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Abstract: We propose a computationally efficient estimator, formulated
as a convex program, for a broad class of nonlinear regression problems that
involve difference of convex (DC) nonlinearities. The proposed method can
be viewed as a significant extension of the “anchored regression” method
formulated and analyzed in [10] for regression with convex nonlinearities.
Our main assumption, in addition to other mild statistical and computa-
tional assumptions, is availability of a certain approximation oracle for the
average of the gradients of the observation functions at a ground truth. Un-
der this assumption and using a PAC-Bayesian analysis we show that the
proposed estimator produces an accurate estimate with high probability.
As a concrete example, we study the proposed framework in the bilinear
regression problem with Gaussian factors and quantify a sufficient sample
complexity for exact recovery. Furthermore, we describe a computationally
tractable scheme that provably produces the required approximation oracle
in the considered bilinear regression problem.

MSC 2010 subject classifications: Primary 62F10, 90C25; secondary
62P30.

Keywords and phrases: Nonlinear regression, convex programming, PAC-
Bayesian analysis, bilinear regression.

Received June 2018.

1. Introduction

Let fi', f3, ..., f bei.i.d. copies of a random conver function f+:R? — R. Sim-
ilarly, let f , f5 ,-- ., f, bei.i.d. copies of arandom convex function f~:R% —R.
For simplicity, we also assume that the functions f* and f~ are differentiable.!
We observe a parameter x, € R? indirectly through the measurements

yi = I (@) = [ (=) + & vi=1,...,n, (1)

where &;s denote additive noise. Given the data

(f’j_()7f1_())yl) 1=1,...,n,

*This work was supported in part by the Semiconductor Research Corporation (SRC) and
DARPA.
IReligiously, we may add “almost everywhere almost surely.”
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the goal is to accurately estimate x,, up to the possible inherent ambiguities,
by a computationally tractable procedure.

One can immediately notice the difference of convexr (DC) structure ? in the
observation model (1). Many parametric regression problems can be abstracted
as (1) due to richness of the set of DC functions [24]; for instance, any smooth
function can be expressed in the DC form using positive and negative semidef-
inite parts of its Hessian. While it is evident from the considered form of the
observed data, we emphasize that the DC decomposition of the observation
function is assumed to be known and our proposed estimator relies on such a
DC decomposition.

In the context of the model (1), the standard estimators based on empirical
risk minimization such as (nonlinear) least squares would lead to nonconvex
optimization problems that are generally computationally hard. Thus, without
making any assumption, our search for a computationally efficient estimator for
(1) may be futile. Of course, statistical assumptions are also necessary to make
the estimation meaningful; the observations must convey (enough) information
about the ground truth parameter. All of the assumptions we make are discussed
in more detail in Section 1.1.

Throughout we use the notation Ep or Ep- to denote the expectation with
respect to a single or multiple observations. Outer product of vectors is denoted
by the binary operation ®. Furthermore, ||-, |[-[|¢, and [|-||,, respectively denote
the usual Euclidean norm, Frobenius norm, and operator norm.

1.1. Statistical and computational assumptions

In this section we describe the main statistical and computational assumptions
we rely on in our analysis some of which were alluded to above. Stating some
of these assumptions requires us to define certain parameters of the model for
which we provide the motivations subsequently.

To avoid long expressions, for ¢ = 1,...,n, we define

def 1

qi(h) = 3

(Vi (@) = VI (), B)] (2)

which are clearly nonnegative and positive homogeneous. Therefore, by the tri-
angle inequality, they also satisfy

lgi(h) — qi(h))] < qi(h — '), 3)

for every pair of h,h’ € R?,

As it becomes clear in the sequel, the central piece in our analysis is to
establish a lower bound for the empirical process % >, gi(h) uniformly for a
set of vectors h. A crucial point in our proof is that Ep (¢;(z)) is linear in || z||. If
Ep(¢i(2)) had a different modulus of continuity and did not admit a lower bound

2Sometimes this structure is referred to as convez-concave, indicating the decomposition
into the sum of a convex function and a concave function.
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with linear growth in ||z||, then a nontrivial lower bound for the mentioned
empirical process that holds uniformly in an arbitrarily small neighborhood of
the origin might not exist. The consequence would be an error bound that does
not vanish by removing the additive noise. These circumstances are observed and
well-understood, for instance, in the contexts of ratio limit theorems [18, 19], the
issue of a nontrivial version space in learning problems [39, 40], and implicitly
in specific applications such one-bit compressed sensing and its generalizations
[44, 45].

We use the random function q(h) = 3 [(Vf*(x,.) — Vf~ (.), h)|, which has
the same law as the functions ¢;, to define a few important quantities below.

Conditioning: Let S¢~! denote the usual unit sphere in R?%. Given S C S,
we define Ap and Ap as

Ap = inf Ep (g(2)) , (4)
and
Ap = sup Ep (q(2)) . (5)
zES

The dependence of A\p and Ap on S will always be clear from the context,
thus we do not make this dependence explicit merely to simplify the notation.
Our results will depend on the condition number Ap/Ap. In particular, it is
important to have Ap > 0.

While generically S can be set to S~! in the definitions (4) and (5), in some
applications we may choose S to be a proper subset of S?~!. This restriction
helps us avoiding a degeneracy that leads to Ap = 0 and vacuous error bounds.
An interesting example occurs in the bilinear regression problem discussed in
Section 4.

Our proposed estimator, described in Section 2, can be viewed as an approx-
imation to

DN | =

(VI (@) + VI (@), 2 — @) —

max{f*(x) — fH(z,), f (x) — f‘(aa)}) )

disregarding the additive constants in the objective function. The importance
of Ap can be explained by inspecting the uniqueness of the above “idealized”
estimator. By convexity of f¥(-) we have

FH@) = [ () 2 (VI (), 2 — ),

argmax [E(

x

and thereby

max{f*(a:) - f+(w*)> fi(a}) - fi(m*)}
> max{{Vf " (z,),x — ), (VS (z.), 2 — 2.)} -
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Therefore, the objective function of the idealized estimator is dominated by
1 _
—§[E(|<Vf+(w*)—Vf (:B*),:c—w*>|) .

The points « for which f*(x) — f~(x) = f*(xx) — f~ () almost surely are
effectively equivalent to x,. Thus, in view of (4), with S C S¢~! being the com-
plement of the directions from x, to its equivalents, having Ap > 0 guarantees
that the idealized estimator can only be * = x,.

