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study nonasymptotic properties by using a Gaussian approximation which
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1. Introduction
1.1. The raking-ratio method

In survey analysis, statistics, economics and computer sciences the raking-ratio
iterative procedure aims to exploit the knowledge of one or several marginals
of a discrete multivariate distribution to fit the data after sampling. Despite
many papers from the methodological and algorithmic viewpoint, and chapters
in classical textbooks for statisticians, economists or engineers, no probabilistic
study is available to take into account that the entries of the algorithm are
random and the initial discrete measure is empirical. We intend to fill this gap.
Let us first describe the algorithm, usually considered with deterministic entries,
then recall the few known results and state the open question to be addressed.

The raking-ratio algorithm. A sample is drawn from a population P for
which k£ > 2 marginal finite discrete distributions are explicitly known. Initially,
each data point has a weight 1/n. The ratio step of the algorithm consists in
computing new weights in such a way that the modified empirical joint distri-
bution has the currently desired marginal. The raking step consists in iterating
the correction according to another known marginal law, changing again all the
weights. The k£ margin constraints are usually treated in a periodic order, only
one being fulfilled at the same time. The raking-ratio method stops after N
iterations with the implicit hope that the previous constraints are still almost
satisfied. See Section A.1 for an elementary numerical example with k = 2 and
Section 1.4 for notation and mathematical definition of the algorithm.

The limit. This algorithm was called iterative proportions by Deming and
Stephan [10] who first introduced it. They showed that the k margins converge
to the desired ones as N — +o00. They even claimed that if the frequencies of a
multiway contingency table are raked periodically as N — +oo they converge
to the frequencies minimizing the chi-square distance to the initial frequencies,
under the k margin constraints. Two years later, Stephan [25] observed that it is
wrong and modified the algorithm accordingly to achieve the chi-square distance
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minimization. Lewis [18] and Brown [7] studied the case of Bernoulli marginals
from the Shannon entropy minimization viewpoint. When £ = 2 a two-way
contingency table can be viewed as a matrix. Sinkhorn [22, 23] proved that a
unique doubly stochastic matrix can be obtained from each positive square ma-
trix by alternately normalizing its rows and its columns, which shows that the
algorithm converges in this special case. Finally Ireland and Kullback [16] gen-
eralized previous arguments to rigorously justify that the raking-ratio converges
to the unique projection of the empirical measure in Shannon-Kullback-Leibler
relative entropy on the set of discrete distributions satisfying the & margin con-
straints. From a numerical viewpoint, the rate of convergence of the algorithm
is geometric, see Franklin and Lorentz [15].

Remark A. When minimizing contrasts such as discrimination information, chi-
square distance or likelihood, the minimizers are not explicit due to the non-
linearity of sums of ratios showing up in derivatives. This is why converging
algorithms are used in practice. In the case of the iterative proportions algo-
rithm each step is easily and fastly computed. What has been studied concerns
the convergence when the iterations N — 400, with n fixed and initial empiri-
cal frequencies treated as deterministic entries. When the sample size n — +0o0,
these entries are close to P itself, which satisfies the marginal constraints, hence
one expects that the number N of iterations necessary to converge is small. We
shall study the N first iterations in the statistical setting n — +o0.

Non explicit bias and variance. The initial values being empirical frequen-
cies the converged solution of the algorithm as N — +oo is a joint distributions
fulfilling the marginal requirements that still deviates from the true population
distribution P, and moreover in a rather complicated way. The modified empir-
ical distribution satisfying only the marginal constraint of the current iteration,
there is a permanent bias with respect to other margins, and hence with P.
The exact covariance matrix and bias vector of the random weights after IV it-
erations are tedious to compute. For instance, estimates for the variance of cell
probabilities in the case of a two-way contingency table are given by Brackstone
and Rao [6] for N < 4, Konijn [17] or Choudhry and Lee [8] for N = 2. Bankier
[2] proposed a recursive linearization technique providing an estimator of the
asymptotic variance of weights. In Binder and Théberge [4] the variance of the
converged solution requires to calculate weights at each iteration.

Open question. Since exact computations lead to intractable formulas for the
bias and variance of frequencies and statistics as simple as means, an important
open problem is to identify leading terms when n is large compared to N. We
derive comprehensive explicit formulas as n — 400 for N < Ny and Ny fixed,
then for N — +4oco. In order to further analyze the raking ratio method it is
moreover desirable to control simultaneously large classes of statistics and hence
to work at the empirical measure level rather than with the empirical weights or
a single statistic only. This is the main motivation for the forthcoming general
study of empirical measures indexed by functions and modified through auxiliary
information given by partitions.
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1.2. Statistical motivation

Representative sample. In a survey analysis context, the raking-ratio method
modifies weights of a contingency table built from a sample of size n in order to
fit exactly given marginals. Such a strict margin correction is justified when a few
properties of the finite population under study are known, like the size of sub-
populations. The modified sample frequencies then reflect the marginal structure
of the whole population. If the population is large or infinite the information
may come from previous and independent statistical inference, from structural
properties of the model or from various experts.

Remark B. Making the sample representative of the population is an ad hoc
approach based on common sense. The mathematical impact is twofold. On
the one hand all statistics are affected by the new weights in terms of bias,
variance and limit law so that practitioners may very well be using estimators,
tests or confident bands that have lost their usual properties. On the other
hand, replacing marginal frequencies with the true ones may smooth sample
fluctuations of statistics correlated to them while leaving the uncorrelated ones
rather unaffected. These statements will be quantified precisely at Section 2.2.

Remark C. Fitting after sampling is a natural method that has been re-invented
many times in various fields, and was probably used long time ago. Depending on
the setting it may be viewed as stratification, calibration, iterating proportional
fitting, matrix scaling and could be used to deal with missing data. Many fitting
methods may be reduced to a raking-ratio type algorithm. We initially called it
auxiliary information of partitions as we re-invented it as a special case of the
nonparametric partial information problem stated in Section 1.3.

Remark D. An asymptotic approach is no more relevant in survey analysis when
the underlying population is rather small. In the small population case, the way
the sample is drawn has a so deep impact that it may even become the main
topic. A study of calibration methods for finite population can be found in
Deville and Séarndal [11, 12]. This is beyond the scope of our work.

Quadratic risk reduction. Modifying marginals frequencies of a sample may
induce serious drawbacks. One should ask whether or not the estimation risk
can be controlled. Typically, a statistic has more bias when sample weights are
changed by using raking, calibration or stratification methods after sampling.
In the spirit of Remark B, a variance reduction is expected if the statistic of
interest is strongly correlated to the k£ known discrete marginal variables. Now,
evaluating the quadratic risk of a specific statistic requires tedious expansions
for the bias, variance and correlations of weights, whence the very small N
studied in the literature. Likewise, no global risk reduction property has been
established as n — +00 and no multivariate or uniform central limit theorem.
These results are established at Propositions 4 to 9.

Contributions. In this paper we consider classes of empirical means raked N
times, sampled jointly from any population. We derive closed-form expressions
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of their Gaussian limits and their limiting covariances as n — +o0o then N —
+o00. We also quantify the uniform risk reduction phenomenon and provide
sharp statistical estimation tools such as uniform Berry-Esseen type bounds.
In particular, a Donsker invariance principle for the raked empirical process
provides joint limiting laws for additive statistics built from empirical means,
and this can be extended to non linear estimators by applying the delta method,
argmax theorems or plug-in approaches as in the classical setting — see [27, 28].

Organization of the paper. In Section 1.3 we relate the raking-ratio prob-
lem to nonparametric auxiliary information. The raking-ratio empirical process

oy (F) is defined in Section 1.4. Usual assumptions on an indexing class F of

functions are given in Section 2.1. In Section 2.2 we state our results for afly) (F)
when the number N of iterations is fixed. Our main theorem is a nonasymptotic
strong approximation bound which yields the uniform central limit theorem with
rate as n — 400, as well as an uniform control of the bias and the covariances
for fixed n. The approximating Gaussian process is studied in Section 2.3, which
establishes the uniform risk reduction phenomenon provided the iterations are
stopped properly. In Section 2.4, in the two partitions case we characterize ex-
plicitly the limiting process as N — +oo. All statements are proved in Sections 3
and 4. The Appendix provides a few examples.

1.3. An auxiliary information viewpoint

Let X3, ..., X,, be independent random variables with unknown law P on some
measurable space (X,.A). Assumptions like separability or Haussdorf property
are not necessary for this space. Let J, denote the Dirac mass at x € X and
consider the empirical measure P,, = n~* Yo 0x, on A

i

Auxiliary information. Our interest for the raking-ratio method came while
investigating how to exploit various kinds of partial information on P to make
P, closer to P. The auxiliary information paradigm is as follows. Usually what
is assumed on P is formulated in terms of technical or regularity requirements.
Sometimes it is relevant to assume that P satisfies simple properties that could
be tested or estimated separately. Consider the following two extreme situa-
tions. First, a parametric model provides a tremendous amount of information
by specifying P = P, up to a finite dimensional parameter 6, so that P, can
be replaced with the most likely Py, (x,.... x,) among the model. Notice that
[P, is used to minimize the empirical likelihood, but the resulting Py, (x, ..., x,.)
is of a very different nature, far from the initial and discrete P,, thanks to the
valuable parametric information. On the opposite, in a purely nonparametric
setting the information mainly comes from the sample itself, so that only slight
modifications of IP,, are induced by weak hypotheses on P — like support, regu-
larity, symmetry, logconcavity, Bayesian model, semi-parametric model, etc. In
between, we would like to formalize a notion of a priori auxiliary information
on P based on partial but concrete clues to be combined with the knowledge
of P,,. Such clues may come from experts, models, former inference, statistical
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learning or distributed data. A generic situation one can start with is when the
probabilities P(A;) of a finite number of sets A; € A are known — which in a
parametric setting already determines 6 then P.

Information from one partition. If the A; form a finite partition of X then

the auxiliary information coincides with one discrete marginal distribution and a

natural nonparametric redesign IP’%I) of P, is the following. Let Agl), e ,Aﬁ,{i C

A be a partition of X such that P(AM) = (P(Agl))7 .., P(AY)) is known.
According to Proposition 1 below, the random measure

1 p A(l)
PO ==%" 3(1 > bx., (1.1)
i P4 )XeAi”

satisfies the auxiliary information PS)(A;U) = P(Ag”)7 for 1 < j < mq, and
is the relative entropy projection of P, on these m; constraints. The random
ratios in (1.1) induce a bias between P and P. We prove that the bias of
ol = \/E(IP’S) — P) vanishes uniformly and that the limiting Gaussian process

of aSP has a smaller variance than the P-Brownian bridge.

Extension to N partitions. If some among the sets A; are overlapping then
the information comes from several marginal partitions. It is not obvious how to
optimally combine these sources of information since there is no explicit modifi-
cation of P, matching simultaneously several finite discrete marginals. In other
words there is no closed form expression of the relative entropy projection of P,
on several margin constraints. An alternative consists in recursively updating
the current modification P%N_l) of P,, onto IP’%N) according to the next known
marginal P(AM)) = (P(AgN)), . .,P(A%V]\z)) exactly as in (1.1) for PV from
P =P, and P(AM). This coincides with the Deming and Stephan’s iterative
procedure, that is the raking-ratio algorithm, as formalized in Section 1.4.

