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Abstract: In many real problems, dependence structures more general
than exchangeability are required. For instance, in some settings partial
exchangeability is a more reasonable assumption. For this reason, vectors
of dependent Bayesian nonparametric priors have recently gained popular-
ity. They provide flexible models which are tractable from a computational
and theoretical point of view. In this paper, we focus on their use for es-
timating multivariate survival functions. Our model extends the work of
Epifani and Lijoi (2010) to an arbitrary dimension and allows to model
the dependence among survival times of different groups of observations.
Theoretical results about the posterior behaviour of the underlying depen-
dent vector of completely random measures are provided. The performance
of the model is tested on a simulated dataset arising from a distributional
Clayton copula.
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1. Introduction

Bayesian nonparametric modelling in survival analysis problems often relies on
the assumption that the times observed are exchangeable, see for example Dok-
sum (1974) and Ishwaran and James (2009). Such assumption fails to hold when
we consider events that are pooled from different dependent scenarios. For ex-
ample, consider patients under the same treatment but in different hospitals.
The survival times of patients from the same hospital could be assumed ex-
changeable. On the other hand, this is not a reasonable assumption when we
consider patients from different hospitals since factors specific to each hospital
might exert significant influence. In general, we can consider that the data is
originated from d different but related studies. Formally, we have d sets of ob-
servations where the exchangeability assumption is assumed only within each
set. In the above cases, it would be more appropriate to assume a form of
dependence called partial exchangeability (see Section 2 for a formal account
on exchangeability and partial exchangeability). This motivates the extension
of Bayesian nonparametric models into a partially exchangeable setting where
multiple-samples information could be used.

Applications of Bayesian nonparametrics in survival analysis go back, for
example, to Doksum (1974) and Ferguson and Phadia (1979), who used non-
decreasing independent increment processes to construct random survival func-
tions. Dykstra and Laud (1981) and Lo and Weng (1989) focused on random
hazard rates. More recently, Ishwaran and James (2009) used a general class
of random hazard rate-based models, and Nieto-Barajas (2014) used a gen-
eral short-term and long-term hazard ratios model. There is an ongoing effort
in Bayesian nonparametrics to propose flexible dependent random probability
measures as set forth with the seminal work of MacEachern (1999). In survival
analysis, for example, De Torio et al. (2009) introduced a model based on a
dependent Dirichlet process. In a partial exchangeable setting, survival analy-
sis models have been used, for example, in Epifani and Lijoi (2010) where a
dependent two-dimensional extension of the neutral to the right (NTR) model
was introduced and in Lijoi and Nipoti (2014) where a dependent vector of haz-
ard rates was constructed. Griffin and Leisen (2017) introduced a new class of
vectors of dependent completely random measures, called Compound Random
Measures, where the dependence contribution is modelled with a parametric
distribution.
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In the seminal work of Doksum (1974), the NTR model for survival functions
was introduced. The NTR model can be expressed in terms of a Completely
Random Measure (CRM) p. This means that when p is evaluated at pairwise
disjoint sets it gives rise to mutually independent nonnegative random variables.
We say that a positive random variable Y has a NTR distribution given by a
CRM g, denoted Y ~ NTR(p), if

S(t) = BlY > t|u] = e (O,

where p is such that
lim (0,t] = occ.

t—o0

NTR distributions have several appealing properties, including the indepen-
dence of normalized increments and posterior conjugacy for censored to the right
data. An extension of the NTR model into a partially exchangeable setting was
given by Epifani and Lijoi (2010) for the 2—dimensional case. In the present
work, we follow the approach of Epifani and Lijoi (2010) and focus on models
based on a d-dimensional wvector of completely random measures (VCRM). More
precisely, we consider d collections of survival times {Yj(l)};?‘;l, ce {Yj(d) )
such that, for t = (t1,...,t3) € (RT)9,

S@) =PV >, YD >ty (s pa) | = e Otz mmaOtal )

with arbitrary iy, ...,4¢ € N\ {0}. This model is convenient for modeling data
where the dependence among the entries of the VCRM pu = (pq,..., 1q) ac-
counts for dependence among the multiple-samples in a partially exchangeable
setting. Furthermore, marginally we recover the NTR model, namely

i i) ii.d.
Yy NTR () 2)

with i € {1,...,d}, n; € N\ {0}. In (2) we want to model the dependence of
the VCRM p in a way that allows us to fix a marginal behavior so to exploit
the fact that marginally we recover a NTR model; Lévy copulas are a natural
framework to model the dependence structure of VCRM’s in such way.

In this paper we provide a posterior characterization for the above model,
see Theorem 1. Similarly to Epifani and Lijoi (2010) for 2-dimensional setting,
we show that the posterior distribution corresponds to a survival function of
the type as in (1) leading to a conjugacy property. Extensions of some results
in Epifani and Lijoi (2010) are also provided. We would like to stress that the
derivation of such results are not trivial when considering an arbitrary dimen-
sion. In particular, Proposition 1 gives a general expression for the Laplace
exponent when a Lévy copula is considered to set the dependence of the VCRM
underlying the d—dimensional NTR model; Proposition 3 gives an alternative
characterization of the multivariate NTR. Furthermore, other theoretical results
are proved in order to facilitate the calculation of posterior means when the in-
ferential exercise is implemented. Finally, we illustrate the methodology on a
synthetic dataset.
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The paper is organized as follows: Section 2 presents the preliminary notions
which are needed in this work. In Section 3 we extend some results in Epifani
and Lijoi (2010) to the multivariate setting. In particular, we state the posterior
characterization of the model and provide some useful corollaries for implement-
ing the posterior inference. In Section 4, an application with synthetic data is
illustrated. All the proofs can be found in the appendix.

2. Preliminaries

In this section, we provide some preliminaries about exchangeability, partial ex-
changeability and vectors of completely random measures which are the building
blocks of our Bayesian nonparametric proposal. Furthermore, we will illustrate
the concept of a positive Lévy copula which is useful to model the dependence
structure between the components of a vector of completely random measures.

2.1. Exchangeability and partial exchangeability

Let Z be a complete and separable metric space, with corresponding Borel o-
algebra Z = B(Z)

Definition 1. A collection of random variables {Z;}$2, in Z is exchangeable if
for any permutation 7 of {1,...,m} we have that

(Z0, s Zon Y 2 {Zn1)s s Donom) -

As highlighted in the Introduction, in several problems the exchangeability as-
sumption appears far too restrictive. In particular, we considered d groups of
observations where the order in which they are collected within each group is
irrelevant. To describe this setting we resorted to the notion of partial exchange-
ability, as set forth by de Finetti (1938), that formalizes the idea of partitioning
the entire set of observations into a certain number of classes, say d, in such
a way that exchangeability may be reasonably assumed within each class. For
ease of exposition, we confine ourselves to consider the case where d = 2.

