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Abstract: The dependence structure in a d-variate continuous random
vector X is characterized by its unique copula. Starting from the fact that
many copulas can be extracted from the global d-dimensional copula of X,
a very general framework is proposed here for testing that a given collection
of induced p-dimensional copulas from a multivariate distribution are iden-
tical. Many hypotheses of interest in copula modeling fall into this category,
including bivariate symmetry (diagonal, radial, joint), exchangeability, as
well as various types of equality of copulas. Here, a broad class of test
statistics is defined around a matrix representation of the null hypothesis
and quadratic functionals including Cramér—von Mises and characteristic
function mappings. Since the null hypotheses to be tested are composite
by nature, the computation of P-values is achieved using multiplier boot-
strap versions of the test statistics. The sample properties of the method are
investigated when testing for several types of bivariate symmetry, exchange-
ability, equality of non-overlapping and overlapping copulas and equality
of all bivariate copulas. The general conclusion is that the tests are good
at keeping their nominal level and are powerful against a wide variety of
alternatives, showing the relevance and reliability of the methodology for
the modeling of multivariate datasets with the help of copulas.
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1. Introduction

Take a random vector X = (Xy,...,Xy), d > 2, with joint distribution func-
tion H(x) = P(X < x), where x = (z1,...,24). If the marginal distributions
Fy,...,F; of X are continuous, then a unique copula C : [0,1] — [0,1] ex-
ists such that H(x) = C{Fi(z1),...,Fy(xg)} for all x € R% more details on
the theoretical aspects of copulas can be found in the monographs by [13], [7]
and [18]. For copula modeling, the testing of shape hypotheses has retained a
lot of attention recently. These hypotheses only specify a general form for the
underlying dependence structure C' of X. Among many contributions in this
area, one can mention tests for extreme-value dependence ([15], [19]) and tests
of Archimedeanity ([12], [3]). Because of the composite nature of the hypotheses
of interest, the statistical procedures in these works typically exploit a special
feature shared by all the members under the null, e.g., the max-stability prop-
erty of extreme-value copulas.
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In this paper, a special attention is given to a very general class of shape
hypotheses, namely those that can be written in terms of equality between
copulas that one can extract from C. As will be seen, the class includes several
hypotheses including many notions of symmetry ([11], [20], [10]) and the equality
of two copulas ([21]). Formally, let G be the set of functions g : [0, 1] — [0, 1] such
that g = I or ¢ =1 — I, where [ is the identity function. Given g1,...,9, € G,
let g(u) = (g1(u1),...,9p(up)), where u = (u1,...,u,). Taking a p-tuple A =
(A1,...,A,) of distinct elements of {1,...,d}, consider the random subvector
Ua = (Ua,,...,Us,) of U= (Uy,...,Uq) ~ C whose joint distribution

Cag(v) =P{g(Ua) <v}, vel01], (1)

is a p-variate copula extracted from C. The aim of this paper is to develop a
general framework for testing hypotheses of the form

Ho: Cpo gy = -+ = Cu) g, (2)

where A1) ... A% are p-tuples of distinct elements of {1,...,d} and gV,
..., g%) are such that for each k € {1,...,K}, g® = (¢, .. ¢ with
ggk), ceey gl(jk) € G. The null hypothesis Hy corresponds to the equality in dis-
tribution of gM(U ), ..., g5 (U x)). Although the methodology will be
developed under a general setting, one should keep in mind the following special
cases that are of a particular interest for copula modeling:

Bivariate symmetry. Let d = p = 2. If A1) = (1,2), A® = (2,1) and gV =
g® = (I,1), then H, is the hypothesis of diagonal symmetry C(vi,vy) =
C (v, vy); if AN = AR = (1,2), g = (I, 1) and g® = (1 —1,1—1I), then H,
is the hypothesis of radial symmetry C(vy,v2) = v1 +vo—14+C(1—v1, 1 —vy); if
AW = A = AB) = (1,2), gV = (I,1),g® = (1 —1I,I) and g® = (1,1 1),
then #H, is the hypothesis of joint symmetry.

Exchangeability. For p = d > 2, let A® ... A%) be the K = d! sets of all
possible permutations of {1,...,d} and put gV) = ... = g(&) = (I,...,I); then
Ho corresponds to the hypothesis of exchangeability.

Equality of copulas. For 2 < p < d, consider K possibly overlapping p-tuples
AW AT of distinet elements of {1,...,d} and let g = ... = g(&) =
(I,...,I); then Hq is the hypothesis of equality of the p-variate copulas asso-
ciated to AM, ... AU In particular, when p = 2 and if for K = d(d — 1)/2,
AW AU are the sets of all possible pairs extracted from {1,...,d}, then
Ho is the hypothesis of equality of all the bivariate copulas.

In this article, a general statistical framework based on quadratic functionals is
proposed in order to test any null hypothesis that can be written in the form H,.
The broad class of nonparametric test statistics hence defined includes Cramér—
von Mises, characteristic function and diagonal type statistics as special cases.
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As will be seen, the fact that the test statistic are of a quadratic-type provides
simple and easy-to-implement formulas; most importantly, it yields consistent
tests in many situations of interest. Moreover, the test statistics recently con-
sidered by [16] appears as a special case of the general methodology developed
here when the hypotheses to be tested are of the form (2).

The paper is organized as follows. In Section 2, the general class of quadratic
test statistics is introduced and their asymptotic behavior is investigated; this is
closely related to a very general result on the large-sample behavior of vectors of
empirical copula processes that is of an independent interest. A method for the
computation of P-values based on the multiplier bootstrap method is proposed
and validated in Section 3. Many quadratic functionals on which the tests are
based are described in Section 4. In Section 5, the sample properties of the tests
are thoroughly investigated with the help of Monte—Carlo simulations. Conclud-
ing remarks are given in Section 6. All proofs and computational formulas are
relegated to three appendices.

2. A general class of test statistics
2.1. Characterization of the null hypothesis

Starting from the null hypothesis Ho described in equation (2), consider the
K-dimensional vector of p-variate copulas

T
C = (CA(m’g(l), ey CA(K)7g(K)) . (3)

The null hypothesis Hg entails that there exists a copula D : [0, 1]P — [0, 1] such
that C'y) gy = D for all k € {1,..., K}. This can be equivalently written

C(v)=D(v)1g forallve|0,1]7, 4)

where here and in the sequel, 1 = (1,...,1)T € R¥X. The alternative hypothesis
specifies that there exists at least one pair k # k' € {1,..., K} such that
Cyam gy # Cyan gy Next, consider a combination matrix M € RI*K such
that for z € RX one has Mz = 0, if and only if z = r 1 for some real number
r#0and 0, = (0,...,0)" € R%; M can be taken as being of full rank without
loss of generality. It follows from (4) that MC(v) = 0, for all v € [0,1]? if and
only if Hy is true. This characterization of the null hypothesis is at the heart of
the upcoming developments.

2.2. Quadratic-type test statistics

In this subsection, a general class of test statistics will be built around quadratic
functionals of MC. To this end, define for any a,b € N the set Sy of uniformly
bounded functions S : [0, 1]? — R2*?. Then, let F : Sup — R**? be a functional
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that is well defined for every a,b € N and that is quadratic in the sense that for
any R € R®*! and S € S,;,

RTF(S)R = F(SR). (5)

Property (5) entails F(0,) = 0 since for any 7 € R, F(0,) = F(0,7) = r>F(0,).
A measure of discrepancy from H, can then be based on a quadratic functional
F and a combination matrix M € R?*K via Tr o : Sk1 — R such that
Tr m(S) = F(MS). The fact that MC = 0y if and only if Hy is true entails
that under the null hypothesis,

Tr m(C) = F(MC) = F(0,) =0.
The null and alternative hypotheses may then be reformulated as
Ho : T_7:7M(C) =0 and Hip: T_7:7M(C) > 0. (6)

Now let Xq,...,X,, be ii.d. from a d-variate population with joint distribu-
tion H, continuous marginal distributions Fi, ..., Fz, and unique copula C. A
nonparametric estimation of C first investigated by [22] is given by

Cp(u) = liﬂ(ﬁ, Su), u=(u,...,uq) €[0,1]%,

n-
=1
where [AJi = (Fn1(Xi), ..., Fra(Xiq)) and Fp1,..., F,q are the univariate em-
pirical distribution functions. This estimator is asymptotically equivalent to the
empirical copula as defined, e.g., by [26] and [25], and is employed here for com-
putational convenience. In the sequel, C,, will be referred to as the empirical
copula without confusion. A natural empirical version of the copula C'4 ¢ defined
in equation (1) is then given by
1 n
Cag(v) = - ZH {g (UiA> < V} )
=1
where for each ¢ € {1,...,n}, ﬁiA = (lﬁml,...,ﬁmp). An estimator of the
vector of copulas C defined in (3) is therefore

~ ~ ~ T
C= (OA(1)7g(1); . 'aCA(K),g(K)) .