1.4. Information from N finite partitions

The raking-ratio empirical measure. For all N € N, let my > 2 and
AN = {AgN) A%Q} C A be a partition of X for which we are given
the auxiliary informatlon P(AM)) = (P(AgN)),. (AgN)) to be exploited.
Assume that
py = min P(AM)>0, NeN,, (1.2)
and AN £ AWN2) if [Ny — Ny| = 1, otherwise A1) = AW2) ig allowed. For
N = 0 there is no information and mg = 1, A©) = {x}, P(A©) = {1}, py = 1.
For any measurable real function f write P%O)(f) =P,(f) =n"! ZZ 1 F(Xa),
= [y fdP and 0 (f) = V@Y (f) — P(f)). In (1.1) P allocates the
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random weight P(A§1))/nIP’n(A(-1)) to each X, € A(l). Hence

A (1))
) = R =35 F L)
j= 1X€A(1)nIP’ (4;7)
o pA) m p(AY)
= FX) | =Y o PO (fLm)-
Z A(l) Z(l) ; P (AM) 4
"x, €Al j i

Let define recursively, for N € N,, the N-th raking-ratio empirical measure

my (A(N))

PM(f) = Z m (f1A<N>) (1.3)

and the N-th raking-ratio empirical process
o (f) = V@ (f) = P(f)). (1.4)

For A € A we also write a;N)(A) = a%N)(lA). By (1.3) and (1.4) we have for
all N e N,

N N N .
PV (AM) = P(AN), oAy =0, 1<i<my,  (15)
as desired. Both weights and support {Xi,..., X, } of the discrete probability
(N)

measure P, "’ are random since (1.3) also reads

P(AM)
N 1)(A;N))’

)

PV ({X,}) = PV ({X,}) for X; € Al

A few more formulas concerning aSlN) and IP’%N) are derived in Section 3.1.

Iterated Kullback projections. The random discrete measures IP’( ) .. ,IP’%N)
are well defined provided that

min  min P, (A(k)) 0, (1.6)
1<hEN 1< <me

which almost surely holds for all n large enough and N fixed, by (1.2) and the
law of large numbers. Given two probability measures @,, and @ supported by
{Xy,..., X} we define the relative entropy of @Q,, and @ — see for instance [9] —

to be
N (X o (@ UXD)
dic(Qn || Q) = ;QM{X%}” g( QXD ) '

Proposition 1. If (1.6) holds then
PEY) = argmin {dic (B[] @) : QAN = P(AM),

supp(Q) = { X1, ..., Xn} }
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As a consequence, the formula (1.3) means that the N-th iteration P is the

Shannon-Kullback-Leibler projection of PV under the constraint P(AWN).
Therefore the raking-ratio method is an iterated maximum likelihood procedure.

A mixture of conditional empirical processes. By introducing, for A € A
such that P(A) > 0 and IP’%N)(A) > 0, the conditional expectations

Py (f14) P(f1a)
ESV(f14) = ==, E(fl4) = =52, (1.7)
" PV (A) P(4)
we see that (1.3) further reads
my mN
N _ N N N
PV () = D PATEN (AT, PO =3 PATE(SIATY).
j=1 j=1
Therefore (1.4) can also be formulated into
— N)y (N—1
o () =30 PAT )5V (),
j=1
N— , N N
a0 = v (BY (148~ E(£140)) (18)
Each aii\;_l) is the conditional empirical process of ]P’%N_l) on a set AEN) of the
new partition AN). Their mixture with weights P(AM)) is o) In view of

(1.7) and (1.8) we have to study the consequences of (1.5) on P%Nﬁl)(flA('N)>
J

and E;N_l)(f|A§N)) as n — +oo, for f #1,v).

S)\;_l) from (1.8) are not centered

due to the factors 1/IP’£,N_1)(A§N)) in (1.3) and (1.7). In general it holds

Bias and variance problem. The processes «

-1 = -1 : :
E (EQV-D(f]4) ~ E(f|4)) =E (W 1) (W“(A) P (A>>> -

except for (A, f) = (Ag.N_l), 1, v-1)) hence oY is no more centered if N > 1.
This unavoidable bias is induceJd by (1.5) to globally compensate for the local
cancellation of the variance of P (AMN)) = P(AMN). The bias tends to spread
through (1.3) since the information P(AM)) is applied to the biased P
instead of the unbiased IP,,. The variance of IP’%N) (f) for the step functions f = 14

being null if A € A™) one expects that V(a%N) (f) < V(a%o) (f)) for many more

functions f. Our results show that, uniformly over a large class of functions, the
bias vanishes asymptotically and the variance decreases, as well as the quadratic
risk, thus E((PSY (£) — P(£))?) < E((PY)(f) — P(f))?) for n large.
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2. Main results
2.1. The raking-ratio empirical and Gaussian processes

Let M denote the set of measurable real valued functions on (X, .4). Consider
a class 7 C M such that sup;c 7 |f| < M < 400 and satisfying the pointwise
measurability condition often used to avoid measurability problems. Namely,
limy, s 00 fr(2) = f(2) for all x € X and f € F where {f,,} C F. depends on
f and F, C F is countable. With no loss of generality also assume that

lafeF, Ac AN =AU . UAM) feF (2.1)

In addition F is assumed to have either a small uniform entropy, like Vapnik-
Chervonenkis classes — for short, VC-classes — or a small P-bracketing entropy,
like many classes of smooth functions. These entropy conditions are defined
below and named (VC) and (BR) respectively For a probability measure
on (X, A) and f,g € M define d3)(f,9) = [,(f — 9)%dQ. Let N(F,e,dg)
be the minimum number of balls havmg dg-radius € needed to cover F. Let
N[ 1(F,e,dp) be the least number of e-brackets necessary to cover F, of the

form [g—,g+] = {f:9- < f < g4} withdp(g-,91) <e.

Hypothesis (VC). For c¢o > 0, vo > 0 it holds supgy N (F,¢,dq) < co/e™
where the supremum is taken over all discrete probability measures @ on (X, A).

Hypothesis (BR). Forby > 0,79 € (0,1) it holds Ny |(F,e,dp) < exp(b§/e*™).

If one modifies a class F satistying (VC) or (BR) by adding the functions
necessary to also satisfy the condition (2.1) then (VC) or (BR) still holds with a
new constant cg or by respectively. Many properties and examples of VC-classes
or classes satisfying (BR) can be found in Pollard [19], Van der Vaart and Well-
ner [27] or Dudley [14]. Uniform boundedness is the less crucial assumption and
could be replaced by a moment condition allowing some truncation arguments,
however adding technicalities.

Let £>°(F) denote the set of real-valued functions bounded on .7: endowed
with the supremum norm ||-|| . The raking-ratio empirical process ai) defined
at (1.4) is now denoted ) (F) = {a,(fv)( f): f € F} Under (VC)or (BR) Fis
a P-Donsker class — see Sections 2.5.1 and 2.5.2 of [27]. Thus o) (F) converges
weakly in ¢°°(F) to the P-Brownian bridge G indexed by F, that we denote
G(F) ={G(f) : f € F}. Hence G(F) is a Gaussian process such that f — G(f)
is linear and, for any f,g € F,

E(G(f)) =0, Cov(G(f),Glg)) = P(fg) - P(f)P(g)- (2.2)
As for oY) we write GO (F) = G(F) and, for short, G(4) = G(14) if A €

A. Remind (1.7). Let us introduce a new centered Gaussian process GN)(F)
indexed by F that we call the N-th raking-ratio P-Brownian bridge and that is
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defined recursively, for any N € N, and f € F, by
my
_ N - N
G (f) = GV (f) = Y E(AT )G D (AY). (2.3)
j=1
The distribution of GV) is given in Proposition 7. Lastly, the following notation
will be useful,

of =V(f(X)) = P(f*) - P(f)?, o%= ?220? (2.4)

Notice that o} = V(aglo)(f)) = V(GO (f)).

2.2. General properties

We now state asymptotic and nonasymptotic properties that always hold after
raking Ny times. The i.i.d. sequence {X,} is defined on a probability space
(2, T,P) so that P implicitly leads all convergences when n — +oo and (X, .A)
is endowed with P = PX1. For all N < Ny the information P(AW)) satisfies
(1.2). Most of the subsequent constants can be bounded by using only Ny and
Pavo) = ( JRD, PN = IR, | i P(4;7) > 0. (2:5)
Write L(z) = log(max(e,z)) and define ky, = H%‘;l(l + Mmpy), ko = 1.
Proposition 2. If F satisfies (VC) or (BR) then for all Ny € N it holds

1
lim sup———=sup
n—+oo y/2L o L(n) 0<KN<N,

aﬁlN)HF < KN OF @.S.

Remark E. The limiting constant sy, < (1 + M/p(NO))NO is large, and possibly
largely suboptimal, except for Ny = 0 where kg = 1 coincides with the classical
law of the iterated logarithm — from which the proposition follows.

The next result shows that the nonasymptotic deviation probability for ||a51N) |7
can be controlled by the deviation probability of ||a$L0) |7 which in turn can be
bounded by using Talagrand [26], van der Vaart and Wellner [27] or more recent
bounds from empirical processes theory. However, since the partition changes at
each step the constants are penalized by factors similar to xy, above, involving

No No No
PNO = H PN, MNO = H mn, SNO = Z mpy. (26)
N=1 N=1 N=1

Proposition 3. If F is pointwise measurable, bounded by M then for any Ny €
N, any n € N, and any A > 0 we have

P ( sup
0<N<No

o

AP
a;N>”f > ,\) < 2N Ng My, P <’ Mo )

>
- TS ESYNDLS
+ Sn, (1 - P(No))n
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Under (BR) it holds, for n > ng and Ao < A < Dy+/n,
P ( sup
0< NNy

where the positive constants Dy, D1, Da, ng, Ao are defined at (3.10). Under
(VC) it holds, for n > ng and Mg < A\ < 2M+/n,

P < sup
0NNy

where the positive constants D3, Dy, ng, Ao are defined at (3.11).

al)

Hf > >\> < Dyexp(—DaX?) + Sy, (1= piag)) "

oM = A) < Dy exp(—DaX?) + S, (1= pivg) "

Remark F. Clearly, to avoid drawbacks Ny should be fixed as n increases, and
F limited to the bare necessities for the actual statistical problem. In this case,
Proposition 3 shows that ||04£LN0)|| 7 is of order Cv/logn with probability less
than 1/n? and C' > 0. Concentration of measure type probability bounds for
||Oé$LN0)||]: - E(||a£LN°)||]:) are more difficult to handle due to the mixture (1.8)

N-1) . . .
of processes «,, ;  involving unbounded random coefficients.
:

Our main result is that the raking-ratio empirical processes a£? ), ...,agN o)

jointly converge weakly at some explicit rate to the raking-ratio P-Brownian
bridges G, ..., GNo) defined at (2.3) and studied in Section 2.3. The RNo+1-
valued version can be stated as follows.

Proposition 4. If F satisfies (VC) or (BR) then for all Ny € N, as n — +00
the sequence (a,(lo) (F)y ooy a%NO)(}')) converges weakly to (GO (F), ..., GNo) (F))
on Lo (F — RNoFL),

By using Berthet and Mason [3] we further obtain the following upper bound
for the speed of Gaussian approximation of ") in |-l = distance. The powers
provided at their Propositions 1 and 2 are o« = 1/(2 + 51p), 8 = (4 + 51p)/(4 +
10vp) and v = (1 — rg)/2ro — they could be slightly improved.

Theorem 2.1. Let 0y > 0. If F satisfies (VC) then write v, = (logn)?/n®.
If F satisfies (BR) then write v, = 1/(logn)Y. In both cases, one can define
on the same probability space (2, T,P) a sequence {X,} of independent random
variables with law P and a sequence {G,} of versions of G satisfying the fol-
lowing property. For any Ng > 0 there exists ng € N and dy > 0 such that we
have, for all n > ng,

P ( sup
0<N<No
where GYY) is the version of GN) derived from G\ =G, through (2.3).