Definition 2. The collection of random vectors

{(z".2%)}

in Z? is partially exchangeable if, for any my, ms > 1 and for all permutations

7 and 7w of {1,...,m1} and {1,...,mo} respectively, we have that
1) 1) 7 (2) AD) (2 (2)
{Zl Zml’ Z } {Zﬂ'l(l * 7T1(m1)’ ZTI'Q(l)’ e Z (mz)}
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2.2. Vectors of completely random measures

Given a complete and separable metric space X, with corresponding Borel o-
algebra X = B(X), we call a measure p on (X, X') boundedly finite if ;1(A) < oo
for any bounded set A € X. A random measure is a measurable function from a
probability space (Q, F,P) onto (Mx, Mx) which is the measure space formed
by M, the space of boundedly finite measures on (X, X’), and its correspond-
ing Borel g-algebra Mx. In particular we will focus on the class of completely
random measures as introduced in Kingman (1967).

Definition 3. A random measure ;. on a complete and separable metric space
X with corresponding Borel o-algebra X = B(X) is called a completely random
measure (CRM) if for any collection of disjoint sets {A1,...,4,} C X the
random variables p(A1),...,u(A4,) are mutually independent.

A CRM p has the following representation (Kingman, 1967),

B= pd + pr + pfi,

where 114 is a deterministic measure, s is a measure that consists on jumps
with possibly random jump heights but fixed jump locations, and

My = Z Wi(ina
i=1

where for i € {1,2,...} X; € X are random jump locations and W; € RT are
random jump heights. The measures pq, py; and p,. are mutually independent.
In particular, u, is again a CRM and is characterized by the following Laplace

transform N
E[e*A#r(A)} — e~ Jrtxall—e” ‘“’)V(dsvdr)’ (3)

where A > 0 and v is a measure on RT x X such that
/ min{s, 1}r(ds, dz) < oo,
RtxA

for any bounded set A € X'. The measure v is usually called the Lévy intensity
of p,. In the remainder of this work we only consider CRM’s p without fixed
jump locations nor deterministic part so we take p = u, to be solely determined
by (3). In particular we focus on Lévy intensities v which are homogeneous, i.e.

v(ds,dz) = p(ds)a(dx),

where « is a non-atomic measure on X referring to the jump locations and p
is a measure on RT referring to the jump heights. A popular example of an
homogeneous CRM is the o-stable process given by

Ars 7 sda). (4)

V(dS, d.’E) = m
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o-stable marginal

6 —/P_/‘—’

u(0.t)

t

Fic 1. Plot of u(0,t] when a o-stable process is considered.

As an illustration, we plot in Figure 1 the associated process p(0,t] for the
o-stable process (4) with a(dz) = da.

We extend this framework to the multivariate setting by considering vectors
(41, - - -, pg) where each p; is a homogeneous CRM on (X, X) with respective
Lévy intensities 7;(ds,dz) = v;(ds)a(dz). Moreover we take the intensity o«
to be smooth in the sense that a((0,t]) = v(t) with v : [0,00) — RT a non-
decreasing and differentiable function such that v(0) = 0 and lim;_,+ y(t) = oo;
this last conditions on the limit behaviour will enable us to get, marginally,
the associated NTR cumulative distributions in our models. We have that for
any Aq,...,A, in X, with 4, N A; = 0 for any ¢ # j, the random vectors
(n1(As), ..., 1a(A4;)) and (pi(4;),. .., pa(A;)) are mutually independent; fur-
thermore, one has a multivariate analogue of the Laplace transform (3)

E[e—)\lNl(A)—-“—)\de(A)} — 67 f(uﬁ»)dXA(l*e_klsl_m_/\dsd)pd(dslw“’dsd)a(dm) (5)
where A = (A,...,Aq) € (RT)? and py is a measure on (RT)%. In particular,
we introduce the notation for the multivariate Laplace transform

E{e—ml(o,tl—w—xdud(o,t]} — e, (6)

Henceforth, 1;(A) is called the Laplace exponent of g = (u1,...,puq); in the
case at hand, ¥¢(X) = (t)1(A) where Y(A) = [, .(1 - e~ <M%>)p,(ds) and

<A 8 >= 2?21 \;s; is the usual inner product in R?. Marginalizing, we have
that

vi(A) = / v;(ds) = / pa(dsy, ... ds;—1, A, ds;q1,...,dsq).
A (R+)d—1

In Section 3, we use this particular kind of homogeneous and additive vector of
CRM'’s to construct priors for survival analysis models.
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2.3. Positive Lévy copulas

Although in this work we consider vectors of CRM’s with fixed marginal be-
haviour, it remains to establish the dependence structure. Kallsen and Tankov
(2006) introduced the concept of positive Lévy copulas which allows to construct
vectors of CRM’s with fixed marginals.

Definition 4. A function C(s = (s1,...,84)) : [0,00)¢ — [0,00] is a positive
Lévy copula if

(1) VB = [s1,t1] X ==+ X [sq,tq] C [0,00)? such that s; < t1,...,54 < tg we
have that

Z sign(v)C(v) > 0,

{v :v is a vertex of B}
with
1, if vy = s; for an even number of vertices,

sign(v) =
gn(v) {1, if v, = s for an odd number of vertices.

(2) If s is such that s; = 0 for some i € {1,...,d} then C(s) =0
(3) Let y1 =+ = Yp—1 = Ygt1 = - -+ = yqg = 00 and
Ck(s) = C(yla sy Yk—15 Sk Yk+1,5 - - - ayd) fork € {]‘ﬂ . ad} then Ck(s) =S

For example, a vector of independent CRM’s is obtained with
CL,d(S) = 31152200,.4.754200 + -+ Sd]-sl:oo,.“,sd,lzoo-
A vector of completely dependent CRM’s, in the sense that the jumps of the
stochastic vector are in a set S such that whenever v, u € S then either v; < u;
or u; < v; for all i € {1,...,d}, is obtained with
C|‘7d(s) = min{sl, ey Sd}.
An interesting example of positive Lévy copulas is the Clayton Lévy copula
Coa(s) = (57" 4+ +3577)77. (7)

The parameter 6 is positive and regulates the level of dependence. The above
copulas are special cases of the Clayton Lévy copula, i.e.

lim Cg7d(8) = CL,d(S) and lim (/’97,1(8) = C” d(S).

0—0 06— 00 ’

We define the tail integral of an univariate Lévy intensity v to be U(z) =
[.Z v(s)ds. In the setting of Section 2.1 we use a Lévy copula Cq and the
marginal tail integrals Uy, ..., Uy associated to vq,...,v4 to specify an abso-
lutely continuous pg(ds) = pd( )ds via

/ / pa(s
] Td

= . 7Cd(u) vi(s1)---va(sq)ds.
/am /:L’d 8’&1 T 8Ud u1=U1(s1),-ua=Ua(s4)
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o-stable marginals with Clayton Levy copula; §=0.3

!