In view of (6), a test would consist in rejecting H for large values of T}-,M((Aj).
This statistic can be computed easily upon noting that C = L 1,,/n, where the
entries of L € Sk, are

Ekz(V) =1 {g(k) (ﬁiA(k)) < V} .
The quadratic nature of F described in equation (5) entails

N ~1, 1
Tr m(C)=F <ML —> =—1,A1,,
n n
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where A = F(ML) € R™*". Simple and explicit formulas for computing the
entries of A are given in Appendix B for the quadratic functionals that are
described in Section 4.

2.3. Asymptotic behavior

The weak convergence of the empirical copula process C,, = v/n(C,, — C) was
obtained by [25]. Specifically, assuming that for each ¢ € {1,...,d}, the partial
derivative ClY(u) = C(u)/du, exists and is continuous on the set {u € [0,1]%:
0 < up < 1}, then C,, converges weakly in the space ¢£>°([0,1]¢) of bounded
functions on [0,1]? to a process of the form

d
C(u) =B(u) = Y _ CY(u)B(1o—1,ur, 1a—s), (7)

=1
where B is a tight centered Gaussian process such that for any u,u’ € [0,1]4,
E{B(u)B(u')} = C(uAu’) — C(u) C(1').

Here and in the sequel, weak convergence is understood in the meaning given by
[26]. Note that C!, ... Cl9 must be defined properly on the frontier of [0, 1]%
in order that C exists and has continuous paths everywhere on [0,1]¢. To this
end, one defines, for ¢ € {1,...,d},

h
lim sup M , if ug = 0;
h10 h
Clu) =
— —h
lim sup Cfw) — Clu ) , ifup=1,
h10 h
where e1, ..., eq are the coordinate vectors in R¢.

Proposition 2 establishes the asymptotic behavior under the null hypothesis
of the K-dimensional vector of empirical copulas C. Before stating it, a first step
is to obtain the large-sample behavior of the process Ca g = /n(Cag — Cag)
for arbitrary A and g € G.

Proposition 1. Suppose that for each j € {1,...,p}, the partial derivative
C'I[X]g(v) = 0Ca,g(v)/0v; exists and is continuous on the set {v € [0,1]? : 0 <

vj < 1}. Then the empirical process @A’g = \/ﬁ(éAyg — Ca,g) converges weakly
in the space £°([0,1]P) to a limit process of the form

P
Cag(v) =Bag(v) — > CLL(V)Bag(l1.05,1,-)),
j=1

where B4 g is a Cg g-Brownian bridge, i.e. a tight centered Gaussian process on

[0,1]7 such that E{BA g(V)Bag(v)} = Cag(VAV') = Cag(v)Cag(v').
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The next proposition is the main theoretical result of this section. Before stating
it, define for each v,v’ € [0,1]? the matrix (v, v’) € REXK whose entries are

Y (v, V') =P {g(k)(UAm) <v,g®) (U ) < V'} .

Proposition 2. Suppose C = D 1k, where D is a p-variate copula such that
for each j € {1,...,p}, the partial derivative DV(v) = dD(v)/dv; exists and
is continuous on the set {v € [0,1]? : 0 < v; < 1}. Then the vector of empirical
processes V = /n(C — D1g) converges weakly in the space (¢°(]0,1]P))® X to

V(v) =W(v) = > DY) W(1;1,0,1,-),

Jj=1

where W is a K-dimensional vector of centered Gaussian processes on [0, 1]P
such that E{W(v)W(')"} = y(v,v/) = D(v) D(v') 1x1}.

An immediate consequence of Proposition 2 is the characterization of the limit

~

of the test statistic T a¢(C) under the null hypothesis.

Corollary 1. Let M € R?K be a combination matriz such that Mz = 0,
if and only if z = r1g, r € R\ {0}. Under the conditions of Proposition 2,

nTr m(C) converges in distribution to a random variable having representation
F(V"), where

V/(v) =W (v) = > DU(v)W'(1,_1,05,1,-;)

=1

and W' is a g-dimensional vector of centered Gaussian processes on [0, 1P with

E{W{v)W )T} = M~y(v,v) M.

The distribution of (V') in Corollary 1 has not a simple form in general. From
the fact that F is quadratic in the meaning given in (5), one can conjecture
that this limit distribution admits a representation in terms of a weighted sum
of independent chi-squared random variables. Showing such a result is however
out of the scope of this work.

As a complement, the asymptotic distribution of T’z ((C) is now established
under alternatives to Ho, 4.e. when C is such that MC # 0.

Proposition 3. Suppose F is Hadamard differentiable with derivative at S €
Sq1 given by Fg. If for each € € {1,...,d}, the partial derivative c exists and
is continuous on the set {u € [0,1]%: 0 < u, < 1} and M € RI*K s such that
MC # 04, then \/ﬁ{T}-’M(a) —Tr m(C)} is asymptotically normal with mean
zero and variance 0% yq = var {Fjc (MV*)}, where V* is the weak limit of

Vn(C - C).
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3. Multiplier bootstrap for the computation of P-values

3.1. The multiplier CLT for copula processes

For H € N, consider the independent vectors ( %1), ce 7(,1)), ce (f%H), e ,f,(,H))
of independent and positive multiplier random variables from a probability dis-
tribution having mean one, variance one, and such that fOOO{P(ﬁgh) > 2)}/2de <
oo. For each h € {1,...,H}, define a multiplier version of the process B appear-
ing in equation (7) by

B () = % zn:%.(h) i (fji < u) :

i=1

where 'yi(h) = (fz(h) — £y /g and €M) = (g%h) + - (h))/n This way of
defining the multiplier random variables is known as the weighted bootstrap,
which was introduced by [6]. The particular case of exponential multipliers is
called bayesian bootstrap. The limiting representation of C,, in (7) suggests

d
CM (u) = ) =Y CH ) B (1o, up, Las) (8)
=1
as the multiplier empirical copula process, where for each ¢ € {1,..., d}, Ccl is

an estimator of the partial derivative C!¥) such that for any e € (0,1/2),

sup |Clf (u) — C¥(u) Zs0.
uelo,1]¢:
ug€le,1—¢]

One deduces from [25] that the vector of processes ((Cn,(a(l),...,@(ﬂ)) con-
verges weakly in the space (¢£°([0,1]%))® 01+ to (C,CM),... ,C™)), where
C®,...,C™ are independent copies of C. This multiplier bootstrap method
for empirical copula processes will now be adapted in order to mimic the asymp-
totic behavior of V under the null hypothesis.

3.2. Multiplier versions of the test statistics

The fact that the distribution of nTr, M(é) under Hg, both in finite samples
and asymptotically, depends on the unknown value of the p-variate copula D
such that C = D 1k prevents from finding explicitly, or even numerically, a
value Qo such that P(Tr ap(V) > Qo) = a. A solution is to rely on bootstrap
replicates of the limit (V') of n T'r amq (6) obtained from the multiplier method.
To this end, for each h € {1,...,H}, let

T
Sk h =(h
W( ) = (Biu)l) g 7BE4<)K),g<K>) € Ski,
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where for each k € {1,..., K},

h 1 n h ~
B;()Ic) g(K)( ) = % 271( )H {g(k) (UiA(k)> < V}
=1

are the multiplier versions of the limit process B yx) g appearing in the asymp-

totic representation of V. Then, for uniformly bounded 13[1], ceey DUl that satisfy
sup ’D[J _ plil (v)‘ L) 9)
vel(o,1]?
v;Ele,1— e]

for any € € (0,1/2), define

p
VO (v) = Wh (v Z )W (151,05, 1,;). (10)

Estimators of ﬁm, cee, D"l based on finite-differences are described in Section 5.

Proposition 4. Under the conditions of Proposition 2, (WA’, WA/(U, .. ,WA/'(H)) con-
verges weakly in the space (£°(]0, 1]P))® 1+ 1o (V, VW V) where VD
., VOO are independent copies of V.