Remark G. Applied with 6y > 1, Theorem 2.1 makes the study of weak conver-
gence of functions of a%N)(]: ) easier by replacing a%N) by G%N) through

1
nbo’

al) — GS{V)HJT > dovn> <

) 1
limsup— sup
n—+oo Un 0NNy

oM — G;N)H}_ <dp < +o0o  a.s.
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then exploiting the properties induced by (2.3) as in Section 2.3. For instance
the finite dimensional laws of GV are computed explicitly at Proposition 7. For
nonasymptotic applications, given a class F of interest it is possible to compute
crude bounds for ng and dy since most constants are left explicit in our proofs
as well as in [3]. Indeed dy depends on py, from (2.5), on Py,, Mn,, SN, from
(2.6), on vy, cg, 19, b9 from (VC) or (BR), on Ny, M, 60y and on some universal
constants from the literature.

Clearly, Theorem 2.1 implies that the speed of weak convergence of O&N) to

G™) in Lévy-Prokhorov distance dp is at least dov, — see (3.12) and Section
11.3 of [13] for a definition of this metric. More deeply, from Theorem 2.1 we
derive the following rates of uniform convergence for the bias and the variance.

Proposition 5. If F satisfies (VC) or (BR) then for Ny € N it holds

Ny — <
lﬁilif o 00, SUD E (Pn (f)) P(f)‘ < dy,

where v, — 0 and dy are the same as in Theorem 2.1, and

lim sup U sup ‘E ((IP’LN)(f) — P(f))(]szN)(g) - P(g)))
n—+oo Un fgeF

~Leo (6™ (),6M(g)) \

n

1
= limsup - sup \Cov (PO(1), PN (g)) — - Cov (G<N><f>,G<N><g>)]
n—+4oo Un fgeF n

g \/gd()()']:.
s

By Proposition 5, the bias process E(aglN)(f)) = \/H(E(]P’le)(f)) — Pf) van-
ishes at the uniform rate v,,. The covariance of G®¥) is computed in Section 2.3
and the quadratic risk is estimated at Remark I.

A second consequence of Theorem 2.1 is uniform Berry-Esseen type bounds.

Let ® denote the distribution function of the centered standardized normal law.

Proposition 6. Assume that F satisfies (VC) or (BR), fixt No € N and let
do > 0, v, = 0 be defined as in Theorem 2.1. If Fo C F is such that

agzinf{v(GW)(f)) :fefo,ogNgNo} >0,

then for any dy > dy there exists ny € N such that for all n > nq,

(N) o
max sup sup |P \/ﬁw < — < Lvn. (2.7)
0SN<No feFy zeR V (GMN(1)) V2mog

Let L be a collection of real valued Lipschitz functions ¢ defined on Lo (F) with
Lipschitz constant bounded by C7 < +00 and such that cp(G(N)) has a density
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bounded by Co < +00 for all0 < N < Ny. Then for allp € L, n > nq,

) <2) P (p(6™) <) < L2
0<%1XN022822§P<90(0[“ )<z)—-P(p(GY) <z)| <d1C1Cov,. (2.8)

Remark H. The formula (2.7) is a special case of the second one (2.8) and reads
di
Un.
V2o

The functions f € F overdetermined by the knowledge of P(AMN)) have a small
V(G (f)) and are excluded from Fy. Proposition 6 is especially useful under
(VC) since vy, is then polynomialy decreasing, thus allowing larger C;Cy and L.
An example is given in Section A.3. Whenever the class F is finite, the density of
the transform ¢(G(F)) of the finite dimensional Gaussian vector G(F) is easily
computed. The conditions for (2.8) of Proposition 6 are fulfilled if, for example,
all random variables (G(F)) can be controlled by discretizing the small entropy
class F, by bounding their densities then by taking limits accordingly.

My <z) PG < ‘<
o225, 128 20 [P (oD <2) P (671 <) <

2.3. Limiting variance and risk reduction

In this section we study the covariance structure of GWV)(F) from (2.3), for
N fixed. The following matrix notation is introduced to shorten formulas. The
brackets [] refer to column vectors built from the partition A®*) appearing
inside. Let V! denote the transpose of a vector V. For k < N write

t

E[f1A®] = (E(f14"), ... . E(f1AR) |

t
G [AP] = (6(a1),....G(al))

and, for [ < k < N define the stochastic matrix P_A(k)lA(l) to be
P(AM N AW
_ (R)) 4y _ T\ 1A )

(Pawian);; = PATIAT) = P(AY)

Write Idy the identity matrix k x k. Remind that V(G(f)) = P(f?) — (P(f))?,
P(A®)t = P[A®)] and P(AZ(.k) N A;k)) = 0 if ¢ # j. The covariance matrix of
the Gaussian vector G[A®)] is V(G[A®)]) = diag(P(A®*))) — P(AF)tP(AK)).
Let - denote a product between a matrix and a vector. Finally define

oM (1) = E[£1A%)] +
Z (71)LP.A(11)|_A(7?)PA(12)|A(11) R PA(ZL)‘A(ZL—l) -E |:f|A(lL):| .

ISL<N—Fk
k<li<l2<..<lp <N

, I<i<im, 1<) <my.

(2.9)

An explicit expression for GOV) is given in Lemma 3 and the closed form for the
covariance function of GUV)(F) is as follows.
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Proposition 7. For all N € N, the process G(N)(]:) is Gaussian, centered and
linear with covariance function defined to be, for (f,g) € F2,

Cov (CM(£),6M(g))

N
= Cov (G(£),G(9)) = Y_ @M (5" V (GLAD]) - 2V (g).

k=1
Proposition 7 implies the following variance reduction phenomenon.

Proposition 8. For any {f1,..., fm} C F and N € N the covariance matrices
) = VI(GM(f1), ... G (fr))) are such that 2O 5 s positive definite.
Remark I. In particular we have V(GV)(f)) < V(GO(f)) = o}, f € F. The
asymptotic risk reduction after raking is quantified by combining Propositions
5 and 8. Given g9 > 0 and 0 < 0g < o there exists some ng = ng(eg, F) such
that if n > ng then any f € F with initial quadratic risk aj%/n > 0p/n has a
new risk, after raking NV times, equal to

E (N (1) = P))?) = ~LAW) +elf)en),

where v,, — 0 and dy are as in Theorem 2.1 and

(N)
agy =" oy,
f
sup  le(f)] < (1 +50)\/§d00—fa
fEF, op=00 m g0

N
v (©™(f) = 0% - ; o™ (N v (Gla®)) - ofM(),  (210)

so that the risk is reduced whenever A(f) < 1 and n is large enough.

When N7 > Ny > 0 it is not automatically true that the covariance structure
of agNl)(}') decreases compared to that of a%NO)(}' ). According to the next
statement, a simple sufficient condition is to rake two times along the same

cycle of partitions.

Proposition 9. Let Ny, N1 € N be such that Ny > 2Ny and
AWNo=R) — AN1=F) o0 0 < k < Ny.

Then it holds V(G (f)) < V(G™)(f)) for all f € F and 23" — 27 s
positive definite for all {f1,..., fm} C F.

Remark J. In Appendix A.2 a counter-example with N; = Ny 4+ 1 shows that
the variance does not decrease for all functions at each iteration. This case is
excluded from Proposition 9 since N1 = Ny +1 < 2Ny if Ny > 1 and, whenever
Ny =1 and N; = 2 the requirement A®Mo) = AN s not allowed.
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2.4. The case of two marginals

We now consider the original method where k partitions are raked in a periodic
order. Let us focus on the case k = 2 of the two-way contingency table. The
Deming and Stephan algorithm coincides with the Sinkhorn-Knopp algorithm
for matrix scaling [24]. Denote A = AM) = {A;,...,A,,,} and B = A®) =
{Bi,...,Bp,} the two known margins, thus A"+ = A and AC™ = B,
Likewise for 1 < i < my and 1 < j < mgy rewrite (Pyp)i; = P(A;|B;),
(Psja)i; = P(B;j|A;) and

i)
B
Il
a
=~
@
b

E
=
=
R
Il

: (E(f1A1), - E(flAm,)"
G[B] = (G(B1),-..G(Bm,))",  E[fIB] = (E(f|B1),-- -, E(f|Bm,))"-
The matrix PgjaP 45 is m1 X my and P 4 5P| 4 is ma X mz. A sum with a

negative upper index is null, a matrix with a negative power is also null, and a
square matrix with power zero is the identity matrix. For N € N, define

N
S () = (PeuP )’ - (ELfIA] - Papa-Ef|B]) is my x 1, (2.11)
k=0
N k
S =3 (PasPsia)” - (BIfIB) — P -E[f|A]) ismy x 1, (2.12)
k=0
S =S+ (PuaPas)” - ELfA] s my x 1, (2.13)
Séfz\)/en(f) = S;fg()id + (PA\BPB\A)N+1 -E[f[B] is ma x 1. (2.14)

Proposition 10. Let m € N. We have

GE™(f) = G(f) = 811t (N GIA = S0 (1) - GIBL (215)
GO (f) = G(f) = S{'oaa’ (' - GIA = S50 (1) - GIBL. (2.16)

Remark K. The limiting process GN) evaluated at f is then simply G(f) with
a correction depending on the Gaussian vectors G[A] and G[B] through the two
deterministic matrices P 45 and Pp4 carrying the information and operating
on the conditional expectation vectors E[f|.A] and E[f|B].

The following assumption simplifies the limits and ensures a geometric rate
of convergence for matrices S™N) and S-(]ng as N — oo forv=1,2.

i,even i,

Hypothesis (ER). The matrices P 43P |4 and Pp 4P 45 are ergodic.

Remark L. Notice that (ER) holds whenever the matrices have strictly positive
coefficients. This is true for P 45Pp 4 if Y272 P(AN B;)P(B; N A') > 0 for
all A, A" € A hence if each pair A, A’ € A is intersected by some B € B with
positive probability. The latter requirement is for instance met if X = R?, P

has a positive density and the partitions concern two distinct coordinates.
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Proposition 11. Under (ER) the matrices S5 (f) and Sl(f;gd(f) forl=1,2

l,even

converge uniformly on F to Sy cven(f) and Si oqq(f) satisfying

Sl,odd(f) = Sl,even(f) + P [.ﬂy SQ,e'Uen(f) = S2,odd(f) + PZ[f],

where P[f] = (P(f),...,P(f))! are my x 1 vectors. More precisely, given any
vector norms ||+||m, for 1 =1,2, there exists ¢, >0 and 0 < A\; < 1 such that

sup HSZ(,];IJW(JC) - Sl,e’uen(f)H < Cl/\lN7
feF my

sup HSI(,JZd)d(f) - Sz,odd(f)H <.
feF my

The main result of this section is the expression of the limiting process for a
two partitions raking procedure. Let dyp denote the Lévy-Prokhorov distance.
The matrices S1 even(f); S2,0aa(f) and scalars A1, Ao are as in Proposition 11.

Theorem 2.2. Under (ER) the sequence {G™)(F)} defined at (2.3) converges
almost surely to the centered Gaussian process G\ (F) defined to be

G(f) = G(f) = Steven(f)" - GIA] = S2,00a(f)" - G[B], f € F.
Moreover we have, for all N large and c3 > 0 depending on A1, Ao, P(A), P(B),
de(G(N),G(OO)) < C3\/Nmax(/\1,)\2)N/2.

Theorem 2.2 may be viewed as a stochastic counterpart of the deterministic
rate obtained by Franklin and Lorentz [15] for the Sinkhorn algorithm. Mixing
both approaches could strengthen the following two remarks.