Regularity: For technical reasons we also need some regularity for the data
distribution. To exclude pathologically heavy-tailed data distributions we make
the mild {assumption} that the (directional) second moment of Vf*(z,) —
V f~ (x4) is bounded from above by its corresponding (directional) first moment.
This assumption can be made precise in terms of ¢(z) as follows. For some
constant 7p > 1 we assume that

Ep (¢%(2)) < noEp (¢(2)) , (6)

holds for all z € R?. Furthermore, with g denoting a standard normal random
variable, we define

Io 2 5 (@) = 5[0 (17 @) - Vi @), (@)

which is a measure of smoothness of the functions ¢; near the origin. The main
factor in the sample complexity we establish is I3 /A% that can be interpreted
as the effective dimension of the problem since it is bounded by the ratio of the
trace and the operator norm of the correlation matrix of Vf*(z,) — V™ ().

Approximation oracle: We assume an approzimation oracle is available that
provides a vector ag € R? which, for some ¢ € (0, 1], obeys

1—¢
<

a0 — 5 VI (@) + VI (@) A 0

i=1

Having access to the approximation oracle above is the strongest assumption
we make. This assumption could be excessive for prediction tasks where the
goal is merely accurate approximation of f¥(z,) — f~(x4) for the unseen data.
However, in this paper we are analyzing an estimation task in which accurate
estimation of x, is the goal rather than predicting f*(xy) — f~ (z,). A stan-
dard approach to such estimation problems is to optimize an empirical risk
that quantifies the consistency of any candidate estimate with the observa-
tions. Because these risk functions are generally nonconvex, accuracy guaran-
tees for iterative estimation procedures is often established assuming that they
are initialized at a point, say xg, in a relatively small neighborhood of the
ground truth @, (i.e., ¢y = z,). The imposed bound (8) can be derived from
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such initialization conditions; e.g., if Vf*(-) + V7 () is a sufficiently smooth
mapping, then g ~ x, would imply ag = 2% S V(o) + Vi (mo) =
3= > i Vi (@) + V[ (x.). Finally, if the vectors V[T (x,) + V[~ (x.) are
sufficiently light-tailed in the sense of being bounded in a certain Orlicz norm?,
then we can simply require

1—-¢
2

)\Da

a0~ 3Ep (V77 (@) + VS~ (@) <

and then resort to a matrix concentration inequality such as the matrix Bern-
stein inequality [27, Theorem 2.7] or the matrix Rosenthal inequality [15, 25, 36]
to recover the condition (8). We do not attempt to provide a general framework
to address these details in this paper. However, in the context of the bilinear
regression problem, following the idea of “spectral initialization” used in non-
convex methods (see, e.g., [12, 32, 33, 35, 42]) we provide an explicit example
for an implementable approximation oracle in Section 4.

The three assumptions stated above are primarily related to the statistical
model. We also make the following assumptions on the computational model in
order to provide a tractable method.

Computational assumptions: As mentioned above, we emphasize that our
approach requires the access to the DC decomposition of the observation func-
tion. Computing such a decomposition can be intractable in general (see, e.g., [2]
and references therein). However, assuming access to an efficiently computable
DC form is a reasonable compromise for creating a concrete computational
framework. In many applications the DC decomposition is provided explicitly
or is easy to compute. For instance, many statistical problems are concerned
with observations of the form y; = ¢({a;, x4)) for a certain nonlinear function
¢ : R — R and data point a;. In some interesting instances, the desired DC de-
composition is relatively easy to compute because it reduces to computing a DC
decomposition of ¢(-) over R. Of course, as a natural requirement for implement-
ing optimization algorithms such as the first-order methods, we also need the
components of the DC decomposition (and their gradients) to be computable.

2. The estimator and the main results

Given ag, the output of the approximation oracle which obeys (8), we formulate
the estimator of x, as

Z € argmax (ag, x) — 1 Zmax{ff () —yi, fi (@)}, (9)
f” nia

which is a convex program that can be solved efficiently.

3For a precise definition, interested readers are referred to [27, Appendix A.1] and the
references therein.
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Let us first demystify the formulation of the estimator by some intuitive
explanations. Using the identity

u+ v+ |ju— v
2 ?

the objective function in (9) can be expressed as

max{u,v} =

aOa - 7Zmax{f+ yla (w)}

1 n 1 n
= g U @)+ J7 (@) = (anse) ) = 5 DU (@)= f7 (@)~
i=1
Suppose that, instead of (8), we have ag = 5 Y1 | Vf (@) + Vf; (x.). In-
specting the first sum, it is evident that it is, up to additive constants, a Bregman
divergence that admits x, as a minimizer. Furthermore, the second sum is ex-
pected to be minimized at a point close to x, because the observations obey
yi ~ f;7(xs) — f (z4). Therefore, we can expect that the estimator Z is not
far from x,. The Karush-Kuhn-Tucker (KKT) stationarity condition, explains
that the approximation error of @y in (8) is tolerable because the second sum
contains nondifferentiable terms with (potentially) large subdifferentials. Our
analysis makes these intuitive explanations rigorous in an implicit manner.
With the definitions and assumptions stated in Section 1.1, our main result
is the following theorem that provides the sample complexity for accuracy (9)
in a generic setting. This theorem is a simple consequence of Proposition 1 and
Lemma 1 stated subsequently.

Theorem 1. Given a set S C S~ ! and parameter ¢ € (0,1), suppose (4), (5),
(6), (7), and (8) hold. Furthermore, for a solution T of (9), suppose that we
have

Z-a, cllz—a.lS. (10)

If the number of measurements obeys

2 I3 A2 _
n>Cmax{77D10g6 )\ 1/)119})\517%6 .
D

for a sufficiently large absolute constant C > 0, then with probability > 1 — 6 we
have

1= 1|£Z‘

”"B*-'B*H < n 1)\D

Proof. Given the lower bound on n, Proposition 1 below together with (4) guar-
antee that, with probability > 1 — §, we have

1
_ZQz Z 1_§€)ADa
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for all h € S. The desired error bound follows immediately from Lemma 1 with
xy = x, and g9 = 0. U

The condition (10) in the theorem may appear unnatural at first. Clearly, the
condition holds if we choose S = S¢~1. However, the condition (10) is imposed
to address the situations where a set of equivalent ground truth vectors x, exists
and we only need to prove accuracy with respect to the closest point in this set.
This relaxed accuracy requirement induces additional structure on  — x, that
should be considered to avoid the degeneracy at Ap = 0. The sole purpose of
(10) is to capture the mentioned additional structures. The bilinear regression
problem discussed below in Section 4 is an example where it is important to
have a nontrivial set S.