Corollary 1 states that nTr, M(é) converges in distribution to F(V’) under H,,
WheI‘G/\V/ = MYV. Hence, multiplier versions of this test statistic are given by
FMVWD) . F(MV™), Since F is continuous, an application of the contin-
uous mapping theorem combined with the conclusion of Proposition 4 entails
that the latter are asymptotically independent copies of F(MV) = F(V'). A
P-value is then given by

Pra = % iﬂ {f (M@h)) > an,M(é)} . (11)
h=1

Note that the weak convergence result about the empirical process V and its mul-
tiplier versions still holds under any alternative such that for each £ € {1,...,d},
the partial derivative C! of the underlying copula C exists and is /EZOIltlIlu—
ous for u € {[0,1]% : 0 < uy < 1}. As a consequence, (V,V®) ... V)
(V*, v V(H)), Where v, ..., V) are independent Coples of the limit
V*of V = \/_(C C), whether C equals D 1k or not. Thus, a test based on
nTr, Mm(C) is consistent whenever C is such that F(MC) > 0. To see this,
observe that since V is tight and F is assumed continuous,

~

= V n—o0
Tr (c) - F (M = +MC> 2% F(MC) >0

so that nTr, M((AJ) "2 o in probability. As a consequence, Dr,m defined in
(11) is an asymptotically valid P-value for the test based on nTr o (C).
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Simple formulas derive from the above multiplier bootstrap and the quadratic
nature of the test statistics. First define for each h € {1,...,H} the vector
~(h) = (’y}h), - ,’yr(Lh)) € R™. From the definition of V() given in equation (10),

one can write V(") = ﬁ’y(h)/\/ﬁ, where the entries of P € Sg,, are
~ A~ p AT . A~
P=1 {g(k) (Um(k)> < v} — ZD[J] (V)1 {g§k) (UiA(_m) < Uj} . (12)
j=1 ’
Using property (5) on F, one readily obtains
F (M@(m) = Ly myTR 4,
n

where A = .7-"(/\/113) € R™*" needs to be computed only once from the data. As a
consequence, the multiplier bootstrap replicates of the test statistic n Tr a(C)
obtains quickly. Approximation formulas for A are given in Appendix C.

4. Some quadratic functionals
4.1. Cramér—von Mises and diagonal section

A Cramér—von Mises type functional for S € S,y is given by

Feom(S) = / (S(v)}T S(v) dv,

[0,1]»

where here and in the sequel, the integration of a matrix of functions is under-
stood to be taken componentwise. Note that if MC # 0,, then (MC)T(MC) >

0, so that Feym(MC) > 0. As a consequence, the test based on Tr a(C) is
consistent against any alternative to Hg, whatever the form of Hy. A version
of Fcym that considers some sort of dimension reduction using the diagonal
section instead is

Foin(S) = /0 (Sw1,)) " S(v1,)dv.

However, unlike the test based on Fcyn, the test using Fpi, is not consistent
against all kind of alternatives to H.

4.2. Characteristic function

The characteristic function of a p-variate random vector X with distribution
function H is defined for t = (t1,...,t,) € R? by ¢ (t) = E(e’'*X), where
i = v/—1. A marginal-free version that depends only on the copula C' of X is
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given by ¢ (t) = E(eitTU), where U ~ C. A mapping acting on this complex-
valued function is [g, [¢c(t)|?dw(t), where dw > 0 is a weight function. If C
admits a density dC, then one can equivalently write

/Rp e (b)) dw(t) = /R /[071}1) et dC (u)

In order to generalize the above functional to S € S,;, define

2= [ ( /H e“TVdsm)T ( /H dS(u)) duo(t),

where z is the componentwise complex conjugate of the complex matrix z. In
order that the integral with respect to S makes sense, it is assumed that S
is of bounded variation on [0, 1]? in the sense of Hardy—Krause. The following
lemma provides a formula for F¢; that will prove useful for the computation of
the related test statistics.

dw(t).

Lemma 1. For any S € Sup of bounded variation,
G = [ | s wasT (v dst) (13)
0,1]2p
where forr = (rq1,...,1,) € RP,

B (r) = /Rp cos (t'r) dw(t).

The following result provides an alternate formula for F7&;. The proof is based
on a multivariate integration by parts formula for Riemann-Stieltje integrals
(see [8], for instance). The formula will prove useful for the computation of the
multiplier versions of the test statistic based on F&; see Appendix C for details.

Lemma 2. For any S € Sup of bounded variation,

Fa(s) = /[ L ST S (w7 )
0*12PI,J§SP

x( 00 6“(vz—u‘7)>dvdu, (14)

ovl oud
where S, = {1,...,p}, while VJI =wv; ifj €T and VJZ = 0 otherwise.

One can take Fg; in equation (14) as the definition for all S € Sq. Because
this functional is continuous, a consequence of Lemma 2 is that the asymptotic
result stated in Corollary 1 holds for Fg.
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4.3. Spearman’s rank correlation and other linear measures of
dependence

For some null hypotheses, it may be reasonable to only compare moments as-
sociated to C1,...,Ck. One such example is the use of Spearman’s measure of
association as considered by [9] for testing the hypothesis of an homogeneous
correlation matrix. In the d-dimensional case, Spearman’s rho can be defined as
an affine transformation of

nsp(C) = /[0 ” C(u)du.

More generally, let 7 : £°([0,1]¢) — R be continuous and linear. For example,
the medial correlation coefficient of [1] is an affine transformation of npe(C) =
C(14/2). A quadratic functional based on 7 and acting on S € Sy, may be
defined by F,,(S) = n(S) "n(S), where the entries of n(S) € R**? are n(S);; =
n(S;5); see [17] and [24] for details on copula-based measures of association.

Note that a consequence of Corollary 1 applied to the current context yields
the convergence in distribution of nTx, s (C) to n(V")Tn(V’). Since n is con-
tinuous and linear and V' is a centered Gaussian process, Lemma 3.9.8 in [26]
entails n(V') ~ Ny (04, A4,), where 4, = E{n(V')n(V')T}. Classical results
on the sums of squares of normal vectors that one can find in [23] entail that
nTF, m (6) is asymptotically equivalent to \; Y2+ - -+, Y,2, where Y2, ... Y2
are independent chi-squared random variables with vy, ..., v, degrees of free-
dom, respectively, and Ay,..., A, are the r distinct eigenvalues of A, with al-
gebraic multiplicity v4, ..., .. For Spearman’s functional, one invokes Fubini’s
theorem to show that A, = f[0,1]2p E{V'(v)V'(v')} dv dv’, while for Blomqvist’s
functional, A, = E{V'(1,/2)V'(1,/2)}.

5. Investigation of the sample properties of the tests
5.1. General setup

The asymptotic behavior of the test statistic n 7% (C) under the null hypoth-
esis in (2) has been established in Corollary 1, while the asymptotic validity of
the multiplier bootstrap for the computation of P-values was formally obtained
in Proposition 4. However, these limit results tell little about the behavior of
the tests in small samples. For that reason, it is important to investigate the
sample properties of the tests in terms of their ability to keep their nominal size
under Hy and their power against selected alternative hypotheses.

The null hypotheses that were considered in this simulation study are the
following: (i) three types of bivariate symmetries, namely diagonal, radial and
joint symmetry, (ii) multivariate exchangeability, (iii) some variants of the equal-
ity among copulas and (iv) the equality of all the bivariate copulas in a d-
variate vector. The main focus is put on the tests based on the Cramér—von
Mises (CvM) statistic and on two characteristic function statistics (Cf;, Cfy)
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P

corresponding respectively to the weight functions dw;(t) = =1 e~ and

dws(t) = T]}_; 7%l In these cases, one can show that for r = (r1,...,7),

pei(r) = (V)P IT-, e™"3/* and B2 (r) = 2P [T5_,(1+73)~". These three tests
are consistent under any alternative to Ho. The tests based on the diagonal
functional (Dia) was investigated only when testing for the equality of copulas,
i.e. in the cases (iii) and (iv) above, because the latter vanishes in situations (i)
and (ii); for the same reason, the Spearman and Blomgqvist functionals (Sp, Bf)
were only studied when testing for the equality of all bivariate copulas.

In Appendix C, the formulas for computing the multiplier versions of the
test statistics are based on an approximation of P on a grid of [0,1]? of size
NP; for the simulation results that are reported, N = 20 when p = 2 and
N = 10 otherwise. The distribution of the multiplier random variables is the
exponential with mean one and the number of multiplier bootstrap samples was
H = 1 000. All probabilities of rejection were estimated from 1 000 replicates.
For each j € {1,...,p}, the estimation of the partial derivative DUl appearing
in the limiting representation of V under the null hypothesis will be based on

a finite difference estimator. Namely, for a given A and g, proceed as e.g. [25]
and define for h,, = n=1/2,

CHv)
aA,g(vj_;;jhn,vp_j) 7 v; € [0, hn),
_ ) Caglv+ hnej)2;naA,g(V — hnej) ’ vj € [hny 1= hy),
Cag(vi-1,1,vpj) = f;;g(vj—b 1= 2hn, vpj) ;05 € (1= ha,1],
where vj_1 = (v1,...,vj-1) and vp_; = (vj41,...,vp). Then, since Ox[ﬂ’”,g(’“’ -

DUl for each k € {1,..., K} under the null hypothesis, a combined estimator of
DUl is given by
K

s 1 s
DV(v) = =" Clily g0 (V-
k=1
The next proposition establishes that ﬁ[l], ceey DIP) satisfy the requirement of

equation (9).