Remark M. The matrices P 43, Ppj4 and the vectors E[f|A], E[f|B] are not
known without additional information. They can be estimated uniformly over
F as n — +00 to evaluate the distribution of GV) and G(*)| thus giving access
to adaptative tests or estimators. Since A1, Ao and c3 are related to eigenvalues
of P 43Pp4 and Py 4P 43 they can be estimated adaptively at rate 1/y/n in
probability. This in turn provides an evaluation of drp(GV), G(>)).

Remark N. In the case of an auxiliary information reduced to P(A), P(B) one
should use A = {A, A°}, B = {B, B}, estimate the missing P(AN B) in P 43,
PB\A and the conditional expectations on the four sets, then S1 cven, 52,0dd- If
the probabilities of more overlapping sets are known the above characterization
of the limiting process (G(OO)(}' ) can be generalized to a recursive raking among
k partitions {A;, AS} in the same order.

3. Proofs of general results
3.1. Raking formulas

Write

_ . . (N))
Bn,No - {Oé%lélNo 15}2%]\7 Pn (AJ > 0} ) (31)
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136
and B¢ = Q\ B, n,- By (1.2), the probability that aN) is undefined is
No
P (B n,) < Y mn(1=pn)" < Sn (1= pvg)"
N=1

On B, n, we have, by (1.3) and since AN) is a partition

aM(f)
= Vn®(f) = P()
mN P(AgN)) )
:\/ﬁ ZW (N fl (N) ZP(flA(N))

Jj=1 J

N)
X (A( ) aN=1) (flAgN)) (N=1)( 4(N)
=2 | g gomen ULw) - e aen V(A7)
j=1 ]P)n (Aj ) n (AJ )

my (A(N))

_ J (N-1) _ (N)

2:1 po- 1)(A;N))O‘n <(f E(f|A; ))1A§.N>> : (3.2)

In particular by (1.7), (3.2) implies (1.8) since for any A € A we have
PN=D(A).

N D(F1a) ~ B(F1A)alND(A) = BV D (f14) — E(F| AP

Define A = {Q} and, for N > 1,
() _ {A;A:A§” NAP n..nAM 1< g gmk,1<k<N}. (3.3)

Let us show that for any A € A%N)7 IP’%N) associates to each X; € A the weight
N (k)
1 P(AY)
(N) _ Jk
WM (A) = L] . (3.4)
n B (A)
The case N = 1 yields (1.1). By induction on (1.3), (3.4) and since AN

refined finite partition of X', we get

my41 P(A(N+1))
PNV (f) = — i PY U (F1 o)
21 ]P)(N (A(N+1)) AS
mN 41 (A(N+1)
- Z IP(N) A(N-‘rl) Z Z 1AﬂA(N+1)(X)
j=1 AEA(N) i=1
n MN41
:Z Z Z 1AmA(N+1’ iJw T(LNH)(AQASNH))
i=1 AeA“\” j=1

SR Y e )

1=1 AEA#TN-FI)
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3.2. Proof of Proposition 1
The partition A%N) is defined at (3.3). By using (3.4) it holds, for N > 1

di (PYD || PV

= (N-1)/f v
S PN (X)) log (W)

=1 ({Xi})
n (N-1)
_ Wy A
=Y POVVXY) D Z 1jnat (Xi)log ((N)—((z\f)>
i=1 AeAN-D j=1 Wn (AmAj )
myn IFJgLN 1)(A(N)) n
= Zlog (W; ZP%N_U({XZ'}) Z 1yn 400 (X5)
j=1 P(A;) i=1 AcAND ’
my (N=1)  4(N)
P (A4;)
=Y P AN log ( J ) ’ (3.5)
= ’ P(AS)

since Ar(ijl) is a partition of X'. Hence the contrast between P%Nﬁl) and IP%N)
viewed as discrete distributions on {X7i, ..., X,,} or on AW are the same. Now,

by convexity of — log(z) it follows, for any probability distribution ¢ supported
by {X1, ..., Xn},

dic (B Y 11Q)

= -2 log <({X}>Z]PN VX 40 (Xi)

i=1 NV x)
my -1)
- ({X }) Q({X;})
o ZIEP@N’”WN)) o (Z % A (XJ)
)

I
'M

A<N> %&) dx (p(NA)HP(N))
™) n no )
P(A;™)

where the final identification relies on (3.5) and P = P on AN)

3.3. Proof of Proposition 2

The classical law of the iterated logarithm holds for the empirical process a( )
indexed by F under (VC) and (BR). See Alexander [1], in particular Theorem
2.12 for (BR) and Theorem 2.13 based on Theorem 2.8 that uses in its proof
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the consequence of Lemma 2.7, which is indeed (VC). Namely, for any € > 0,
with probability one there exists n(w) such that, for all n > n(w),

WP — Pz < 1 Y e .
wnllB? = Pllr <12, un = [, (3.6)

where by (2.4), 0% = supz V(f) < M?. Let 1 < N < Ny. By (1.3) and (1.7) it
holds

(N) (N-1) «— (N-1) P(AEN)) « (N-1)

II‘:Dn (f)_]Pn (f):Z]P)n (flA(N)) (N=1), (N) _Z]P)n (flA(N))
— i Py, (A ) — J
j=1 7 j=1
my

=D BN A7) (PP - BN (A)).
Jj=1

Since PY") is a probability measure we have ||IF’$LN)(f1A)H}- < M]P’%N)(A) hence
IESY V(A7) < M and [PV () = BV ()] < Miny [BYY = P
Also observe that (1.2) combined with the fact that A®Y) is a partition implies
my < 1/pn and py > pwvy = P(n,)- Therefore

A L e ] L

<up (1+ Mmy) HIP;N*U - PHJT

g Un KN ’ P%O) - PH )
F
where ko = 1 and, for N > 0,
N N N
M M 0
ev = [T+ amm) < [T (14 27) < (14 20 )
k=1 k=1 Dk P(No)

which by (3.6) remains true for N = Ny = 0. This proves that, given Ny € N
and for all ¢ > 0,
n

lim sup sup
n+oo \ 2L o L(n) o<N<N,

PN — PHf < (1+¢e)knor a.s.
and Proposition 2 follows.

3.4. Proof of Proposition 3

Step 1. We work on B, y, from (3.1), which means that all the probabilities
considered below concern events that we implicitly assume to be intersected
with B, n,. By (1.7) and (1.8) we have, for N > 1,

(N=1), oy _ 1 N (V)
o, ()= ma% Y ((f — E(f]4; ))1A§N)) :
n J
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with ‘}E(f|A§.N))) < M, and
P (o], =) < ZP
Frlsl ).

Each term in the latter sum satisfies, for any positive numbers K < P(A§N))
and K’ < P(A(Y) — K,

’Vﬁl)HI > /\) (3.7

P (‘ ag\;

1
= ]P> _
(e

<P ((1+ M) HagN*UHf > KA) +P (PP D(AM) < K)

P(HOZ%N_I)H > AK >+P<Q%N—1)(A§N))<_K/\/ﬁ)

A(N))

NI () ~ (AT )N DA > A)

1+ M
AK
< (fo], |
( 1+ M (38)
where the last bound holds provided that K'v/n > AK/(1 4+ M). Define
1
/8: 6(0,1), Kzﬁp]\/'a K/:pN(l_B)v

1+ M1+ M)y/n

where py is defined in (1.2). Since py < 1/2 for any N > 1 it holds K’ > 0 and
K'\/n=AK/(1+ M). We have shown that for any N > 1,

(], ) <2me(Jo ] > 220,

14+ M

Applying (3.8) again with A turned into the smaller )\ﬂpN/(1+M) then iterating
backward from Ny we get, for Py, = H%“:l py and My, = HN ,mn < 1/Pny,

P(HO‘%NO) F ~ (1+MAfJ§0/\/ﬁ)No)' (39)

The latter upper bound being increasing with Ny we conclude that

No
(o 0], 22) < S p (o], 20) < e (o] ).
0< NNy F N1 F F

Step 2. By Theorem 2.14.25 of van der Vaart and Wellner [27] or Corollary 2
of [5], for n > 1, t > 0, we have for some universal constants D} > 0, D} > 0,

2t
]P’(‘oz > D (Un+t)) exp (—D;min (7%))

F

> )\) < 2N My P (‘
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where, by the last maximal inequality in Theorem 2.14.2 of [27] applied to F
with envelop function constant to M, it holds

1 n
— > f(Xi)
v

Under (BR), we have p,, < C with C = M (14 by/(1 —19)). For A\g = 2D C we
get, for any n > 0 and \g < A < 2D} 0%\/n/M,

A
P (‘ ’F >)) <P <Ho¢£LO)H}_ > D! (un + 2D,1>> < exp (—DYA?)
where DY = D), /4(D})?0%. Therefore, according to (3.9), taking

Dy Py,
(14 M + Dyg)2No’

1
n =E QM/ \/1+10gNH(]:,M€,dp)dé‘.
0

NO)

2D’ o2
Dy = ]\14 L, Dy =No2"°My,, Ds=

(3.10)

yields P(sup0<N<N0||a§LN°)||J: > \) < Dyexp (—D2A?) for \g < A < Doy/n.

Step 3. By Theorem 2.14.9 in [27], under (VC) there exists a constant D(co)
such that, for ¢y large enough and all ¢t > tg,

Vo 2
(bl > = (B)" e (-25)
F M /vy M?2
Denote A1, and Mg, the two solutions of APy, = to(1+ M + A\/y/n)Ne. Notice
that, for n large, A, is close to to(1 + M)No /Py, and Az, = O(nNo/2(No—1)),
Combined with (3.9) it ensues that for some ng, \g it holds, for all n > ng and
Ao < A < 2My/m, P(supge e, oW [l 7 = A) < D3A® exp(—DsA2) where

o

Ny2No M D(co)Pn, \ ™ 2P%
Dy = N2 Mu, (Dle)Pyo\ =y 2 gy
(1+ M)vwNo \ " M, /vy M?2(3M +1)2No

Finally, at each step, add Sy, (1 — p(NO))n to take B], y, from (3.1) into account.

3.5. Proof of Proposition 4 and Theorem 2.1

Theorem 2.1 implies Proposition 4 since the weak convergence on (¢°°(F), ||-|| =)

is metrized by the Lévy-Prokhorov distance between aglN) and GE«LN) which is

inf {e > 0: P2 (4) <SPS (4%) + 6, PH (4) <P (4%) 4 ¢} < dova
(3.12)

To see this, recall that we have v,, > 1/n% for §y > 1/2 and v,, — 0 in Theorem
2.1, remind (1.6) and (3.1) then observe that

P (aﬁLN) € A) <P ({aﬁLN) € A} N {HaSLN) - (G;N)H}_ < dovn} ﬂBn,N(J)
+P Hagv) _ G%N)Hf > dovn } 0 Bany ) +P (B )

1 n
< P(G%N) c Adovn) + W + SNo (1 7p(NO)) ,
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which obviously remains true by exchanging ozn ) and G . Since vy, is the
slowest sequence as n — +oo, if ng satisfies vn, > 1/n° + SNO (1 fp(No))no

then v, > 1/n% + Sy, (1 —p(NO))n for all n > ng. Whence (3.12).
We next establish Theorem 2.1. Fix Ny € N.