Ss
2+
1} 4
— o0, =05
— 0,=05
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t
7 o-stable marginals with Clayton Levy copula; §=3.5
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5+
a4l
S
=5l
2+
1 — 0,=05
— 0,=05
0 n
0.0 0.2 0.4 0.6 0.8 1.0

t

Fic 2. Plot of dependent o-stable processes with dependence given by Clayton Lévy copula
with parameter @ = 0.3 (top) and 0 = 3.5 (bottom).

Therefore, under suitable regularity conditions, we can recover the multivariate
Lévy intensity from the copula and marginal intensities in the following way

Ca(u) vi(s1) - va(sa)- (8)

u1=Ui(s1),,za=Ud(sa)

ad
pa(s) = )

up - - - Oug

For example, consider the Clayton Lévy copula with o-stable margins, given
by (4), and a(dz) = dz. Figure 2 shows the dependence behaviour when a
2-dimensional Clayton Lévy copula with parameter § = 0.3 and § = 3.5 is
employed; we plot the associated stochastic processes p;(0,t] with ¢ € {1,2}
similarly to Figure 1. As expected, when 6 = 0.3, at each jumping time, the
processes have one jump weight big and one small since we are close to the
independence case (where the processes almost surely share no jumping times).
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On the other hand, when 6 is increased to 3.5, we can appreciate the higher
dependence induced by a larger value of the copula parameter. We simulated
the trajectories in Figure 2 by using Algorithm 6.15 in Cont and Tankov (2004),
where a full treatment of the dependence structure of Lévy intensities is also
given. Leisen and Lijoi (2011), Leisen, Lijoi and Spano (2013) and Zhu and
Leisen (2015) used a Lévy copula approach for building vectors of dependent
completely random measures.

2.8.1. Working example

If we consider the Lévy intensity arising from (8) when considering the d-
dimensional Clayton Lévy copula, (7), with parameter 6 and o-stable marginals,
(4), with parameters A, o, we obtain

A1 +60)(1+20)---(1+ (d—1)8)0% (s155---54)7° "
Pd,6,A0(8) = T4 :
P(1—o)(s7%+---+53%)°

Furthermore, if we take § = 1/0 we obtain the simplified Lévy intensity

A(U+1)(U+2)~-(O’+d—1)()’. )
T(1—0)(s14 - +s4)° "

Pd,A0(8) =

Such intensity corresponds to a particular family of vectors of completely ran-
dom measures known as Compound Random Measures (CoRM’s) and intro-
duced in Griffin and Leisen (2017); the previous Lévy intensity arises when
taking ¢ = 1 in equation (4.4) of the aforementioned paper. A convenient fea-
ture of this Lévy intensity is that, as shown in Proposition 3.1 of Zhu and Leisen
(2015), we can explicitly get the corresponding Laplace exponent

d o+d—1
)\i

Ya.n0(X) =
“ ; H?:l,j;éi()‘i - >‘j)

where we take the appropriate limits when A = (A1,..., \q) is such that A; = \;
for distinct 4,5 € {1,...,d}. As indicated in the remark at the end of Section 3,
evaluation of the Laplace exponent is necessary for the explicit calculation of
the posterior mean of the survival function given censored data.

LN #N forj £, (10)

3. Main results
Let d € N\ {0}, and suppose we have d collections of random variables

{0y 3. (11)

We characterize the probability distribution of these random variables in terms
of a vector of CRM’s p = (pu1, ..., jta). For t = (t1,...,tq) € (R*)%, let
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P[Yl(l) > 111, DASUBS tl’nl,...,yl(d) D I P Y@ > tdng |(,u1,...,,ud)}

’ T ng » T ng

d n;
— H H et (0sts 5] (12)

i=1j=1

We observe that under such model the random variables (12) are partially ex-
changeable and marginally follow a NT R process. The dependence structure in
this model can be given through the Lévy copula associated to the CRM p. This
model extends the one in Epifani and Lijoi (2010) to an arbitrary dimension d.

The family of Clayton Lévy copulas is of interest because it has both the
independence and complete dependence cases as limit behaviour. In the next
result, we work towards finding expressions for the Laplace exponent associated
to the Clayton family in such a way that the dependence structure is decoupled
across dimensions. This result could be useful since, as we will see, an explicit
calculation of v is of key importance to implement the Bayesian inference in
our survival analysis model.

Let p4(s;6) be the Lévy intensity associated via (8) to the Clayton Lévy
copula Cy 4 and fixed marginal Lévy intensities 14,...,v4 with corresponding
Laplace transforms 1,...,1%4. We denote the vector of tail integrals corre-
sponding to the marginal Lévy intensities as Ug(xz) = (Ui (x1), ..., Uq(zq)) and
fix the notation

k(O; N, 8) = Ni, -+ Ni, / e st Aimsm Gy (U (81), -+ -5 Ui, (8m))ds,
(R+)m

where d € N\ {0}, A = (A1,...,\q) € (RN, m € {1,...,d}, and i =
(i1,09, ., im) € {1,...,d}™ is such that i1 < -+ < ip,.

Proposition 1. Suppose that d € {2,3,...} and

/ Is]lpa(s;@)ds < oo, (13)
Isli<1
then
—<\, 8> 8d
’l][}(A) = /(R+)d(1 — e ’ )mcgad(uﬂu:Ud(s)yl (51) e I/d(Sd)dS
d
=Y wi(h) - 3 k(O3 A, 3) + -+
=1 i=(i1,ig)€{1,...,d}?
11 <12
-+ (_1>d Z K(97Aa”’> + (_1>d+1’%(9;A7(1?---5d))7
a=(i1,..., ig_1)€{1l,..., dyd—1
i1 <o <ig_1

where A = (A1, ..., \q) € (RT)%.
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We refer to the Appendix A.1 for the proof. We incorporate the Lévy exponent
¢ in the multivariate survival analysis setting of (12), in the next result. We
introduce the notation

oo oo
Vih---ﬂ'h(sim"'vsih) = / / pa(s) H ds;
0 0

J#{i1,in}

for h € {1,...,d} and distinct i1,...,4, € {1,...,d}; and denote 1, ... ;, for
the respective Laplace exponents.

Proposition 2. In the context of (12), let 1 = (1,...,1). Fort; <--- <tq4 and
i1,...,1q € {1,...,d} such that t;; <---<t;, then

p[y(l) St Y@ s td} — eV (ti)Y() o= [V (ti) =7 (i i1 (1) (14)
NEEE ei[’Y(tid)f'Y(tid_l)]wid(l). (15)

We refer to the Appendix A.2 for the proof. This result showcases the im-
portance of the Laplace exponent v for calculating probabilities in the model
and the impact of the function ~(t), related to the time depending part of the
Laplace exponent, in the survival function. In Section 4, we will show that the
availability of the Laplace exponent is also of main importance to implement the
Bayesian inference for the model. The model we are working on generalizes to
arbitrary dimension the classic model of Doksum (1974). We present a multivari-
ate extension of Theorem 3.1 in Doksum (1974), which relates our model with
the notion of neutrality to the right. Let F' be a d-variate random distribution
function on (R*)? and, for a d-variate vector of CRM’s g = (pu1, .. ., itq), denote
wi(t) = p; ((0,¢]) with ¢ € {1,...,d}. Then, we have the following multivariate
extension to Theorem 3.1 in Doksum (1974) and Proposition 4 in Epifani and
Lijoi (2010).