Furthermore, with © & Ap /Ap and deg “r 2 /A3, the achievable sample
complexity stated by the Theorem 1 can be rewritten as

2
n > C max{n log 5 Kdog }R2NHe ™4,

signifying the role of the effective dimension deg < d, and the conditioning s of
the problem.
Under the assumptions stated in Section 1.1, accuracy of the estimator (9)
can be reduced to the existence of an appropriate uniform lower bound for the
1

empirical process + > " ; ¢;(h) as a function of h. The following Lemma 1,

proved in Section 3.2, provides the precise form of this reduction.

Lemma 1. Let xgy be one of the possibly many vectors equivalent to x, meaning
that

f+(£c0) — f(mo) = f+(f‘7*) = f(=z),

almost surely. Given a set S C S, recall the definition (4) and assume that
an analog of the condition (8) with respect to g holds, namely,

1—¢
2

ap — % Z ij_ (.’Eo) =+ Vfl_ (:130)

i=1

for some constant parameter ¢ € (0,1). Furthermore, suppose that (10) holds
and that for a certain absolute constant g € [0,1),

n

% Z (V[ (o) — V] (®0), h)| > (1

i=1

7€+€0
2

)Ap, (12)

holds for every h € S. Then the estimate T obeys

& i &l
& — x| < 2=
* 1250)\'D
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Again, in the generic case we choose S = S471, ¢ = x,, and g9 = 0 in Lemma
1. For the structured problems mentioned above, however, with a nontrivial
choice of § in (10), we may need to choose xg # @, and an appropriate g9 > 0.

Lemma 1 provides an error bound that is proportional to 1 o1& This

dependence is satisfactory for a deterministic noise model wﬁlere we ought to
consider the worst-case scenarios. However, we may obtain improved noise de-
pendence for random noise models. In fact, simple modifications in the proof of
Lemma 1 allow us to replace £ Y7  |¢;| in the error bound by the maximum

n
of the two expressions

k37 (10) - 70 > 7 ) - o)

and

sup 361 (F (@) — 7 (@) > S ) = [ () + )

These expressions may provide much tighter bounds when the noise is random
with a well-behaved distribution. For instance, if £1,...,&, are i.i.d. zero-mean
Gaussian random variables, the first expression reduces to the Gaussian com-
plexity of the functions 1 (f;"(z) — f; (z)> f;" (x+) — f; (@.)) which may be of
order n~1/2. To keep the exposition simple, we focus on the deterministic noise
model in this paper.

Clearly, to prove accuracy of (9) through Lemma 1, establishing an inequality
of the form (12) is crucial. Proposition 1 below can provide a guarantee for such
an inequality in the case xyg = x, and under the assumptions made in Section
1.

Proposition 1. Let € € (0,1) be a constant parameter. With the definitions
(2), (4), (5), (6), and (7), for any § € (0,1], if for a sufficiently large absolute
constant C' > 0 we have

2 I3 A2
nZCmax{n%log D } Dpe1

5 s | 35T
then with probability > 1 — § the bound

%Z‘qim) > (1-2)En(q(h)),

holds for every h € S.
The proof of this proposition is provided in Section 3.
2.1. Related work

In a prior work [10], we considered the “convex regression” model, a special case
of (1) with purely convex nonlinearities (i.e., f; = 0 and f;" = f; for convex
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functions f;). With a slightly weaker approximation oracle that produces an
anchor ag for which {(ag, x,)/ ||aol ||z«| is nonvanishing, statistical accuracy of
estimation via the convex program

argmax (ag, &)
x

1 n
subject to — E max { f;(x) — y;,0} < average noise,
n
i=1

is studied in [10]. The effect of convex regularization (e.g., ¢;-regularization) in
structured estimation (e.g., sparse estimation) is also considered and analyzed
in [10]. Evidently, the solution of the convex program above is insensitive to
(positive) scaling of the anchor ag. The estimator (9) is, however, sensitive to
the scaling of ag which is a main reason for the need for a slightly stronger
approximation oracle in this paper. An interesting example where the described
convex regression applies is the phase retrieval problem that was previously
studied in [8, 9, 20, 21].

As will be seen in Section 4, bilinear regression can be modeled by (1) as
well. Succinctly, the goal in a bilinear regression problem is to recover signal
components (! and £(?), up to the inevitable scaling ambiguity, from bilinear
observations of the form <a£1), w(1)><a§2), x(?) for i = 1,...,n. In the context
of the closely related blind deconvolution problem, solving such a system of
bilinear equations in the lifted domain through nuclear-norm minimization has
been analyzed in [3] and [7]. Despite their accuracy guarantees, the nuclear-
norm minimization methods are practically not scalable to large problem sizes
which motivated the analysis of nonconvex techniques (see, e.g., [32, 33, 35]).
Inspired by the results on the phase retrieval problem mentioned above, [1]
proposed and analyzed a convex program for bilinear regression that operates in
the natural space of the signals, thereby avoiding the prohibitive computational
cost of the lifted convex formulations. Unlike the mentioned methods for phase
retrieval that only require a (directional) approximation of the ground truth,
the proposed estimator in [1] requires the exact knowledge of the signs of all

of the multiplied linear forms <a51), m£1)> (or <a52), m£2)>). This requirement is
rather strong and may severely limit the applicability of the considered method.
In Section 4, we look into the problem of bilinear regression as a special case
of the general regression problem (1); under the common Gaussian model for
the measurement vectors we derive the sample complexity of (9) and explain
an efficient method to construct an admissible vector ag only using the given

observations.

3. Main proofs

There are various techniques under the umbrella of empirical process theory that
can be employed to establish Proposition 1 and thereby Theorem 1. For instance,
techniques relying on the concepts of VC dimension [47, 48] or Rademacher
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complexity [11, 26, 29] including the small-ball method [28, 39, 40] that are
primarily developed in the field of statistical learning theory. However, some
techniques, such as the small-ball method, are designed particularly to handle
the type of heavy-tailed data we consider in our model. In this paper, we use
another common technique, the PAC-Bayesian (or pseudo-Bayesian) method,
that is suitable for heavy-tailed data. This method, proposed in [38], has been
used previously for establishing various generalization bounds for classification
[see e.g., 17, 30, 38] and accuracy in regression problems [4-6, 14, 43]. The
bounds obtained using this technique appear in different forms; we refer the
interested reader to the survey paper [37] and the monograph [13] for a broader
view of the related results and techniques. Compared to the small-ball method,
the PAC-Bayesian argument does not rely on the symmetrization [46, Lemma
2.3.1] and Rademacher contraction [31, Theorem 4.12] ideas and has a more
elementary nature.