Step 1. Let introduce the transforms, for f € F/, N > 1 and 1 < j < my,
oGy f = (f —E (f | A(-N))) Lyon,

ool =D bGnf=F- ZEfIA( N1y

Jj=1 Jj=1
It holds P(¢(n)f) = P(¢¢;,n)f) = 0 and, since AN is a partition of X,

(G, )b ng) =0, 1<j#j <my. (3.13)

Moreover, the Lo(P) property of conditional expectations yields, with the no-
tation (2.4),

2
Tomf = (f(J N)) 0¢<N>f f(N) Z Té,n) f < Uf (3.14)

Next consider the class of backward iterated transforms
N) = @) © ... 0 d(n)(F),
Hny = UKKN Ulgjgmk D k) © Prt1) © o 0 Py (F),

where ¢ 41y 0...0¢n)y =id if k = N > 1 and Fg) = H) = F. Also write
Fo = UogNgNo Finy and Ho = UogNgNo H(n)- By iterating (3.14) it comes
072{0 < 0%_—0 < 0%. We first show that properties of F transfer to F(ny, H(ny for
0 < N < Ny and thus to Fy and Hp. Remind (1.2) and the constants defined
at (2.6).

Lemma 1. If F is pointwise measurable and bounded by M then F(n ]2[ and

Ny (resp. Fo and Ho) are pointwise measurable and bounded by (2M)™ /Py
(resp (2M)No /Py, ). If (VC) (resp. (BR)) holds then Fo and Ho also satisfy
(VC) (resp. (BR)) with the same power vy (resp. ro) as F.

Proof. If F is uniformly bounded by M then for N < Ny we have
1 2M
sup su =sup max su ; <M1+ —
up XP!¢(N)f\ up, max XP|¢>(;,N)f’ ( pzv) .
thus, by backward induction from Ny to 1, F(n,) and H(n,) are uniformly
bounded by (2M)Ne /Py, . It readily follows that Fy and H, are bounded by
(2M)No /Py, . Assume that f; € F, converges pointwise on X to f € F. From
lim 1A<N>( Je(X) =1,00(X)f(X) and P(1,w[fel) < P(|fe]) <M

k—+oo



142 M. Albertus and P. Berthet

we deduce by dominated convergence that limy_, o0 E(f% | AEN)) =E(f | ASN)).
Thus ¢(; n)fx converges pointwise to ¢ nyf and ¢nyfr = Z;nle é¢,N) [k to
oy f = Z;n:’vl b~y f- By iterating this reasoning backward from N to 1 we
obtain that F(n) and H(y) are pointwise measurable, by using the countable

classes ¢(1) o ... 0 p(n)(Fx) and U1gk<NU1gjgmk¢(j,k) 0 P(y1) © -r © PN (Fx)
respectively. Assume next that F satisfies (VC). By (3.13) we have

Ay (b f, d(n)9) :/ (Ztn—]\i((b('N)f - ¢('N)g)>2dQ
Q x j= Js Js

= Z d?Q(¢(j,N)f7 DG,N)9)

j=1
i/Agm (F—9-E(G—g14™))

my )
<;/A§N>(f—g—(Qf—Qg)) aQ

=dj(f,9) — (QF — Qg)*,

thus dq(f, g) < e implies d) (o) f, d(vy9) < dg(f,g) < &> If F can be covered
by N (F,e,dqg) balls of dg-radius ¢ centered at some g then ¢(yy(F) can be
covered by the same number of balls, centered at the corresponding ¢(n)g and
hence the same number of centers ¢ 1) o ... o ¢(nyg suffices to cover F(y). All the
b (k) © Pk+1) © -0 P(n)g are needed to cover H ), that is Sy N (F,¢e,dg). This
shows that Fy (resp. Hg) obeys (VC) with the same power v and a constant
co(No+1) (resp. co Z%():o Sn). Assume now that F satisfies (BR). If g_ < f <
g+ then we have

_ N
h(j,N) = 1A§N)g_ — 1A;N)E (g+ | Ag )>
N
< ¢G.Nyf < 1A;N>g+ - 1A;N>E (97 | A§' )) = h(+j,N)v

h+

and the Lo(P)-size of the new bracket [h (j7N)] is

GN)?
@y o) = /A o (90 =9 +Elg — g 140 ap
= P(Lym (g4 = 9-)°) + P(ATE(gy — g | A7)
+2E(g4+ —g- | AE-N))P(lA;N) (9+ —9-))-
If dp(g+,9-) < e the Holder inequality yields P(lAgN) (g1 —g-)) < 5\/]3(T§N))
and E(gy — g | APY) <2/1/P(AYY)) hence

d%’<h(7j,]v)ah(+]]v)) < P(lAj(_N)(ng - 97)2) + 3527
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so that ¢(n) f = 270 . f € [h (N),h(N)] where h(N) =30 h(j Ny satisfies

N)’ Zd2 (] N)) <dp(g-,94) + 3mye® < dmye’.

dp(h;,
It ensues N[ ](QS(N)(]:)a&dP) < N[](]:,{:‘/Q\/mN,dp) and N[ ](]:(N),{;‘,dp) <
Np(F, e/2N/My,dp). To cover B k) © Ph+1) © -+ 0 () (F) one needs at most
mi N (F, g/2N=* /myi1.mn,dp) brackets. We have proved that

N[ ](fo,{:‘,dp) < (No + ].)N[ ](.7'-,6/2N0\/MN0,dP),
N[ ](Ho,&?,dp) < SNON[ ](f,€/2NO\/MNO,dp).

Therefore Fy, Ho satisfy (BR) with power rg and constant 2T0N°M]’§}Jobo. O
Step 2. By (3.2) we have

my (A(N))

o (f) = Zm N V(.0 ) = D (@ f) + TV (1),

(3.15)

my pAtNY)
TV =D (G NN (GG f) s anli N) = #
j=1

(
]

— 1.
(A

Under the convention that ¢(ni1) © ¢(n) = id, iterating (3.15) leads to

alM(f) = ol (G0 .o dny ) + FV (),
N
ZF (Dk41) © 0O )

k=1

Clearly the terms F;’“) carry out some bias and variance distortion. However the

following lemma states that o) (F(n)) is the main contribution to oV (F) and
%N)(]:) is an error process.

Lemma 2. Consider the sequence v, defined at Theorem 2.1. If F satisfies

(VC) or (BR) then there exists Cy < 400 such that we almost surely have, for

all n large enough, maxog NN, ||F1(q,N)H]-' < CoL o L(n)/+/n. Moreover, for any
¢ >0 and 0 > 0 there exists n3((,0) such that we have, for all n > n3(¢,0),

1
(N) < —
F (0<I§1va<XN IF e > Cv”) = onf”

Proof. (i) Let us apply Proposition 2 to F and, thanks to Lemma 1, to Hy and
H(n)- So for all € > 0 we have for all n large enough,

(N—=1)( 4(N) ‘<
s [l < o, VIO L)1 4 ).



144 M. Albertus and P. Berthet

The following statements are almost surely true, for all n large enough. On the
one hand, for e = /2 —1 >0,

max  max ‘aglN_l)(Ag-N))‘ < by, = 20rkN,V/ L o L(n). (3.16)

ISNSNo 1jsmy
On the other hand, having oy, < o7 by (3.14),
(k=1) (¢, ’
(Jhax max  max oy (k) © Pir1) © - © Sy )

a;’“*” H < by,.
Ho

< max
1<k< Ny

By (3.16), ¢u(j, N) = 1/ (1 + a0 Ay /P(A§N))\/ﬁ) _ 1 satisfies

L (00N Ly <2, (3.17)
which implies
N mg
[0 <32 max 1au RIS |0l () 0 Gy © - 0 B £,
k=1 j=1
(3.18)
max F(N)H <ASN max oz(k_l)‘ gM.
ISNSN D ™ I F \/ﬁp(No) C1<k<No 117" Ho  V/NP(N)

The almost sure result then holds with Co = 80 %K%, SN, /P(ny)-

(ii) We now work on the event B,, n, of (3.1). There obviously exists n; such
that if n > ny then Sy, (1 — p(ny))" < 1/4n?. We can also find £ > 0 so small
that n*/\/n = o(v,) as n — +oo. Therefore, whatever ( > 0 there exists
n2(k, Sny, ¢, F, P) such that (v, > 25n,n" /p(n,)y/n for any n > ny. Choosing
n > max(ny, ng) we deduce as for (3.17) and (3.18) that

(N)
nggmwnnf>@0

<P (SNO max (‘

1<N<No Ho 1<j<mn

2n*
<P i, N _
S ((K%waolé?ffw 123 )') g pmo)ﬁ)

oI, e 1 1) > o

+P| max aglN_l)H >n”
1<KN<No Ho
< 2P( max a;N_l)H >n" ).
1<N<N, Ho

By Proposition 3 we see that under (VC) or (BR) the latter probability can be
made less than 1/8n? for any n > n3(¢,6) and n3(¢,#) large enough. Clearly
n3(¢,0) depends on (,0,n1,ny and on the entropy of Hg thus all constants in
Lemma 1 and Proposition 3 are involved. U
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Step 3. Fix 8 > 0. By Lemma 1 we can apply Propositions 1 and 2 of Berthet
and Mason [3] to Fy, which ensures the following Gaussian approximation. For
some constant cg(Fo, P) > 0 and ng(Fo, P) > 0 we can build on a probability
space (Q, T,P) a version of the sequence {X,,} of independent random variables

with law P and a sequence {G%O)} of coupling versions of G(®) in such a way
that, for all n = ng(Fy, P),

1
57 (3.19)

N

P <Ha;0) - GSLO)‘ > co(Fo, P)vn)
Fo

Keep in mind that constants ng and cg only depend on the entropy of Fy through
the constants M, co, v, by, 9. By choosing 6 > 1, dg > co(Fp, P) then applying
Borel-Cantelli lemma to (3.19), it almost surely holds, for all n large enough,

-]

< dgvy,. (3.20)
Fo

Step 4. Let 6y > 0. We work under the event B, n, of (3.1) with a probability
at least 1 —1/4n?% provided that n > n;. The process G being linear on F we

see that the recursive definition (2.3) applied to the version G of GO reads
G%N)(f) = G%N_l)((b(zv)f). This combined with (3.15) readily gives

max a%N)nglN)H
1<N< Ny F
_ (N-1) _gv-1) (N) H
1<%a<XNo 6 (¢(N)f) Gn (d’(N)f)"‘Fn (f) F
_ (0) _ GO (V) H
1<%ZXNOH% (b@) 00 ¢ f) = G (b o0 by f) + Fu ()|
<HO‘5LO)—G%O) + max [|FV 5. (3.21)
Fo  OKN<KNo

Remind that v, > L o L(n)/+/n and Lemma 2 holds. By (3.20) and (3.21) we
almost surely have, for all n large enough and dy = 2dy,,

Lo L(n)
(N) _ G(N)H <d Lo bin)
“n " F = eovn+CO \/ﬁ

By Lemmas 1 and 2, (3.19) and (3.21), for ng > max(ni,ns(¢, 6p), ng,(Fo, P))
and dy > cg, (Fo, P) + ¢ we have, for all n > no,

max

< do?)n.
1I<N<No

1
(N) _ (N)H < - (V)
an’ =G> dovn> < g TE{ dmax (15717 > Con
1

< —.
X noo

P max
1<N<No

To conclude observe that the parameters No, M, My, Sny; Py P(No)s 005 Y0, Cos
70, bg have been used at one or several steps to finally define ng and dj.
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3.6. Proof of Proposition 5

Theorem 2.1 implies, for f € F,

1 1
PN (f) - P(f) = —=GW) —RWM 3.22
() = P(f) = =C() + RO() (322)
where G%N) is a sequence of versions of the centered Gaussian process GV from
(2.3) and the random sequence N = ||R$IN)||; satisfies
o)

0 < o o] < o et B <

n—-+4oo Un

We have to be a little careful with the expectation, variance and covariance of

the coupling error process R%N )

Step 1. Since G%N)(f) is centered the bias is controlled by

v lg (R;M(f))‘ <E <’“’(‘N)> . (3.23)

sup —
feF Un

E (B (£)) = P()] = sup

Un

Write a,, = v/K logn where K > 0 and 6y > 1 from Theorem 2.1 can be chosen
as large as needed. Then, for § > 1, ¢ > 0 and k € N* consider the events

b {0 <o}, 8= (Jo0], <o)
Coge = {0"an < HG;M < 0 an} .