Proposition 3. F(t = (t1,...,tq)) has the same distribution as

[1— e—ul(tl)] - e—ud(td)]
for some d-variate CRM p = (p1, ..., 1a) if and only if for h € {1,2,...} and
vectors t1 = (t171, ... >td,1)a oty = (tl,h7 ... ;td,h) with t()’i =0< tl,i <<

tas and tjo =0 < t;1 < --- < tn, there exists h independent random vectors
(Vl,la e Vd71), ey (Vl,h7 e Vd,h) S’UCh that

(F(t1),...,F(ty)) <
Vipg-Va, 1 =VigVig] - [1 = VaiVaal,...,[1 = H Vigl---[1— H V]
j=1 j=1
(16)

Where V; ; =1 =V, j with i € {1,...,d} and j € {1,...,h}.
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We refer to the Appendix A.3 for the proof. We now establish some notation in
order to address the posterior distribution arising from (12) when some survival

data is available. Let Yn(f) = (Yl(i),...,Y?«Ef)), i = 1,...,d, be d groups of

observations that come from the distribution given by

d mn;
P[YQP St YD >ty (s ,ud)} =TI ILe O,
i=1j=1

where t;,, = (ti1,.-.,tin,) and the event {Yn(l) > t;n,} corresponds to the
event {Yl(l) >ty v > tin,} Let 651)7 N A ng)7 Y be their
respective censoring times; therefore, the set of censored data is the following

d

D = U@ 07},
i=1

where T](i) = min{Yj(i),c;i)} and 5§i) = ﬂ((),cg”] <YJ(Z)) The number of exact
observations is n, = Z?:l Z?:l 5;2) and the number of censored observations is
n. = ny1 + no — n.. Taking into account the possible repetition of values among
the observations, we consider the order statistics (71, ... ,T(k)) of the distinct
observations where k is the number of distinct observed times among all groups.

Let define the set functions

mi(4) =36 aTY) 5 miA) =301 - 67)1a(Ty)
j=1 j=1
for i € {1,...,d}, which denote the number of, respectively, exact and cen-

sored marginal observations in A, with respect to group i. We define Nf(x) =
ms ((z,00)), Nf(z) = mf((z,00)), for i € {1,...,d} and nf; = m;({T(;}),

- k _ k .o
nzg,j = mf({T(j)})a n;ij = Zr:j ng,r nzg,j = Zr:j nf,r for (7"]) € {L s 7d} X
{1,...,k}; and the corresponding vectors
ﬁizz(ﬁfJ,“.,ﬁZJ) : ﬁj::(ﬁﬁJ,”.,ﬁZJ)
forje{l,...,k} and N°(z) = (N7 (x),...,Ng(x)), N°(z) = (N{(x), ..., N(x)).
The next theorem determines the calculation of the posterior distribution for
a vector of CRM’s given some censored data and it applies to general vectors

of CRM’s. In particular, the assumption that the respective Leévy intensity is
homogeneous has been dropped.

Theorem 1. Let p = (p1, ..., iq) be a d-variate CRM such that its correspond-
ing Lévy intensity v(s,dt)ds is differentiable with respect to to on RT \ {0} in
the sense that for n, = v(s,(0,t]) the partial derivative n; (s) = 6nt(s)/8t|t:t0
exists. Moreover we assume that the entries of u are not independent. Then
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the posterior distribution of pu given data D is the distribution of the random
measure

(B35 pg) + > (14075 - -+ » JajO1))

{j:T(yis an exact observation}

where

(1) p* = (u7,..., ;) is a d-variate CRM with Lévy intensity v* such that

v*(ds,dz = e~ (759 (ds, dx)

)|d:EE(T(j,1),T(j)) -
forje{l,....k+1}.
(2) The vectors of jumps {(J1,j,---,Ja,j)}jes, where

J ={j : T{j) is an exact observation},

are mutually independent and the vector of jumps corresponding to the
exact observation T ;) has density

d

fi(s) o [T {e ot mioese(u—emsy Loy (s).

i=1

(3) The random measure p* is independent of {(J1;,...,Jaj)}jer, with J =
{j : T(j) is an exact observation}.

We refer to the Appendix A.4 for the proof. The previous result showcases
that the posterior distribution arising from (12) can be modeled in the same
framework via a vector of CRM’s by updating the prior vector of CRM’s u to
p* as above.

This result is enough to provide a scheme for posterior inference. In particular,
in the setting of (12) and Theorem 1, we want to estimate the corresponding
survival function ]P’[Y(l) >ty YD > (.. 7ﬂd)] when multiple sam-
ples information is available.

A natural approach in Bayesian nonparametrics is to marginalize over the
infinite dimensional random element which characterizes the probability model.
In our case, given censored data D, we calculate the mean of the survival func-
tion given the data by marginalizing over the vector of CRM’s u. As a result
of Theorem 1, we can calculate such quantity. The next results allow us to im-
plement the necessary inferential scheme for performing the estimation of the
survival function as a posterior mean. We denote e; for the canonical basis of
R and Sp(t) = StY e e) for t > 0,0 # L C {1,...,d}. In view of the
independent increments of the CRM’s, calculation of the posterior mean of Sy,
is all that is needed for the evaluation of the posterior mean of S. The next
corollary shows how to evaluate the posterior mean of Sy,.

Corollary 1. Let p be a vector of CRM’s with corresponding Lévy intensity
such that n.(s) = y(t)v(s) with v a differentiable function satisfying v'(t) # 0
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for t > 0. Moreover we assume that the entries of p are not independent. Let
0#£Lc{l,...,d} and set

Jo=1{i Ty <t}
where T(y41) = 0o. Then,
Sp.(t) = E[E[S.(t)|p] D] = o~ Lt AT ) =Y (Ti=D)]ir ;000 9] (Zrer @)
y H . Sy e, {e*(lieLJrﬁ?,jJrﬁ?,jH)sl»(1 ey } V(s)ds
JET & Sy I, {e*[ﬁf,j+ﬁf,j+1]5i(1 B efsi)n;j} v(s)ds

where Tgy = 0 and for A € (R*)¢

Yi(A) = / (1 — e_<)"s>) e~ (MIFNIS(s5)ds
(RT)d
= YA+ 0 +nj) —Y(n] +nj).