Our analysis below in Section 3.1 parallels that used in [43] which in turn was
inspired by [6]. The technical tools we use can be found in the PAC-Bayesian
literature; we provide the proofs to make the manuscript self-contained. We
emphasize that the novelty of this work is the general regression model (1) and
the computationally efficient estimator (9) rather than the methods of analysis.

The core idea in the PAC-Bayes theory is the variational inequality*

E.pR(2) <logE.~, exp(R(2)) + Dxr(p, v), (13)

where Dgr,(p,v) = Eznp (log 3’: gzg) denotes the Kullback-Leibler divergence

(or relative entropy) between probability measures p and v with 4 < v. In PAC-
Bayesian analyses, the fact that this bound is deterministic and holds for any
probability measure p < v is leveraged to control the supremum of stochastic
processes. In particular, for a stochastic process R(-) with the domain X, we
may approzimate sup,ey R(x) by the supremum of sup,, e Eznp, R(2) with
respect to a certain set of probability measures ji, indexed by the elements of X’
(e.g., Eznp, (2) = ). Then, under some regularity conditions on the stochastic
process, the approximate bound can be converted to an exact bound.

3.1. A PAC-Bayesian proof of Proposition 1

We use the PAC-Bayesian analysis to establish Proposition 1, the main ingre-
dient in proving the accuracy of (9).

Proof of Proposition 1. For i =1,...,n, let

wi(z) Z1og (1~ foa(2)le, + 5 (L ) (1)

4While this inequality is sometimes interpreted using the Fenchel-Legendre transform, it
is simply a Jensen’s inequality in disguise.
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where [u] ., = min (u, 1) and a > 0 is a normalizing factor to be specified later.
As it becomes clear below, the function w;(z) should be viewed as an approx-
imation for ag;(z) that serves two purposes in the PAC-Bayesian argument.
First, the use of the logarithm leads to cumulant generating functions that can
be relatively easily approximated by —Ep(ag;(2)). Second, the use of the trun-
cation legitimizes the evaluation of moment generating functions and also allows
us to have bounded the deviations caused by the parameter perturbation in the
PAC-Bayesian argument.

Let 7y, denote the normal distribution with mean h and covariance o2 for
a parameter o. By (13), for every h € S C S9!, we have

Eam (Z wi(z) — nlog Ep exp <w1<z>>>
i=1

n —2
<log E,~~, €Xp <Z w;(z) — nlog Ep exp (wl(z))> + 2.

i=1

Furthermore, by Markov’s inequality with probability > 1 — §/2 we have
E.~no €XP <Z w;(z) — nlog Ep exp (wl(z))>
i=1

<

EpnEznny, exp (Z w;(z) — nlogEp exp (wl(z))>

i=1

ST ]

Ez~roEpn €xp <Z w;(z) — nlog Ep exp (wl(z))>

i=1

)

N N

where the exchange of expectations on the second line is valid as the argument
is a bounded function. Therefore, on the same event because of (15) for every
h € § we have

0.—2

= 2
Ezrvn (Z w;(z) — nlogEp exp (wl(z))> < —5 flogs,
i=1

or equivalently

n

1
~ > Exnyi(2) < Exnsy, (log Ep exp(wn(2))) +
=1

o2+ 2log§

2n (16)

The definition (14) and the facts that —u < log(1 — u 4+ $u*) < —u + u? and
1—[u]o, + z [u]él <1—wu+ ju?, for all u > 0, imply the bounds

Eznmpwi(2) > —Eznny, ([a%(z)]gl) )
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and

Ez~n, log Ep exp(wi(2))
= Eonry, log (1 —Ep (laqi(2)]o ) + %[ED ([aql(z)]’;»

1
< ~EeuryEp (001(2)) + 5 EenrEp (0%1(2)
Using (3), (7), and the Cauchy-Schwarz inequality, we also have

EznynEp (01(2)) 2 Ezny Ep (q1(R) — qu(h — 2))
=Ep (q1(h)) — EznyoEp (01(2))
>Ep(qi(h))—olp.
Thus, it follows from (16) that

%Z é[Ez”% <[O‘q"(z)]§1) > Ep (qi(h)) —olp
- (17)

- §[Ez~7h[ED (Q%(z)) -

Applying Lemmas 2 and 3, stated and proved in the appendix, to (17) shows
that for all h € S, with probability > 1 — §, we have

072+ 2log %
2an )

1 1 [log2
_ZQi(h)+UFD+— ik
n « 2n
> Ep (qi(h)) —olp
—2 2
o o %+ 2log 5
- E[EZNWL[ED (Qf(z)) - Td
o
>Ep(qi(h)) —olp — 5 (npEp (q1(h)) + O'FD)2
072+ 2log %
2an
2 2 2 2
> Ep (q1(h) — 0T — a (np (Ep (a1(h)* + 0°T3)
072+ 2log %
2am ’

By rearranging the terms, we reach at

=S ailh) > En (a1 (h)
=1

20T — o (1 (Ep (0 (W) + 0°T3)

1 log2 o724 2log?2
g5+ g5

« 2n 2n




1990 S. Bahmani

Recalling (4), (5), and (7), we can choose

_ 5)\@
Ay’
and
1/2
N 10g6 16T3Ap% 2 + 2log 2 Ap\ 2
a=p 2n 2n /\D ’
to obtain

*Zqz ) = Ep (q1(h)) — N

log 2 16F2)\ 2e72 4 2log 2 Ap
— 92X 5 5 2
2\ 2. o (/\D Ch

> (1-3) En(ar(h)

—2Ap

10g5 1613052 + 2log 2 Ap
2n 2n

It is then straightforward to deduce
_Z% > (1—¢)Ep (q1(h)) ,

assuming

2 I3 A2
nz max{nplog 5 o Z }—Dn%€4,

with a sufficiently large hidden constant.

3.2. Proof of Lemma 1

Below we provide a proof of Lemma, 1.

Proof of Lemma 1. By optimality of Z in (9) we have

_Zmax{f+ — i, f, (C/E)}

< EZmaX{fj (330 wa 150 }+ (10,:13—1:0>
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- % D F7 (o) + max{—¢;, 0} + (ao, T — @) -

i=1

Fori=1,...,nlet y = yi — & = f7(zs) — f; (xx) = f; (x0) — f; (x0) and
observe that

max{ff( ) — Yuis | } < maux{fJr —vi, [, } + max {&;,0} .