By Theorem 2.1, P(AS) < 1/n% and v, > a,/y/n for all n large enough, hence

1 rv(lN) 7“§LN) Tv(zN)
—E (T;N)) =E 1a, | +E lacns, | +E Lagnag
Uy, Un, Un Un

n +2M W
<d0+e+MP(A;)+E(T 1pe

Un n

+o00 7n(N)
<dg+2+ ) E < " 1CM_> .

v
k=1 n

By Propositions 7 and 8, GMV)(f) is a centered Gaussian process indexed by F
such that, under (VC) or (BR), it holds

E (HG(N)H]:) < +o0, }?EEV(G(N)U)) < 0% < +oo,

B(Je®])) <3 =o3+E (6] ) <o G20
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Thus, by Borell’s inequality — see Appendix A.2 of [27] — for any version G
of GY) | we have

P (HGSJV)HF > )\) < 2exp (—%) . (3.25)

Therefore we have, since § > 1 and v,, > 4M//n > 2a, /n for n large enough,

(N) k
» n+2M _
E (T 1Cn,k> < up (Cnr) < 0k nP (H(;%N)H}_ > gk 1an)

Un Un

(ok—lan)Q
< 29knexp (-W s

and the following series is converging to an arbitrarily small sum,

+oo (N) 2 +oo 2(k—1) _

Tr az, & 0 1\ o
E E ( " ]‘Cn.k> < 2nexp <8037) 0" exp ( <80;) an)
k=1 k=1

Klogn = & 2(k—1) 1
<nexp | — 32 2269 exp (—9 ) < vl
k=1

where § < K/8C% — 1. It follows that (3.23) is ultimately bounded by dp.

Step 2. Starting from (3.22) and the bias and variance decomposition, the
quadratic risk is in turn controlled by

1

E (@M (f) = P(£)?) = =V (6™ (5)
1

= [E () - | + v (REOW) + 200w (61 RO))
(3.26)

(i) By Step 1, the first right-hand term is the squared bias, of order d3v2 /n.

Concerning the second right-hand term in (3.26), we bound ]E(]R%N)(f)z). Fix
€ > 0 and assume that n is large enough for the following statements. By setting

sV = (T;N))Q then using v, > a,/v/n, a, = K\/logn < \/n we get, for g = 2,

1 S%N) S%N) S%N)
— sup E (R;N)(ff) SE(—751a, | tE| —Flacrp, | tE| —5lacns:
v2 v v

Un fer n n

2 (V)
< o+ (E2R) P<A3>+E<S” 1B;>

Un, v2

2 too [/ (N)
3M 1 s
<(do+2s)2+( \/ﬁ) §+ZE (S 1cn,k>
k

2
logn — v2
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+oo

< (do +3¢)* + Y 0% 0P (HGWHI > Ok_lan>
k=1

< (do + 45)2,

where the series is equal to its first term n? exp (—aZ/8C%) times a convergent
series, by using (3.25) as for Step 1 with K > 16C%. We have shown that

1 1
limsup — sup V (R;N)(f)) < limsup —E (sﬁlN)) < d2. (3.27)
n—+oo Uy feF n—+oo Up

(ii) Concerning the covariance term in (3.26) it holds

1

Cov (G RN ()| = = [E (M (DR (1)

< (|6 (] )

Un

=Ta,(f) +Tacnp, (f) + Tacnpe: (f),

1

Un

where Tp(f) = E(1p|GSY (f)r) fv,) for D € {A,, AS N By, AS N BS}. We
have, by Proposition 7 and 8,

Ta, () <E (|6 ()] (do + €)1, )
= (do + o)1/ (G (1)E(N (O, 1)) < \/Z(do +€)os.

By using again P(A¢) < 1/n? we see that

2M+\/n+ a 3M+/n\ 1
TAfLﬂBn(f) g E <an <#) 1A$LOB%> < an, ( \/_> 5 g 3

Uy, Uy, n?

Lastly, for gSLN) = HG%N)H}_, K large and all n large enough it holds, by (3.24)

and (3.25),

2M+/n + SLN)
Tagnpg (f) <E <9£LN) (H g

Un
+00 (N)
2M "

- ZE <g7(11\’) (ﬂ) 1Cn,k->
k=1 Un
+o0

< Zﬂ%ainp (HG%N)H}_ > kalan) <e.
k=1

The above upper bounds imply, by (2.4), (3.26) and (3.27),

lim sup - sup \E () - Pu?) - v (G<N><f>)] < \/gdoﬂf-

n—+4o0o Un feF
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Step 3. Let extend Step 2 to the covariance. By Step 1 we have, for all n large,

[Cov (B (). BN (9)) — E ((BV() - P()) (BSV(9) - P(9) )|
= (B () - P() (BE ) - Plo)) | < dB 2.

n

Now, by the upper bounds computed at (i) and (ii) of Step 2,

P = PO ) - Plo)) - £Cov (89(1).6%(g)))

=
-

< E([eM(HRM()))

+ (|8 @RM()]) + 2B (RO (RO ())
By etin]7) + ()
< z(alo + 6)0;\/2% + l(alo + )22,

n ™ n

3.7. Proof of Proposition 6

Fix Ny € N. Let apply Theorem 2.1 with 8y = 2, from which we also use ng, dy
and v,,. We have, for all 0 < N < Ny, ¢ € L, x € R and n > ny,

P (@(Q;N)) < x) < % +P ({gp(a;N)) < x} N {HQ%N) — G%N)H}_ < dovn}>
< % +P (@(G%N)) <z+ doCﬂ/n>
< % +P (#(GM) < ) + doCr Cav,

P (w(G(N)) <a- doclvn>

< E_HED( ©(GIN) <x—d001vn}ﬂ{‘

-], <)

+P (p(al") < p(G) + doCrvn < ).

P (go(aglN)) < x) >P (QD(G;N)) < x) — doC1Cov,, — %

This establishes the second statement of Proposition 6 provided d; > dg and
n > ny > ng where n; is large enough to have (d; — doC1C32)v, > n~2. The first
statement coincides with the special case £ = {¢y : f € Fo} where p¢(g) = g(f)
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are pointwise projectors and we then have a Lipshitz constant C; = 1 whereas
©of (G;N)) = G%N)(f) has a Gaussian density bounded by

1 1
<0y = —— < +o0.

mv@M () Voo

4. Proofs concerning the limiting process
4.1. Proof of Proposition 7

Step 1. Let us first relate GV (F) from (2.3) to G(F) = GO (F) from (2.2)
by means of the vectors @,(CN)( f) introduced at (2.9) before Proposition 7.

Lemma 3. For all N € N, and f € F it holds

N
My Z q)(N) [A(k)} .

k=1

Proof. The formula is true for N = 0. Assume that it is the case for N > 0.
Recall that sets A € AEJN”) from (1.9) are identified to f = 14. By (2.3),

GO () = G<N>(f)—1E{f|A<N+1>r~G<N> MNH)}

N
=G(f) - YoM ()G [aW]
k=1
MN+1 N

— Z (flA N+1)) <G(A§_N+l)) _ Z(I)’(CN)(A§N+1))26 .G {A(k)}>

k=1

—G(f) - [f | AN+ } |:A(N+1)]

XN: [ N7y — @M AN+ g[S | A(NH)]T .G [A(k)} ’
=1

where the my xm 1 matrix & AN D)=(@™ (A7), oM (ART)))
satisfies

MN+1 Nt N . . )

> B AP (AP = (@ AN ] Bl | A

j=1

Now observe that (DS\J,Vﬂl)(f) =E[f | AN+D] by the definition of <I>,(€N+1) given
by (2.9) when k = N + 1. It remains to show that

M (f) — M AN E[f | ANHD] = N (), (4.1)
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For 1< k< Nand1l<j<myq1 we have

J

L N+1)| 40
E (=D P aanjamP 40201400 - P gap) g0 - E [A§ Al L)} ;
1<SL<N—k
k<l <..<lL<N

oM (ANTY) =B [APD | 4] +

where, for [ = k,k + 1, ..., N the vector

l l t
vy | o) _ (PATT0AY) P 0 A
P(AY) P(Awm;)

is also the j-th column of P 4v+1) 40 Therefore, by turning L into L'=L+1,

— M) {A(NH)} ‘K {f | A(N“)}

MN+1

__ Z E(f | A§N+1))¢I(CN)(A§N+1))
j=1

MN+1
== 3 E(f 1 ANTIE (AN A
j=1
MN4+1
N+1
+ DR ANTY) T (CDEPP L - P gt
j=1 1SLEN -k

k<li<..<lp<N

.E |:A§N+1)‘A(ZL)j|
= (—1)1PA(N+1)‘_A(}9) -E {f‘A(NJ'_l)}

L/
+ Z (-1) PA(ll)\A("‘) s PA”L’—I)‘A("L/72)PA(N+1)‘A(ZL’—I)

1IKL'KN+1-k
k?<ll<...<lL/:N+1

-E {f|A(N+1)} ,
where all terms are different from those in

q)I(CN) (f) =K |:f | A(k)i| + Z (_1)LPA<Z1)|A(7€) .. 'PA(ZL’)‘A(lL/—l)

1KL'KN+1-k
k<li<..<lp/<N+1

E [f|A(lL/)] .

Having collected all terms of <I>§€N)(f) in (2.9), this establishes (4.1). The proof
is completed by induction. O
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The functions <I>§€N) and the process G are linear, hence Lemma 3 implies that
GW) is a linear process. Moreover G(f) and G[A®*)] being centered Gaussian,
Lemma 3 proves that GV)(f) is a centered Gaussian random variable.

Step 2. To compute the covariance of GV (F) we need the following properties.
Recall that P 40|40 = Idpm, is the identity matrix of R™*,

Lemma 4. For 1 < k,l < N and f € F we have

cov( G(f)) =V (GIAD)) -E[f | A®, (4.2)
Cov( GJAD)] ) ( A<>)P AD LA (4.3)
D =E[f1AD] = 3 Paopw -2V (). (44)

k<IKN

Proof. The j-th coordinate of the vector V (G[A®)]) - E[f | A®)] is
P(AT) (1 = PAF)E(S | A8 = S PAP)PAP)E(S | A7)
ji<ms

_ ]E(1A§k>f) _ P(A;k)) Z E(lAgk')f)

1<i<my,
= Cov (G(Ay“)), G(f)) :

which proves (4.2). Likewise the (4, j)-th coordinate of the matrix V (G[A(k')]) :
PA(Z)lA(k) is

P(AMY (1 = PAM)PAY | APy~ 3T PAP)PAR)P(AY | AR)

jEM<my

= P(AY nAM) — P(AM) ST P(AY na®)

1<m<my,
k !
= Cov (G(a),6(4")),
which proves (4.3). By the definition (2.9) of the vectors <I>l(N)(f) we get

> Paoiaw -2 ()

k<IN
> Puopam -E [f | A(l)}
k<IN
+ > (1) P A0 140 P 40040 - P yap) g0 - E [f | A(ZL)}

k<I<N,I<KLEN—I
I<hh<..<lp <N



Raking-ratio empirical process 153

L1 !
= Y CDFP P aapain B [f | Al L)}
ISL<N—k
k<ly <<l <N

=E[f[AD] - 2M(p),
which yields (4.4). O

Step 3. Let us first compute the variance of G(N)(f). By Lemma 3 we have
v (6™M() -V (G
Al N o
=Y oMt v (61a®)) - oM () — 2> oM ()" Cov (LAY, G(1))
k=1 k=1
+2 3 oM Cov (GIAW,GLAY) - @M (),
1<k<IKN

hence Lemma 4 gives, through (4.2) and (4.3),

N
V(€M) -V G = V() v (1A¥]) - V),

k=1

where, by (4.4),

v () = oM ()~ 2E [ AP 42 3 Pawac oM () = —oM ().
E<IKN

(4.5)