We see that we can estimate S(t) for arbitrary ¢t € (R
estimates defined in the previous corollary. Indeed, let t =
a permutation of {1,...,d} such that 1) <tpo) <--- <
i €{1,...,d— 1}, the following sets

Li={j: 70V (@) > i}.

From the independence of increments of CRM'’s, it follows that the posterior
mean of the survival function given censored data D is

) in terms of the
1, tq) and 7 be

(t
tr(d)- We define, for

d—1

$(0 = SEIS(Ol D) = St T 550 v @iyt

Usually, we deal with Lévy intensities which exhibit some dependences in a
vector of hyper-parameters ¢. On the proof of Theorem 1, it is outlined how,
given censored data D as before, we could derive the likelihood of the hyper-
parameters in the Lévy intensity. This likelihood is necessary for implementing
the inferential procedure and it is displayed in the next corollary.

Corollary 2. Let p be a vector of CRM’s with corresponding Lévy intensity
such that ny(8) = y(t)pa,c(s) with v a differentiable function satisfying ~'(t) # 0
fort > 0, and ¢ a vector of hyper-parameters. Given censored data D we get
the likelihood on c.

I(¢; D) —o i VT (TG [ba,e (5 +75)
X H v (T5) / H e~ (Mithis) (1 - e_si)nf’jl)d,e(S)ds}»
JjeJ

where Y4 . is the Laplace exponent associated to pq.c.
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The next lemma provides a useful identity for the computation of the integrals
in Corollary 1 and Corollary 2.

Lemma 1. For q = (qi1,...,q1) € (RT)? and n = (n1,...,nq) € N¢

d d n; )
/ o~ (@) H (1 _ e*Si)niV(s)ds :Z Z <7Z) (*l)kﬂ[l//(kei +q) — ¥(q)]
(R*) i=1 i=1 k=1
DYDY (ZI) <Zj)(_1)kl+k2ﬂ[1/)(k1€n + haes, + ) — (a)]
il ?é ig k1=1ko=1
Ty s My ¢ {0}

+ Lin,20,...,na0} Z Z (=1)krtthatl i (kiey + - + kaeq + q) — ¥(q)].

We omit the proof as it is just an application of the binomial theorem in the
same line as the proof of Lemma 3 in the appendix.

Remark. The previous results highlights that the implementation of the infer-
ential procedure depends on whether we can perform evaluations of the Laplace
exponent or not.

4. Application

In this section we perform the fitting of a multivariate survival function given
censored to the right data in the framework of (12). As mentioned in the previous
remark, the evaluation of the Laplace exponent of p in (12) is necessary to
evaluate the posterior mean in Corollary 1 and the likelihood in Corollary 2;
with this in mind, we choose the random measure p given by the Lévy intensity
showcased in (9), so that the corresponding Laplace exponent is readily given
by (10). For illustration purposes, we use 4-dimensional data arising from a
distributional copula with fixed marginal distributions, see Nelsen (2013) for an
overview of distributional copulas. More precisely, we generate simulated data
Y = (Y3,...,Yy) with probability distribution Fy » given by a distributional
Clayton copula with parameter # and exponential marginals with parameter
A. Then, we perform right-censoring by considering censoring time variables ¢
consisting of independent exponential random variables with parameter \., and
define

6= (1Y1<C1a cey 1Y4<C4)a
T = (min{Y1,c1},...,min{Yy, cs}). (18)

For fitting the data, we use the 4-dimensional Lévy intensity given by (9) and
assign priors for the hyper-parameters in (9), o and A. We choose a log-normal
prior for the parameter A and a Beta prior for the parameter o. We use the
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Metropolis within Gibbs algorithm to draw samples from the posterior distri-
butions of A and ¢ by making use of the likelihood showed in Corollary 2. We
present a Monte Carlo approximation of the estimator (17), where we have av-
eraged over the posterior draws of A and o. A more in depth description of
the simulation algorithm is given in Appendix A.5. In Figures 3 and 4 we show
the fit for 150 possibly right censored observations as in (18). The simulated
synthetic observations are such that

Y; ~ Fy—03=1., j=1,...,150
Cij NEXp()\C:?)?), 7,:]_’747 J: ]_”]_50
T;; = min{Y; j, ¢ ;}, i=1,...,4; j=1,...,150.

We chose A\, = 3.7 so we have at least 75% of exact observations for T' in each
dimension. The construction of Fy ) through a distributional Clayton allows us
to calculate explicitly the associated survival function as showcased in Appendix
A.6. We use the true survival function for comparison with the fitted survival
functions. The estimated survival function are given by the posterior mean

S(ty,ta,t3,ts) = E[E[S(t1, 12, L3, 1) |p] | D],

as in (17). The prior distributions of the hyperparameters are

o ~ Beta(u = 0.4,0% =0.1)

A ~ Log-Norm(u = log(0.88), 02 = 3.5).
We ran 1000 iterations for the associated Metropolis within Gibbs sampler. Fig-
ure 3 and Figure 4 show that the estimated survival functions approximate well
the true functions. For comparison purposes, we presented a Kaplan-Meier esti-
mator for the true survival function, see for example Aalen et al. (2008). As there

is no multivariate Kaplan-Meier, we use the next estimator for a multivariate
survival function:

Skm(tis. .. ta) =

SKM(t1|T2 >to, ..., Tqg > td)SKM(t2|T3 > i3, Tg > td) . SKM(td)a
where each Skp; estimator is treated as a univariate Kaplan-Meier estimator
restricted to the corresponding set of observations. In Figure 3 and Figure 4,
we could appreciate that in the last subplots of each column the Kaplan-Meier

can fit poorly as there are less observations on the conditioned Kaplan-Meier
functions, as presented in the formula above.

Appendix
A.1. Proof of Proposition 1

Givend € {2,3,...}, we use the notation v_;(s) = H?:Hl vj(s;) and Uy.q(s) =

(Uk(s1)- -, Ua(84—k+1)) for s € (R*)4. Furthermore we define integrals

ad
— o am<As>_ Y
don = [ 0N e @) 0008
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0.6 0.6
Evaluation in (£.0.5.0.2.0.1) Evaluation in (0.4.6,0.3,0.1)
— True survival function. — True survival function.
Kaplan-Meier estimator. 053 -~ Kaplan-Meier estimator.
Estimation of the survival Estimation of the survival
function with our methodology.

5(60.5,0.2,0.1)

A. Riva Palacio and F. Leisen

Evaluation in (£,0,0,0)
True survival function.
Kaplan-Meier estimator.

Estimation of the survival
function with our methodology.

S(04.£0.3,0.1)
°

Evaluation in (0,,0,0)

— True survival function.

-~ Kaplan-Meier estimator.
Estimation of the survival
function with our methodology.

function with our methodology.