Therefore, we deduce that

% Zmax {f:_ (.’/B\) — Yxis fi_ ("/B\)}
=1

IN

S (o) max (6,0} + max {65, 0} + (a0,@ — o)

i=1

= L3 (@) + 6 + {ao, & — o).
=1
or equivalently
= Zmax{ﬁ £ (@), I (®) — I (@0)} < -3 J6l + {ao, B — m0)
=1

Invoking the assumption (11) and using Cauchy-Schwarz inequality we can
write

_Zmax{f+ f+ (x0), fi (i)*fi_ (3’30)}

< %; & + (ao — % ;ij(:co) + Vf (o), @ — o)
+ <% vaf(ﬂ?o) + VI (x0), @ — o)
i—1

1 n
SEZ‘&'

i=1

1 _ ~
(5o > V(o) + VI (20), 2 — o) -
i=1
Rearranging the terms gives the equivalent inequality

—Zmax{f+ )= (o), 177 (@)~ fi (@0)} — 5 (V7 (w0) +V f7 (o), B o)

; &
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Observe that
max {17 (8) ~ [ @), £ (@) — 7 (20)} — 5 (VI @) + V7 (o). — o)
> LV 1 (@0) + VI (@0). 5 — )

Using the assumption that (12) holds, we obtain

> max (£ (@)= (@), £ (@)1 (@)} 5 (VI (@0) + V7 (o). 8-a0)

Therefore, we conclude that

ete 1< 1—¢
0 ~ - ~
(155 ol ol = S D6+ 5 ol ol

which, since g¢ € [0, 1), is equivalent to

1
o~ < 2=l
— 17280A’D

4. Application to bilinear regression

In this section we apply the general result above to the problem of bilinear
regression. Suppose that the vectors :L'il) and wg) are observed through the
bilinear measurements

vi= (o) 2@, o), i=1,...n, (18)

i

(€0)

with known vector pairs (a,; ~, al@)). In bilinear regression, the goals is to recover

:1:(*1) and m&g) (up to the inherent ambiguities) from the above measurements.
To apply our general framework, we introduce an equivalent formulation of

the bilinear observations that is compatible with the DC observation model of
(1). Let @, denote the concatenation of z{"” € R%\{0} and =¥ € Ré\{0}.
Similarly, for i = 1,...,n let aii denote the concatenation of az(-l) and :I:a§2). It
is easy to verify that the bilinear measurements above can also be expressed in
the form

1L 2 1., _ 2
yi—1!<ai,x*>\ —1\<ai,w*>! :
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which is a special case of the DC observation model (1) with
n 1, 4 2 _ 1, _ 2
fi (x) = 1 |<a’i ,w>| and fi ()= 1 |<a’i a1’>| (19)
The problem setup and additional notations are as follows. Denote the £ x ¢
identity matrix by I,. For k = 1,2, let agk),agk),...,aglk) be i.i.d. copies of
a®) ~ Normal(0, I;,) with al(l) and al@ also drawn independently for all 1 <
1 < n. Similar to the definition of afs above, we also denote the concatenation
of aV) and +a® by a*. The functions f* are defined analogous to f* with
a® replacing azi. For brevity, we set d = d; + do. Furthermore, some of the
unspecified constants in the derivations below are overloaded and may take
different values from line to line. For any vector € R? with partitions as
) € R% and £ € R%, we use the notation ~ to denote the concatenation
of £V and —x®.
Evidently, any reciprocal scaling of a:il) and a:&g) is also consistent with the
bilinear measurements (18) and will be considered a valid solution. Throughout

‘. Also, without loss of generality, we may assume (ag, ) > 0. The accu-

this section, we choose x, to be a “balanced” solution meaning that ‘ m&l)
e

racy, however, is measured with respect to a closest consistent solution

Z, € argmin {||5§ A= tel) 2@ =12 t e IR\{O}} . (20)
x

To state the accuracy guarantees for (9) in the described bilinear regression
problem, we first bound the important quantities given by (4), (5), (6), and (7)
for the restriction set

S:{zESdl (2,2 g%:c*ﬂ}. (21)

This choice of S allows us to find a nontrivial bound for Ap and it is important
in the proof of Theorem 2.

4.1. Quantifying Ap, Ap, I'p, and np
Let h € S be a vector partitioned into (") € R% and h(?) € R%. We can write

Ep [(V/*(2.)) ~ VI~ (@), b)] = Ep [(a) @ a®, bV @ 2 + 2l & h®)|

e (h0 ot o) ]
s

Using the Cauchy-Schwarz inequality and Lemma 7 in the appendix, respec-
tively, we obtain

Ep|(aV ®a® A @ 2P 1z @ h(2)>‘ < \/2 Hh(l) 2z +z) @ h? HF ,
T
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and
Ep ‘(a(l) ©a® hV @z + 2’ ® h(2)>‘ > % Hh(l) oz + 2 @ h(Z)HF :
Observe that
Hh“) ) + 2 @ h? H2
F
= [V @2l Hi + 24" & n® Hi +2(hW @z, 2V o h®)

N R
- <X*7 h X h’> 5

where

2
a:,(f) ‘ Iy, w&l) ® wiz)

o= ’(m @ ..ol
Dont) [ ] 1

1 1 1
=3 .| T + Eaz*@)w* - 593: s

Thus, we have

LK R SR < LEp (V7 (@)~ V(). b)) < \/LQ_WWX*,h D h.

(22)
Since h € S, by definition |(h,z; )| < % ||z, |, and it is easy to verify that
3 2 2
g lzll” < (X, h@ h) < l2]” .
Therefore, (22) implies that
V6 1 _ 1
T ||| < §[ED (VfH(@e) = VI (=), h)| < Von .l s
which also means
V6 1
-— <Ap <Ap < — . 23
1 |1l < Ap < Ap < MHCIJ*H (23)

Note that without the restriction of h to the prescribed set S in (21), we could
have had Ap = 0, which leads to vacuous bounds.
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We can also evaluate I'p as

2
2 2
sy (Joviam [ <ot

1 2 2
- o ()

e

1
= Viljz.|l. (24)

o = 5[0 (1944 @) - V- (@)

2 2
o ]

Furthermore, using the lower bound in (22), we can write

En (|(V/* @) ~ Y/~ (@).)")