The formula (2.10) is proved. It extends to the covariance since, by Lemma 3,

Cov(G(£), 6™ (g)) — Cov(G(f), G(9))
= 2 (Tn(f.9) = 2(f,0)) + 5 (n (9. f) ~ n (o, ),

where, by (4.2) and (4.3) again,

Tvifg) = Y oWV (GIAD]) P o - 2 (9),

1<kSIKN

Pulfo) = > 800 v (GLA™)) -E g A®)].
=1

By replacing \I/,(CN) (g9) with —@,(CN) (g) according to (4.5), we obtain
1 1
N N
S (Tn(f.9) = 20n(f,9) = =5 DoV ()" -V (€1AM)) - 2 (o),
k=1

which is symmetric in f and g. The covariance formula of Proposition 7 is
proved.
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4.2. Proof of Propositions 8 and 9
Since V (G[A(k)]) is semi-definite positive, for all 1 < k < N and f € F we have

oM (1)t VGIAP]) - M (f) > 0,

and the variance part (2.10) of Proposition 8 follows from Proposition 7. For
any m € Ny, (f1,..., fm) € F™ and u € R™, it further holds,by Proposition 7
again,

= 3wy (Cov(G(£). G(fy)) ~ Cov(@N(£). 6N (1))

(al™ )" (c1a®)) - (" (1)

( w@M () |V (GIAD)) - [ welM) | o
1<i<m

1<j<m
Under the wrapping hypothesis of Proposition 9 we have

o) =l | 0<k <N,

since the corresponding (2.9) only involves ANo=%) = AMN=F) for 0 < k < Np.
Assuming moreover Ny > 2Ny we get, by Proposition 7,

v (60 () v (6™(f)
= i‘l’iNl)(f)t 'V(G[AU“)]) LN (f) — i N (f)t .V(G[AWD (N ()
k=1 k=1

N1—No
= > o™ v (G1AB)) o™ () 2 0,

k=No+1

and, for m € N, (f1, ..., fm) € F™ and u € R™,

ut - (E%VO) — E%Vl)) v

ut - (0 - 20) - @0 - 209))

t
N1—N

= > | X wel@) | v (e®)- [ X welM)

k=No+1 \1<i<m 1<j<m

o

WV
o
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4.3. Proof of Proposition 10

We show the result by double induction. For m = 0 we have G (f) = G(f)

and, by (2.3), GV (f) = G(f) — E[f|A]" - G[A]. Assume that (2.15) and (2.16)

are true for m € N. For m + 1 we have, by the raking ratio transform (2.3),
GEm2(f) = GE™HI(f) — E[f|B] - GE™ VB, (4.6)
G (f) = G+ (f) — E[f|A] - GPTH)[A]. (4.7)

For 1 < j <mgy and f = 1p; we get, by (2.11), (2.12), (2.13), (2.14) and (2.16),

G (B;)
= G(B;) — S{"ad) (15,)" - GIA] - S{2. P (15,)" - G[B]
m—1 t
=G(B;) - (Z (PasPsia)" - (Ellp, 8] — P s 'E[lleAD> - G[B]
k=0

N ( i (PsaPas)” - (E[ls,|A] — Py - ElLp, |B])

k=0
¢
+ (PpaPuas)” - E[Ls, |A]> -G[A],
where E[1p,|A] is the j-th column of Py 4 and E[1p,|B8] is the j-th unit vector
of R™2. Therefore
G(2m+1) [B]

=G[B] - (i (P 45Ps14)" (dpm, — PABPB|A)> -G[B]

k=0

m—1 t
- (Z (PP a5)  (Ppja — Ppjaldm,) + (PBAPA|B)mPBA> - GJA]
k=0

= (PasPsa)™) - G[B] — (PsaPai5)"Pria)’ - GlA,

Finally (2.15) and (4.6) then again (2.11), (2.12), (2.13) and (2.14) together
imply

G2 (f)
= G(f) ~ S{ad (1) GIA] - 857030 ()" - GIB] ~ E[fIB]"- G5
= G(f) ~ (87028 () = (PaP )" P - E[f|B]>t .G[A]
— (S50 (h) + (PagPs)™ -ELIB) €8]
= G(f) = S0 () GIA] = L) () - G[B),

1,even
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and (2.15) is valid for m + 1. If 1 < ¢ < my then E[14,(B8] is the i-th column
of P 453 and E[14,]A] is the i-th unit vector of R™ thus (2.15) for m + 1 and
f =1p, in turn entails

G(2m+2) [A]

(Z P 4P 45) (Idml_PBAP.AIB)> -GlA]

m—1 t
- (Z (PasPsia)" (Pas — Pasldn,) + (PasPsia)” PA|B> -G[B]
k=0

= (PsaPa)™™")" GlA - (PysPsA)"Pas) - GB,
and also, thanks to (2.16) and (4.7),
GEmHA(f)
= G() — (ST~ (PoraPas)™" - Elf1A) - GLA
(S + (PasPia) ™ ELIB)) - GIB) — E[fAL - G (A
= G(f) = Soha(H)" - GLA] - S{oha(£)' - GIB,

which is (2.16) for m + 1.

4.4. Proof of Proposition 11

Step 1. For m > 1 let 0y, 4, be the m x m null matrix. Also recall the vectors
P(A) = (P(A1),..., P(An,)) and P(B) = (P(B),..., P(Bu,))-

Lemma 5. Assume (ER). Forl = 1,2 there exists an invertible m; x m; matriz
U, and an upper triangular (m; — 1) x (my — 1) matriz T such that

_ 1 O1my—1)\ ;7—1
PpaP s =U1 <0m1_171 T Uy, kglfooTl =0y —1,mi—1,

_ 1 01,mp—1Y) -1
PaisPsia=Us <0m21,1 Ty 02 kgg—loo T3 = Oyt ma-1-
Proof. Since A is a partition, for 1 < i < mg the sum of the m; terms of row
i of Pyp is Z;n:ll P(A; | B;) = 1 hence P 45 is stochastic. Likewise Pp)4 is
stochastic and, by stability, so are P 43P |4 and Py 4P 4/5. Let the column of
1’s associated to their eigenvalue 1 be in first position in their respective matrix
Ui, Us of eigenvectors. The announced decomposition is always true with some
upper triangular matrices T; having Jordan decomposition 7; = D; + N; where
D, = QlAlQl_l, A; is a diagonal (m; — 1) x (m; — 1) matrix, Q; is an invertible
(m; — 1) x (m; — 1) matrix and N; is a nilpotent (m; — 1) x (m; — 1) matrix of
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order n; > 1 that commute with D;. Next observe that

my

(P(A) - PeiaP ais)e = Y P(A) (P aP 45)ik
=1
=> P(4)> (Pya)ii(Pap)k
i=1 j=1
= > P(A4)P(B;|A)P(A[B)) = P(Ay),
j=11i=1

which proves that P 4P 45 has invariant probability P(A). Similarly, P(B) is
invariant for P 45Pp 4, and the first line of U; ' and U; ' is P[A] and P[B]
respectively. Under (ER) these matrices are ergodic, which ensures that the
eigenvalues of A; have moduli strictly less than the dominant 1 since it is the
case of eigenvalues of T; hence D;. It follows that

lim Al —Oml 1,m;—1, l:1,2

k—+oco
Furthermore, since N; and D; commute it holds

nl—l

k oo
Tr=3 (,)N;Dl’“ Tl=12 k>
— \J
=
We conclude that limg_, 4 le =0p,—1,m,—1- O

Step 2. Let Vi(f) = (E[f|A] — Ppa - E[f|B]) and Va(f) = (E[f|B] — Py -
E[f]A)]).

Lemma 6. Under (ER) we have

Jim (PpiaPas)"  Vi(f) =0y 1, lLm (PusPsia)* Valf) = Om, 1.
— 400 k—+o00

Proof. By Lemma 5 we have
P(A) (B)
. kE_ . . k _ .
S (P aP )" = ( : >7 Jm (P asPsia) ( : ) (4.8)
P(A) P(B)

The scalar product of P(A) by Vi(f) is null since P(A) - E[f|A] = P(f) and

P(A) - Py 4E[f|B]) ZP Z (Bi | Aj)E(f|Br)
k=1

mi1 Mmo

=" " P(A; N BL)E[f|Bi] = P(f).

j=1k=1

Likewise we get P(B) - Va(f) = 0. O
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The following convergences hold for any matrix norm. By Lemma 5 we have

N
N +1 Olm—1> -1
Py AP k:U( Vo) U
> (PsaPas) \Omy—11 S TF) 1

k=0
N

N+1 017m —1 —
Z(PAIBPBIA)k =0, <0 SN 2T’“> Uy'!
F—0 mz—1,1 k=0 *2

Now, the matrices Id,,,—1 — 71 and Id,,,—1 — T> are nonsingular since 1 is a
dominant eigenvalue of Py 4P 45 and P 43P 4. Recalling (2.11) and (2.12),
by Lemma 5 and 6 it follows that

(N) _ 0 Ol,nLl—l -1
Sl,even(f) =U <0m11,1 (Idmlfl _ Tl)_l(ldmlfl _ T1N+1)> Ul Vl(f)v
0 01,m,—1

(N) o
S ma—1,1 (Idmzfl - TQ)_l(Idm271 — T2N+1)> U2 VQ(f)v

Dath =12

which, by Lemma 5, converge respectively to

_ 0 01,m,-1 -1
Sl,even(f) =U; (Om11,1 (Idm1,1 _ Tl)_1> U1 Vl(f),

o 0 01,7n2—1 -1
S2,Odd<f) - U2 (Omg—l,l (Idm2_1 o T2)1> U2 Vv?(f)

Since we have already seen by using (4.8) and the notations of Proposition 11
that

kETm(PBIAPA\B)k -E[f|A] = PA[f], kETm(PAlBPBIA)k -E[f|B] = P[f],

we conclude by (2.13) and (2.14) that Sfjgéd(f) SN (f) converge to the

2,even

vectors S1.odd (f) = St.even (f)+P1[f]; S2.even(f) = St.0aa(f)+Pi[f] respectively.

Step 3. Given the spectral radius p(T;) < 1 of Ty let Ny = p(T})+e < 1,1=1,2
for any ¢ > 0. Then there exists a vector norm |||, on C™~! such that its
induced matrix norm |||-|||, on matrices (m; —1) x (m; — 1) satisfies |||T3]|[, < Ai.
Introduce the vector norm ||[(z1, ..., Zm, )|} = |z1] + || (€2, ) T, )*]|; on C™ and
the induced operator norm |||-|||; for m; x m; matrices. Then we have

0 01,1 0+ [|T(x2,.... m,) Il
Omy—1,1 T

1] + [[(z2, s 2, )l
for any m; xm; matrix T'. Let K; = ‘H Idp,—1 —T7)~

!
= sup {x eCm™:
1

= [ITl; ,

o K= 11U NOHIG
and K] > 0 be such that |-||; < K] ||| .- By using Lemmas 5 and 6 we get

/

‘ HSI(]:ven — Steven(f)

l
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0 O1,m;—1 1
< U KT B U,
w l< Omy—1,1 —(Idm,—1 —11) 1TN+1>

< Kl ||| Idml 1= ,Tl) 1TN+1H’l HV ”l
< KNl < X

oo

/!