01
o
0.0 — 0.0
2 3 4 5 5 6
t t
0.40 04
" Evaluation in (£.0.7,0.4,0.1) Evaluation in (0.6,6,0.5,0.1)
035 True survival function. 035, — True survival function.
i Ay .
H -~ Kaplan-Meier estimator. s -~ Kaplan-Meier estimator.
o3of \t Estimation of the survival 030H \\ Estimation of the survival
function with our methodology. \ function with our methodology.
.
025 025
= 020 < 020
“ o015 7 o1s
0.10 0.10
0.05 ™ 005
e
N T
0.00 = 0. — —
2 3 7 5

(a) Fits with first dimension not fixed.

(b) Fits with second dimension not fixed.

F1c 3. Plot of our methodology fits (violet lines), compared with Kaplan-Meier fits (dashed
lines) and the true survival function associated to the distributions Fp—g.3,x=1. (green lines).
The first column shows fits of the survival function with fired values in all dimensions except
the first one; the second column has fized values in all dimensions except the second one.

and

ak’m()\)

d—k
= (—1)k*! Ay - 0
(RF)™

)\ke—<)\,s>

mcﬂ,m(Udme:d(s))ka(s)ds

where k € {1,...,d}, m € {0,1,...,d} and A € (R*)4 such that ag 4(A) < o0;