Proposition 5. For eachj € {1,...,p}, the estimator DUl s uniformly bounded
and for any € € (0,1/2),
sup DV (v) — DUl(v) 250

ve[0,1]P:v € e,1—¢]
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Many choices for the combination matrix are possible. For the upcoming sim-
ulations, one takes M = Iy — 1 1. /K so that MC = C — C for C € Sk,
where C is the componentwise mean of C. This choice ensures that the tests
remain as omnibus as possible. A version of M having linearly independent lines
consists in defining M as the first K — 1 lines of M, but M will be used in the
sequel for convenience.

5.2. Bivariate symmetries

A bivariate copula C' is symmetric with respect to the main diagonal of the unit
square if C(vy,vs) = C(vg,v1) for all (vy,v2) € [0,1]2. Tt corresponds to AM) =
(1,2), A® = (2,1) and g(V) = g® = (I, 1), because gV (U 4y) = (U3, Us) and
g® (Ua@) = (Usz,Uy), so that the associated copulas are CA(1)7g(1)(’Ul,1}2) =
P(U1 S V1, U2 S UQ) = C(Ul,vg) and

Cae g (v1,v2) = P(Uz <1, Uy <v2) = C(vg,v1).

Test statistics for symmetry have been developed by [11] and [20]. In particular,
one of the procedures suggested by [11] is based on the Cramér—von Mises
functional described in Section 4.

In order to study the size of the introduced tests for diagonal symmetry,
observations from the Clayton (Cf) and Frank (Fr) Archimedean copulas, as
well as from the Normal copula (N) have been simulated; as is well known,
these copulas are symmetric. The results about the estimated probability of
rejection of the null hypothesis can be found in the top panel of Table 1 for the
Cramér—von Mises and the two characteristic function statistics Cf; and Cfs.
Observations under H; were generated using a particular case of an idea of [14]
that allows to asymmetrize a symmetric copula C via C* (v, v9) = uC(v1 =%, vy)
for some § € (0,1). The special case § = 1/2 has been considered for the Clayton
(CeX), Frank (Fr®) and Normal (N*) copulas.

A copula C is radial symmetric if C'(vy,v2) =v; +va — 1+ C(1 —v1,1 —vy)
for all (v1,v2) € [0,1]2. Tt corresponds to A = A®) = (1,2), gV) = (I, 1) and
g = (1—1,1-1), since in that case, g (U 40)) = (U1, Us) and g (U 42)) =
(1-Uy,1-Us), so that the corresponding copulas are C 41) g (v1,v2) = P(Uy <
vy, Uy < wg) = C(vy,v3) and

Cue g (vi,v2) = P(1—Up <wvp,1—-Us <)
= PU1>21—v,Us >1—1s)
= 1—(1—1}1)—(1—1}2)+C(1—U1,1—U2)
= 1)1+1)2—1+C(1—U1,1—U2).
Test statistics for radial symmetry were investigated by [10]. For the results in
the middle panel of Table 1, models considered under the null hypothesis were
the Frank and Normal copulas. Note that Frank’s model is the only member of

the Archimedean family that possesses the radial symmetry property. Alterna-
tive hypotheses are provided by Clayton’s copula. Finally note that a stronger
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TABLE 1
Probability of rejection of the null hypotheses of diagonal (top panel), radial (middle panel)
and joint symmetry (bottom panel), as estimated from 1 000 replicates from various
scenarios under Ho and Hi when n € {50, 100,200} for the Cramér—von Mises (CvM) and
two characteristic function (Cf1, Cfa) statistics

Copula n = 50 n = 100 n = 200
model T CvM Cfq Cfy CvM Cfq Cfq CvM Cfy Cfqy
e 5 1.8 4.2 4.4 3.1 4.4 4.4 3.1 4.6 4.8
Ho N 5 2.0 5.0 4.2 2.2 4.3 4.6 2.8 3.5 2.8
Fr 5 1.1 4.5 3.9 1.9 5.1 4.1 1.5 4.5 4.2
cer 5 5.5 9.2 8.7 11.1  14.2 147 | 265 323 30.6
Hi Nk 5 92 136 135 15.6  23.6 24.2 386 51.5 50.8
Frk 5 115 169 17.7 | 246 307 324 52.0 60.0 60.5
Fr 3 2.6 3.3 3.5 2.5 3.1 3.4 3.7 4.4 4.6
) Fr 7 1.1 0.9 1.2 1.5 2.1 3.4 2.8 3.1 3.9
0 N 3 3.6 4.6 4.8 3.9 4.9 4.8 3.7 3.9 4.3
N 7 0.8 0.5 1.3 2.3 1.7 3.2 1.9 2.5 3.0
) e 3 159 185 199 | 32.8 41.6 39.1 63.6 756 T71.4
! Ce 7 19.5 12.8 336 | 642 832 76.6 98.3 99.8 99.3
I 0 5.0 5.9 5.2 4.3 4.9 4.6 3.8 4.0 3.8
FrJ S 3 4.6 5.2 5.0 4.1 4.3 4.9 3.2 3.3 3.4
Ho FrJs 7 2.6 2.6 2.3 5.2 5.2 5.5 5.2 4.8 4.9
NJTS 3 4.8 5.9 5.5 4.0 3.6 4.2 4.3 4.0 3.9
NJS 7 4.8 5.2 4.4 3.6 2.7 34 5.4 4.8 5.3
Ce 1 169 18.3  18.2 29.9 311 314 504 52.0 514
Hi N 1 15.1  18.2  17.0 26.6 29.8 286 | 46.3 524 50.0
Fr 1 19.6  21.6 21.6 285 309 305 521 538 53.9

hypothesis is joint symmetry; this occurs when A = A®?) = AG) = (1,2),
g = (I1,1),g® = (1 —1,I) and g?® = (I,1 — I). The independence copula
II(vy,v2) = v1ve is jointly symmetric has been considered as a model under
the null hypothesis. In addition, joint symmetric versions of the Normal and
Frank copulas arising from the mixture (U, V) 4 (X,Y) or (U, V) 4 (1-X,Y)
with probability 1/2, where (X,Y") follows a radial symmetric copula, have been
considered; the models are referred to Fr7S and N7, Finally, alternative hy-
potheses based on the Clayton, Normal and Frank copulas have been considered.
The results can be found in the bottom panel of Table 1.

The levels of dependence for the models in Table 1 are controlled via Kendall’s
tau whose expression for a copula C' is 7(C) = 4f[0$1]2 C(u1,u2)dC(uy, ugz) — 1.
Looking globally at these results, one notes that the tests are good at keeping
their nominal 5% level under the selected null hypotheses. An exception to
that occurs for the Cramér-von Mises when 7(C) = .7. As documented by [2],
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statistical tests using the multiplier method for empirical copulas often show
some problems at keeping their size under high levels of dependence. A larger
value of the approximation parameter N would possibly give more accurate
results, but at the cost of much slower procedures. Overall, the tests are very
powerful. Of course, for a given alternative, the estimated powers increase with
the sample size. Interestingly, the characteristic function statistics are more
powerful than the Cramér—von Mises statistic, with a mild superiority of Cf; over
Cfs. To the author’s knowledge, it is the first time that rank-based characteristic
functions are used for inference in copula models. Their good behavior here
compared to the widely-used CvM statistic is very promising for other types of
applications in semi-parametric inference.

5.3. Multivariate exchangeability

A generalization of diagonal symmetry for d > 2 dimensions is exchangeabil-
ity. Specifically, a copula C' : [0,1]¢ — [0,1] is said to be exchangeable if
C(ui,...,uq) = Clurqy,-..,urq)) for any permutation 7(1),...,m(d) of the
first d integers. In that case, AW ... A are the sets of all possible per-
mutations of {1,...,d} and g = ... = g(@® = (I,...,1). All the members
of the family of Archimedean copulas are exchangeable; this property follows
easily from their representation C'(u) = ¢~ {é(u1) + - - + ¢(uq)}, where ¢ is
a univariate generator. Multivariate elliptical copulas with an equicorrelated
covariance matrix are also exchangeable dependence models; this includes the
so-called equicorrelated Normal copula.