~ Ep (\<h<l>, a)(@®, ) + (@, a)(a®), h<2>>!2>

2 2 2 2
S R N

= Hh(” @zl + a2 @ h® H2
F

= (X, h@h)

772

T (Ep (V@) = VI (@) W)

IN

Thus, we are guaranteed to have

ol

4.2. Accuracy guarantee

To prove accuracy of (9) in the considered bilinear regression problem, we need
to apply Lemma 1 with Z, given by (20) as the reference ground truth. There-
fore, we also use Proposition 1 with a nontrivial restriction set S in our analysis
to establish an inequality of the form (12). Because Z, depends on the observa-
tions, however, it cannot be used as the reference ground truth in Proposition 1.
Lemma 4 in the appendix shows that the bound obtained using Proposition 1,
with the balanced ground truth (i.e., x,) as the reference point and the restric-
tions set (21), can be extended to the cases where other equivalent solutions are
considered as the reference ground truth.
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For any t € R\0, let D; : R? — R be the reciprocal scaling operator de-
scribed by

Dy(x) = |:t—1w(2):| ;

where  is the concatenation of () € R% and x(®») € R%. Furthermore, for
6 € [0,1], we define the cone Ky g as

Ko = {h : [(D(x;),h)| < 0||Dy(x;)]| R} - (26)

This specific choice of the cone K, ¢ is important for the following reason: If,
for some o, € R\{0}, Z, = Dy, () is the solution described by (20), then
elementary calculus shows that

(Do (w,), 8 —,) =0,

which means that  — Z, € Ky, 0. Leveraging this property we can show that

D1 (& — @,) € Ky 1 which allows us to invoke Lemma 4.
opt 2

The following theorem establishes the sample complexity of (9) for exact
recovery in the noiseless bilinear regression problem.

Theorem 2 (bilinear regression). We observe n noiseless bilinear measure-
ments (18) corresponding to the functions f described by (19). Suppose that
(8) holds for some € € [7/8,1). If the number of measurements obeys

n > e *max {d, log %} , (27)

with a sufficiently large hidden constant, then with probability > 1 — 0, the solu-
tion to (9) coincides with T, given by (20).

Proof. Because of (27), we may assume

2
d log & d log & 1
C [+,/&7 \ﬁ+,/& ey (28)
n n n n 9

where C' > 0 is the constant in Lemma 6. With &’ = 6e — 5, it follows from (40)
in Lemma 6 that

1 < N N 1 < _
a0~ 5 SV @)+ VS @] <6 a0 — 5> VA (@) + VS ()
=1 i=1
_
<3(1—)Ap = 28)\9, (29)

holds with probability > 1 — /2.
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Furthermore, the approximations (23), (24), and (25) show that because of
(27), Proposition 1, with @, taken as the reference ground truth, ensures

n

SV (@) - T (@), m)] 2 (- 50D ([(VF7 (@) ~ V(@) h])

i=1

to hold for all h € S = S9N Ky, 1 with probability > 1 — §/2. On the same
event, if top¢, defined as above through Z, = Dy, (), obeys 1/2/3 < [topt| <
v/3/2, then Lemma 4 implies that

n

B SRR RN

i=1

> (1 - 50D ([(VF* (@)~ V@), 1))
= (1 - 59n ([(VF* @) = Vi (@), D ()])

for all h € S*™1NK,,,, 0. Note that the expectations on the right-hand side are
only with respect to f*; the vector Z, and the scalar topt should be treated as
deterministic variables. Using (4) we obtain

opt H

1 — N o 1
S (V@) ~ V(@8 = (1= 5900 | D,y ()
=1
Therefore, the bound

HD (h)H2—t—2 h<1>H2+t2 h(2)H2>min{t_2 2,V ||h)?
t(:plt ~ “opt opt — opt’ “opt

and the choice of ¢’ = 6 — 5 made above yield

5+¢
12

)min{|tgp1t| ) |topt|} )‘D Hh” .

(30)

LS (T hH @) = VI (@) 2 (1
2n 4

It only remains to bound [topt| appropriately, not only to approximate the
term min { |tgp1t| , [topt| }, but also to satisfy the condition 1/2/3 < [tope| < V3/2
used previously. First, we show that ||Z, — @,|| is small through Lemma 6. Note
that the previous application of Lemma 6, in which we had (28), also guarantees

N 48
|2, — .l < = < Z(1—ho.

Q| =~

a0 = 50 VI (@) + VS (w)
=1

Therefore, using the upper bound in (23), we get

~ 8
122 — 2.l < S (1 =€) [l
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Because z, = Dy, (%), and z, is balanced, we also have

N 2 _ 9 2
1, — a]|” = [tops — 17 |2 ||+ Jtok — 1|2
P

Y

1 _ 2 2 2
5max{|t0p1t—1|  [topt — 1 }H:c*H )

which together with the previous inequality imply

1
max {[to 0 — 1|, [topt — 1]} < 5(1 —£').

Therefore, we obtain

min{|t;plt| ) |t0pt|} = (max{|t;p1t ) |topt|}>71

> (14 max {[t5h — 1], [top — 1]})

opt

where the fourth line holds since 1/4 <&’ = 6 — 5<1. Using the derived bound
in (30) yields

N VS @) = @) B) > (=) ]
i—1

Hence, in view of (11), we may invoke Lemma 1 with &g = Z,, ¢’ in place of
e, and g9 = €', and prove the exact recovery (i.e., T = Z,), which occurs with
probability > 1 —§. O

4.83. Approximation oracle

We provide a computationally tractable procedure that can serve as the ap-
proximation oracle discussed in Section 1.1 and requires no information other
than the given measurements (18). This approach basically follows the idea of
“spectral initialization” used for the nonconvex phase retrieval and blind de-
convolution methods [12, 32, 42]; refinements of this approach can be found in
[16, 34, 41] and references therein. We use the measurements to find an approx-
imation ag of x,/2 and show, by Lemma 5, that @, /2 itself is an approximation
for % Sy VI (@) + VI (=)

Let Amax and vpax be respectively the leading eigenvalue and eigenvector of

1 n
S, = > yi(af ®al —a; ®a;) .

2n
i=1
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The fact that S, has an all-zero diagonal and is symmetric ensures that Ay ax > 0.