we also define Hé‘:k aj =1 when k > [, and denote x_; for the vector  without
its i-th entry.
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1.
Evaluation in (0.0.40) Evaluation in (0.0.0.4)
— True survival function. True survival function.
-~ Kaplan-Meier estimator. Kaplan-Meier estimator.
Estimation of the survival Estimation of the survival
function with our methodology. function with our methodology.
—
- 4 = 6 ¢ 4
t t
05 0.6
Evaluation in (0.6,0.1,6.0.1) Evaluation in (0.4.0.2,0.2.t)
N — True survival function. — True survival function.
a1y -~ Kaplan-Meier estimator. % -~ Kaplan-Meier estimator.
\ Estimation of the survival Estimation of the survival
Y function with our methodology. function with our methodology.
0.4 \
\
=03 =
E 03
& 02 &
0.2
01 i
~~~~~~~ e
0.0 = ~- 0.0
1 2 3 4 - % 2 3 a4 ;| 6
t t
0. 035
Evaluation in (0.8,0.3..,0.1) Evaluation in (0.6,0.5,0.2,
030 — True survival function. 030l ¢ — True survival function.
-~ Kaplan-Meier estimator. -~ Kaplan-Meier estimator.
Estimation of the survival Estimation of the survival
0.25 function with our methodology. 025 function with our methodology.
Z 020 I 020
< o015 S o1s
0.10 0.10
005 005
S~
0. - 0.00 S -~
5 T 2 3 4 5
t t

(a) Fits with third dimension not fixed. (b) Fits with fourth dimension not fixed.

F1G 4. Plot of our methodology fits (violet lines), compared with Kaplan-Meier fits (dashed
lines) and the true survival function associated to the distributions Fg—g.3 x=1. (green lines).

The first column shows fits of the survival function with fired values in all dimensions except
the third one; the second column has fixed values in all dimensions except the fourth one.

An integration by parts shows that

§1=00

od-1
— _ 1— —<A, 8> C .
o /(R+)d1 (1-e )8Ud -+ Oug a’d(u)‘“:Ud(s)V 1(s)

adfl
—<As> Y
* lR+)d Are Oug - - - Ous Co.a(w) |u:Ud(s)V—1(S)dS

dS,1

5120

= a0,a-1(A-1) + a1,4(A)
and in general for r € {1,...,d} we get the recursion formula

ard(A) = arg—1(A_(r11)) + ary1,a(A) (A.19)
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We prove the next technical lemma

Lemma 2. If ag q(A) < oo then the next d + 1 identities hold

d
ag,d(A) = Zwi()\i) - Z k(05 XA, ) +
i=1 i=(i1,i2)€{1,..., d}?
11<12
o (1)1 Z k(O3 A, (i1, ... ia—1))

i=(i1,..ig_1)€{l,...,d}yd =1
1< <iqg—1

+(=D)MR(O X, (1, d))

d
a1,a(A) = (M) = Yk (6; )+ Y k(O (Ldr,d) + -
=2 i1,i9€{2,...,d}
11 <12

+(71)d Z K((e;)H(]-aila"'aid—Q))

ag—1.4N) = (=1D)%% (O; X, (1,...,d = 1)) + (=) e (G; X, (1,...,d))
aga(A) = (1)K (0; X, (1,...,d)) (A.20)

Proof. We proceed by mathematical induction over the dimension d. We observe
that from the definition of k we always have

ag,a(A) = (1) RO A, (1, d))
For the case d = 2 we have from Proposition 1 in Epifani and Lijoi (2010) that
ap2(A1, A2) = P1( A1) + 2 (A2) — &(6; (A1, A2), (1,2))

And integrating by parts we obtain

01,2()\17)\2) =

/ )\167)\151 U1 (xl)dsl — )\1 )\2/ eiAlwzi}\zsng(Ul (81), UQ(SQ))dSldSQ

R+ R+)2
= 1/)1(/\1) -k (07 A, (1’ 2))

Therefore, we get the validity of the equations in (A.20) for the case d = 2.
Now, suppose that (A.20) is true for d = m — 1, we must show the validity for
d = m. From the recursion formula (A.19) we get for r € {0,1,--- ,d}

ar,m(A) =rm-1(A_(r41)) + ar+1,m71()\7(r+2))
+-- amfl,mfl(Afm) + am,m()\)



BNP estimation of survival functions 1349

The validity of (A.20) for d = m follows from the validity for d = m — 1 and a
combinatorial argument. O

Proposition 1 follows by considering the first equation in the Lemma statement
and the definition of ag 4.

A.2. Proof of Proposition 2
Proof. Using the independent increments property of CRM’s we get that

]p[y(l) St Y@ s td] _ ]E[ew<o,t11—---7ud<o,td1}
— E[e—ml(o,tﬁ]—--—md(oytﬁq

X E |:e_ﬂ’i2 (til 7t732]_"'_uid (t'il 1ti2]:| e E |:e_'u‘id (tidfl "tj'd]i|

— oVt YW o= [v(ti) =y (G in, iy (1) | o= [y(ig) =7ty )]%ig (1) O

A.3. Proof of Proposition 3

For notation purposes, in this proof we use the shorthand p(t) = u ((0,t]) for a
measure p and positive real number ¢.

Proof. For the only if part we define V;; = 1 — e~lrittis)=riltis-0l for § €
{1,...,d} and j € {1,...,h} so by supposing (Fy(t1),...,Fi(tq)) 4 (1 -
e~mlt) 1 — e ralta)) we have

Pt tar) = [L—e D] 1 — empalta)]
=[1- ef[m(h,l)fm(h,o)]] 1= e*[Md(td,l)*ud(td,o]}

=Vii- Vg

We observe that for i € {2,...,h} and r € {1,...,d}

A i

1— H Vej=1- H(l — Vo) =1- HC*[#r(tr,J’)*#r(tmjfl]) =1 — ¢ Hr(tri)
j=1

Jj=1 Jj=1

So for i € {2,...d}

Fltyi,... tag) < [1—e ] 1 — emhalta)]
=1 =TIVl 0= ] Vsl
=1 =1

Concluding the only if part.
For the if part we define u;(t) = —log(1l — F;(t)) for i € {1,...,d} and suppose
for h € {1,2, A }, t1 = (tl,la - 7td,1); ooty = (tl,ha - 7td,h) with tO,i =0<
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t1 < - <tgsand tjo =0 <tj; <--- <ty the existence of independent
random vectors (Vi1,...Vg1),...,(Vih,...Van) such that we have (16).
Marginalizing in (16), we can apply Theorem 3.1 of Doksum (1974) to each F; so
we obtain that F; ~ NTR(u;) for some CRM p; that is stochastically continuous,
almost surely non-decreasing and has the appropriate limit behaviour.
We observe that
1
=)
d,j

Hence (1, ..., ptqa) defines a vector of CRM’s. O

(a(ty) — pltyr)s- s raty) — ralty—1)) 2 (1og< ). log

1
1-— Vl,j

A.4. Proof of Theorem 1

This proof is not only restricted to the homogeneous Lévy intensity case; in this
general setting, we recall that the Laplace exponent has the form (6). In order
to prove the theorem we use the next technical lemma.

Lemma 3. Let (p1,...,uq) be a d-variate CRM such that pa, ..., pq are not
independent and let the Lévy intensity v(s,dt)ds of (u1,...,uq) be such that
m = v(z, (0,1]) is differentiable with respect tot € R at some tg # 0 and denote
N, (8) = (977t(s)/3t|t:t0. Ifq=(qi,---,q4) € N% are such that max{qy, . ..,q4} >
Landr = (ry,...,rq) € (RY)? are such that min{ry,...,r4} > 1, then

E|:efr1#1(Ae)*"‘*Td,l—Ld(Ae) (]_ _ e*#l(Ae)>q1 . <1 _ e*l»bd(Ae))qd:|
e[ eI eyt (e (s)ds + ofc)
(RF)d

as 0 < € = 0, with A. = (tg — €, to] for some to € RT \ {0}.

Proof. We denote A2 fy(1) = fs,(7) — fs, () for a function f where s1,s5 € RT
and r € R?. We use the binomial theorem and apply expectation to write the
left hand side in the equation above as

Z Z (‘h) . (‘{d)(_1)<1,j>e—mt0(n+j1,...,rd+jd>—wt0_s(nm,n.mdﬂd)]

1=0  ja=0 Jd

i

om0 p(r) | (=B () Dy (qi)( G0 [pe(rtien) e (r)]
—e 0— 0— ; —1) e 0
im1 =1 N