Simulated data from two classes of models have been considered. The first is
based on the d-variate Normal copula with correlation matrix ¥ € R**?¢. When
¥ is such that § = X135 = Y91 and X,;» = 0.2 for all (4,5') # (1,2),(2,1), the
model is noted Ny (6); if one takes ¥ with %5, = 877! for some 6 € (0,1), the
model is referred to No(#). Models Ny (.2) and N3(.0) are thus situations when
the null hypothesis of exchangeability holds. Another model construction will
be based on the asymmetrization of the multivariate Clayton copula C°* via
C*(u) = w3C%(u'i %), where § = (31,...,04) € [0,1]%, u® = (u*, ... uf")
and ulda =% = (ul=%, .. uil_‘sd), where the level of dependence of C¢* is
adjusted in such a way that Kendall’s tau equals 1/2. When §; = 6 and
b = -+ = §g = .4, the model is referred to ClF(0); if §; = 67 for all
j €{1,...,d} and for some 6 € (0,1), this is noted CZ5(0).

The results for the test statistics CvM, Cf; and Cfy are presented in Table 2
when d = 3. For the null hypotheses that were considered, i.e. N1(.2), N2(.0),
ClF(.4) and CL5(.0), the test statistics Cf; and Cfy are good at keeping their
nominal level, even for sample sizes as small as n = 50. However, the test based
on the Cramér—von Mises functional has much more difficulty at keeping its
size. This unwanted behavior seems to have a significant effect on the power of
the test. Indeed, the power of the CvM statistic is much less than that of the
two characteristic function statistics under all scenarios under Hj.
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TABLE 2
Probability of rejection of the null hypothesis of exchangeability in trivariate random vectors
as estimated from 1 000 replicates from various scenarios under Ho and Hi when
n € {50, 100,200} for the Cramér—von Mises (CvM) and two characteristic function
(Ctq, Ct2) statistics

Copula n = 50 n = 100 n = 200
model CvM Cf, Cfo CvM Cfy Cfa CvM Cfy Cfa
H Nl(.2) 1.7 4.4 3.8 2.4 4.9 5.2 2.2 5.6 4.5
0 Ny(.0) 22 64 55 20 68 64 3.2 74 6.1
b CEE(4) 1.6 47 41 22 60 58 1.9 46 43
0 CKQ’C(.O) 0.8 4.5 3.9 0.7 5.3 5.2 1.5 3.4 2.3
Ni(.4) 5.2 16.2 15.2 9.3 33.7 30.7 22.9 65.6 60.0
- N1(.6) 20.8 65.1 59.6 51.1 96.1 94.0 89.9 100.0 99.7
b N2(.6) 9.0 36.9 33.1 29.5 76.5 73.3 75.5 98.9 97.7
N2 (.8) 6.9 48.5 39.9 31.2 89.5 84.8 91.7 99.8 99.7
CZ’f(.G) 2.3 8.1 7.3 2.6 10.0 9.8 5.1 17.3 16.7
o C[)lc(.S) 4.6 16.1 14.5 8.9 29.3 28.6 22.3 53.4 51.2
ek (e) 24 124 112 52 239 231 | 150 436 424
CZ’QC(.S) 3.0 6.7 5.9 3.0 8.0 8.5 5.5 13.5 11.7

5.4. Equality of copulas

The general framework developed in this paper allows easily for the testing of
the equality of any subset of p-variate copulas that one can extract from the
whole d-variate copula of a multivariate vector X = (X1,...,X,). In the case
when K = 2, it corresponds to the hypothesis of equality of two copulas as
investigated by [21]. With the tools proposed here, it can easily be generalized
to the equality of K > 2 copulas. In addition, one can consider copulas having
one or more overlapping components, for example when testing for the equality
of the dependence structures of (X1, X2) and (X2, X3).

All the simulation results that are presented in Table 3 used data generated
from model Ny (6) described in subsection 5.3 and from a version T5(6) based
on the Student copula with v 3 degrees of freedom. Only the results for
p = 2 are presented. The values in the top panel of Table 3 correspond to
situations where there are no overlapping components. Copulas with overlapping
components were taken into account for the results in the bottom panel: one has
AN = (1,2), A® = (2,3) when K =2, A1) = (1,2), A®) = (2,3), A®) = (3,4)
when K =3, and A = (1,2), A® = (2,3), A®) = (3,4), A® = (4,5) when
K = 4. The tests that were investigated are based on the Cramér—von Mises
(CvM), diagonal (Dia) and the two characteristic function statistics (Cf;, Cfs).

Looking at the results in Table 3, one notes that the tests keep their nominal
levels well under all scenarios under the null hypothesis, i.e., when 8 = .2.
One can also see that the four tests are very good at detecting departures
from Hy. As expected, the power increases as the sample size increases and as
the departure from the null hypothesis gets larger. Probably due to their close
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TABLE 3
Probability of rejection of the null hypothesis of equality of K bivariate copulas as estimated
from 1 000 replicates from models N1(0) and T3(0) with 0 = .2 (Ho) and 0 € {.4,.6} (H1)
when n € {50,100} for the Cramér—von Mises (CvM), diagonal (Dia) and two
characteristic function (Cf1,Cfa) statistics. Upper panel: no overlapping components;
bottom panel: overlapping components

Copula n = 50 n = 100
K model CvM Dia Cfq Cfy CvM Dia Cfy Cfsy
N1(.2) 5.4 5.0 5.9 6.0 4.7 4.9 5.8 5.4
N1(.4) 16.8 15.5 21.3 19.8 22.5 21.8 28.5 26.4
9 N1(.6) 51.3 48.9 62.2 58.1 84.1 81.7 90.1 87.7
T3(.2) 4.9 5.0 5.9 6.1 4.8 6.1 5.1 4.9
Ts(.4) 44.2 48.1 48.9 48.1 78.0 75.4 82.2 81.2
T3(.6) 88.6 92.2 90.8 90.7 99.9 99.9 99.9 99.9
N1(.2) 3.9 4.7 6.7 6.0 3.1 3.2 3.2 3.6
N1(.4) 12.0 12.7 17.8 16.1 20.3 21.1 25.2 23.6
3 N1(.6) 47.3 48.2 63.0 56.8 85.8 84.7 91.5 88.6
T3(.2) 4.1 4.8 5.1 4.7 4.4 5.5 5.4 5.5
Ts3(.4) 40.7 47.7 47.3 45.7 76.7 76.6 81.2 79.4
T3(.6) 90.1 93.5 93.2 92.4 100.0 99.8 99.9 100.0
N1(.2) 3.3 5.5 5.4 5.4 2.9 3.9 3.2 3.1
N1(.4) 9.8 12.0 16.1 14.1 19.6 20.6 27.1 25.0
4 N1(.6) 43.4 45.8 57.2 53.5 81.5 80.3 88.9 86.4
T3(.2) 2.8 4.4 3.7 3.6 4.6 4.6 6.0 5.5
Ts3(.4) 34.6 41.7 43.9 42.3 74.4 75.5 78.8 77.6
T3(.6) 86.3 91.7 91.0 90.5 99.8 99.8 100.0 100.0
N1(.2) 4.7 5.2 6.2 6.1 4.7 3.9 4.7 4.7
N1(.4) 14.9 14.2 19.5 18.3 27.2 24.9 33.5 31.5
9 N1(.6) 56.2 52.2 64.5 60.6 86.3 84.2 91.8 89.2
T3(.2) 4.1 3.9 4.8 4.6 4.4 4.6 5.2 5.3
Ts3(.4) 46.7 50.0 51.4 49.5 80.9 80.5 82.9 83.1
T3(.6) 91.9 93.8 93.0 93.1 100.0 99.9 99.8 99.8
Ni1(.2) 3.3 4.8 5.7 4.8 2.9 4.1 3.3 3.8
N1(.4) 10.3 12.8 16.1 14.8 21.0 21.7 29.0 26.9
3 N1(.6) 50.3 51.8 64.7 59.2 87.4 85.1 92.9 90.4
T3(.2) 3.0 4.4 3.9 3.7 4.0 5.1 4.3 4.5
Ts3(.4) 40.8 48.1 48.7 46.9 80.5 81.9 83.3 82.8
T3(.6) 90.9 93.3 94.5 93.0 99.8 100.0 99.8 99.8
Ni(.2) 3.4 4.1 5.7 4.9 2.3 3.0 3.5 3.3
N1(.4) 10.7 11.6 15.8 14.4 17.7 19.7 25.1 23.0
4 N1(.6) 40.9 44.4 58.8 52.4 81.0 82.5 91.0 87.6
T3(.2) 1.7 4.9 3.5 3.0 4.4 4.5 6.2 6.1
Ts(.4) 35.3 40.1 45.2 42.0 76.2 81.4 80.9 79.9
T3(.6) 88.1 93.2 92.6 92.4 100.0 99.9 100.0 100.0

connection, the results for the Cramér—von Mises and the diagonal statistics are
similar; this conclusion must be taken with care as the latter is not consistent
against all types of alternatives. Here again, the characteristic function statistics
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are systematically more powerful than the CvM statistic. Also observe that
for a given 6, the estimated powers are clearly higher for the Student copulas
compared to alternatives based on the Normal model. Finally note that results
not presented here indicate that the procedures based on the Spearman and
Blomgqvist functionals are quite powerful, too. However, these tests would have
no power against alternatives where, e.g., all Spearman measures are equal but
where the copulas have different structures.

