210g(4Mn/oz)}

A< \/ﬁm - 2log(4£\4n/a) n 210g(4£\4n/a)
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12log(4Mn/« 8log(4Mn/«
<7rP,m+\/7TP,m' g(/\ / )+ g(,\ / )
Npm NpPpm
Next, if p,, > %pp7m then this last bound yields

18log(4M 12log(4M
e — \/ﬁp’m. og(4Mn/a) | 12log(4Mn/a)
npp,m nppP,m

while if instead P, < 2ppu, then by (32) we can see that pp,, <

18 log(4M
M, and so

;< 1 < 910g(4Mn/a).
-2 npp,m

Either way, then, we have verified that the statement (25) holds, as desired.
Next, suppose mp,,, satisfies

3log(4Mn/a) v 3log(4Mn/«)

npPpm NPpm

1
TP,m S 5 < TP,m + \/WP,m

If p,, > 0, then conditional on p,,, we have
NP (1 — Tpy) ~ Binomial(npy,, 1 — 7p,m).

Therefore, applying (30) with N = np,,, t =1 —7p,y,, and § = 77, with
probability at least 1 — 2 it holds that

4Mn
(1= 7n) > (1= 7pm) — \/(1 i) - W. (36)

Furthermore the bound (34) holds with probability at least 1 — 7 as
above. (If instead p,, = 0, then the bounds (34) and (36) hold trivially.)

Now assume that (32), (34), and (36) all hold. If 7, < 3, then by definition
we have 7, < % also. Furthermore, applying (34) proves that mp,, < 7,
exactly as for the previous case. If instead 7, > %, then (36) implies that

2log(4Mn/a) n 2log(4Mn /)

nPm, NPm

)

< (1=7pm) < <1—%m>+\/<1 — )

N =

which therefore means that

1 2log(4M 2log(4M 1

nPm NPm

We have therefore established that 7p,, < 7, < % under either scenario.
Next,

3log(4Mn/a) Y 3log(4Mn/a)

nﬁm nPpm

- 1
‘ﬂ'm - T‘-P,m| S 5 —TTPm < \/ﬂ-P,m
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by definition of this case. As for the previous case, we can therefore ver-
ify (25) by considering the two possibilities p,, > %pp,m and p,, < %pp,m,
and applying (32).

e The case that mp,,, > % is treated analogously.

We have now verified that, for each m, with probability at least 1 — 57-, the
bounds (24) and (25) both hold, which completes the proof of the lemma. O
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