We show that
A\ 1/2
ap = < max) Vmax (31)

2

meets the required condition (8) with high probability. To this end, first we show
that S,, is well-concentrated around its expectation. Observe that (a; ,x,) =
(af,z;) and similarly (a;,z;) = (a], z,). Thus, we obtain

EpS,, =Ep (é (‘(a;r,:n*>|2 — ‘(a;,w*ﬂz) (af ®af —a; ® ai)>

= o (J(af 2 af 0 at) + 1Ep (|(ar @) a; @ a)

~ o ([taf .20 af @ af ) — (Ep ([(ar,20) [ a; @ a;)

8
(20 @ 2. + el 1) - 7 (207 @ 07 + o)

By the triangle inequality we can write

HSn_[E’DSnHOpgé %Z}<aj7w*>‘2aj®aj_2w*®w*_||w*H2I
i=1 °op
11, _ 2 2
5w Llter @)l af © a7 — 2w 0 @, a1
i—1 op
111 n N ENTE " _ _ —_ 12
+5|15 X lah @) *af 9 af 207 @a; — [lar ||
=1 op
LS~ 0 2P e o a — 22— oo — lo-I?
+5 |15 Y lar e el 9 ap 207 @ a; — or|
=1 op

Each of the summands on the right-hand side is small for a sufficiently large
n. For example, as shown in [12, Lemma 7.4], if n > C;dlogd for a sufficiently
large constant C- that depends only on 7 € (0,1), then

1< 2
=Y (@i @)’ af @af —2z @@, — 21| <7l

i=1

op

with probability > 1 — 5exp (—47d) — 4d—2. Clearly, we can write similar in-
equalities for the other three summands and by a simple union bound conclude
that

180 = EnSullyy < % (2l + [ [*) = 7 Nzl . (32)
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holds with probability > 1—c,d~?2 for some absolute constant ¢, depending only

o) =

’ and by the construction of «, and x, we have (z,, ;) = 0. Thus z, and

on 7. Recall that EpS,, = (z+ @ ©, — ¢, ® x; ) /2. Because we chose ’
H 2)
Ty

x, are eigenvectors of EpS,,. We may assume that (vpax, €.) > 0; otherwise
we can simply use —x, as the target. Then, on the event (32), a variant of the
Davis-Kahan theorem [50, Corollary 3] ensures

Ty
[

21/2 2
VUmax — ‘ - - ”m*” = 23/2

2
o[ /2

Since ag is defined by (31), we equivalently obtain

an — Amax 1/2 Ly < 9rAL/2
P\ 2 [N
Using (32), it is also easy to show that
1—7 147
9 Hw*HZ S )\max S 9 Hw*Hz ‘

Therefore, we deduce that

. _(Amax)“z . (Amax>“2 z. 1
’ 2 [EX] 2 EN P

1
<2127 (14 2) Il + 57 2l (33)

1
ag — - Ly,

2

+

It follows from Lemma 5 for & = ., (33), and (23), that if n > (d + log 3) log d,
then

S CTA'D B

oo SV @)+ I ()
i=1

with probability > 1 —c,d~2. Choosing an appropriate value for 7 in terms of ¢,
the constant C; can also be made smaller than (1 — ¢)/2, thereby guaranteeing

(8).

4.4. Numerical experiments

To evaluate the proposed method numerically, we ran 100 trials with the stan-
dard Gaussian measurements for each pair of dy = do = d/2 € {50,100, 150}
and n/d € {5,6,7,8,9}. The signal pairs m(*l) and a:f) are drawn independently
and uniformly from the d/2-dimensional unit sphere in each trial. We solved an
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Relative Error
107"

-o-d= 100
-o-d= 200
d= 300

1072

107
107
10"

10°®

107 . . s
5 6 7 8

n/d

QOA«L‘

F1G 1. Relative error of the estimate (9) versus the oversampling ratio n/d

equivalent form of (9) which is the quadratically-constrained linear maximiza-
tion

(a0 @) ~ ~ (1)
ma. ag, ) — — w
wERd1+d2Xw€Rn 0> n "
subJectto—| a w>|2—yi§wi, i=1,...,n (34)
1 _ 2 )
Z’(ai»w” < wy, 1=1,...,n,

where 1,, denotes the n-dimensional all-one vector, using the Gurobi solver [23]
through the CVX package [22]. This solver relies on an interior point method for
solving the second order cone program (SOCP) corresponding to (34). For better
scalability, first order methods including stochastic and incremental methods can
be used to solve (9) directly. We did not intend in this paper to find the best
convex optimization method for solving (9).

Figure 1 shows the median of the relative error computed as

N R = e

[0+ =21

The experiment suggests that the proposed method succeeds when the oversam-
pling ratio is around eight (i.e., n ~ 8(d; + d3) = 8d).

Relative Error =

Appendix A: Technical lemmas
A.1. Lemmas used in Section 2

Lemma 2. For any o > 0, with probability > 1 — /2 we have

11 1 1og%
EZQIEzN'Yh(OJQz ) Z% +UFD+E om
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for all h.

Proof. The triangle inequality and subadditivity of u — [u]. <1 over the nonneg-
ative real numbers yields

< % Z élEzN’Yh ([Of%(h) +lagi(z) — QQi(h)|]§1)

) 9 LN (I RS of N (CIEERIN

Clearly, [ag;(h)].; < ag;(h). Thus, we only need to bound the second term
in the above inequality. Using (3) followed by the Hoeffding’s inequality shows
that

i=1

_Z[EM( a(z—n)l<,)
—Z[EZNV()( \QZ )”31)

| /\

log %
2n

< EpEznnqg ([CY \Qi(z)ugl) +

holds with probability > 1 — 6/2 for all h. Therefore, on this event we have

% i é[Ezwh ([O“h(z)]él)

< =37 () + ¢ [EpFanny (a0i(2))]y + o\ 2

1 — 1 log2
<—§ i(h I'p+ = 3
_n;q()+ap+a o

where concavity of u — [u], is used in the first inequality, and the second
inequality follows from the fact that [u]., < u, the Cauchy-Schwarz inequality,
and the definition (7). - O

Lemma 3. For all h, we have

Eznrn Endi(2) < npEp (q1(h)) + 0l
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Proof. Tt immediately follows from the triangle inequality, (3), and the equiva-
lence of z ~ v and z — h ~ ~g, that

\/[Ezvm Epgi(z \/[ED \/[EZN’Y;L Ep ((‘h(z) - ql(h))2>
< VEp (@(h) + \Eanr, B (g3(= — )
< VEp (@(h) + \/Exnr En (63(2))

which by the assumption (6) and definition (7) yields is the desired bound. O

A.2. Lemmas used in Section 4

Note that in the following lemmas the functions ff and f; are defined as in (19).