5.5. Distributional equality of all the pairs

The problem of testing for the equality of the d(d—1)/2 components of a Spear-
man matrix R € R¥? where Ry is the value of Spearman’s rank correlation
coefficient for the pair (X,, Xy/), was considered by [9]. This hypothesis corre-
sponds to AW, .. A@d=1)/2) being the d(d — 1)/2 possible pairs in {1,...,d}
and g*) = (I, 1) for each k € {1,...,d(d — 1)/2}. Statistics similar as those
investigated by [9] arise when one takes the Spearman functional in the case
p = 2. The problem can be generalized in many ways, e.g. for (i) testing the
equality of all the pairwise dependence levels, as measured by an association
measure like Blomqvist’s index, (ii) testing the equality of p-variate dependence
coefficients for a selection of p-variate copulas extracted from C when p > 2,
and (iii) testing the equality of all bivariate copulas of C. The results in Table 4
concern item (iii), where it is assumed that all bivariate copulas are symmetric.
In that case, there are K = d(d—1)/2 bivariate copulas that must be compared.

One can see from the results in Table 4 that the test statistics Cf;, Cfs,
Sp and B{ are overall good at keeping their nominal level. The Cramér—von
Mises and diagonal statistics tend to be too conservative, especially under model
Cr5(.0), i.e. the Clayton copula. Under all scenarios of alternative hypotheses,
the Spearman test statistic Sp considered by [9] is the most powerful; however,
one has to keep in mind that this test is not consistent against alternatives where
the bivariate copulas have the same level of dependence but different structures.
Again, the characteristic function statistics perform very well, being superior to
the Cramér—von Mises and diagonal statistics.

6. Concluding remarks

A general statistical methodology for testing a wide variety of composite hy-
potheses about copulas extracted from multivariate distributions has been in-
troduced. The framework is very flexible, as it allows the testing of many hy-
potheses already considered in the literature, as well as many extensions and
other ones that were never considered to date. The performance of the tests in
small samples show the relevance of the introduced method.

The class of quadratic functionals from which the tests were developed enables
for the investigation of several types of statistics including the well-known and
widely-used Cramér—von Mises functional, as well as new rank-based diagonal
and characteristic function mappings. From the empirical results presented in
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TABLE 4
Probability of rejection of the null hypothesis of the equality in distribution of all pairs in a
multivariate random vector as estimated from 1 000 replicates from various scenarios under
Ho and H1 when n € {50,100} for the Cramér-von Mises (CuM), diagonal (Dia), two
characteristic function (Cf1,Cfa), Spearman (Sp) and Blomgquist (BYf) statistics. Upper
panel: d = 3; bottom panel: d =4

Copula n = 50 n = 100
model CvM Dia Cf; Cfy Sp B/ CvM Dia Cf; Cfs Sp B¢

N (.2) 29 52 60 48 6.0 64 49 46 50 54 54 50

20 Na2(0) 3.0 40 49 44 53 5.7 45 49 51 46 56 58
O Cek(a) 23 40 47 38 51 48 44 57 64 59 62 59
CrK(.0) 13 40 46 32 45 4.9 17 36 56 46 55 54
Ny (.4) 126 13.7 187 16.6 203 11.3 | 255 253 347 31.3 36.6 19.5

2, Ni(6) 53.1 55.2 69.2 64.5 72.3 36.3 | 89.3 87.4 947 93.2 954 65.7
No(.4) 18.8 18.5 30.3 27.3 328 14.6 | 36.1 35.6 50.6 45.9 544 24.9
N2(.6) 228 27.4 458 389 486 19.1 61.0 57.6 78.9 73.2 82.7 33.1
Cek(.6) 41 60 60 60 7.4 6.6 68 87 94 89 105 7.8
2, CEX(®) 121 143 17.3 164 19.0 11.6 | 20.8 245 249 240 27.4 184
bocek(5) 115 155 182 158 20.2 11.3 | 20.8 264 27.6 253 314 17.7
cek () 6.7 82 11.0 105 12.2 9.8 87 10.6 11.4 10.7 13.7 8.0

N1 (.2) 1.6 27 37 32 44 56 23 33 42 43 41 49

2o N2(0) 1.7 30 41 3.6 43 53 32 47 55 47 57 438
O k(.4 1.0 34 32 32 33 48 14 35 33 30 40 37
Cek(.0) 05 14 28 15 28 42 11 26 38 37 40 5.0
Ny (.4) 3.9 82 112 9.0 137 9.1 12.3 161 202 17.8 23.3 13.2

2, Ni(6) 296 39.6 51.6 45.1 57.0 27.5 70.2 77.2 87.1 82.7 89.9 54.1
L Na(4) 224 27.3 42.8 362 484 19.6 | 61.3 60.6 78.6 72.3 825 41.4
N2(.6) 46.6 52.4 76.2 67.3 79.4 356 | 88.6 89.7 97.9 958 98.7 61.7

32 55 62 53 81 7.0 5.6 10.3 9.7 9.6 11.7 10.3

)

) 9.8 154 17.5 15.2 204 139 28.2 35,5 36.5 35.2 40.8 25.3
CézK(.5) 19.2 29.7 34.7 30.0 39.7 219 470 61.3 61.0 57.8 66.4 37.8

) 8.6 13.6 16.1 14.7 189 12.8 21.1 294 299 29.3 348 21.6

Section 5, the latter are particularly appealing as they lead to consistent tests
that seem to outperform the popular Cramér—von Mises statistics, at least for
small sample sizes. A more formal approach considering the asymptotic power of
these tests under contiguous alternatives could be an interesting avenue of future
research. These characteristic function statistics could also provide competing
procedures in many other inferential problems involving copulas, e.g., goodness-
of-fit tests to parametric families and tests of independence.

Another special case of the general class of quadratic functions that was
introduced is the test statistics proposed by [16]. Their idea consists in con-
sidering a function h € £*°([0,1]?) at a finite and pre-determined set of points
© = (01,...,01) and to define the quadratic functional Fi,g(h) = h¢, he, where
he = (h(61),...,h(02)) 7. In order to generalize to S € Sup, define Sy, , ..., S, ,
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where Sp, = S(0;) € R*®, and let
L
Fua(S) = 54,5,
(=1

Formulas for Fi,¢(ML) and Frg(MP) would be casy to obtain.

Finally, note that the tools proposed in this work are not restricted to the
i.i.d. case. Assuming a condition on the strong mixing coefficients of (X;);ez,
one deduces from [5] that the empirical copula process converges weakly to a
Gaussian limit whose covariance function depends on the serial structure of
the sequence. Re-sampling could be done from a serial version of the multiplier
method [see 4]. As a consequence, the theoretical results derived here could be
adapted in a straightforward manner to the context of multivariate time series.

Appendix A: Proofs

First consider the following auxiliary lemma.

Lemma 3. Let S, ={1,...,p} and §§ ={jeS,:9; =1—1I}, whereI is the
identity function. One has for v = (v1,...,vp) € [0,1]7 that

Cagv)= D (~D)PIO(VP) and Cag(v)= Y (~1PIC, (vF),

BCSE BCSE

where |B| is the cardinality of the set B and for each £ € {1,...,d},

v}, if ¢ =A; for somejGSp\gg;
vB = 1—wv;, if€=A; for some j € B,
1, otherwise.

Proof. One can write

Cag(v) = EQ [ 1(9 (Us,) <vy)

JES,
= E{ JI 104 <v) [T 10~ Ua, <vy)
JES,\SE jeSs

Then, note that
HH(I_UAjSUj) = H{l_H(UAJ’<1_Uj)}
jEeSE jESE

S ()P 1(Ua, <1-v5).