qiyp  Qig Gi q
11 12
S Y (M) ()

i1,ig€{1,...,d} j1=1 ja=1

)irtizg™ A0 [e(r+ires, +i2eiy) =t (r)]

i1 <2

q1 qd
NI Z . Z <q1> <Qd) (1 ) to [P (r+3) =i (r)] (D.21)
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We note that for j; € {0,...,2;}, ¢ € {1,...,d}, 5 = (j1,--.,Jd), a Taylor
expansion yields

_Atg e (r+3) =i (r)] :ef‘f(RJr)de @) (1—e™ 3> s))A _Jh(s) s

=1- e/ e {mel(1 — e_<j’s>)n£0(s)ds + o(e) (D.22)
(RF)4

Furthermore by the binomial theorem we get the next d identities

d ) ‘ d
Y3 () ra-em -3 a-ey

i=1 j=1

2 3 qi: qi: (%) (qzz) (—1)i+2 (1 — o950 250

i1,i9€{1,...,d} j1=1jo=1
i1 <i2

= Y {G—e)m et - (L e (1 et )

i1,i9€{1,...,d}
i1 <ig

(d—1) > qzl qmzl <q’1> (%1) (—1)frt -+

iy ig_1€{1,..., d} j1=1 Ja—1=1 Jd-1

% (1 _ e—jlsil—'“—jdflsidfl)

+ (_1)d_2 Z (1 — e_sjl)qjl (1 _ 6_812)%2
j1s.do€f{it, ..., ig_1}
J1<J2

B (1 — e % )qi1 ce (1 — Cisid—l)‘hd—l }
q1 qd d
(d) Z Z (ql) <q_d>(1)(17j>(1 _ ey = dz (1—e %)%
FEDTEN (e (1 - e

o — (I —em®n)dn o (1 — e %ia)%ia

So we have that (D.21) becomes
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d g _ ‘
ot L1 33 (qf)<—1>a

i=1 =1 \J
fe/ (r.s) Z< ) (1—e 7t51)y; (s)ds
=1 j5=1 '7

o EEG

i1,i9€{1,..., da} j1=1ja2=1
i1 <i2

qip  Qig
_ —(r,s) qi, iy i1+
e T B @)

i1, 726{1:...,d}]1 1]2 1

i —ins, q1 qd 1,5
X (1 — e T =d2sia )yt (g)ds 4 --- + ( ) . ( >(_1)< 3)
lel szl Ja

sef e S 3 (1) ()t e s

Ji=1 Ja=1
—|—o(e)}

= _Atg ewt(”‘) 6/ e_<r73)(1 — e_sl)ql . (1 — e s )qd ( )dS + ( )
(R+)4

={1+0(1)} {G/(Rﬂd e (M8 (1 — e 51) 0 ... (1 — e a) iy, (8)ds + o(e )}

:{e/ e M1 — e B .. (1 — o7 %4) %y, ()ds+o()} 0
(R+)4

Define

k . .

MO0 2.0

m; ({Tm}) = njomé ((Ty) = & T))) =, |

HD&

so that

Ele —A1p1(0,t] = Aapa (0, t]‘D:| = lim E[e_)\lm(07t]_m_>\dud(07t]ﬂFD,e (D)]
e—0 P[D € T'p]

We observe that defining T{o) =0, 77, =0 fori € {1,...,d} and selecting €
sufficiently small such that ¢ & (T(;) — €, T(;) for all j € {1,...,k}
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E|:e—>\1,ul(Ovt]_"'kdlid(ovt]ﬂrD,e (D) |(u1,- .-, ,Ud)}
d k .
= H e~ Aiti (0] H e~ i1 (0, T(]—nf ;1i (0,15 —e] (1 _ e*#i(Tu)*evT(j)])
i=1 =1

d k
— H e~ iL.6(Tie) i (T 1] H {e*/\'iﬂ(o,t)(T(.f—l))m(Tu—m7mi“{th(j>*€H
i=1 j=

« e—Aiﬂ(o,t](T(j))m(T(j)—E»T(j)]—"?,j Zi:l(.u’i(T('r')_evT('r)}J’_/J'i(T(rfl)7T('r‘)_e])
% 055 e Hi(Tro1),Tiry =€l =n§ ; 32721 1 (Tiry =T ()]

ng
% (1 - e—#z‘(TurfvT(j)]) N }

d
— H o XL, (Tay) i (Teiy 1= 5y n Y7y (1T =€, Ty ]+ 16 (T =1y, Ty —€])

=1

X e~ Z?:l ng ;i S i (T1y Ty —61—2?:1 n; ; S i (T —€,T(m]

k
x H {e—Aﬂl(o,t)(Tu—n)#i(Tu—l)vmin{thu)—f}]—/\iﬂ(o,t] (Ti)ri (T =Ty

j=1
ng .
<1 - e*“i(T(j)*G’T(j)]) o }
_ _ ny .
{e—[Aiﬂ(o,t] (T +ng ;405 5 | (Tg) —eT()] (1 — e*#i(Tuvf’T(j)]) ’J}
1
x e~ Nilo, a0 (Taey ) i (T(rey 5t

k
~ H {e*Aﬂl(o,t) (T(j—1)) i (T —1y,min{t, Ty —e}]

1

<.
Il

> e—ﬁﬁ,j#i(Tw—l)va—G]—ﬁf,jm(Tu—l)7T<j>—ﬁ]}

So defining
H H { [XiZ (0,4 (T(i)) 405 ;405 1)1 (T =T (1 — eﬂi(T(j)G’T(j)])ng'j}
j=1li=1
d k
I H e~ ML, (Tie)) i (T ot] H { —Xil(o,e) (T(j—1)) i (T(j—1y,min{t,T;y—e}]
i=1 Jj=1

sce~ (15475 i (T-1), T e }

We get from the independence property of CRM’s that

1E[e—*lm<0at1—"'—*wd(07tlﬂpm (D)| = E[I1,/] E[,] (D.23)
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We observe that for r; = X\ilo,q(T(;)) +75 ; +n5 ;41, © € {1,...,d} we have that
min{ry,...,rq4} > land for j € {1,.. k} such that 7T(;) is an exact observation
we have that max{ny j,...,nq;} > 1 so Lemma 2 can be applied yielding

ne .
H { X200 (Tl 455475 5 i () =€ T ( e_“i(TU)—evTu)]) h }]

= [ TT{eaontonmis mionin - et byt (s)ds + ofe)
(RF)d ;-
(D.24)

On the other hand, for j ¢ J = {j : 1{;) is an exact observation} we have
ng ; = 0 so by the continuity of 7;(s) in ¢t we have

d .
. e ng
limE H {ep‘iﬂ(o,t] (T a8 5405 ] ws (T =6 T() (1 — e*/“(T(j)*G’T(J)]) " }]
=0
¢ i=1
d
= limE H {e*[/\i]l(o,n] (Tm++ﬁf,j+ﬁ5,j+1}m(Tm*Eva]} =1 (D.25)
e—0
i=1

From (D.24), (D.25) and the independence property of CRM’s we obtain

d
lim B[7; ] = li { ~Nil o, (Tigy)+7S 5 +75 5115
eg% [1,] e%H{E/(R+)d1j[ e J j
JET =1
x (1= e b (s)ds +o(c)}

Also by continuity and independence, defining A = (A1, ..., \q), we get

lim E[IQ J= e*[wt(l(o,t] (T(k)))\)*wT(k) (L0, (T(i))A)] x

« H{ ~[Wentg;y (Lo, (Ti-0) AR5 +05 ) =1y (T0,0(T—1)A+n5+n5)]
e_[wT(j) (ﬁj+ﬁ;)_thT(j) (ﬁ5+ﬁ§)] }

So by (D.23), (D.25) and (D.24) we get that

i ~A1pa(0,8] == Aana(0, Yi(L0,e)(Tiry )X
E%E[e 111 (0,1] akal t]]lFD,e (D)} — e T(k) ¢ (200,41 (T(x))A)
% e - ;AT“))VJ (10,6 (T(j—1)) AR5 +7S)

d
X lim / H{ —[Nil (0,0 (T())+75 ;475 541186
e—0 (]R*)d iy

€T
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X (1= e Lo (s)ds + ofc)}
T, .
o Sha sl w(ngen)

And similarly

_ Yk (J) t(nS+n
lim P[D € Tp,] = e 1 By ve(m5s)

ng 40y )Si (1 _ a—Si\Ni I
x 21_1%{ /R+)dH Lt RL)8i (] — e7%) J}ntT(])(s)ds—i—o(e)}

We set T{}41) = 00 so we conclude

A (0,8 = —Aapa (0t
]E|:e*>\lll1(07t] ~—Xqpa(0, t]|D] — lim E[e 1 (0, abha ]1FD,E (D)]
e—0 P[D S FD,E]

XA T 00 [ (10,0(TG—)Mn§ 05 )~y (n5+05)] lim
— - e—0
jeJ

€ Jigeya 1, {e*[Aiﬂm,t](T(j>)+ﬁf,j+ﬁ§,j+1]si(1 — sy }77T( [(s)ds + o(e)
iy Ty {7t imlei (1= ems i bty (s)ds + ofc)
_ e—Z?Ii Tyt gy entp) L0, (T(5 1)) (1=~ X )™ 575 =) (ds du)
f]R+)d Hl L { Pilo,i (Ti5)+ 1‘_j+ﬁ§1j+1]si(1 — e*Si)"ﬁJ‘ } n}(j)(s)ds
X
jle_[J f(R+)d Hi:l {e—[ﬁ&ﬁﬁf,jﬂ]si(l —esi)"i } 775,(]) (s)ds

A.5. Simulation algorithm

We use a Metropolis within Gibbs sampler to draw simulations from o|D and
A|D as in Section 4. We recall that Corollary 2 gives the likelihood (o, 4; D)
and we denote p,, pa for the prior distributions of ¢ and A as in Section 4.
Given initial values o(9), A% the algorithm is as follows

(1) Draw AU from a Metropolis-Hastings sampler with proposal distribu-
tion g(z'|x) ~ Log-Norm(log(z), 1) and target distribution

(oW, 2;D)pa(x).

(2) Draw o+ from a Metropolis-Hastings sampler with Uniform proposal
distribution and target distribution

I(z, AUD; D)p, (2).

For the fits in Section 4 we used 100 iterations for each inner Metropolis-Hasting
sampler and 1000 iterations for the overall Gibbs sampler.
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A.6. Survival function of Fp .

Let Cg 4 be a d-dimensional distributional Clayton copula and F,i=1,...,d,
a collection of marginal cumulative distribution functions; then the survival
function associated to the Clayton distributional copula and marginals is given

see Section 2.6 in Nelsen (2013).
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