IVi(AI;
l

where ¢; = K 1 K K[ M. Similar constants show up for

/
’Sl odd f) - Sl,odd(f)H ‘l'
The final constants ¢; and ¢ depend on A1, Ag, &, both matrices (ER) but also
the two implicit constants relating the norms || - ||m1, || - ||m, of Proposition 11
to the equivalent norms || - |[1,]] - |5 -

4.5. Proof of Theorem 2.2

Write Z1 = maxigj<m, |G(4;)| and Zy = maxicj<m, |G(B;)|. According to
Proposition 11 the random variables appearing on the right hand side of the
following formulae, for x € {even,odd},

sup (1 (£) = S1.(£)" - GIAI| < er sup STV () = $1.(9)]| 2,
fer feF my
sup |(S51 () = S2.0(£))" - GIBI| < c2 50 [ $0(1) = 82 (1) 22,
feF feF mo

almost surely converge to 0 since P (||G|[z < 4+00) = 1. Hence the processes
G™) G(2m+1) converge almost surely in £%°(F) to Gé?,ﬁzl, G(()Zod) defined by

GEL(f) = G(f) — Steven () - GIA] = Sa.even(f)! - GIB)
=G (f) - R[f]" - G[B,

G () = G(f) = Stoaa(f)" - GLA] — Sz0aa(f)" - G[B]
=G I(f) - P[f]*- G[A,

with G (f) = G(f) — S1.cven(f)" - G[A] — Sa.04a(f)! - G[B] and using (2.13),

(2.14). Since Pi[f]" - G[A] = P(f) 372, G(4;) = P(f)G(1) = 0 and Py[f]" -
G[B] = 0 almost surely, we see that Geven(f) = ngod) (F) = G*)(F). Applying
Proposition 11 with the supremum norms || - ||, and || - ||m, further yields, for

any m > 0 and ¢y = myc1 + moca,

6™ — 6| = [0 = Steven)’ - GLAI + (S5 = Sz.ven)’ - GIB||_
< comax(A, \p)™ 227, (4.9)

where Z = max(Z;, Zs), and

HG(Qm'H) G(OO)H < comax(A, \g)" 1 Z. (4.10)
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Let ey = gncomax(Aq, /\Q)N/2 and gy = Fz_l(co max(Aq, /\g)N/Q), which is well
defined for N large enough. From (4.9) and (4.10) we deduce that

P([6™) -6 >en) <P(Z>qx) <omax(hi )N
whence an upper bound for the Lévy-Prokhorov distance
drp(G™),G*®)) < max (IP’ (HG(N) - G(O")HF > EN) 75N)
< cogn max(Ag, Ag)V/2.

Let ® denote the standard Gaussian distribution function, ¢ = mq + mo and
c? = maxpeaus {P(D)(1 — P(D))}. The union bound

A C5Cy )\2
P(Z < 5 1— — < —— ),
(&> ( q’()) mAeXp< 23

shows that ¢y = 0604\/N log(1/co max (A1, Az)) for some ¢g > 0.

Appendix
A.1. Elementary example

The Raking-Ratio algorithm changes the weights of cells of a contingency table
in such a way that given margins are respected, just as if the sample should
have respected the expected values of known probabilities. Let us illustrate the
method from the following basic two-way contingency table.

Pr(1,0,42) A?) Agz) Agz) Total | Excepted total
AWM 02 025 0.1 | 055 0.52
ALY 01 | 02 | 015 | 045 0.48
Total 03 | 045|025 | 1

Excepted total | 0.31 | 0.4 | 0.29 N=0

The margins of this sample differ from the known margins, here called expected
total. Firstly the weights of lines are corrected, hence each cell is multiplied by
the ratio of the expected total and the actual one, this is step N = 1.

Pq(ll)(lAgl)mAéz)) A?) Ag2) A:(f) Total | Excepted total
AWM 0.189 | 0.236 | 0.095 | 0.52 0.52
AfY 0.11 | 021 | 0.16 | 0.48 0.48
Total 0.299 | 0.446 | 0.255 | 1

Excepted total | 0.31 0.4 0.29 N=1

The totals for each column are similarly corrected at step N = 2. Typically the
margins of the lines no longer match the expected frequencies. Here they move
in the right direction. Some estimators based on IP%Q) may be improved.
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Pg)(lAgmnAgz)) AgQ) Agz) A:(f) Total | Excepted total
AW 0.196 | 0.212 | 0.108 | 0.516 0.52
AW 0.114 | 0.188 | 0.182 | 0.484 0.48
Total 031 | 04 | 029 | 1

Excepted total | 0.31 0.4 0.29 N =2

The last two operations are repeated until stabilization. The algorithm converges
to the Kullback projection of the initial joint law. The rate depends only on the
initial table compared to the desired marginals. It takes only 7 iterations in our
case to match the expected margins.

Pﬁf)(lAgl)mAgz)) AP | AP [ AP | Total | Excepted total
AW 0.199 | 0.212 | 0.109 | 0.52 0.52
AV 0.111 | 0.188 | 0.181 | 0.48 0.48
Total 031 | 04 | 029 | 1

Excepted total | 0.31 0.4 0.29 N=7

The final raked frequencies are slightly moved away the initial ones, however
this has to be compared with the natural sampling oscillation order 1/y/n —
insidiously n was not mentioned. For small samples such changes are likely to
occur that may improve a large class of estimators, and worsen others. Our
theoretical results showed that the improvement is uniform over a large class as
n — 400 and N is fixed.

A.2. Counterexample of Remark J

Let assume that P satisfies the following probability values

P(AZ n BJ) Ay A As P(BJ)
By 02 | 025]01]| 055
B 025 | 0.1 | 0.1 0.45
P(A;) 0.45 | 0.35 | 0.2
and that f has the following conditional expectations
E(f[4inB;) | A Ay | A3 [ EO)(f) ~
B 0.75 -0.5 | 0.5 0.136
By 0.5 0.25 | 0.5 0.444
EM(f)~ | 0611 |-0.286 | 0.5

By supposing also that V(f|A; N B;) = 0.5 for all ¢ = 1,2,3 and j = 1,2
we can compute the theoretical limiting variances from Proposition 7. We get
V(GO(f) =~ 0.734; V(GU(f)) ~ 0.563; V(GP)(f)) ~ 0.569; V(GO (f)) ~
0.402. The fact that V(G®)(f)) > V(GW(f)) shows that the variance doesn’t
decrease necessarily at each step. As predicted by Propositions 8 and 9 we have

V(GM(f)) < V(GO(f)) for N =1,2,3 and V(GP)(f)) < V(G (f)).
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A.3. Raked empirical means over a class

General framework. Many specific settings in statistics may be modeled
through F. Typically X is of very large or infinite dimension and each f(X) is
one variable with mean P(f) in the population. To control correlations between
such variables one needs to extend F into Fx = {fg : f,g € F} and consider the
covariance process o' (.FX) Random vectors (Y1, ..., Y:) = (f1(X), ..., fr(X))
can in turn be combined into real valued random variables go(X) = (Y7, ..., Y%)
through parameters 6 and functions gg that should be included in F and so on.
Consider for instance gg(X) = 011 +... 4+ 0, Y +e,(X) with a collection of pos-
sible residual functions €, turning part of the randomness of X into a noise with
variance o2. The (VC) or (BR) entropy of F rules the variety and complexity of
models or statistics one can simultaneously deal with. We refer to Pollard [20],
Shorack and Wellner [21] and Wellner [29] for classical statistical models where
an empirical process indexed by functions is easily identified.

Direct applications. Since the limiting process GMV) of ag,,N) has less variance

than G(9, Theorem 2.1 can be applied to revisit the limiting behavior of classical
estimators or tests by using IP’;N) instead of P, and prove that the induced
asymptotic variances or risk decrease. For instance, in the case of goodness of
fit tests, the threshold decreases at any given test level while the power increases
against any alternative distribution @) that do not satisfy the margin conditions.
As a matter of fact, enforcing ]P’;N) to look like P instead of the true Q) over all
AW makes IP,&N) go very far from P on sets where () was already far from P.

Example: two raked distribution functions. Let (X,Y’) be a real centered
Gaussian vector with covariance matrix (_31 jl). We consider the raked joint
estimation of the two distribution functions Fx, Fy. An auxiliary information
provides their values at points —2 to 2, every 0.5. The class F we need contains
for all t+ € R the functions f* (x y) = 1o ylz ) ft (7,9) = Lj—ooy(y) thus

(VC) holds. For Z = X, Y let F ( )=z« P ({Z }) be the N-th raked
empirical distribution function and write Z(1) < § (n) the order statistics.
To exploit at best the information we use N = 2m, F’ )((2 ?71) and Fl(f;n ). Consider
d(N) = Z?T(Z(Hl) Z ))|FéN)( Z(i+1)) — Fz(Z(i11))| which approximates on
[Z(1), Z(n)] the L'-distance between Fé n) and Fz. Denote #(Z ) the random
proportion of sample points where F; O ) is closer to Fz than F), (0) . The table

below provides Monte-Carlo estimates of D(N) E(d(N)) and p(N) E( (Zer)
from 1000 simulations based on samples of size n = 200:

AR AR DA
X | 0.084 | 0.058 | 0.065 | 0.752 | 0.724
Y | 0.085 | 0.043 | 0.053 | 0.731 | 0.681

This shows some improvement, especially for N = 10. For n rather small it
seems not always relevant to wait for the stabilization of the algorithm — here
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denoted N = co. Our theoretical results provide guaranties only for N < Ny, Ny
fixed and n > ng for ny > 0. We also observed on graphical representations that

(0

the way Fé ) leaves Iy, ) to cross Fz at the known points tends to accentuate

the error at a few short mtervals where Fé ZL is far from Fz. This is less the case
as the auxiliary information partition is refined or the sample size increases.

Example: raked covariance matrices. Given d € N, and f1, ..., fq let V(Y)
denote the covariance matrix of the random vector Y = (f1(X), ..., f4(X)) which
we assume to be centered for simplicity. Instead of the empirical covariance
v (v) = n~1Y" Y'Y consider its raked version

VM (y) = ((P;N)(fifj)). ) .
i
Let ||-|| denote the Froebenius norm and define
pv(@l) = V||V ) - vy) .

In other words,

o) ZZ( G0) s RHE) =3 (60s)°

i=1j=1 i=1j=1

In the context of Proposition 6 observe that ¢y is (||:|| £, |-||)-Lipshitz with
parameter C; = d. Clearly py (G)) has a bounded density since ¢2 (G™V)) is
a quadratic form with Gaussian components and has a modified X2 distribution.
Choosing a finite collection of such ¢y ensures that Cy < 4+00. More generally
by letting (f1, ..., f4) vary among a small entropy infinite subset £4 of F¢ and
imposing some regularity or localization constraints to the f; one may have
Cy < +oo while {f; f; : fi, f; € F} satisfies (BR). The largest C5 still works for
L = Ugcg,La- Therefore Proposition 6 guaranties that

max sup
0<N<N, c
Si<do (fh--;i%)e da

P (SOY( (N)) < x) —-P (QOY(G(N)) < x)’ < d1C1Covy,

where it holds, for all N < Ny, do < dy, (f1,..., fa) € Lq and z > 0,

P (cpy(G(N)) < :v) <P (wy(G(O)) < x) ,

by the variance reduction property of Proposition 8. Hence we asymptotically

have P(py (as, o )) z) < Poy(a (0)) < z) — ¢ uniformly among Y such that
P (py (G™)) < z) <P (py(G®) < z) — 2¢, for any fixed € > 0.
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