BCSE JjEB
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Hence,

Cagv) = D (DPIES [T 104 <o) [[1(U4 <1-v)

BCSE JESH\SE jeB
= Y (-pnPlc(?P).
BCSE
The expression for C A, obtains similarly. g

A.1. Proof of Proposition 1

From Lemma 3, the empirical process C4 ¢ can be written

Cagv)= > (1B, (vP),

BCGSE

where C,, = /n(C,, — C) is the empirical copula process. Then, again from
Lemma 3,

o= X 0P ) gy

BCSE:je BUS,\S8

Hence the assumption on the partial derivatives of C4 ¢ ensures that for each
¢ = A;, C(vP) exists and is continuous on {[0,1]% : 0 < v, < 1} for any
BC §§. As a consequence, one has from [25] that C,,(v®) ~ C(v?), where C is
described in equation (7). Thus, in virtue of the continuous mapping Theorem,
C A,g converges weakly in the space £>°([0, 1]7) to a limit process of the form

Cag(v)
- ¥ oPie?)
BCSE
d
= Bag(v)+ Y. (1)|B|{ZCV1 (v?) B(lg_l,vf,ld_g)}
ngg (=1
= BA,g(V)
+ (- — Z O[Aj](VB)B(]-Aj—lagj(vj)ald—Aj) ,
BCSE jEBUS,\SE
where

Bag(v)= Y (-D"'B(v7).

BCSE
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The last equality follows from the fact that B(1,_1,v2,14_,) vanishes unless
¢ = A;j for some j € BUS, \ §§_ Observe that because B vanishes when one or
more of its component is zero, all summands in the definition of B, g vanish if
jE Sp\gg, except when B = (J; then By g(1;_1,v;,1p—;) =B(1a,-1,vj,1a-4;)
in that case. Otherwise, if j € gg, then the only nonzero term occurs when
B = {j}, so that BAg(lj_l,Uj,lp_j) = _B(]-Aj—l,l - Uj,ld_Aj). Hence,
Bag(lj-1,v5,1p—;) = g;(v;) B(1a;-1,9;(vj), La—4,) or equivalently,

/

B(1a;-1,9j(v)), La—a;) = gj(vj) Bag(1j-1,v5,1p;).
It follows that

o EDE YT O (vE) B (14,1, 05(v)), Laa,)

BCSE jEBUS,\SE
= > =B > N (VE) g (0))Bag (11,05, 1, ;)
BCSE JEBUS,\ S8

= Z Z (_1)\B|C[Aj] (VB) g;(vj) BA,g(1j717v‘j71p—j)

J=1 | BCS&:jcBUS,\S58
~ L]

= Y CH,(V)Bag(j-1,v5,1,5).
=1

Hence, one can conclude that

P

Cag(v) =Bag(v) = > CH (V) Bag (1;-1,05,1,;).
j=1

That B4 g is centered Gaussian is obvious from the fact that it is a linear com-
bination of Gaussian processes. It remains to show that its covariance structure
is that of a C4 g-Brownian bridge. To this end, note that B4 g is the limit of

Bas(v) = 7= Y {1(E (Vi) €)= Cag(V)]},

where g(Ui4),...,8(Uya) are i.i.d. Cyq. Hence the covariance structure of
B4 ¢ obtains from the finite-dimensional covariances. One obtains easily

E{Bag(v)Bag(v)} = E{l(g(Ua) <v) I(g(Ura) <V}
~F{I(g (Ura) < )} E{1(g(U14) < v)}
= Cag(vAV) = Caglv) Cag(v),

finishing the proof.
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A.2. Proof of Proposition 2

First note that

Cam g
V= :
Cau) g
Hence, from Proposition 1 in the special case when CA(k),g(k) = D for all k €
{1,..., K}, one has
BA(U’gu)(V) IB%Au),g(l)(lj,l,’Uj, ].p,j)

P
V(v) ~ : - Dll(v) : ;
B 4 x) () (V) =t B gc) g0 (Lj—1,v5, 1p—j)
where for each k € {1,..., K},
By g0y (V) = (-1)BIB (vB’(k)) )
BCSM

with g}(}k) ={j ESp:gj(k) =1—1} and for each £ € {1,...,d},

vj, if ¢ = Agk) for some j € S) \ g}()k);
B,(k ) )
vy = 1 —wj, 1f£=A§-k) for some j € B;
1, otherwise.
Then, let
Baw g
W = :
B g

and note that this vector of processes appears as the tight limit of

- Baa) g
W = g :
B A g
where

B g0 (V) = % S {1 (6" (Unaw) <v) - D)}
i=1

The covariance structure of W then obtains easily from the finite-dimensional
distributions, proceeding similarly as in the proof of Proposition 1. Specifically,

E {@Am,g(m (v) @Aw'),g(k') (V/)}

= E{1(g® (Uaw) <) 1(e") (Upawr) < V')
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~E{1(g" (Uaw) <v) }E{T (") (U 40) < V')
= e (v,v') = D(v) D(v').

One can then write E{W(v)W(v')"} =~(v,v/) = D(v) D(v/) 1x1}.

A.3. Proof of Corollary 1

Using the fact that MC = 0, under H, and from property (5), one can write
nTra (€) =nF (ME - MC) = F{M(C-C) v} = F (MT).

Since F is continuous, one can apply the continuous mapping theorem and

conclude that F(MV) ~ F(V’), where V' = MV and V is the weak limit of V
given in Proposition 2. From the representation of V, one can write

p
V/(v) = W(v) = > DV(v) W' (1 1,05,1, ),
j=1

where W = MW is a ¢-dimensional vector of centered Gaussian processes on
[0,1]? with

E{W@mWW)"} = ME{Ww)WH)"}Mm"
= MAy(v,v)MT = D(v) DV) M1x(M1g)T
= My(v,v )M

The last equality follows from M 1 = 04, by assumption on M.

A.4. Proof of Proposition 3
Let S € S;1 and A,, = A € S5 as n — 0o. By the Hadamard differentiability
of F, one has for t,, — 0 € R that
Apty) —
lim F(S+ ) — F(S)

n—o00 tn

—]-"S(A)‘ 0.

Now for M € R?”*E and A,, € Sk1,

ILm ‘T];M (S+A7;t7L)_TF,M(S) _‘F;\/IS(MA)’
A _

_ li_}In ‘]:(MS-FM tntn) F(MS) _‘FMS(MA)‘

207

since MS € S5 and MA,, — MA € S;1, and because of the Hadamard
differentiability of F. Thus T s(S) is Hadamard differentiable with deriva-
tive at S given by F,g(MA). The functional Delta method combined with
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Vi(C — C) ~ V* yields vi{Tr m(C) — Trm(C)} ~ Fiyo(MV*). Since
F': 8,1 — R is linear, Lemma 3.9.8 in [26] entails that F'\ o (MV*) is uni-

variate Normal with mean E{F),c(MV*)} = F),c(0,) = 0 and variance
0% pm = var {Fc (MV*)}.

A.5. Proof of Proposition 4

Using arguments similar as those in the proof of Lemma 3, one can show that

~(h ~
Biu)k),g(k) (v) = Z (—1)#I B (VB’(k))
BCS

for each k € {1,..., K}, where g}(}k) and v *) are defined in the proof of
Proposition 2. If j € S, \ Sl()k), then

~(h 1 & )./~
]Bfm)k),@m(lj—hvj,lp—j) = ﬁz’yz( 1 (Um;w < Uj)
=1
J J

On the other side, if j € g;(;k),

~(h 1 & )./~
B;()Ic)7g(k)(1j—1a Vj, ]-p—j) = \/ﬁ Z'YZ( ) I (UiA;k) >1- ’Uj)
=1
1 n N
= ﬁz%(h) {1—H(UiA(k) < 1—11j>}
Z:l J

I &< . /a
= _%Z%_( )H(UiA;k) <1 —vj)
= —@(h) <1A§.k)—1’ 1-— vy, ld_A§k)) .
Thus, one can write
=(h k = k
Bfu)lo,gw)(ljfla”j» 1,-5) = (gj( Y (v;) B® (1A§_k>_1ag§ (v;), 1d_A§k>> .

Hence, the k-th component of V) is

d
_ (—1)/8 {@(h) (VB,(m) _ Zﬁm (VB,W) B® (16_1’1}@37161_[)}.
k) =1
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The expression inside the brackets is C() defined in equation (8), but with C¥
replaced by D!, so that one can write

@;Ch)(v) = Z (-1)!Bl c™ (VB’(k)> .
BCS

From Proposition 3.2 in [25], one concludes that for each k € {1,..., K},
(Vg, V,(fh)) converges weakly to (Vy, Vgl)), where V;Ch) is an independent copy of

3 (-piEle® (VB,w)) = Cpw) g (V).

BCS™
Hence, the vector (V, V), ... V) converges weakly to (V, VD) ... V@)

where VO . VM) are independent copies of V.