Lemma 4. With Ky defined by (26), suppose that
% Z ‘<Vf2+(33*) - vfii(w*% h’)’ > (1 - E>[ED (’(V,}H_(ZE*) - Vf_(l'*), h>’) ’
i=1

for all vectors h € Ky 1. Then, for all t € R\{0} with \/2/3 < |t| < /3/2, and
all vectors h € K¢, we have

Vi 3\'—‘

&) Ep ((Vf* (@) = VI (2.), Dpr (R)])
e)Ep (|(VfT(Di(xs)) — VI~ (Di(x,)), b)) -

Proof. We have the identity

Z " (De(x.)) = VI (Di(.)), b))
(1-
(1-

(VfH (D)) ~ VI (De(.), h) = (a{V @ a1zl 0 h® + AV @ t~12(?)
= (Vi (@) = VI (z.), Di1 (R)),  (35)

for every h and ¢t € R\{0}. Furthermore, because h € K;o, by definition
(D¢(x; ), h) = 0, thereby we have the following

|<Dt 1 , | ’ D, 1 Dt(w:)7h>’
|t—t—1|\ :B*,h>|

< rnaux{‘?f2

=1}zl 1D ()] -
Applying the bound /2/3 < [t| < 1/3/2, we obtain

[(z, D=1 (h))| = [(Dy-1(x7), h)| < % D=1 ()R]
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which means that D;-1(h) € Ky 1. Therefore, it follows from the assumption of
the lemma that

% Z (VI (@) = V7 (@), Di-is (R))]

> (1—o)Ep ((VfH(x) = VI (@), Dis (R))])

which, using (35), implies

n

S A DU@)) - VA (D)), )

> (1—2)Ep ((V/H(Di(xs)) = VI~ (De(@s)), b))
as desired. O

We use standard matrix concentration inequalities to establish Lemmas 5 and

6 below. We can upper bound |[1 " | af ®af — T Hop by a standard covering

argument as in [49, Theorem 5.39] which guarantees

2
d log 2 d log 2
< C'max [H/&, \ﬁﬂ/& 7
n n n n
op

(36)

1 n
—Za?@a?—I
i

with probability > 1 — §/2 for a sufficiently large absolute constant C' > 0.

Similarly, we have
S 2
d [log = d [log 2
< C'max \/j+ Og57 \/j_|_ 085 ’
n n n n
P
(37)

with probability > 1 — §/2.
The first lemma below is an immediate consequence of the matrix concentra-
tion inequalities above and is stated merely for reference.

Lemma 5. On the event that (36) and (37) hold, we have

e

o

1 & _ 1
> ; V@) + VI (@) - 5w

4 0\’ (38)
d log £ d log =
< Cmax \ﬁﬂ/—"gé, JEe e gy
n n n n

for every © € RY.
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Proof. By definition
+ - Lo+ + L, _ -
Vi (@) + V[ (x) = B (e @ a; )w+§ (a; ®a; )=
for any x. A simple application of triangle inequality yields

Zvﬁ )+ Vi (z )—lm

2
Za+®a -1

Jeel] +
il
4

op

1
< el

%;ai(@ai—I

op

The result follows immediately using the matrix concentration inequalities (36)
and (37). O

Lemma 6. There exists an absolute constant C' > 0 such that

ay — % Zfo(w*) + Vi (xy)

i=1

4 4 2 (39)
1 d log = d log £ R
>~ [1-Cmax ¢/~ +14 og(s’ \/j—i-\/g |2« — ] ,
8 n n n n

holds with probability > 1 — 6. Furthermore, for a sufficiently large n, on the
same event we have

DA ICARRCR
5+3Cmax{\/7+\/E<\/7+\/E>}
< 1—Cmax{\/7 \/@7(\/7 \/E> }

R _
ao — 5 ;Vfi (Ty) + VI (2

Proof. First we prove (39). By optimality of  in (9), we can write

(0,@ — ) 2 = Y max (7 (@) ~ £ (@), 7 (@)~ £ (@)

Y

@)+ @) - F (@)~ f ()
=1
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Then, subtracting (5= Y1 | Vfi (z,) + V[, (@.), T — x,) yields
I Gy _ ~
(ao — m ;v-fl (@) + Vi (2:), T — )

FH@) + f7 @)= 1 () = fi () = (VT (@) + VI (20), @ — 2)

)=
-

N
I
-

>

3
3

2 2

)=

[(af & — " + | (a7, & — 2. (41)

RNy

Il
_

i
Applying the Cauchy-Schwarz inequality to the first line, and the standard ma-

trix concentration inequalities (36) and (37) in the third line, we obtain with
probability > 1 — § that

1@ — .|

a0 5 Y VI @)+ V(@)

=1
2
1 d log 4 d log 4 N
S \fﬂ/ 53, \fﬂ/g‘s |2 — .,
4 n n n n

and thereby

a0 — 5>V (@) + VI (@)
i=1

2
1 d log 4 d log 4 N
o e Yty L R [
4 n n n n

Finally, it follows from the triangle inequality and the definition of Z, in (20)
that

12, =z < |2 — || + |2 — ]| < 2|7 — 2.,

which together with the previous bound guarantees (39).
Next, we prove (40). By the triangle inequality and the fact that Vf*(x) is
linear in @, we have

a0 — 5 Y VI @)+ V(@)
i=1

< % ; V(@) + VI (@) = VI (@) - VI (@)
e & oot vire
i=1
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I Ny N N .
%;Vfi (s —20) + VI (e — Z4)

+

a0~ o SV @) + VI (@)
i=1

Recall, from the first part of the proof, that (36) and (37) hold with probability
> 1— 0. Then, on the same event, Lemma 5 implies that

1 « N o
ap — %;ij_(w*)+vfz (Z)

2
1 [log 4 [log 4
<= |14 Cmax \/E_,_ &’ \/§+ 085 |2, — x|
2 n n n n
I S _
+|lao — %;vfz () + V[ (x4)

Therefore, if n is sufficiently large to ensure the right-hand side of (39) is non-
negative, we deduce that (40) holds as well. O

Lemma 7. For any matriz A and standard normal random vector z (of appro-

priate dimension) we have
EllAz| > \/§A||
z — .

Proof. The Euclidean and Frobenius norms as well as the standard normal dis-
tribution are rotationally invariant. Thus, the claim can be reduced to the case

where A is diagonal with nonzero diagonal entries s1, so,...,s, and ||Az| =

i_, 8222, By concavity of u — \/u and Jensen’s inequality we have

T -1 5 r -1 5

2 2.2 2 2
E s; E s7z > E s; g s7zil -
i=1 i=1 i=1 i=1

Therefore, taking expectation with respect to z we can conclude

R -1, 5 5
PRI SEEEENED SEREIVTRE
=1 =1 =1
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