A.6. Proof of Lemma 1

Because eit v = cos(tTv) + isin(tTv), one has
eit Vit u = cos(t " v) cos(t 'u) +sin(t " v)sin(t "u) +ir(u,v),

where 7(u,v) = sin(t " v) cos(t "u) — cos(t " v) sin(t Tu). Hence, one can write

(], e vasw) ([ Feas)

s P

/[O o {cos(tTv) cos(tTu) + sin(tT v)sin(t u)} dST (v) dS(u), (15)

where the last equality arises since r(v,u) = —r(u,v), so that

/ r(u,v)dST (v)dS(u) / r(v,u)dS " (u)dS(v)

[0,1]2 [0,1]2P

— _ / r(u, V) dST (11) dS(V)
[0,1]2p

= _/ r(u,v)dS ' (v)dS(u).
[0,1]2P

Using the trigonometric identity coszcosy + sinzsiny = cos(z — y) and in-
tegrating over RP with respect to the weight function dw, one obtains using
Fubini’s theorem that

F&e(S) = /Rp {/[0 o cos{t" (v—u)}ds’(v) dS(u)} dw(t)



1090 J.-F. Quessy

= /[0’1]21) {/RT’ cos{t" (v—u)} dw(t)} s’ (v)dsS(u)

= / B (v —u)dST (v)dS(u).
[0,1]2»

A.7. Proof of Lemma 2

From Proposition A.1 of [8], the fact that S is of bounded variation allows to
deduce that for any function G of bounded variation on [0, 1]?,

G(v)dS(v) :/ > S (vha)) (% G(VI)> dv,

[0,1]7 [0,1]7 ICS,

where S, = {1,...,p}. It then follows that

/[0 |, G 6T () as(w

- /[0,1]2P

Using the trigonometric identity cos x cosy+sin z sin y = cos(z—y), one deduces
that formula (15) can be written

(], e asw) ([ 7o)

_ T VI llj
= [ 3 ST S (w7 )

P1,0CS8,

o 0
ST (v%,1]) S ([u?,1] 7 AT G(vh) G(u?) ) dvdu.
1.5Cs, ( )5 ( ) (8v ou’d >

o 0
X (W@u—J cos {t—r (VZ — uj)}) dv du.

Integrating this expression over RP with respect to the weight function dw and
making use of Fubini’s theorem yields the result.

A.8. Proof of Proposition 5

From Lemma 3, one can show that for an arbitrary p-tuple A and a given
g:(gla"'7gp) €g>

Cl.vy= 3 ()BT (vE) gh(vy),
BCSE,
JEBUS,\ 58
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where from [25], the estimator

Cpn(u+brer) —Cp (u—bpey)

Ct(u) = 20

is such that for any € € (0,1/2),

sup ‘6[6] (u) — ¥ (u)‘ Zs0.

uelo,1]4,
ug€le,1—¢]
Hence,
Ol -cm = 3 (P (vF) - oW (vF) | gi(w).
BCSE,
JEBUS,\SE

As a consequence, for any € € (0,1/2),

sup a‘[j]g( ) — C[J] ( )’ < Z sup ’0[14] ) 4] (VB)‘.

velo,1]7, P vel(o,1)P
vj€le,1—¢] BQS§’~ vj€le,1— E]
jEBUS,\58

Since the expression on the righthand side of the last inequality converges in
probability to zero, one finally has

sup ‘DJ] D[j](v)’
ve(o,1]7,
vj€le,1—¢]
1 & L : P
< I Z sup ’CL{JM g (v) — C,[ﬂk) g (v)| —0.
- VE[[O 117, ] ' '
e,l—e

Appendix B: Formulas for the test statistics

Formulas will be given for A = f(ME) € R™ ™. this matrix appears in the
computation of the test statistics. In the sequel, the combination matrix is

M=1TIg—1g1} /K Also, the notation G( ) = g(k)(ﬁiA(k)) will be adopted
throughout, so that Lkl( )= ]I(G( ) < V).

B.1. Cramér—von Mises and diagonal section
Since MTM = M (i.e. M is idempotent), (ML)TML =LTML = M® —
M®) | where the entries of M) = LTL and M® = LT1x 1 L/K are

K
MPv)=Y1 (ng> vGl < v)

i
k=1
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and «
@ oy L k)
M/ (v) = 17 MZ;1H (G \Y G < V)

with r vV r’ being the componentwise maximum of r,r" € R?. From straightfor-
ward computations, the entries of A = Acym = Foym (ML) are

K »p k
M= T - (P ve) - = S T - (6 vel)).

k=1j=1 kk'=1 j=1

For the diagonal section statistic, note that
. K
Mi(il,)(v 1,) = ZH ( max G(k) Vv G(IC < )

and .
1 /
MP01) =% 30 1(max 6 vl <o),

1<;<
kok/ =1 ISP

Hence, the entries of A = Apj, = fDia(Mf) are

B.2. Characteristic function

Letting d,(r) give mass one at v = r and zero otherwise, one can write

d@Am,g(k) (v) = %Zé (ng)) '
i=1

3

If one defines D € Sk, such that Dy;(v) = 5V(G§k)), then dL = D; it follows
that (MD(v)) T MD(u) = D(v)" MD(u) = M (v,u) — M?(v,u), where

and

—,

K
(2) _ 1 (k) (k")
M (v,u) = K Z ov(G;) 0u(Gy 7).

2

As a consequence, one has in view of (13) that the entries of A = Fg; (MZ) are

no= Yo (@ - al) - 3 (e - al).

k,k’:l
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B.3. Linear statistics
From the linearity of 7 and the fact that M M = M, one obtains
A =FML) =n(L)" M"Mn(L) = n(L) Mn(L).

Since n(f);ﬁ = n(fki), one has respectively for the Spearman and Blomqvist
functionals that

p
~ ~ 1
(i = [T (1-G1)  and mpy(D)es =1 ( max G < —) .

j=1
Appendix C: Formulas for the multiplier versions
C.1. Approximation of p

Exactly as in Appendix B, adopt the notation ng) =g (ﬁi,A(k))a so that the
entries of the function matrix P € Sk, defined in equation (12) are given by

Pi(v) =1 (ng) < V) - i DVUI(v)I (Gl(-f) < vj) .
j=1

It will be convenient to approximate Pona grid of [0,1]? by choosing N € N
large and by considering

Pr(v) =3 ﬁ(s‘;/z)ﬂggv),

seBN

=@ (53]

j=1

Since F is assumed continuous, the approximation of A = F(MP) with F(MPy)
is valid.

C.2. Cramér—von Mises and diagonal section

For the Cramér—von Mises and diagonal functionals, one obtains from straight-
forward computations using the fact that M T M = M that

~(s—1/2\" ~ (s —1/2
FonMPy) = 3 P<S N/> MP(S N/ )/Qm dv

s,s’eBN
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() () L

seBN

) ()

seBN

Similar computations yield
N T
S ((s—1/2 S (s—1/2
Fouu (MPy) = ZP{( N ) } MP{( N >1}

C.3. Characteristic function

One can exploit the fact that S(v) = MPy(v) vanishes whenever v; = 0 for
some j € {1,...,p}, or when at least p — 1 components of v are equal to one.

In that case,
S(Vh1) = > (—nMsE"),
KCT:|K|>1

K

where v} = v; when j € K and v; = 1 otherwise. Plugging it into formula (14)

and after some computations, one obtains

Fi(S) = /M S Y SETS@EE) AL (v, u)dv du,

2
P KCSpi|K|>1 LCSp:|L£]>1

where

ﬁKLvu Z Z 8V18u~7 ‘”(vz—uj).

I:KCIT J:LCT

When p = 2, one can show that the formula simplifies to
6S) = [ S en)TS(uu) 559w — ) dvdu,
[0,1)*

where 822 (ry,ry) = 920 (11, 12)/0r? Or3. One then has

T / /
F&(MPy) = % > P (S _A}/?> MP (—S _N1/2) B2 (—S - ) .

s,s’eBN

The formulas are explicit but cumbersome for p > 2.

C.4. Linear statistics

The linearity of n and MM = M entails F,,(MPy) = n (Py)" Mn (Py),

where
n(en) = ¥ P (252 ) ntta ).

seBN
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Since

p
si—1 S;
ngS(V)H}I(J <”Uj§—J>,
=1 N N

one has respectively for the Spearman and Blomqvist functionals, ng,{Io, (v)} =
N~P and

et} = [T0fos € [5.5 +1)} = f[lusj — |V 1)/2)).

As a consequence,

Nep(Pn) = % S P <s —;/2) |
and because {|(N +1)/2| —1/2}/N =~ 1/2, one has ng,(Py) = ]3(1p/2).
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